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Ion wake fields in a plasma with negative ions
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Ion wake fields in a quasineutral plasma that contains negative ions are theoretically examined using

two independent approaches. The two analyses described here are based on the initial assumption that a
driving ion bunch may be injected into either a drifting plasma or a stationary plasma. Both methods

predict that the ion wake fields may be oscillatory, constant, or decrease exponentially. A formula for
the period of the oscillation frequency of the ion wake field is derived. Effects of driving ion bunches

with different characteristics on the wake field excitation and modulation are presented.

PACS number(s): 52.35.Mw

I. W'IRODUCTION

Since the concept of a plasma wake field accelerator
was first suggested by Chen, HufF, and Dawson [1], the
study of plasma wake fields has been an important area of
investigation in plasma physics. Most of the initial atten-
tion was paid to wake fields excited by relativistic or non-
relativistic electron bunches injected into a cold plasma.
The frequency of oscillation of the wake field which is in
the wake of the electron bunch is of the order of the elec-
tron plasma frequency [2—4]. The possibility of using an
ion wake field that is generated by an ion bunch instead
of an electron bunch in a wake field accelerator was sug-
gested by Jones and Keinigs [5]. It was found that it
might be easier to tailor the characteristics of an ion
bunch rather than an electron bunch since the time scale
would be of the order of the ion plasma period instead of
the much shorter electron plasma period. In addition,
there may be an improvement in the value of energy gain
using ion wake fields instead of electron wake fields. In
their analysis, effects of a drifting plasma were also inves-
tigated.

The Srst experimental observation of large-amplitude
ion wake Selds in a plasma was made by Nishida et al.
[6]. Using a standard double plasma machine in which
an argon plasma was created, they demonstrated that an
ion wake Seld could be excited. They found that the re-
quired velocity of the exciting ion bunch was approxi-
mately equal to the ion acoustic velocity and that the fre-
quency of the ion wake field was of the order of the ion
plasma frequency.

We recently extended the Nishida et al. [6] experi-
ments in order to investigate ion wake fields in a
quasineutral three component plasma consisting of posi-
tively charged ions, negatively charged ions, and elec-
trons [7]. In the experiments performed also in a double
plasma machine, a gas with a large electron attachment
cross section, in our experiment sulfur hexafluoride (SF6),
was introduced into a previously quasineutral argon plas-
ma. Hence, negative SF6 or F ions of varying densities
became a part of a quasineutral three component plasma.
We found that the frequency of the ion wake field de-

pended on several parameters: the ratio of positive ion
mass to negative ion mass, the negative ion concentra-
tion, the velocity of the ion bunch, the ion acoustic veloc-
ity, and the positive ion plasma frequency. In addition,
we were able to predict the period of oscillation of the ion
wake field assuming that the plasma was stationary. The
analytical description that we used at that time was an
extension of a two component cold plasma model ana-
lyzed originally by Ruth et al. [8]. This extension al-
lowed us to describe a three component stationary plas-
ma.

In the present article, we investigate an ion wake field
in a nonstationary three component plasma that has a
finite electron temperature and cold positive and negative
ions. The result that we will obtain reduces in the limit
to the stationary three component plasma result that was
found before [7]. The stationary plasma model of Ruth
et al. [8] as applied to a plasma that has three com-
ponents is also presented and extended here. Using the
Jones and Keinigs procedure that is directed toward the
drifting plasma model, we more accurately emulate the
double plasma experiment and find that the characteris-
tics of the ion wake fields have additional features than
were obtained previously. In particular, we are able to
analyze effects due to the wake field excitation with
difFerent applied voltage signals.

In Sec. II, the derivation of the ion wake Seld in a drift-
ing plasma is presented following the procedure of Jones
and Keinigs [5]. In Sec. III, the derivation of the ion
wake field in a stationary plasma is presented following
the procedure of Ruth et al. [8]. The spatial period of
the ion wake field under the conditions of oscillation is
also given in both cases. In Sec. IV, effects of changing
the shape of the driving ion bunch on the oscillating ion
wake fields are discussed. Section V is the conclusion.

II. DERIVATION OF ION %'AKE FIELDS
IN THE MANNER OF JONES AND KEINIGS

In order to derive the ion wake field in a three com-
ponent plasma, we follow the procedure presented in
Jones and Keinigs [5]. Wake fields in a one-dimensional,
homogeneous, and field-free plasma can be written as
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E(y)= f G(y' —y)p&(y')dy',

where

[j=e, +, or —]. A time-harmonic dependence for the
perturbations vj&, n.&, and E is assumed. They are writ-
ten as

and

G(y' —y)= f e""'-"G(k)dk
277

(2)
e l (kz cot) n —n +n e &(kg ~t)j jo j&

ei (kz —cot)

(10}

G(k)=
k [I+4ny (k, to=kvq)]

(3) The perturbations of density and velocity can then be ex-
pressed in terms of the electric field perturbation as

In (1)—(3), pb is the charge density of the driving ion
bunch, y~ is the plasma susceptibility, vb is the velocity
of the bunch, and y =vbt —z. Since the wake field trails
behind the ion bunch, we hereafter assume that y & 0.

%e consider that a quasineutral plasma consists of
three species: cold positive ions, cold negative ions, and
Boltzmann electrons. In addition, the plasma drifts with
a constant velocity in the z direction. The plasma
response due to the driving ion bunch is computed using
the linearized equations of continuity and momentum.
They are written for the three species of the plasma as
follows.

For electrons,

ene0
net=t T k

E(,
Kg

e (to —v,pk}
e)=i ~ E),

asT, k

ke
m~{a)—vgpk)

ken ~pk
n~) =i

m~(cp —v~pk)

We write Maxwell's equation

(12)

(13)

(14)

an)av)an
+n, p +v, p =0, (4) i~ 41r isoP'XB)= — E(+ J)= — gE), (15}

nel
asT, = en, pE—. (5)

In (5), the electron mass has been neglected in compar-
ison with the ion mass.

For positive ions,

where the dielectric constant ri is a scalar since the plas-
ma was assumed to be field-free. Since g=1+4my, we
can write that

4~y, =t4 Z, /{~E, )

m+
av+, av+,

+v+p =eE .
at az

an+, av+& an+,
+n+p +v+p =0

t z az
(6)

(7)

or finally

=i (4n/tpE, )[( 'n, pev„——n, &ev,p)

+ (n+pev+ & +n+ ~ev yp )

+{ npev —
& n, ev—p }],

For negative ions,

an $ av
$ an

+n p +v p =0,
at az az

2 1 —s
4m' 0 + k C, + (tp v+pk)z (to ——v pk)z

(16)

av , av
+v p

= —eE,
az

where xz is Boltzmann's constant, T, is the electron tem-
perature, m+ and m are the positive ion and negative
ion masses, and v-o and n o are the drifting velocity and
the background density of the j species respectively

where the parameter of negative ion concentration
e=n p/n+p, the electron density n,p=(1 —e)n+p, the
positive ion plasma frequency 0 + =(4nn+pe /m+ )'.
the ion acoustic velocity C, +=(@AT,/m+ )', and the
ion mass ratio M =m+ /m . Thus the function G(k) in

(3) is given as

G(k)=—
k2+~2p+

S+ "+p) (v&
—v p)

(17)
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In order to evaluate the wave field, we substitute (17) into
(2) and perform the integral of (2) in the complex plane.
This will be done under three plasma conditions.

(a) The first plasma condition assumes that

1 c,M
(vo —v+0)' (vb —v-o)'

The integral in (18) can be easily evaluated if the driv-
ing ion bunch can be expressed as the Dirac 5 function,
pb(y }=o e5(y },where o is a uniform surface number den-
sity. Other choices for this charge distribution will be an-
alyzed later in Sec. IV. The resulting ion wake fields then
have an oscillating form

In this case, Eq. (1) becomes

E(y)=2m f cos[k (y' y—)]pb(y')dy',

where

(18) E(y)=2@ca cos(k y} . (20)

1
k Q+ +

(vb v+0)— (vb v o)

1 —c.

2C, +

1/2

(19)

Within a trivial constant, this reduces to our previous re-
sult [7] [Eq. (32)] that was obtained using an initial sta-
tionary plasma assumption, i.e., v +p v 0 0. The
period T„,„,of the ion wake field is expressed as

Twake
1 1~ +vb» +.

(vb v+0) C~+

M 1
l

(vb —v 0) C+
*

(21)

If s=O, Eq. (21} reduces to the wake field period in a
two component plasma when ~vb

—v+v~ (C, +. Note
that the difFerence of velocity between the driving ion
bunch and the drifting positive ions has to be less than
the ion acoustic velocity in order to generate an oscillat-
ing ion wake field. Furthermore, if the velocity direction
of the driving ion bunch is the same as that of the posi-
tive ion, the direction of the negative ion velocity will be
opposite to that of the driving ion bunch velocity, and
vice versa. Assuming the former case, the term (vb —v 0 )

in (21) has to be replaced with the term (vo+ v 0).
(b) The second plasma condition assumes that

1 —c
2C, +

1 cM
2 2

(Vb V+O) (Vb V 0)

I

E(y)= 2n f e ~ —pb(y')dy' . (23)

With the Dirac 5 function assumption for the driving ion
charge distribution, we compute the electric field to be—k yE(y)= —2~eoe ' . In this case, the wake fields de-

yielding G(y' —y) =2m. Hence the wake field is comput-
ed from

E(y)=2m f pb(y')dy' .

Again using the Dirac 5 function as the shape of the driv-
ing ion bunch, we find E(y}=2neo. This mean. s that the
wake fields are not oscillatory but are constant.

(c}The third plasma condition assumes that

1 —c 1 c,M+
C, + (vb —v+o) (vb —v-o)

It; (y' —y)
yielding G (y' —y) = —2m.e ~ . The wake field is com-
puted to be

crease exponentially and are rapidly suppressed behind
the driving ion bunch.

III. DERIVATION OF ION WAKE FIELDS
IN THE MANNER OF RUTH et al.

The procedure due to Ruth et ol. [8] assumes that the
plasma is stationary. We used this method previously in
interpreting the experiment [7]. In this section, the
derivation of the period T„,z, of the ion wake field is re-
viewed and extended. Using (5) and (6)—(9) under the as-
sumptions v+0 = v 0 =0, we obtain the following equa-
tions that describe the perturbed densities:

Cs+ d nial =0,
(1—s)vb dy

dn, cMC+ dn&
dy2 (1—e)vb dy

Poisson's equation is written as

d'n„n,»+
(n+] n ] ne/+nb )

dy C, +
(26)

where nb is the number density of the driving ion bunch
and the other notations are defined with the same mean-
ing as before. Assuming that the driving ion bunch can
be expressed as the Dirac 5 function nb =o5(y} where cr

is a uniform surface number density and integrating (26}
over the ion bunch aty =0, we find that

+0 20 +
2C, +
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n, &

= A, sin(key),

Eq. (27}becomes

(28)

Considering the nonexistence of any density perturbation
for y (0 and assuming that the electron density perturba-
tion has the form

perturbation in (28) has to be replaced with the exponen-
tial form

—k y
n, &=A,e (35}

in order to keep k real. Then the electron perturbation
is expressed as

0 +cr
n = —(1—e) sin(k y) .C' ks+ p

(29)
20+O kyn„=(1—e) e

C, +kp
(36)

0 +o
n+, = — sin(k~y)

Ub kp

eMQ +o.n, =
2 sin(k~y) .

Ub kp

(30)

(31)

Substituting (29) into (24) and (25) allows us to compute
the positive and negative ion perturbations. We find

and the wake fields are given by
—k yE = —secre

1 —c 1
P P+ 2 2Cs+ Vb

1/2
cM
V2

b

where k can still remain real as

(37)

(38)

From (5) and (29), the wake fields can be expressed as

E = 4neo—cos(k~y}, (32)

which agrees with the result computed earlier using the
Jones and Keinigs [5] method. The two results differ only
by a constant. The substitution of (29)-(31) into (26}
yields for the region of the wake

field

)0
1/2

(33)
C2

1 sM
2+ 2

Vb Vb

k =0+

We find that the period of the wake field T„,b, has the
same period that is given in (21) if there is no plasma
drift, i.e., u+o=u o=0. Since k is real, the velocity of
the ion bunch has to satisfy the relation

vb &C, +&(1+aM)/(1 —s)=—vf . (34)

In (34},uf is identified to be the fast mode ion acoustic
velocity in a three component plasma. Therefore, in or-
der to generate an oscillating ion wake field, the velocity
of the ion bunch has to be less than the fast mode velocity
in a stationary plasma with negative ions. This assumes
that the ions are cold so there is no slow mode in the long
wavelength approximation [9—11]. In a two component
plasma (s=0), (34} reduces to ub & C, +. This means that
the ion acoustic velocity replaces the fast mode ion
acoustic velocity in (34) as the requirement in order to
produce oscillating ion wake fields.

If ub =vf, the wake fields in (32) become constant with
a value E =—4mecr. If vb & vf, the form of the electron

These results which are obtained using the Ruth et al.
[8] procedure are similar to those obtained previously us-

ing the Jones and Keinigs [5] method if we take the limit
of zero plasma drift.

IV. Ej.ra;CT OF THE BUNCH SHAPE
ON OSt:ILLATING WAKE FIELDS

pp —,0&y (aoa

pb(y }= po a —y'
po P y r- —r —y

r

(39)

Substituting this charge distribution into Eq. (18) and in-
tegrating the resulting integrals, we find that the wake
fields E;„within the bunch are expressed with three terms
to represent the three regions of charge distribution

In this section the effect of the shape of the driving ion
bunch on the oscillating ion wake fields is investigated.
Wake fields inside and outside of the bunches are calcu-
lated under the rubric of the Jones and Keinigs [5] pro-
cedure. We previously had assumed that the charge was
localized and could be represented with the Dirac 5 func-
tion. Three different bunches that have a trapezoidal
shape, a triangular shape, and a half sine wave shape are
examined. These are shown in Fig. 1.

First, we consider a trapezoidal shaped ion bunch in
Fig. 1(a). The distribution of charge density can be writ-
ten as

27Tpp
[1—cos(k y)], 0 &y & a

k2a
I

E- =
in

4 po
k2a

r

2&po

k2a
k a

2 sin
2

sin k y ——
2

k a a
sin

2
sin k y ——

2
a&y&P

+ [cos[k, (&—y) l
—I], P yr. --r

(40)
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27Tp0

k a
sin k y —— + [cos[k~(P—y)] —cos[k~(7' —y)] }

For y & y, the wake field E,„,outside of the bunch has one term that is written as

k a
2 sin (41)

There are several asymptotic limits of the charge distribution that have a trapezoidal shape that can be analyzed and
are of technological interest. The first case assumes that the charge distribution rapidly returns to zero. The initial rise
time may remain long. In this limit of y p, the wake field given in (41) becomes

+kza sin[kgb(P
—y) ]

I

P
I

P
~

l~

~ (42}
2m.po k a a

2 sin sin k y ——
k aP

The second case assumes that the charge distribution rapidly rises from zero to a constant value. Its return to zero may
be long. In this limit of a =0, the wake field given in (41) becomes

cos[k (P—y)] —cos[k (y —y)]
r p—

2&po
E,„,= k sin(k~y)+

The third case assumes that the shape of ion bunch becomes rectangular with both a fast rise time and a fast decay
time. This can be efFected by taking the limit of y p in (43). In this case, the wake field becomes

(43)

r

4mpo k P psin cos kP y ——
P

Thus, using the trapezoidal shaped ion bunch, a modulation of the oscillating wake field is found to occur for the
wake field that is external to the ion bunch in the first two cases. This modulation disappears for the case of a rectangu-
lar shaped ion bunch.

If an asytnmetrical triangular ion bunch shown in Fig. 1(b) is used, the charge distribution is given by

po —,0&y &a'a'
pIy= p

p a(y (p—a
(45)

The wake fields E;„inside of the ion bunch are found using this distribution for the ion bunch in (45). After integration,
we find

27Tpp

2 [1—cos(k~y)], 0&y &a
k a

III 2~p
[Pcos[k~(a —y)] —(P—a)cos(k y) —a}, a&y &P .

k~a(P —a)

(46)

External to the ion bunch y & p, the wake field E,„, is

E 2&pp

k 2a(P —a)
[Pcos[k (a —y)] —(P—a)cos(k y) —acos[k (P—y)]} .

P P P
P

(47)

For the case that assumes that the charge distribution rapidly returns to zero and the initial rise time may remain
long, we let p=a. The wake field given in (47) becomes

2'7Tpp

[k~a sin[k~(a —y)] —cos(k y)
k,'a

+cos[k (a —y)]} . (48)

we let a 0. The wake field given in (47) becomes

27Tpp
E,„,= I k~P sin(k~y)+cos(k~y)

k P
—cos[k~(P —y)]} . (49)

For the case that assumes that the charge distribution
rapidly rises from zero and its return to zero may be long,

Therefore the modulation of wake fields always exists
outside of an asymmetrical triangular bunch.

Finally, we consider a half-cycle sinusoidal ion bunch
shown in Fig. 1(c). The charge distribution is
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(a)
Po

(b)
po--

V. CONCLUSION

In one-dimensional, homogeneous, field-free, drifting
plasmas with negative ions where cold ions and the finite
electron temperature are assumed, a formula for the
period T„~,of an oscillating ion wake field is derived us-

ing the procedure of Jones and Keinigs [5].This formula
is valid if the ion bunch can be approximated as the
Dirac 5 function and the following criteria

1 —e

C, +

1 cM

(Vb V+P) (Ub U P}

(c)
Po--

pb(y}=pp sin, O~y ~ a .STD

a (50)

For 0 ~y & a, the wake fields computed from (18) are

217 app trycos —cos(k~y)k~a~ — a
P

Ein

and for y & a

(51)

Eout

417 app kpa
cos cos k~

Pk a—
(52)

FIG. 1. Shapes of the driving ion bunches. (a) Trapezoidal
shape. (b) Triangular shape. (c) Half sine wave shape.

is satisfied. Otherwise the wake fields are constant or de-
crease exponentially. The period of the oscillating ion
wake field depends on several plasma parameters: the ra-
tio of positive ion mass to negative ion mass, the negative
ion concentration, the ion acoustic velocity, the ion plas-
ma frequency, the velocity of the ion bunch, and the
difference of velocity between the driving ion bunch and
the drifting positive or negative ions.

In a two component plasma, an oscillating wake field
exists only if

~
u„—v+p ~

(C, +. Furthermore, in a station-
ary plasma, an oscillating wake field is expected when

vb & C, +. Thus the ion acoustic velocity is a critical pa-
rameter to determine the oscillation of the ion wake
fields. If a stationary plasma is assumed, the same formu-
la for the wake field period can also be derived using the
scheme of Ruth et al. [8], where an ion bunch is assumed
to be represented as the Dirac 5 function.

The effect of the shapes of three different ion driving
bunches on the oscillating wake fields is calculated.
Bunches with a symmetrical shape do not lead to a
modulation in the wake field. The amplitude of the wake
field depends on the shape of the ion bunch and is direct-
ly proportional to the charge density of the bunch. The
phase shift of the wake field depends on the parameter kP
given in (19}.

ACKNOWLEDGMENT

Therefore no modulation of wake fields is found outside
of a half-cycle sinusoidal bunch.

This work was supported in part by the National Sci-
ence Foundation Grant No. ECS 90-06921.

[1]P. Chen, R. W. Huff, and J. M. Dawson, Bull. Am. Phys.
Soc. 29, 1355 (1984).

[2] P. Chen, J. M. Dawson, R. W. Huff, and T. Katsouleas,

Phys. Rev. Lett. 54, 693 (1985).
[3]P. Chen, J. J. Su, J. M. Dawson, K. L. F. Bane, and P. B.

Wilson, Phys. Rev. Lett. 56, 1252 (1986).
[4] T. Katsouleas, Phys. Rev. A 33, 2056 (1986).
[5] M. E. Jones and R. Keinigs, IEEE Trans. Plasma Sci. 15,

203 (1987).
[6]Y. Nishida, T. Okazaki, N. Yugami, and T. Nagasawa,

Phys. Rev. Lett. 66, 2328 (1991).

[7] D. W. Aossey, J. E. Williams, H. S. Kim, J. L. Cooney, Y.
C. Hsu, and K. E. Lonngren, Phys. Rev. E 47, 2759 (1993).

[8] R. D. Ruth, A. W. Chao, P. L. Morton, and P. B.Wilson,
Part. Accel. 17, 171 (1985).

[9] N. D'Angelo, S. v. Goeler, and T. Ohe, Phys. Fluids 9,
1605 (1966).

[10]B. Song, N. D'Angelo, and R. L. Merlino, Phys. Fluids B
3, 284 (1991).

[11]J. L. Cooney, D. W. Aossey, J. E. Williams, M. T. Flavin,
H. S. Kim, Y. C. Hsu, A. Scheller, and K. E. Lonngren,
Plasma Sources Sci. Technol. 2, 73 (1993).


