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Computer simulations of conductance noise in a dynamical percolation resistor network
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Computer simulations of a dynamical bond percolation model in the form of a random resistor net-
work are described. The conductance of a two-dimensional random resistor network is calculated using
the transfer matrix approach when the network is at the percolation threshold. Keeping the total num-
ber of broken bonds fixed, a fraction of broken bonds are allowed to exchange places with adjacent un-
broken bonds, and the conductance of the network is recalculated. This procedure is repeated a great
many (~ 10*) times, and the Fourier transform of the resulting time trace of the conductance yields the
spectral density of the dynamical percolation network. The dynamical percolation noise has a Lorentzi-
an power spectra with a characteristic lifetime that represents the regeneration rate of the lattice.

PACS number(s): 64.60.Ak, 61.43.Bn, 73.50.Td

Percolation networks have been successfully employed
to model the dynamics and electronic properties of disor-
dered systems [1-5]. A prototypical percolation network
is a series of bonds (resistors) on a lattice which are either
randomly broken (infinite resistance) or filled (finite resis-
tance). The percolation threshold corresponds to the
minimum fraction of filled bonds which form a continu-
ous path across an infinite network. Noise processes and
in particular 1/f noise in percolation networks have been
recently studied, both theoretically [6—9] and experimen-
tally [10,11], in order to improve our understanding of
the mechanisms responsible for conductance fluctuations
in disordered solids. The time dependence of the conduc-
tance in nearly all of these studies arises either from ran-
dom walks along the backbone of the percolation filament
(which has a fractal geometry) [12,13] or from the intrin-
sic noise mechanisms of the material which comprises the
percolation network. In the latter systems the magnitude
and the finite size scaling of the noise power is studied as
the percolation threshold is approached [6,7,10,11].

An alternative source of conductance fluctuations,
termed dynamical percolation [14,15], allows broken
bonds and unbroken bonds in a random resistor network
to exchange places as a function of time, keeping the total
number of broken bonds constant. Such models describe
the influence of atomic or electronic hopping on the con-
ductance of a disordered lattice, and are applicable to a
variety of systems including ionic conduction in polymer-
ic solid electrolytes, hydrogen motion in amorphous sil-
icon, and vortex motion in high temperature supercon-
ductors. In addition, growth patterns of solidification
fronts and domain walls have been successfully modeled
by finding the optimal path through a percolation net-
work [16,17], however, the effect of subsequent bonding
rearrangements on the interface profile would be de-
scribed by a dynamical percolation process. Despite the
importance of hopping models for studying diffusion and
electronic conduction in such systems, dynamical per-
colation networks have received less attention than static
percolation problems.

In this paper, we describe computer simulations of the
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conductance fluctuations of a time dependent random
resistor network. The conductance of a two-dimensional
rectangular lattice is calculated for which half of the
bonds are broken, corresponding to the percolation
threshold. Dynamics are introduced into this system by
allowing a small fraction of the conducting bonds to
diffuse through the lattice, altering the conduction paths
while keeping the total number of broken bonds con-
served. The conductivity of the network is then recalcu-
lated, and the procedure is repeated a large number
(~10%) of times, yielding a time trace of the conductance
of the percolation network. The noise power spectra of
the dynamical percolation network is then obtained from
Fourier transforms of these conductance fluctuations.

Previous studies of dynamical percolation have in-
volved analytical calculations of diffusion on a lattice at
the percolation threshold where either the transition
rates for hopping between nearest neighbor sites are al-
lowed to randomly change with time [14], or the entire
lattice is renewed at various intervals with random reas-
signment of hopping probabilities after each renewal [15].
In contrast, the simulations described in this paper model
the effect of a structural rearrangement due to the
diffusion of broken bonds, which subsequently modifies
the connectivity and electronic properties of the conduct-
ing filaments in the host medium. These simulations
were motivated by our interest in understanding conduc-
tance fluctuations in hydrogenated amorphous silicon (a-
Si:H) [18] though the results are relevant to other experi-
mental systems ranging from high T, superconductors
[19] to sound propagation in granular media [20]. In the
case of hydrogen diffusion in ¢-Si:H, where the motion of
bonded hydrogen enables defect creation and removal
which in turn changes the electronic conductivity of the
film [21], the flipping of broken and unbroken bonds
represents the hopping of hydrogen atoms from one
bonding configuration to another.

The network studied here consists of four million
bonds (resistors) in a two-dimensional rectangular lattice
10° bonds long and 20 bonds wide. Finite size effects
were checked by using lattices of different size. Infinitely
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conducting strips are placed across the top and bottom
edges of the lattice. If a hypothetical voltage drop is ap-
plied across these electrodes then the conductance may
be calculated using the transfer matrix method [16]. The
resistance values of the bonds in the network have a
Gaussian distribution with a mean resistance value of
unity and a standard deviation corresponding to 0.1 in ar-
bitrary units.

A small section ( ~70 bonds long) of the resistor net-
work is shown in Fig. 1, those resistors which reside on
filaments which extend from the top of the grid to the
bottom, and hence contribute to the conductance of the
network are indicated by darkened bonds. While for an
infinitely large network at the percolation threshold there
will be only one conducting filament which spans the en-
tire lattice [2], in a finite network there are many fila-
ments which extend across the lattice at the percolation
threshold. By imaging random sections of the lattice, we
estimate that a two-dimensional L X H grid 10° bonds
long and 20 bonds high contains approximately 2 X 10°
filaments which are continuous across the top and bottom
electrodes. An alternative method for calculating the
filament number N uses an expression for the correlation
length calculated by Derrida and De Seze [22]. In this
case, the filament width may be estimated from the corre-
lation length, £~4H /7. Since the filaments are separat-
ed by nonconducting regions of approximately the same
width there exists approximately 1 conduction path in a
region 2{ wide on the lattice. This results in approxi-
mately, N~L /(2§), or 1963 filaments, in good agree-
ment with our estimates based upon imaging random sec-
tions of the network.

An inherent feature of the transfer matrix method is

FIG. 1. Sketch of a small section of the two-dimensional ran-
dom resistor network used in the computer simulations. The
entire lattice is 10° bonds (resistors) long and 20 bonds wide; the
conductance of the network is calculated across the lattice’s
width using the transfer matrix technique. Half of the resistors
are removed, corresponding to the percolation threshold; those
bonds which span the grid’s width and contribute to the con-
ductance are darkened. The initial configuration is shown in (a).
After allowing at random 4% of the broken bonds to exchange
places with adjacent unbroken bonds, a lattice is generated. (b)
and (c) show the resulting changes in the network after repeat-
ing the bond exchange process 6 and 11 times, respectively.
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the long and narrow lattices which allow a large number
of filaments to conduct in parallel. The width and length
of the random resistor lattice was chosen to eliminate
boundary effects and yields convergence of the conduc-
tivity toward its limit value to within 0.3%. We believe
that this model provides a reasonable approximation to a
network of inhomogeneous current paths proposed to be
responsible for the conductance fluctuations in a-Si:H
[18]. The cross-sectional area of these current micro-
channels is estimated to be comparable to the a-Si:H film
thickness, justifying a two dimensional simulation. The
natural geometrical similarities between the lattice used
in a two-dimensional transfer matrix method and the pro-
posed current filament model in ¢-Si:H motivated our use
of this approach over other traditional techniques that
employ relaxation methods or systematic node elimina-
tion. In addition, the transfer matrix method is a compu-
tationally faster technique for investigating the quantities
of interest in this dynamical percolation study. Using
these lattice sizes a typical time trace of over 1000 time
steps requires 10 h of CPU time on a Cray X-MP.

The connectivity of the filaments and hence the con-
ductance of the network varies when bonds are allowed
to exchange places, or flip. The flipping rate, defined as
the fractional number of bonds switched per time step, in
Fig. 1 was 4X 1072, that is, in a single time step one out
of every 25 resistors is permitted to flip from its original
bonding site into a neighboring unoccupied lattice site.
Figure 1(a) shows the initial configuration of this small
section of the network, the resulting configurations after
6 and 11 time steps are shown in Figs. 1(b) and 1(c), re-
spectively. After six time steps the single filament in Fig.
1(a) has become ~60 bonds wide with a high degree of
redundancy along with a large number of critical bonds,
the breaking of which causes a large change on the con-
ductance of the filament. After another five time steps
the single large filament has evolved into two fairly direct
filaments. The variation in filament number and struc-
ture with bond exchange gives rise to the conductance
fluctuations described below.

The bond switching procedure is repeated and the con-
ductance of the network is recalculated after each time
step; the resulting time trace of the conductivity fluctua-
tions is shown in Fig. 2 for a bond flipping rate R, of
4X1072 The R s in Fig. 2 corresponds to an average of
~ 64 000 bonds exchanging places per time step; the aver-
age magnitude of the conductance fluctuations is
AG /G ~10"2 The Fourier transform of the conductivi-
ty time trace in Fig. 2 yields a power spectrum which is
well described by a Lorentzian frequency dependence, as
shown in Fig. 3. The solid line is a fit to the spectral den-
sity by the expression S (f)=Cr/[1+(27f7)?], where C,
a measure of the magnitude of the fluctuations, is
8.9X 107 * and the lifetime, 7, is 3.01. No single power
law frequency dependence yields a better fit to the data
than the Lorentzian expression. A Lorentzian frequency
dependence is found to describe the conductance fluctua-
tions in our simulations for a wide range of flipping rates
and for lattices for which the length (and consequently
the number of conducting filaments) is varied. For the
flipping rate of R =4X 1072 in Fig. 3, every filament in
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FIG. 2. Time trace of the conductance of the two-
dimensional random resistor network described in the text. In
each single time step the bond flipping rate was 4%.

the entire resistor network is varied several times in a sin-
gle time step. The resulting fluctuations were expected to
either have a frequency independent spectral density
(white noise) indicating uncorrelated fluctuations, or to
display 1/f noise. The latter would result from the su-
perposition of an ensemble of Lorentzian power spectra,
each individual Lorentzian arising from the switching of
a single current filament. Since the variation of spatially
separated filaments is independent, a broad distribution
of lifetimes, leading to 1/f noise, would not have been
surprising. The fact that the data is described by a single
Lorentzian, and not a 1/f spectral density, indicates that
the distribution of lifetimes for the entire network is fair-
ly narrow.

The Lorentzian spectral density corner frequency
(which is 1/7) separates the white noise at low frequen-
cies from the f 2 frequency dependence at higher fre-
quencies. By calculating conductance time traces and
their corresponding power spectra at other bond flipping
rates, the variation of the Lorentzian spectral density life-
time 7 with R, is obtained. Changing the bond flipping
rate can be thought of as increasing an electronic or
atomic hopping rate with some external parameter, such
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FIG. 3. Log-log plot of the noise power spectrum for the
data in Fig. 2 against frequency. The solid line is a fit to the
data using a Lorentzian frequency dependence.
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as temperature. Since the bond flipping rate is the only
time scale introduced into the simulations the expectation
is that 7=1/R, however, this is in conflict with the data
of Fig. 3, where a 7 of 3 is observed rather than a 7 of 25
for a R;=0.04. The conductance time traces in Figs. 2
and 3 were repeated several times, and the lifetimes ob-
served were always 7~3. A log-log plot of 7 against R
displays a power law relationship 7=x/R;,, where
x~0.10 for bond flipping rates of 5X107* <R, <107".
The lifetime does indeed vary as R/ !, however, the pre-
factor « is much smaller than expected. In order to
smooth the data in Fig. 3 the power spectra of three in-
dependent conductance time traces for R ,=0.04 are oc-
tave binned, as shown in Fig. 4. The heavy solid line in
Fig. 4 represents the octave integral of a Lorentzian spec-
tral density with a lifetime =3, which is an arctangent
function. The error bars reflect the variation in noise
power magnitudes from one simulation to another and do
not reflect the uncertainty in the evaluation of the noise
power per octave. The corresponding noise power per
octave for 1/f noise would be a horizontal line, while
white noise would exhibit a noise power per octave which
increased at higher frequencies, both of which are exclud-
ed by the data in Fig. 4.

One possible explanation for the constant of propor-
tionality k in terms of a measure of the conducting por-
tion of the lattice is as follows. Only those bonds on the
conducting filaments will contribute to the conductance
fluctuations and play a role in the power spectrum. The
time for which the lattice fluctuations have become un-
correlated (the power spectrum is then frequency in-
dependent) is given by 7, it is reasonable that 7 also mea-
sures the time in which most of the critical conducting
bonds have flipped. In this sense, 7R =« estimates the
ratio of critical to the total number of bonds. Hence,
k71 is an indication that not all the bonds on the lattice
must be flipped in order to yield an uncorrelated power
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FIG. 4. Log-log plot of the octave binned noise power spec-
tra of three separate simulations of conductance fluctuations for
the bond flipping rate in Fig. 3. The solid line is the expected
frequency dependence for the noise power per octave of a
Lorentzian spectral density. White noise would exhibit a noise
power per octave which increased with frequency on this plot,
while 1/f noise would be represented by a horizontal line.
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spectrum. The magnitude of k can then be estimated by
considering the ratio of critical to total bonds on a con-
ducting filament. In a region of height H and of width
2§, there exists on average one filament as stated earlier.
The number of bonds on the conducting backbone of this
filament in two dimensions is ~H?, where D, the fractal
dimension, is 1.6 [5]. If this number of conducting bonds
on the filament is divided by the total number of bonds
contained in this region (consisting of the backbone
current carrying bonds plus the dangling bonds on the
filament which do not carry current, yielding a total of
2¢H bonds) then the fraction of bonds contributing to the
conductance is k=H?/(2£H). For a resistor network of
height H =20 and £=25.46 this yields k~0.12, in good
agreement with the observed value. A simple test of x
would involve changing the height of the lattice, which
would change the number of conducting filaments, or al-
ternatively changing the fraction of broken bonds to be
either greater than or less than the percolation threshold
which again would change the number of filaments in the
network. Unfortunately neither approach is computa-
tionally feasible. Since the fraction of conducting bonds
varies with the height of the lattice as x < H %*, one
would have to extend the network by a factor of 107 in
order to observe an order of magnitude change in «,
which would require correspondingly longer simulation
times than for the data in Fig. 2.

Conductance time traces in many disordered systems
such as high T. superconductors and amorphous semi-
conductors exhibit two-state or multistate switching be-
tween discrete resistance levels, termed random telegraph
switching noise [18,19,23,24], which is not observed in
our simulations of a dynamical percolation resistor net-
work. In the simulations described here, all broken
bonds with adjacent unbroken resistors are equally likely
to exchange places, corresponding to uncorrelated
nearest neighbor atomic or electronic hopping on a disor-
dered lattice. While this simple form of hopping is a nat-
ural starting point to investigate time dependent fluctua-
tions in a percolation network, it clearly lacks the crucial
element of trapping, present in all real disordered solids.
In high T, superconductors, the resistance switching
noise is suggested to arise from the collective motion of
magnetic flux vortices [19], while in amorphous silicon,
as mentioned above, the motion of bonded hydrogen is
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believed to enable bonding rearrangements, leading to
conductance fluctuations [18]. In both of these systems
there will be a distribution of binding energies for vortex
pinning sites or silicon-hydrogen traps and, consequently,
in contrast to the simulations described here, not all vor-
tices or hydrogen atoms have identical hopping probabili-
ties. We have begun an investigation of the influence of
trapping on the conductance fluctuations in a dynamical
percolation network; preliminary results on smaller ran-
dom resistor lattices are encouraging. When a certain
fraction of lattice sites in the resistor network are labeled
as ‘“traps” forcing any bond that flips onto that site to
remain there for a fixed length of time, regardless of the
global bond flipping rate, there is no dramatic change in
the conductance noise of the network other than a de-
crease in the effective bond flipping rate. However, when
a distribution of trapping times is introduced, and, in par-
ticular, when the trapping energies have the same ex-
ponential dependence on energy believed to govern the
multiple trapping for hydrogen diffusion in a-Si:H, then
sharp telegraph switching events are observed in the
simulations. Further studies of the influence of a variety
of trapping distributions on conductance fluctuations in
dynamical percolation networks are presently underway,
and will be described in detail in a later publication.

In summary, computer simulations of a dynamical ran-
dom resistor network at the bond percolation threshold
have been performed. The conductance of the network is
calculated using the transfer matrix approach, and a frac-
tion of the broken bonds and adjacent unbroken bonds
are allowed to exchange places, after which the conduc-
tance is recalculated. Repeating this process many times
yields a time trace of the conductance fluctuations of the
network. Despite the large number of independent fila-
ments within the lattice, there is no evidence of a distri-
bution of time constants, rather, the power spectra of the
conductance fluctuations are well described by a
Lorentzian frequency dependence where the characteris-
tic lifetime 7 reflects the regeneration rate of the conduct-
ing portion of the lattice.
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