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The effect of space charge on transverse instabilities in synchrotrons is considered. In addition to the
coherent forces produced by image currents on the vacuum chamber walls, there are direct particle-
particle forces that can significantly decrease the incoherent tune. Both types of space-charge force are a
function of longitudinal position within a bunch, being proportional to the instantaneous current. In the
low- and very-high-intensity regimes we find that the space-charge forces tend to reduce growth rates. A
technique for the intermediate-intensity range, which includes the effect of incoherent space-charge tune

spread, is introduced.

PACS number(s): 29.27.—a

I. INTRODUCTION

The problem of transverse instabilities in bunched
beams has received much attention in the past. In the
low-intensity limit, where the difference between the
coherent and incoherent betatron tunes is small com-
pared to the synchrotron tune, well established formal-
isms exist [1-5]. These formalisms yield expressions for
the coherent betatron frequencies and the normal modes
of the beam. When the space-charge tune shift is large
compared to the synchrotron tune, the low intensity for-
mulas usually yield coherent frequency shifts (CFS’s) that
are larger than the synchrotron frequency, which violates
the assumptions in the derivation of the equations. The
large CFS’s are due to the transverse space-charge im-
pedance, which is given by
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where R is the machine radius, B=v /c, ¥ is the Lorentz
factor, Z,=377Q, a is the radius of a uniform equivalent
beam, and b is the radius of the vacuum chamber. When
a << b, the CFS’s obtained from the low-intensity formu-
las are essentially weighted averages of the incoherent
space-charge frequency shift. When the betatron tune
shift is comparable to, or larger than, the synchrotron
tune, the mode coupling formalism has been used
[6-9,4,5]. Studies in the moderate coupling limit have
usually been applied to high energy electron machines
where the transverse impedance is often modeled as a
resonator impedance,
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where R, is the transverse shunt impedance of the reso-
nator, Q, is the quality factor, and o, is the angular reso-
nant frequency. For a broad band resonator impedance, it
is generally found that the growth rate of the most unsta-
ble mode increases dramatically when the current rises
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above the threshold where the coherent frequencies of
two neighboring modes cross. This is referred to as the
mode coupling instability.

This paper considers the transverse stability problem
for various sizes of the space-charge tune shift. In Sec.
I1, the equations used in the moderate coupling limit are
reviewed, and an upper limit to the growth rate for a
Gaussian beam is derived. We consider the simplest,
nontrivial case of mode coupling analytically and find
that the space-charge impedance may affect the threshold
of the instability, but that the magnitude of the growth
rate is governed by the resistive impedance. In Sec. III,
the effect of the space-charge tune spread is considered.
First, the case of an unperturbed beam with constant ra-
dius, parabolic line density, and the associated incoherent
space-charge frequency spread is considered. The Vlasov
equation is reduced to a matrix equation for this case.
The solution of the lowest order synthetic kernel approxi-
mation, in the weak coupling limit, shows that incoherent
space charge may lead to Landau damping if the broad
band transverse impedance is large enough. This section
also includes a “computer friendly” technique for the
case of a bunch with constant line density. Section III B
considers the case where the unperturbed longitudinal
distribution is Gaussian; the space-charge tune spread is
retained. The perturbation is expanded in Hermite poly-
nomials and the differential equation is reduced to a ma-
trix equation. The system is solved by truncating the ma-
trix and numerically solving the eigenvalue problem.
Section III C involves the limit where the synchrotron
tune is negligible compared to the betatron tune spread,
and synchrotron motion is ignored. In this limit, the in-
coherent space-charge force can be handled exactly. The
eigenvalue problem is solved for the case where the im-
pedance consists of a single narrow band resonator and
space charge. It is found that space charge can dramati-
cally reduce growth rates. Our conclusions are summa-
rized in Sec. IV.

II. MODERATE COUPLING

In this section, first order perturbation theory on the
Vlasov equation is used to obtain a dispersion relation for
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the transverse dipole modes. We begin by considering
the equations of motion when intensity dependent effects
are neglected.

For the longitudinal motion, let 6 denote S /R where R
is the machine radius and S is the longitudinal Frenet-
Serret coordinate. The angular revolution frequency is
®q, and the longitudinal equation of motion is given by

. w2
¢+Tssin(h¢)=0 , (3)

where a dot denotes a derivative with respect to time (2),
and ¢ =60—wyt is angular phase measured with respect to
the synchronous coordinates, w, is the synchrotron fre-
quency, and 4 is the harmonic number. Let y denote the
transverse coordinate of interest. We assume constant
lattice functions and neglect horizontal to vertical cou-
pling. The transverse equation of motion is [4]

y p8(£—17)

T+ [1+(E—m)5Tty =20E—1) ,
Jt+aop[1+(5—n)8]y 1+ 8(6—m) (4)
where o, is the angular betatron frequency for an on-

momentum particle, 7 is the frequency slip factor, § is
the chromaticity, and 8 is the fractional momentum devi-
ation. For horizontal motion, one could include the
momentum induced width by making the substitution
y—y—8R /y? in Eq. (4). The fractional momentum de-
viation is related to the longitudinal coordinate via
é=—wo[78+0(y2/R?)], and we neglect the correction
that depends on y.

Let ¥(y,y,¢,4,t) denote the phase space density.
There are M bunches in the ring that are identical for no
instability. Assume a solution of the form

M—1 .
V=3 (V(d—2mk/M,b,p,5)
k=0

+exp(2miks /M —iQt)
XW,(¢—2mk /M,b,y,9)} , (5

where s =0,1,...,M —1 is the coupled bunch mode
number, and ¥,, which depends on s, is small compared
to W,. Only the real part of the distribution has physical
meaning. The transverse coherent force is driven by the
dipole moment of the beam. Any resonating structure
with a fixed position in the ring will be driven by the di-
pole moment as a function of azimuth and time D (6,¢).
The normalization is defined by D (6,t)={y(8,t))p(6,1),
where (y(6,t)) is the average offset of the beam and
p(6,1) is the line density of the particles. For the solution
of the Vlasov equation, the natural longitudinal coordi-
nate is ¢, since the distribution oscillates only with fre-
quency () in this coordinate. If we define the dipole
eigenfunction in the beam frame by

D(¢)= [dédydy ¥,(4,4,9.5)y , (6)

then the dipole moment in the ring frame is given by
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where D, is the Fourier component of D (¢) for harmon-
ic kM +s. In addition to the coherent force, there is also
an incoherent intensity dependent force that produces the
incoherent space-charge tune depression. This will be
neglected for now and considered in Sec. III. The
coherent force is related to the dipole moment using a
transverse wake potential in the smooth approximation,
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where g is the charge on a single particle, W, is the wake
potential, and Z, is the transverse impedance. Notice
that the force in the second expression is given in the
beam frame coordinates and oscillates only at frequency
Q there. However, in the ring frame, all the betatron
sidebands can drive the impedance. The expression for
D, may be obtained by integrating over a single bunch,

M
k_gf /M

B /MD(¢)exp[—i(kM +s)plde . )

The problem is reduced to studying the behavior of a sin-
gle bunch, which we take to be centered at $=0.

Consider the amplitude angle variables defined impli-
citly by

y=Acosy ,
y=—w,(8)A4siny ,
é=rcosy,

o=—ow,rsiny .

The longitudinal variables follow from the equations of
motion with the approximation sin(h¢)=h¢. The trans-
verse variables are approximate; they satisfy the con-
straint that the amplitude of the y oscillation does not de-
pend on time, which follows from Eq. (4). The unper-
turbed distribution is given by W,=L(r)Ty( A). The
normalization in the new variables is taken as

w 1
L =
fo olrirdr 27’
[ To(a)adA= N,
o 2aM

where N, is the total number of particles in the ring, and
we have absorbed factors of the oscillation frequencies.
The Vlasov equation in first order perturbation theory is
approximated by
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) v, avy, , 0¥, F,(¢), and the momentum dependence of the betatron
—iQ¥,+w,(8) 3y + o, 3y +4 94 =0. (100 frequency is not included in the coherent force. Next, we

The momentum dependence of the betatron frequency is
taken to first order and is given by

0, (8)=w,+rQ, o, —1 |siny , (11

where Q, is the tune of an on-momentum particle. The
coherent force is present in 4, which is given by

A=—-S p cosy) (12)
ymo,

where the time dependence has been divided out of

approximate the solution of Eq. (10) as
Y, =g, (r,¥)explix)dT,/d A ,

which amounts to neglecting the coupling between the
betatron sidebands and expanding around the upper side-
band Q~w,. The accompanying approximation is to
take siny =~ —i exp(iy)/2, in A. The equation for the dis-
tribution becomes

—i

0g;
—iQg,tiw (8)g, to,— Z'}/—ma;y_

s 81//
The coherent force is given by Eq. (8) with

N ® T
De=— 25 [ “rdr [ dug,(rlexpl (kM +s5)r cosu] o

At this point, all the transverse variables have been removed, and we are let with an equation that involves the longitu-
dinal variables alone. Next, the momentum dependence of the betatron frequency is removed by substituting

81=8,expliQ,(§/n—1)r cosy] ,
which results in

ag2 _ —iexp[—iQ,(§/n—1)r cosy]

— + . 1
i(Q—w,)g, +to,—— a¢ 2yma, F (¢)Ly(r) (15)
Dividing Eq. (15) by w, yields an equation of the form
iQg,(r, ¢)+———F(r,¢') , (16)

oY
where F is equal to the right hand side of Eq. (15) divided by w,, and Q =

(0, —Q)/w,. The boundary condition is that
g, is a periodic function of ¢. The solution of Eq. (16) is given by,

g(r )= zﬁ,Q f "dy eV E(r,p+ ) (17

which is easily verified by direct substitution. At this point, one can concentrate on solving for g, or on solving for the
dipole harmonics. The final result will be identical in either case, and we will take the second option [4]. Given the ex-
pression (17) for g,, and the relationship of g, to g,, Eq. (14) is used to transform the integral equation into a matrix
equation. The kernel is simplified using the Bessel generating function,

eixsin8: i Jk(x)eike .
k=—o
The final result is
D,= 3 T,D,, (18)
n=-—oco
where the matrix is given by,

icqIZ | [(nM +5)wy+ Q]

= 2E10,0, fo rdr Ly(r)

2 Q+ ——J (ar)J (mr) . (19)

H=— o0

In Eq. (19), Ey=ymc?, I is the average (dc) current, # =nM +s —Q,(§/n—1), and  is defined in the same way as 7.

Note that
0 =(w,— Q) /o

contains the coherent frequency and plays the part of an eigenvalue.
At this point we will consider the special case of a Gaussian unperturbed distribution,
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—r2/20?
Lo(r)=———
0 2mo?

(20)

For this case, the integral in Eq. (19) can be found in standard tables [10]. The expression for the matrix element be-

comes
= 2
I,(amo”)
e Qtu
where I u(X) is the modified Bessel function and
cqIZ [(nM +5)wy+Q]
47E ro, Qy )

P N
Tm"=an(Q)e (m“+n)a“/2

Xa(Q)=

2D

(22)

We know of no exact solutions to Eq. (18) with matrix elements given by Eq. (21), and we will need to use various ap-
proximations in solving it. Before proceeding with the approximations, we establish an upper limit on the magnitude of

the growth rate. Starting with Eq. (18), we find

|D,, l<2| nl 1Dy |<supIDkIEI nl - (23)
We assume that the spectrum of dipole harmonics is bounded, so that its supremum is finite. It follows that
ID,,| 2 T,
sup, |Dk | -
atantwrn & LllAmo?)
< e—(m +at)a2/2 e
EIX,,I “z_w E
sup,, |
_EI%Q—)_(:—Zexp[—(ﬁn2+ﬁ Jol/2+|o*mA|], (24)

where we have used a summation theorem for the
modified Bessel functions [10]. Since

e —(x24y2)+2|xy| <e —(x +y)2+e —(x—p? ,

for real x and y, the right hand side of the inequality can
be made independent of m. Taking the supremum of the
left hand side over m and simplifying gives

Ve

1nf|Q +u <sup|)(n|22e_" Mot /2~sup|)(,l oM

25)

In practice, inequality (25) may be used to obtain a quick
upper limit on growth rates in Gaussian beams. More ac-
curate estimates require approximate solutions and are
considered next.

A. Weak coupling limit

Before proceeding to the mode coupled case it will be
instructive to examine the low-intensity limit. In this
limit, |y,| <<oM for all n. Therefore, the solution re-
quires that |Q +pu|~0 for some u, and that Q~o, +po,.
This approximation is used for  in the evaluation of the
impedance. Only the term in the sum with the small
denominator is kept. Additionally, the modified Bessel
function is approximated by its leading order term,

(am o)k

I,(Amo?)~
g 2 ]ult

(26)

I
When Eq. (26) is substituted into Eq. (21), one finds that

'—(fr'za)“exp( —mi202/2) is the eigenvector. Substi-
tuting this solution and solving for the coherent frequen-
cy gives

Q=0,+tpw,— S Xn(o, +po; Ye =1 (7rg 2Iul

2|#|| ||
27)

Usually, the offset by pw, in the evaluation of the im-
pedance is negligible, and one uses x,(w, ). For the cases
of interest, the frequency shift is large enough so that in-
cluding the synchrotron offset is misleading. Expression
(27) is the same as that obtained using the lowest order
Besnier polynomial expansion [7] and is essentially the
same as the expression given by Sacherer [1].

Higher order modes must be included when approxi-
mation (26) is not justified. This is the case when there is
a significant impedance at frequencies higher than w,/o
and needs to be considered even if the frequency shift is
small compared to the synchrotron tune. For this case,
one still retains a single value of u but includes higher or-
der terms in the expansion for the Bessel function. Such
a treatment is justified in studies of longitudinal stability
when the frequency shift is small compared to the syn-
chrotron tune, and space charge contributes to the high
frequency impedance. However, it is not justified for the
transverse case when |y, |2 1. The latter is of particular
interest and will be studied in the following.
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B. Solution with moderate coupling

When | Xn| 2 1, a few values of u can significantly con-
tribute to the sum. For this case, it is advantageous to
rearrange the sum involving the Bessel functions,

I,(Amo?) = by
—W: > a)(Q)amo®) . (28)
" 1=0
In general,
d 1 1

Q)=
D T, Y TRy

, (29)

where the sum is over even p if / is even and over odd u if
lis odd. The first few coefficients are given by
1 Q 1 Q%2
=, a,(Q)= , Q)= ——=—— .
o’ 0r—1 97350y
(30)

ay(Q)=

To proceed with the solution, the sum on the right-hand
side of Eq. (18) is truncated at / =1/, . Substituting this
expression into Eq. (21) implies that D,, may be written
as a linear combination

Imax

D,= S a,ma)e ™2 (31)
1=0

where the @; are unknown coefficients. Defining the
force coefficients

2

f1=i 3 xnle,)(Ho)e " (32)

the equation for the coherent frequency and eigenvector
is given by
1 = lmax

a,=a,(Q) ¥ ofiq, - (33)

1=0
An analytic solution of Eq. (33) is possible for [ ,, <1.
For [ ,, =0, one recovers the =0 synchrotron mode in
the low-intensity limit. For /_,, =1 there are two cou-
|

. —ale? o ]
ix,e "7 (o)
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pled equations,

(agfo—1)
afi

Qg

asf,

(@,f,—1) =0.

a,

The determinant of the matrix must vanish for a nontrivi-
al solution. Substituting the expressions for a; and a,
from Eq. (30), one obtains a polynomial constraint on Q,

(Q —fNQ*—1—Qf,)—Qf1=0. (34)

The solutions depend on the magnitude and phase of the
force coefficients.

For electron machines, the mode coupling is found to
be nearly independent of chromaticity [8], and the usual
approach is to set £=0 in the mode coupling formula.
Additionally, the source of impedance is thought to be
broadband, and the characteristic frequency of the bunch
spectrum is large compared to the bunching frequency.
This allows the summation in Eq. (32) to be replaced by
an integral. Under these circumstances, the force
coefficients for even k are real and proportional to the
imaginary part of the transverse inpedance. For odd k,
fi is imaginary and proportional to the real part of the
impedance. Consider Eq. (34) under these circumstances.
If f1=0, the solutions are given by
Q=fo.f2 2411 +f3 /2. The solutions for Q are real,
even though they can cross as the force coefficients be-
come large. Generally, when f,, f,, and f? are real,
|Im(Q)| <|f,|, which is proved in Appendix A. The
maximum growth rate is proportional to the resistance,
but the instability threshold depends on the reactance as
well.

For many applications, the values of Y, need to be
computed numerically. Also, the dispersion relation for
Q becomes very complicated as [, increases. In this
case, it is advantageous to define an additional index, p
corresponding to the synchrotron modes. The old index is
related to the new indices via /=|u|+2k. After some
rearrangement, Eq. (33) becomes

mi+pi+2k +p:

i35)

Qay,k = _I‘l’ap,k + 2
|m|+2p§1max

Uy 2
n

which is equivalent to Chin’s result [9]. By defining an
array n(u,k), which is one to one with the ordered pairs
(u,k), Eq. (35) becomes a standard matrix equation and a
computer code has been written to solve it. As an exam-
ple, consider the case of space charge and a broadband
resonator with Q, =1, w, =wy/0, and a shunt impedance
such that f,=i0.2. The space-charge tune shift is
quantified using the value of f, obtained for space charge
alone. Plots of the real parts of the resonant frequencies
as a function of this variable are shown in Figs. 1-4. The
onset of the instability occurs when two neighboring
curves meet. The value of space-charge tune shift, at
which the system becomes unstable, is relatively insensi-
tive to /... However, as tune shift increases, the solu-
tions can switch between stable and unstable several

(|| + K2k +2k

~
i e |

3

£
=
| .
Q (\]_
~ 1
S A
& 1

T

[Vs]

i T T T T

8] -1 -2 -3 -4 -5

f, due to SC

FIG. 1. Re(Q), for I,,,=1 as a function of incoherent
space-charge tune shift.
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FIG. 2. Re(Q), for I,,,=2 as a function of incoherent
space-charge tune shift.
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FIG. 3. Re(Q), for [,,,=3 as a function of incoherent
space-charge tune shift.
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FIG. 4. Re(Q), for I,,,=4 as a function of incoherent
space-charge tune shift.
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times. The detailed behavior of the solutions depends
strongly on /_, but the peak growth rates, as a function

of space-charge tune shift, are usually less sensitive to
lmax‘

When the chromaticity, discreteness, etc., are taken
into account the solutions always have an imaginary part,
but the growth rate can depend strongly on the space-
charge tune shift. By examining the behavior of the
growth rate as a function of tune shift, it appears that
some useful upper limits can be found, but no threshold
information. We go on to consider a more complete

physical model that includes threshold information.

III. EFFECT OF SPACE-CHARGE TUNE SPREAD

In Sec. II, Eq. (11) was used for the incoherent beta-
tron frequency. In the presence of a large space-charge
tune spread this equation needs to be modified,

@,(8,9)=w,+rQ, o, [-5——1 siny— Awgcp(4)/p(0) ,

(36)

where Awgc is the space-charge frequency depression in
the center of the bunch, p(¢) is the line density, and it
has been assumed that the radius of the beam is indepen-
dent of ¢. Under these conditions, Eq. (13) becomes
—iQg, +iw(8,¢4)g, to Egl=———i—F (@)L y(r)
1 110,9)81 T @ v 2ymo, 1 o\r .

(37

A. Parabolic line density

In general, it is difficult to obtain a matrix equation
when the betatron frequency is given by Eq. (36). For a
parabolic line density with |¢| < ¢,

3 -8
— 1 — o
4 ¢
and some simplification is possible. The transverse beta-
tron frequency is given by

pld)= , (38)

0,(8,8)=0, +rQ, o, %—1 sing— Awsc(1— 2 /8?) .

The 1 dependence of the betatron frequency is removed
from Eq. (37) by the substitution

£,
n

AwSC

81=8,€xp rcosp—i rsin(29y)

iQ,

—

s
=g,exp[i®(r,¥)] . (39)
The equation for g, is given by
9,
—i[Q,—wy+Aa)SC(1—r2/2$2)]g2 +a)s—ég¢—2
_ —ie=ietnw)

2yma, F (¢)Lo(r), (40
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with To solve Eq. (40), let
3 22 172 g:(r, )= 3 R, (rlexp(imy) . (41)
Ly(r)=——25 |1— = m
2md ¢ Multiplying by exp( —iu) and integrating over ¢ yields
J
[Q(r)+/,L]R#(r)=21TL0(r)f0¢x dx 3 R,,(x) 3 ix,(Q)K ,(7ir,Ar*)K, (7ix,Ax?) , (42)
where = Dlk+3) [gm+a+i2g |V25 0 (x) “n
K X)= )
k! h
K (x,y)_ z1r/4/22Jy+2p x)Jp(y) , TR, m X
Awge and j,(x) is the spherical Bessel function. In practice,
= to B2 the sum in Eq. (45) need to be truncated. Consider the
o5 simplest case where only the p =p =0 mode is included.
0, —Awgc(1—r? /2¢%)— Additionally, we will use Eq. (46). This leads to a disper-
Q(r)= sion relation of the form

Wy

Next we expand the kernel in Eq. (42) as

S ix,(Q)K, (7r,Ar*)K,,, (7ix,Ax?)

= sl . @)
Ik

where f'(r) for k =0,1, ..., form an orthornomal basis
on (0,¢) with the weighting function 27rL,(r) for each
superscript m. Polynomial expansion functions are given

by
1/2 l

where P™!/%(x) is a Jacobi polynomial, and

2" 320k +m + 1)k +2)
(2k +m +Dk!IT(k +m +3)

m

om +2+1/2 ™
PV (1—2r%/8%)

fk (r)= ‘W

‘S-)i\:

hk,m =

Defining
_ é m|
b m= dxR
m=f "x dxR,, (x)f {7 0)
yields a matrix equation given by

2wLo(r) f ) f# ()
Q(r)+p

)
b, = S bim Xl . rdr
m,k j
(45)

Equation (45) simplifies in the low-intensity limit, where
K, (Ar,Ar?)=~e'™™/2J (sr). For this case, the
coefficients in the expansion of the kernel are given by

atr=3 iy, i I FE R FIM () (46)

n

where

3xdxV'1—x°

1= '—; : (48)
0 —x*+2[Q— a)l(O)]/Aa)SC
A 8 az zws ~ ﬁ$
-2 |- X (Q) |, 49
a7 b2 | Bage 2 Xn' )! 7é | 49

where a is the beam radius, b is the pipe radius, and
Xn(Q) is x,(Q) calculated without the space-charge con-
tribution. A stability diagram for this dispersion relation
is shown in Fig. 5. The system is stable if & lies to the left
of the curve.

The technique used above is also applicable to a line
density that is constant within the bunch. This problem
has been well studied [1,8] but the following equations are
in a form that is suitable for solutions using numerical li-
braries.

The radial modes for Y (§2—rH) 712 are
frr) < rmPr T 12(1—2r2 /8% [ ]. The Vlasov equation
is reduced to a matrix equation for the b, ,,s as in the
previous case. The matrix is given by

-
o
~ \
D'_
&
2
@
SH
N
o
i T —T
0.0 0.1 0.2 0.3
Im@)

FIG. 5. Stability diagram for Eq. (48); points to the left of the
contour are stable.
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QO—ow +ACDSC . ol — A A
|t 2 bin T lal~Imlg dl(T§)g\!(T$) (50)
s ,m
where
N 2m +2k + DIk +D0(m +k +1) |72 ) .
8i(x)= Tk + )Tk +m) Jm+2k(X) -

For x;=constant, the sum over I in Eq. (50) is zero unless |m|+2k =|g|+2p [8]. For a given value of |m|+2k, there
are a finite number of equations and the result is exact. For the general case, the matrix form of Eq. (50) is easily solved
using numerical methods.

B. Gaussian line density

When the space-charge tune spread is larger than the synchrotron tune, several synchrotron modes can couple. Solv-
ing Eq. (45) is quite difficult, so we will present a different approach that is easier to program. Consider Eq. (37) with a
Gaussian line density. We make the substitution g, =g,exp[iQ,(§/7—1)¢] and express the result in normalized,
Cartesian variables z =¢/ V2o, v =/ V20w,. This yields

—Qg,(z,v)+i

A
+ ‘Osc{

s

—(z2+v?)

;2 e *
ge”’ —(1—a2/b2)Tf_wd”1g2‘z’”1)

(2 2
e (z°+v*)

A ik —iE\/—U
=_i_—7r—— EXkelkﬁazfdzldvle ’ “igy(zy,0y),  (52)
k

where kK =kM +s +Q,(1—£§/7), X« is Xx calculated without the space-charge contribution, a is the beam radius, b is
the pipe radius, and Q =(w, —Q) /o, as before. To solve Eq. (52), expand g, as

g:(z0)=3 a, . H,(2H,, (v)e "=

n,m

where

2
H, (x)=e” dx

dr —x?
— | e

(53)

is the Hermite polynomial of order m, and the sum is over all pairs of non-negative integers. Substituting Eq. (53) in
Eq. (52), multiplying by H,,(z)H,(v)dz dv, and integrating yields a matrix for the expansion coefficients

QaP,q= 2 prq.n,man,m
n,m

The matrix element is given by

Awge 82, [1—82 (1—a?/b?)]

(54)

. p—n
1

n+p+1

Ty gnm=i{nd} (84 _—md], 8, }+ P
s

80,50

p!

. p—n
1 A ~ _E22

X (a.k)n+pe (4 ,
vi] 2

+i

where 8} is the Kronecker 8, and even(k) is 1 when k is
even and zero otherwise. In real machines, transverse in-
stabilities are often expected and damping systems are in-
stalled. The effect of a linear feedback damping system
can be included in the Vlasov equation and additional
terms to the T}, ., ,, matrix are obtained. For a damper
which integrates D (¢) over each bunch and produces a
constant kick over the interval of each bunch, the addi-
tion to the matrix is

+nip—n

iado qp
= »Y 8040
STqu.'l,m - 8qam

_q2/2 56
;g pl2? ¢ ’ (56)

p\W2or

even(n +p)

V2 2

(55)

whether ¢ =\/§on§ /7, and @, is the damping rate for
the rigid mode.

In practical applications, the sum in Eq. (54) needs to
be truncated. We do this by taking terms with
0<m+n =<I_,,,. When this is the case, and Awgc=0, we
find that Eq. (35) and (54) yield identical frequencies [11].
Conversely, any differences between the two must be due
to the different ways of handling space charge.

As with Eq. (35), a computer code has been written to
solve Eq. (54). For comparison purposes, consider the
same broadband resonator as was used in Figs. 1-4.
Plots of the real part of Q as a function of Awgc/w, are
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FIG. 6. Re(Q), for /., =1 as a function of Awsc/w;.

shown in Figs. 6-9. Since space charge satisfies
Awgc/w,=—V'2f,, the limits on the horizontal axes are
identical in Figs. 1-4 and Figs. 6-9. There are several
differences between the two sets of figures.

One obvious difference is that Figs. 1-4 show a tenden-
cy for Re(Q) to decrease as the space-charge tune shift
becomes larger, while the opposite is true for Figs. 6-9.
This difference is largely due to the fact that the in-
coherent betatron tune was assumed constant for Figs.
1-4, while space-charge tune depression was included in
the Hermite expansion. A closer agreement between the
two methods could be found by taking the intensity
dependence of the incoherent betatron tune into account
for the moderate coupling case. However, this
modification would have no effect on the growth rates
predicted using Eq. (35). Another difference, which is not
as apparent from the figures, is that the growth rates for
the two cases were different. For the Hermite expansion,
instability was not predicted until /_,, =3, and the peak
growth rates for /_,, =3 and /_,,, =4 were nearly identi-
cal. For [, =5, the peak growth rate was somewhat
smaller.

As a second example, consider the resistive wall insta-
bility when the coherent space-charge tune shift is equal
to the synchrotron tune. The growth rates of the most
unstable mode as a function of Awgc/w, for various
values of /., are shown in Fig. 10. The three upper
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FIG. 7. Re(Q), for [/ ,,, =2 as a function of Awgc/w;.

FIG. 8. Re(Q), for /,,, =3 as a function of Awgc/w;.
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FIG. 9. Re(Q), for I ,, =4 as a function of Awsc/w;.
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FIG. 10. Growth rate of the most unstable mode for a range
of incoherent tune shifts. The calculations which include the in-
coherent space-charge tune spread for /,,, =10, 15, and 20 are
denoted using O, @, and +, respectively. The calculations that
ignore the incoherent space-charge tune spread for /., = 10, 15,
and 20 are denoted using OJ, B, and X, respectively.
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curves were obtained using the Hermite expansion. The
local minima are artifacts of the technique, but the least
upper bound over the different [ ,, values is fairly
smooth. They are also fairly close to the weak coupling
limit value for the growth rate =0.038w,. The three
lower curves were obtained by ignoring the space-charge
tune spread and suggest that the incoherent space-charge
tune shift can lead to growth rate reduction. In Sec.
III C, we consider an exactly soluble limit in which the
incoherent forces can be handled exactly.

C. Strong coupling case

For the strong coupling case, Awgc>>w,. Instead of
trying to include the motion of a very large number of
modes, we will neglect the synchrotron motion altogeth-
er, giving $=0 and a beam that is frozen longitudinally.
The vertical equation of motion is given by
F l(x,y, ¢,l )

ym
where both transverse coordinates appear in the collec-
tive force. The collective force contains contributions
due to the currents flowing in the walls of the vacuum
chamber and direct particle-particle forces that are re-
sponsible for the space-charge tuned spread. We average
Eq. (57) over the particles at a fixed value of ¢. The
direct particle-particle forces cancel when averaged over
the cross section, since they come from a Coulomb poten-

tial. We approximate the wall induced forces using the
transverse impedance, as in the earlier sections. This re-

jtoly= , (57)

sults in an eigenvalue problem for <(y(@,t))
=(y(¢))exp(—iQt), which is given by
Foan(4)

—0y())+od(y()y =0 (58)

The force due to the currents in the wall is given by Eq.
(8) using space-charge impedance given by
. RZ,
Zwa",sc(w)= —lb—zﬂzy_z . (59)
To turn Eq. (58) into a proper eigenvalue problem, we
approximate o} —Q?~20,(w, —Q) and set Q=w, in the
argument of the impedance. Multiplying the result by
the line density gives

(my—n)D(¢)=55—(¢;’7Fw,u(¢) : (60)
y

where p(¢) is the line density of the particles, and o, is
the bare betatron frequency for an on-momentum parti-
cle. As a consistency check, note that setting w,=0 in
Eq. (37) leads to Eq. (60). We proceed to solve this equa-
tion for a model system.

Consider a system with space charge and a single nar-
row band resonator. It is assumed that the impedance of
the resonator is negligible compared to space charge for
all but a single value of n =K. Under these cir-
cumstances, Eq. (60) becomes

80D (¢)=—p($)[AD($)+iRDge! KM +4] (1)

4039

where 8Q0=0Q—0,, —iA/ﬁ=Zwau’sc/R, R is the reso-
nator impedance when n =K, and p(¢) is the normalized
line density. Solving for D(¢) and extracting the Kth
harmonic leads to a dispersion relation,

plg)dd (62)
—m/M Q.+ Ap(¢)

iMR /M
! 2 f
For a constant line density with ﬁ(¢)=1/2$ for
|¢| <$, the integral is trivial with the result
80=—iMR /27T—A/2$. The growth rate is indepen-
dent of the reactance. On the other hand, if
plé)=cos¥(m/28$)/4, the frequency shift, calculated in
Appendix B, is given by,

52
sa=—4 R | 63)
F 1+ 2iR

where R =MR $/7TA, and the solution is valid for
[14+2iR|>1. No solution exits when |1+2iR|<1 and
the system is Landau damped. Other smooth bunch
shapes give similar results. Setting A=0 gives
Im(8Q,)=—MR /2. The actual growth rate is always
smaller than the A=0 growth rate with the ratio of the
actual growth rate to the A=0 growth rate given by
Im(8Q)/Im(8Q,) S2|R|. The growth rate reduction can
be understood by considering the dipole eigenfunction

_ cos mp/2p)e’ Km+si¢
sin¥(7¢/2$)—R2/(1+2iR)

For small R, the magnitude of D is relatively small unless
|¢| SH|R|. In physical terms, the space-charge im-
pedance causes the local coherent betatron frequency to
vary along the bunch like a collection of oscillators with
different natural frequencies. The resonator is only par-
tially effective at maintaining the oscillators at a single
coherent frequency, resulting in a reduced growth rate.

IV. CONCLUSIONS

The effect of space charge on transverse instabilities
has been considered. In the low-intensity limit we found
that incoherent space-charge tune spread can Landau
damp transverse instabilities. However, this damping
will occur only if the inductive part of the effective trans-
verse impedance nearly cancels the space-charge im-
pedance. In the moderate coupling regime, with a Gauss-
ian line density, an expansion using Hermite polynomials
has been used. This method was compared with earlier
techniques that do not include the incoherent space-
charge frequency spread, and it appears that including
the frequency spread is needed for accurate results. In
the high-intensity limit, where the synchrotron tune is
small compared to the coherent space-charge frequency
shift, we found that the incoherent space-charge forces
are irrelevant. In this limit, the coherent space-charge
forces, due to image currents on the vacuum chamber
walls, can lead to growth rates which can be much small-
er than those predicted using the weak coupling formu-
las.
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APPENDIX A R
1=—R [ g _lhcosd B1)
In this appendix, it is shown that the growth rates ob- 2m “ -7 Q+1+cosf

tained from Eq. (34) are bounded via |[Im(Q)|<|f,l,
when f, f,, and f? are all real. Rewrite Eq. (34) to yield
(Q—foXQ—F, . NQ—F_)=Qf?%, (A1)

where F, =f,/2+V 1+ f% /4. Notice that F, >0 and
F_ <0. Taking absolute values and using the triangle in-
equality yields

lori|
2< — — =_ =1
Dividing by Q — F . instead of Q —F _ yields
o717l
I <o — —F_|=——7. (A3)
m(@IP<1Q —foll@ —F | =155
Since a < b and a < c implies a < min(b,c),
2< | 2] fo] 19|
[Im(Q)|? < |f7|min 0—F " T0-F.| (A4)

F_ and F, are real and of opposite sign. When they are
viewed as vectors on the complex plane, one of them will
add constructively to any Q one cares to choose. Hence,
one of the denominators on the right-hand side will be
larger than |Q|, giving [Im(Q)| <|f,|.

APPENDIX B

The coherent frequency for a cosine squared line densi-
ty is derived. Defining Q =2¢8Q /A, Eq. (62) becomes

Making the substitution z =exp(if), Eq. (B1) becomes
Lo11 24 dz : (B2)
R T 22(1+0)+z%+1
where the integral is along the unit circle in the complex
plane. The integrand of Eq. (B2) has simple poles at
z,=—(1+0)xV(1+0)*—1. Since z,z_=1, either
both poles lie on the unit circle or one lies inside and the
other lies outside. Assume the second case, which is
equivalent to assuming a nonsingular integrand in Eq.
(B1). Define z;, to be the root inside the unit circle and
Zoy to be the root outside the unit circle. The integral is
trivial with the result

- i-_20 (B3)

R Zin " Zout

Squaring both sides of Eq. (B3) gives
2 ~

- 2
1— L_, = ‘,%—‘: . (B4)
R Q°+20
Assuming Q70 yields
52
g=—rUTR (B5)
1+2iR

which is equivalent to Eq. (63). Equation (B5) suggests
that very large frequency shifts are possible if R ~i/2,
but this does not occur. For |14+2iR|<1, Eq. (B4) is
satisfied but Eq. (B3) is not, and the system is Landau
damped.
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