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The critical behavior of site percolation confined to the interior of a parabola is investigated.
At the percolation threshold, conformal mapping is used to derive analytical expressions for the
pair correlation function and the local order parameter in the case of free and fixed boundary
conditions, respectively. Numerical results obtained by intensive Monte Carlo simulations are in
excellent agreement with the analytical expressions. The numerical data for the off-critical local
order parameter with free boundary conditions show that correction to scaling terms are important
and the leading correction exponent is estimated to be € ~ 0.18.
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I. INTRODUCTION

The local critical behavior of a given system may be
influenced by the shape of its surface. This effect was
first noticed some years ago by Cardy [1], who studied
the case of a corner or wedge geometry for which varying
local exponents are obtained [2,3]. More general shapes
were later considered for which the surface is located at

v = +Cu* (1.1)
in two dimensions or in a section of the system in higher
dimensions [4]. For an isotropic system, the coefficient
C transforms as C’' = b*~1C under rescaling by a factor
b. When k > 1, iterative rescaling causes C’ to diverge
ultimately and the system behaves as if its surface were
flat. It follows that taking the flat surface fixed point
as a reference, one may consider 1/C as a scaling field
with an anomalous dimension yc = 1 — k which is re-
lated to the surface shape. For an isotropic system, any
quantity Q(u,t,C~!) is assumed to have a generalized
homogeneous form:

bl—k
2

Q(u,t,C) = b= f (g,bwt, (1.2)
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where t describes the deviation from the critical point,
zq is the anomalous dimension associated with @, and
v is the bulk correlation length exponent. The variable
C plays the same role as the linear size L of a system
in finite-size scaling [5]. In the corner geometry (k = 1),
yc vanishes so that the surface shape becomes a marginal
perturbation and the local exponents depend on C which
is related to the opening angle of the corner. Finally,
when k& < 1 the perturbation induced by the surface is
relevant and an alternative local critical behavior is ob-
tained.

In the past few years, a number of critical systems
with the surface shape defined by Eq (1.1) have been
studied. For the Ising model in two dimensions, the cor-
relation functions between a point at the tip of the sur-
face curve (1.1) and the bulk (tip-bulk correlation func-
tions), and the local order parameter were shown to dis-
play a stretched exponential behavior [4,6,7]. For a con-
fined polymer, anisotropic k-dependent exponents were
obtained for the radius of gyration [8]. In the case of
anisotropic critical systems, the scaling dimension y¢ be-
comes 1—zk, where the dynamical exponent z = v /v, is
the ratio of the correlation length exponents. For the di-
rected walk with z = 2 the marginal shape is the parabola
and the same type of behavior as for the Ising model was
obtained in the relevant case [9,10]. More recently, di-
rected percolation was also considered [11].

In the present paper, we investigate the local critical
behavior of the site percolation problem confined inside
a generalized parabola as given by Eq. (1.1). In Sec. II,
the correspondence between the site percolation and the
g-state Potts model in the limit ¢ — 1 is used to find the
expression of the local order parameter. In Sec. III, we
apply conformal invariance to derive analytical results
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at the critical point: for free boundary conditions the
tip-bulk correlation function is deduced from the con-
formal transformation which maps the half plane onto
the interior of the generalized parabola and the profile of
the order parameter along the axis of the parabola is ob-
tained for fixed boundary conditions. The algorithm used
for the Monte Carlo simulations is presented in Sec. IV.
The numerical results obtained at the critical point are
then compared to the conformal invariance predictions in
Sec. V. We eventually show in Sec. VI that corrections to
scaling have to be explicitly taken into account in order
to ensure satisfactory scaling for the data obtained for
the off-critical profile of the order parameter. The last
section gives a summary of the results.

II. POTTS MODEL AND PERCOLATION

The bond percolation problem is well known to cor-
respond to the limit ¢ — 1 of a usual g-state Potts
model [12-14], while the site problem corresponds to a
Potts model with multispin interactions in the same limit
[15,16]. In this section, we summarize this equivalence
which enables us to write conveniently the local quanti-
ties such as the local order parameter.

Consider a lattice £ of N sites with a coordination
number z. In order to define site percolation on £, we
introduce a covering lattice £. with its %N z sites located
on the edges of £ [16]. The g-state Potts variables n;
(n; = 0,1,...,9 — 1) are located on each lattice site ¢
of £. and coupled via z-site interactions K/kgT. The
state n; = 0 is, furthermore, stabilized when a magnetic
field H/kgT is applied. In order to infer local properties,
one has to add a local magnetic field Hy/kgT acting on
a particular site labeled £ which will be called the origin
site hereafter. The Hamiltonian for this model is written,

-AH =K Z(qé{m} —1)

+H Z(q&o{ni} —1) + Hy(gbo{ne} — 1), (2.1)

where §{n;} = 1 if the z spins surrounding the site i of
L are in the same state and 0 otherwise while §o{n;} =1
if the surrounding spins are in the state 0. Defining the
probability p,

p=1-—e9%, (2.2)

the partition function Zy = Tre #* can be written,
omitting an unimportant prefactor:

_ _ Nz/2 p i
Zn="Tr {(1 p) H (1 +1— _ps{n,})
X HeqH(Jo{"-'}~1)eth(5o{m}-l)} . (2.3)

The correspondence with the percolation problem is ob-
tained via a graph expansion, each configuration of the
Potts variables being represented by a graph G where
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the sites are occupied with a probability p when neigh-
bor spins are in the same state. The free energy of the
system in the limit ¢ — 1 can be defined by

6anN
F(p) = ( ) ,
9q g=1

thus, in the thermodynamic limit N — oo the contribu-
tion of the infinite cluster vanishes when H — 0+ and
the free energy is written as a sum over finite clusters

only (32'):
F(p) = 3 [N (s) + e CHTHON(5)],  (2.5)

(2.4)

where A(s) is the average number of clusters of s sites
which do not contain the origin site, while AVy(s) is the
probability that the origin site belongs to a cluster of
s sites. The first term in the right hand side of equa-
tion (2.5) is the bulk contribution Fyy(p), while the sec-
ond proceeds from the local term Fy(p).

The probability of percolation P(p) is then defined by
the derivative of the free energy per site:

_ oy Ofeue _ ' N(s)
Pp) = Jim —ar=1-3 s (26)
and the local order parameter is given by
_ Oft _ !
Pe(p) = Jim oo =1- > Ne(s). (2.7)
H;,—0+ 8

The local order parameter is then the probability that
the origin site belongs to the infinite cluster.

The critical exponents for the percolation problem in
two dimensions can thus be deduced from the known val-
ues for the two-dimensional Potts model [14,17].

III. CONFORMAL ASPECTS

The conformal transformation,

. ,n.wl—k
z = icosh (m) )

is known to provide a conformal mapping of the two-
dimensional half plane z = & + iy = re*¥ onto the inside
of a generalized parabola in the w = u + iv = pe®® plane
[4,7]. This transformation can also be written

(3.1)

z + iy = —sinha sin 8 + 7 cosha cos 3, (3.2)

where we have introduced the variables

T cosl(1 — K)o

o = ———— COs - ,
26;(:13@ (3.3)

,8 = m sin[(l - k)0].

The surface of the semi-infinite system y = 0 is then

mapped onto a curve whose equation is a parabola when
k=1/2,
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2
27
while for other values of k < 1, the equation of the con-
fining surface asymptotically is

v = +Cu*.

p(1 —cosf) = (3.4)

(3.5)

Under a conformal mapping, the correlation function at
the critical point is transformed according to [18]

G(wl, wz) = bz(Zl)bz(Zg)G(Zl, 22),

where z is the bulk magnetic exponent and the local scale
factor b(z) in our case is given by

(3.6)

dz
dw

b(z) = (sinh? a + sin® B)1/2. (3.7)

o
T 2Cpk

Starting from the algebraic decay of the correlation func-
tion of the semi-infinite system [1],

1 Ay
w), w

A Gy BERCL

(3.8)

where 9 (w) is a scaling function, one can deduce the cor-
relation function G(wi,w2) in the parabolic geometry.
For the correlations between the origin site and a dis-
tant site on the u axis (p = u,6 = 0), this two-point
correlation function takes the simple form

Gw) = (55) " w** tanh® (m)

7.‘.ul‘k

X tanh® (m) P(w).

A stretched exponential behavior is recovered as in an-
other context [7] in the limit u < 1 if one takes account of
the asymptotic power-law behavior of the scaling func-
tion ¥(w) ~ w® (see Sec. V), where z; is the surface
magnetic exponent:

(3.9)

1-k
it o ) (3.10)

G(u) ~ u™*® exp (—m

Similarly, one can derive an expression for the profile of
the local order parameter along the axis of the parabola,
when all the border sites are connected to the infinite
cluster, from the corresponding profile in the half-plane
geometry with fixed boundary conditions. In this latter
geometry, the profile Py(y) is given by a power law,

Py(y) = Ay™*. (3.11)
According to the transformation law
Py(w) = b°(2) Pe(2), (3.12)
we obtain
Po(u) = A (%)z u=*® tanh® (%) (3.13)

for the local order parameter for a given origin site £(u, 0).
Intensive numerical simulations of site percolation in the
parabolic geometry were performed in order to test the
analytical results predicted by conformal invariance.
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IV. MONTE CARLO SIMULATIONS
FOR PERCOLATION IN TWO DIMENSIONS

We study site percolation on a restricted area A of the
square lattice, which is bounded by the curve of equa-
tion v = +Cu* and the straight line of equation v = D
(Fig. 1). Due to the discretization of space, the continu-
ous curve is approximated by a set I1 of points with inte-
ger coordinates, u, = 0,1,..., L and v, = i[Cu’;], where
[@] denotes the integer part of «. Since these points fall
either slightly inside or exactly on the continuous curve,
they are systematically incorporated into area A.

Site percolation is defined in the usual way: the sites
in A are randomly colored black (white) with probability
p (1 — p) and two nearest-neighbor sites belong to the
same percolation cluster if both are black. The algorithm
used to grow percolation clusters is now briefly described.
Initially, the color of the sites in A is not defined, except
for the origin site £(u,v = 0) which is colored black. One
percolation cluster is then constructed iteratively from
this growth site. At each iteration, one of the growth
sites is chosen and each of its four nearest-neighbor sites
is updated according to the following rules.

(1) If it has been previously colored, then it is left un-
changed.

(ii) If its color has not been defined yet, it is colored

(1) white with probability 1 — p;

(2) black with probability p and, in this case, it is
added to the current list of growth sites.
When all of its four nearest neighbors have been updated,
the selected site is removed from the list of growth sites.
This process is repeated until the list of growth sites is
exhausted (finite cluster) or until a site on the cutoff
line u = D becomes a growth site ("infinite cluster”), as
illustrated in Fig. 2.

This algorithm was used to grow percolation clusters
for different p values above and below the percolation
threshold of the infinite square lattice, p. = 0.5927460 +
0.0000005 [19]. The fact that detailed information about
the “infinite” clusters, i.e., clusters that reach the cutoff
length, is not required, allowed us to increase significantly
the speed of our algorithm for p > p.. In practice, the
current growth site was systematically chosen to be the
one closest to the cutoff line, w = D. As a consequence,
the arms of the percolation clusters were systematically
explored rightward and, for an infinite cluster, the cut-
off line was reached much faster than in the case of a
random choice for the current growth site. For each p
value considered, N = 10% clusters were generated and

u

FIG. 1. Representation of the parabolic geometry defined
in the text.
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FIG. 2. Typical percolation clusters obtained below p. (fi-
nite cluster), close to and above p. (infinite clusters) in the
parabolic geometry.
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the percolation probability P,(u,p) was calculated as

Ny
Pl(uap) =1- 7\[_’

(4.1)
where Ny is the number of finite clusters grown from the
origin site. For p = p., we also computed the correlation
function G(u) as the probability that the origin site (2,0)
and a site (u+2,0) belong to the same finite cluster. The
number N — Ny of clusters that appear to be infinite nec-
essarily decreases when the cutoff length D is increased.
Thus, the estimates of P(u,p) and G(u) computed for a
given D are systematically larger than their asymptotic
value reached in the limit D — oo. The magnitude of this
cutoff effect was evaluated in some cases to be discussed
in Sec. V.

In a different series of simulations, all the sites on the
discretized curve II were initially colored black, in order
to check the predictions of conformal invariance for fixed
boundary conditions. With these new boundaries, we
computed the u dependence of P;(u,p.), the probability
that there exists a black cluster which connects the ori-
gin site £(u,0) to II. This probability can be obtained
by growing a great number of clusters from a seed at a
given site (u,0) and by repeating this calculation for any
u € [1,D]. We used a niore effective way instead. The

FIG. 3. Log-log plot of the scaling function
Y(w) vs w. The data points correspond to
our numerical results for k = 1/4, 1/2, 3/4
and C =1, 2, 3, and 5 for each value of k.
The data for a given k value are displayed
separately in inset.
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set of black sites in IT was chosen to be the seed and a
percolation cluster was grown from it. This way, we got
information about Py(u, p.) for all the u values simultane-
ously. Here also, P,(u,p.) is systematically overestimated
because of the cutoff at u = D. In practice, this bias was
observed to be appreciable for u sufficiently close to D
and negligible near the tip of the boundary curve.

V. NUMERICAL RESULTS AT THE CRITICAL
POINT

The analytical expression derived by using conformal
invariance for the correlation function [Eq. (3.9)] can be
checked by plotting the scaling function,

#) =60 (55) e (gar )
mul"k
X tanh™7 (m) )

as a function of the variable w which is expressed in terms
of the parameters entering the parabolic geometry:

w = 4cosh (TC(%T)) cosh (5&%)

<[t e m) - (s 0)]

(5.1)

(5.2)
0
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4
—_
3 o
S
>
= 8
-0
12
14
0 — r T — T —
2k
R
—~
3
N
> % -
E=

T

" D=1000 DP=500

16 1 L 1 L 1

-0 25 -20 15 -
In ®

FIG. 4. Same as Fig. 3, with two different cutoff lengths
D; =500 and D, = 1000. For k& = 1/4 there is no detectable
effect of the cutoff and the asymptotic regime is reached, while
for k = 3/4 the finite-size effects are responsible for the devi-
ation from linear behavior.
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The bulk magnetic exponent is known to take the value
z = 5/48. A log-log plot of our numerical data is pre-
sented in Fig. 3. Clearly, the scaling function ¥ (w) ap-
pears to be independent of the parameters C and k for
large w values. However, finite-size effects appear as
a deviation from the straight line behavior when w is
small. These finite-size effects are more important for
wide parabolas (k close to 1 and C large) than for nar-
row ones as demonstrated by Fig. 4. This figure provides
a comparison between the data obtained with two differ-
ent values of the cutoff D. We observe that, while there
is no detectable influence of the cutoff for k = 1/4, the
cutoff effect is important for £ = 3/4 and it appears for
larger and larger w values as C is increased. This finite-
size effect can be understood easily by noting that for a
small cutoff D;, many clusters which are considered to
be infinite (i.e., reach the cutoff line u = D;) are in fact
finite as they do not reach the cutoff line u = D, > D;.
The straight line behavior observed for the large w val-
ues in Fig. 4 can be related to the asymptotic behavior of
the scaling function ¥(w). On the semi-infinite system,
the correlation function between a point close to the sur-
face (y1 ~ 1) and a point far in the bulk (y2 = y) is
expected to decay algebraically at the critical point,

Gy) ~ (5.3)
Equation (3.8) is in agreement with this form, provided
that the scaling function has the following power-law be-
havior: ¥ (w) ~ w®. The slope of the log-log plot in
Fig. 4 is indeed found to be roughly equal to 0.3, a value

0.4 T T -
\K\:; ~
.
0.6
0.8 -
=
S
Ee
=
-1 -
1.2
;’»A
.
i
%
1.4 I | I i I <
0 1 2 3 4 S 6 7
Inu

FIG. 5. Log-log plot of r(u) vs u. The data points have
been calculated for C = 1, 2, 3, and 5 and, from top to
bottom, for k = 1/4, 1/2, and 3/4. The straight lines are
linear fits to the data as explained in the text.
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which is very close to the expected result z; = 1/3.

Additional numerical simulations were performed to
compute the order parameter profile with fixed bound-
ary conditions. Using Eq. (3.13), we define the reduced
parameter

r(u) = Py(u) [% tanh (2—&%)] N . (54)

which must behave like

r(u) = Au™k=, (5.5)
where A is a constant which does not depend on k and
C. Figure 5 is a log-log plot of our numerical data for
r(u) as a function of u for different values of k and C.
We observe a straight line behavior in the region where
the cutoff effects can be neglected. A linear fit to the
data was performed in this region for each value of k. A
slope —kx was imposed for the fits, so that the intercept
In A was the only free parameter. The estimates found for
k=1/4,1/2,and 3/4 are A = 0.608, 0.612, and 0.616 re-
spectively. We, thus, verify with a great accuracy that A
is a constant. Moreover, the imposed slopes —kz clearly
fit quite well the data points. A direct comparison of the
numerical and analytical profiles for P, is presented in
Fig. 6. The analytical curves were calculated by replac-

0 200 400 600 800 1000

FIG. 6. Numerical (dots) and analytical (lines) results for
the magnetization profile. The discrepancy at large u is due to
finite-size effects which are more important for wide parabo-
las. u is given in lattice spacing units.
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ing the prefactor A in Eq. (3.13) by the estimates given
above. Here again, we obtain an excellent agreement be-
tween the simulation data and the results of conformal
invariance.

In the case of free boundary conditions, no analytical
expression is known for the local order parameter P,.
However, in analogy with the bulk behavior, we may
expect that P, will scale in the vicinity of the critical
threshold.

VI. NUMERICAL RESULTS OFF THE CRITICAL
POINT

As discussed in Sec. II, the g-state Potts model with
a coupling constant K is equivalent, in the limit ¢ — 1,
to percolation with a probability p = 1 — e"X. We can,
thus, define a reduced temperature,

t=1In <—l—pc) NK_Kca

— (6.1)

as a scaling variable. Let us denote by P;(u, p), the prob-
ability that the origin site £(u,0) belongs to an infinite
cluster. Assuming that P, is a generalized homogeneous
function of u, t and the parabola coeflicient C, we have,
with the choice b = ¢t~ in Eq. (1.2),

u R,

Py(u,t,CY) =tPf (—, —) =tPf(\ k). (6.2)

C x=0.354

0.8 K -
'
0.7 | —
06 L I I | |
0 20 40 60 80 100

A

FIG. 7. Nonuniversal behavior of the scaled order param-
eter Pit~P as a function of the reduced abscissa A = u/¢.
The parameters are k = 1/2, C = 1, 2, 3, and 5. For each
C value, the temperature ¢ is adjusted so as to keep a fixed
ratio Kk = R,/ = 0.354.
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In this equation, £ ~ ¢t~ represents the bulk correlation
length with its exponent v = 4/3, R. ~ C i*% the char-
acteristic length associated with the parabolic geometry
and B = 5/36 is the critical exponent for the percolation
probability in the bulk.

Keeping the ratio k = % constant, we thus expect

that a plot of Pyt~? as a function of A = ¥ will give a
universal curve. However, our numerical results for P, do
not follow the expected scaling behavior (Fig. 7). This
deviation from a universal behavior may be due either to
finite-size effects or to correction terms which do not ap-
pear in Eq. (6.2). The first possibility is definitely ruled
out by comparing the P;(u) profiles computed with two
values of the cutoff length, D = 1000 and 2000, since the
corresponding profiles are identical for u < 1000, within
numerical accuracy. To test the second possibility, we
introduce an extra term in Eq. (6.2) which reads now

Py(u,t,C™1) = tPf(\, k) [1 + t5g(\, )] . (6.3)

Far from the tip of the parabola, i.e. for A — oo, the
scaling functions f and g assume constant values f., and
goo independent of k, k, and C, since P, is asymptotic to
P, ~ t? which is the bulk percolation probability. As a

consequence, Eq. (6.3) reduces to
Py = tPfor(1 4+ t°900)- (6.4)

Figure 8 is a plot of y = In P, — (3 Int as a function of t in
the case k = 1/2. The values for P,, were computed for

0.3

0.25

0.2

0.15

InB, - Bint

0.1

0.05

t

FIG. 8. A least-squares fit
=A + In(1 + Bt®) of the
y = InP, — B 1Int as a function of ¢.
k=1/2,C=1,2,3, and 5.

(line) to the curve y
numerical data (+) for
The parameters are
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different values of C and ¢ by averaging the corresponding
profiles Pp(u) in the range u € [1800,2000]. A least-
squares fit of the data points to a curve of equation y =
A 4+ In(1 + Bt*) gives

€ = 0.179 £ 0.016. (6.5)

This result confirms our assumption that the corrections
to the simple scaling behavior given in Eq. (6.2) are sub-
stantial. Now that € is known, we can use Eq. (6.3) to
determine the correction function g. We again keep
fixed and allow A to vary. Equation (6.3) gives then

Py(uy, t1,CrY) =5 F(M1) [1 + 59(M\)] (6.6)

and
Py(uz,t2,C5 %) = t5 f(A2) [1 + t59(A2)] (6.7)

for two independent systems which are off the critical
point. With the choice u;ty = uqt¥, the same X value is
recovered on both systems and we obtain

N i

e

o 30 100 150 200 230 300

i

L . N n
1o 20 20 40 S0 [

FIG. 9. The scaling function f and the correction to scal-
ing function g plotted as functions of the reduced abscissa
A = u/€. The parameters are k = 1/2, C =1, 2, 3 and 5,
and the temperatures are chosen in order to get fixed ratios
k = R./¢ = 0.943, 0.354, and 0.184. The asymptotic val-
ues foo and goo in the bulk (A large) appear to be constants
independent of k, C, and t.
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Ti2—-1 2 T T T T T T T
g(A) = T (6.8)
1~ t241,2

where

B -1
t1,C
T12 = (.t_2.> ———Pl(ul’ L 1 ) (69)

’ t1) Py(uztz,C;t)

Finally, we compute the scaling function f as

Pg(ul,tl,Cl_l)tl_ﬁ — Pl(“’z’tZsCz—l)tZ—ﬁ.

T ="M T+ 15900

(6.10)

In practice, f(A) was taken to be the average of these
two expressions. The numerical data obtained for k =
0.184, 0.354, and 0.943 confirm the above analysis (see
Fig. 9). We indeed verify our basic assumption that f.,
and go, are constants. We also observe that g()) can be
approximated by a constant, g., ~ —0.452, with good
precision. The crucial test of Eq. (6.3) is now to plot

Pg(u, t, C-l)t—ﬂ

6.11
1+ tgm (6.11)

as a function of A and to check that a universal curve
is obtained. This test was successful, as can be seen in
Fig. 10. As a consequence, the scaling assumption given
in Eq. (6.3) is confirmed.

VII. SUMMARY

Confined systems are known to display critical behav-
iors which may depend on the geometry. In this paper,
we have investigated the case of the site percolation prob-
lem for a two-dimensional system limited by a parabolic
surface. Scaling arguments show that this shape corre-
sponds to a relevant geometric perturbation. We have
performed intensive Monte Carlo simulations at the crit-
ical point for the tip-bulk correlation function. Our nu-
merical results are in agreement with an analysis using
conformal invariance. The correlation function along the
axis of the parabola exhibits a stretched exponential be-
havior as already encountered for other confined models.
The order parameter profile has been computed at the
critical point for fixed boundary conditions. The data
again are in excellent agreement with the analytic expres-
sion of the profile deduced from the conformal mapping.
Finally we have analyzed the off-critical order parame-
ter profile including corrections to scaling. The leading

a1t | LGt
R R Rt

k=0.354

Pt Pi(1+t5g)

s | _

0.6 i

1 I I 1 1 1 1
0 10 20 30 40 50 60 70 80

I

FIG. 10. Universal behavior of the scaled order parameter
including correction to scaling, Pit~?/(1+t°go), as a function
of A = u/¢. The parameters are k =1/2,C =1, 2, 3, and 5,
and k = R./§ = 0.943, 0.354, and 0.184.

correction to scaling exponent has been estimated and it
was shown that the correction to scaling function g(A)
does not vary significantly.
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u

FIG. 1. Representation of the parabolic geometry defined
in the text.



FIG. 2. Typical percolation clusters obtained below p,. (fi-
nite cluster), close to and above p. (infinite clusters) in the
parabolic geometry.



