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We present a theory for the vertical propagation of chemical waves near the onset of convection.
Fluid motion, coupled to a standard reaction-diffusion mechanism for chemical wave propagation, deter-
mines the speed and shape of the reaction front in a two-dimensional slab. Our model is compared with

experiments in capillary tubes. For tilted and horizontal tubes, fluid motion is always present with a cor-
responding increase in front speed.

PACS number(s): 47.20.Bp, 47.70.Fw, 82.20.Mj

I. INTRODUCTION

Chemical wave propagation has been the subject of
numerous studies during the last two decades. The bulk
of the theoretical work has focused on reaction-diffusion
mechanisms describing phenomena such as reaction
fronts, target waves, and spirals [1]. Nevertheless, a
series of experiments has shown that Quid motion must
be taken into account to explain some of the observed
behavior. Experiments by Micke, Muller, and Hess [2]
have established that convective rolls are associated with
the propagation of target patterns in the Belousov-
Zabhotinsky reaction. For the iron (II)—nitric acid sys-
tem, Pojman and Epstein [3] observed that the speed of
the front is very sensitive to the width of the tube in
which the reaction is performed, thus concluding that the
front propagation involves convection. Nagypal, Bazsa,
and Epstein [13] have shown that the front speed 4 the
chlorite-thiosulfate reaction varies with the direction of
propagation with respect to the gravitational field. In ex-
periments [4] by McManus and co-workers for the
iodate-arsenous acid system, the reaction is performed

inside capillary tubes of diferent diameters. If the front
propagates downward, the front is Qat and moves with
constant speed independent of the diameter. For upward
propagation, the front is ffat for a small diameter (0.94
mm) and is curved for larger diameters ( ) 1.8 mm). For
flat fronts, the ascending speed is the same as the de-
scending speed, indicating that there is no convection for
flat fronts. The ascending curved fronts have a higher
speed due to convection. These experimental results are
shown in Fig. 1. The experiments suggest the existence
of a critical diameter for the onset of convection. The
front is unstable to convection because the lighter reacted
Quid is placed below the heavier unreacted Quid. For di-
ameters smaller than this critical diameter there will be
no convection, while convection will be present for larger
diameters. A previous linear stability analysis indeed
yields this critical diameter for the onset of convection
[5,6]. However, linear stability cannot predict the in-
crease of speed for these systems. The goal of the present
work is to obtain the increase of speed and the change in
shape near the onset of convection. We also study the
front propagation for tilted tubes, for which convection is
always present due to a horizontal density gradient.
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II. EQUATIONS OF MOTION

+(V-V)V= g
——TP+vV V,

Bt poPo

T.V=0

The equations that describe the time evolution of the
system are the hydrodynamic equations of motion cou-
pled to the one-variable reaction-diff'usion equation [7]
that governs the propagation of the front in the
iodate-arsenous acid reaction with arsenous acid in
stoichiometric excess [8]:

FIG. 1. Chemical wave velocity as a function of tube diame-
ter or slab width. The circles represent the experimental data
for cylinders and the triangles correspond to our numerical cal-
culations for slabs. The horizontal axis a corresponds to the
width of the slab and to the diameter of the cylinder, respective-
ly. The broken line is a least squares fit to the experiments in

cylinders and the solid line is a fit to the numerical results.

and

Bc 2+V Vc =DU c ac(c —c )(c ——c ) .2 3

Here, V is the fiuid velocity, P is the reduced pressure
and is related to the pressure by P =p —po(g x+g,z),
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g =(g„,g, ) is the acceleration of gravity (g =980
cm sec ), v is the kinematic viscosity (9.2 X 10
cm sec '}, D is the molecular difFusivity (2.0X10
cm sec '}, c is the iodide concentration ([I ]), c2 is the
initial concentration of iodate ([IO3 ]=5X10 M}, c3 is
the ratio of two reaction rate constants ci = —k, /kb, and
a =k& [H+ ] ( [H+ ]= 10 M). The values of the reaction
rate constants are [7,8] k, =4.50X10iM sec ' and

kb =3.45X10 M sec '. The value of kb ensures that
the theoretical convectionless speed agrees with the ob-
served speed. The density difference is included only
where it modifies the large gravity term [9]. The heat
equation is not included because the thermal front is
thicker than the length scale for convection. This allows
us to consider the temperature to be uniform and equal to
the higher temperature of the reacted fluid. This assump-
tion was verified explicitly for a linear stability analysis in
which thermal effects were included [10]. The boundary
conditions are no fluid velocity and no chemical flow at
the vertical walls as well as no fluid velocity and fixed
concentrations of iodide (zero for the unreacted fluid and
ci for the reacted fluid) far away from the front. We al-
low a linear dependence of the density on the iodide con-
centration t.":

p=po[1 P(c —c2}] . (4)

Here, po is the density of the reacted fluid. The
coefficient of linear expansion (p} is obtained from experi-
mental measurements of the isothermal fraction density
difference (5=0.84X10 ) between the unreacted and
reacted fluids [9], p= 5/c2. Its value is given by
P=1.7X10 gem M '. The small value of the frac-
tional density difference justifies the use of the linear ex-
pansion Eq. (4}.

A complete theoretical description of the experiments
requires the use of a cylindrical geometry [6]. This prob-
lem is very complicated since it requires three com-
ponents of the fluid velocity and a careful treatment of
the singularity at the origin in cylindrical coordinates.
Instead, we perform calculations on a two-dimensional
slab. Using this geometry, we might expect to obtain
semiquantitative results on the enhanced propagation
speed above the onset of convection. This is much
simpler since the velocity field can be replaced with a
stream function in Cartesian coordinates. %e can elimi-
nate the reduced pressure and satisfy continuity identical-
ly by defining the stream function

B(f,,f ) df, df df df,
B(x,z} Bx Bz Bx Bz

(9)

III. NUMERICAL METHOD

The set of equations deflned by Eqs. (6), (7), and (8) was
solved numerically. A fully explicit solution based on a
finite difference scheme proved to be computationally in-
tractable. Switching to an alternating direction implicit
(ADI) scheme [12] did not result in a substantial im-
provement. Instead, simplification based on the results
and methods employed on the linear stability analysis
was used. In a linear stability theory of the transition to
convection the chemical wave propagation was described
in terms of the eikonal relation [5,6] involving the normal
speed of the front (C), the flat front speed (Co), and the
front curvature (R}:C=Co+DR This. theory gave a
very good approximation to the reaction-diffusion theory
for the laterally unbounded problem. For the laterally
bounded problem, namely the two-dimensional slab, the
stream function was expanded in a complete set of ortho-
normal solutions [11]of

d4

dx
(10)

P(x,z, t)= g A (z, t)'T (x/a) .

Here, a is the wall separation. Truncating the series pro-
vides a good approximation near the onset of convection,
the regime of interest. Using this approximation and
projecting onto 7„,the two-dimensional Poisson equa-
tion [Eq. (6)] can be reduced to a set of coupled one-
dimensional equations

(coi'T„)=
2 A„(z,t)+ g A (z, t)

d2 7„,(12)

satisfying V' =d7' /dx =0 at x =+—,'. The eigenfunc-
tions V' are divided into two classes: C for even func-
tions and S for odd functions. The functions and their
eigenvalues A, are tabulated by Chandrasekar [11]. This
expansion converges quite rapidly for the linear stability
analysis [5]. The critical wall separation obtained for a
one-term expansion was equal to 0.929 mm and for a
three-term expansion the result was 0.928 mm. Based on
this result we approximate the stream function by a trun-
cated expansion:

v„=W', v, = —'&
Bz Bx

and the vorticity

co=V g .

This a11ows us to rewrite the equations as

Bco B(1t,co) + Bc Bc +

ac a(1(,c) +DV c ac(c —c2}(c——cz),at a(x,z)

where we have defined

(5)

(6)

where

(fl7„)=—J f(x)7„(x/a)dx
0 —a/2

for a given function f (x). For an initial choice of iodide
concentration, stream function, and vorticity, the time
evolution equations [Eqs. (7) and (8)] provide the vorticity
and the concentration after a small time step. This can
be efficiently computed with an ADI method [12]. Once
the vorticity is calculated, the stream function at the ad-
vanced time is obtained by first solving Eq. (12} for
A„(z,t) and later using the expansion Eq. (11). For the
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advanced time t+b, t, Eq. (12) determines a linear system
of coupled ordinary differential equations in z, with ma-
trix elements (d T /dx ~'F„)that are independent of z.
The system can be easily decoupled by transforming onto
a basis generated by the eigenvalues of this matrix. It is
helpful to note that the matrix elements vanish if the ei-
genvalues T„have opposite parity. Once the equations
are decoupled, a mesh in the z direction is imposed and
each equation is solved by inverting a banded matrix.
The stream function is finally computed from the series
Eq. (11). Since we are studying flow near the onset of
convection we choose a four-term truncation of Eq. (11).
It consists of the two even and the two odd functions
with lowest eigenvalues A.„.A one-term truncation also
provided good results which will be discussed in the next
section. The computations were performed on a 25 X 150
mesh which was 7.5 mm in length and up to 1.4 mm in
width. The result did not change as the length was in-
creased to 10 mm on a 25X200 mesh. The front was al-
lowed to propagate a small distance and then the coordi-
nate origin was shifted to center the front in the spatial
domain, introducing "unreacted Quid" on top of the slab
to cover for the shift. This procedure is justified as long
as the top and bottom boundaries are away from the
front.

IV. RESULTS

The initial conditions consist of no fluid flow any-
where. The initial iodide concentration profile was set to
the convectionless reaction-diffusion front plus a small-
amplitude random perturbation in the vicinity of the
front. Simulations were then run for fronts propagating
in slabs of different widths. For a width less or equal to
0.9 mm the perturbations die out, no fluid motion ap-
pears, and the chemical front becomes fiat [Fig. 2(a)].
For widths greater or equal to 0.95 mm the perturbations
grow in time, Quid motion appears, and the front changes
its shape. After the decay of transients, the front shape,

the fluid velocity, and the concentration gradients remain
invariant in the comoving frame. The steady traveling
wave solution for a particular value of the width a was
used as the initial condition for the next higher value.
The simulations for a = 1.3 mm gave a convective front
speed of 3.31X10 cm/s for the four-term truncation
and 3.38X10 cm/s for the one-term truncation, illus-
trating the exceHent convergence of successive trunca-
tions near the onset of convection. The steady convective
chemical front is high on one side and low on the oppo-
site side as shown in Fig. 2(b). From these simulations,
we conclude that the predicted critical wall separation for
the onset of convection is between 0.9 and 0.95 mm. This
result is close to the linear stability analysis based on the
eikonal relation which predicts a critical wall separation
of 0.929 mm. This agreement helps to reafBrm the validi-

ty of the eikonal relation for bounded systems since no
linear stability analysis has yet been performed using the
reaction-diffusion equation on bounded systems. This
also serves as a check of our numerical calculation. The
curvature of the chemical front is due to a single convec-
tive roll that travels steadily with the front. The fluid
rises on one side of the slab and falls on the other side as
shown in Fig. 3.

The presence of a curved front with a sing1e traveling
convective roll separates this problem from the
Rayleigh-Taylor problem. In that problem, two immisci-
ble Quids are placed one on top of the other with surface
tension providing the stabilizing mechanism. In our case,
the reaction-difFusion mechanism changes one Quid into
another yielding a front stable to small-wavelength,
small-amplitude perturbations. This mechanism compen-
sates for buoyancy and suppresses convection in very
small tubes. In tubes of larger diameters, the interaction
between the stabilizing (reaction-diffusion) and destabiliz-
ing (buoyancy) mechanisms leads to the traveling convec-
tive roll. This is not possible in the Rayleigh-Taylor prob-
lem because the two fluids are immiscible. This type of
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FIG. 2. The chemical front propagating upwards in a two-
dimensional slab. The front is (a) flat for a slab width below 0.9
mm and it is (b) curved for larger widths. The change of curva-
ture is due to the presence of convection. The lighter region
represents zero iodate concentration {heavy unreacted fluid) and
the dark region represents a concentration of 5X10 3M of
iodate (lighter reacted fluid).
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FIG. 3. Velocity field for a convective chemical wave. The
convective roll travels upwards with the front and is steady in

the comoving frame.
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FIG. 4. Front speed as a function of the angle between the
slab and the vertical direction. The solid line corresponds to a
slab width of 0.14 mm, the broken line a slab width of 0.12 mm,
and the broken-dotted line to a slab width of 0.085 mm.
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FIG. 5. The chemical front propagating to the right in a hor-
izontal two-dimensional slab. The change of curvature is due to
convection. The lighter region represents zero iodate concen-
tration {heavy unreacted fluid) and the dark region represents a
concentration of 5 X 10 M of iodate (lighter reacted fluid).

convection is also diferent from Rayleigh-Benard con-
vection because the convective roll travels with constant
speed and because the instability is driven by a nonlinear
chemical composition profile and not by a linear tempera-
ture profile.

Our results for a two-dimensional slab are compared
with experiments in cylinders in Fig. 1, which shows
good semiquantitative agreement for the increase in
speed due to convection. The experimental slope for the
convective front speed as a function of diameter (Fig. 1) is
approximately 1.98 X 10 sec ' while the calculated
slope is 1.07X10 sec '. While the shape of the front
predicted by our model is different than the one observed
previously in experiments [the model has the highest
point lying near a wall as shown in Fig. 2(b)], recent work
[14] which was performed to study the onset of convec-
tion has shown that near onset the front is nonaxisym-
metric (as predicted by the model), with a transition to an
axisymmetric front (the highest point of the chemical
front in the middle of the tube) away from onset.

We also computed the speed of the front as the tube is
tilted. In this case convection is always present since the
tilted tube will impose a horizontal density gradient.
Convection always enhances the speed of the chemical
front. This is confirmed even for a slab width of 0.85 mm
which is below the critical width for onset of convection
in a vertical slab. In this case, the speed of the ascending
front is the same as the speed of the descending front

(Fig. 4) but is higher for any other direction. For slab
widths of 0.12 and 0.14 mm, the velocity of ascending
fronts is higher than descending fronts. The speed of the
descending front is independent of the width because
there is no convection. As the angle between the tube
and the vertical direction is increased, the speed of the
front increases as shown in Fig. 4. The speed reaches a
maximum speed for an angle that depends on the width
of the tube. For a slab of width 0.85 mm the angle is
65.8', for a slab width of 1.2 mm the angle is 55.7', and
for a slab width of 0.14 mm the angle is 53.1'. This effect
has been observed experimentally by Nagypal, Bazsa, and
Epstein [13]for fronts in the chlorite-thiosulfate reaction.
They proposed a qualitative explanation: since the tilted
tube provides a wider cross section for a horizontal plane,
consequently convection appears as it does in wider
tubes. However, the tilted walls inhibit motion in the
vertical direction, effectively slowing the front. The com-
petition of both efFects provides an angle for maximum
speed away from both the vertical and horizontal direc-
tions. While the nature of the convection is different in
the chlorite-thiosulfate reaction from that in the arsenous
acid reaction (it is double-difFusive convection instead of
simple convection), a similar qualitative explanation can
be made for this system. Fronts in the horizontal direc-
tion have considerably enhanced speeds and enhanced
curvature due to convection. We show the chemical
front propagating in a horizontal slab in Fig. 5. The
front is curved in a way similar to the vertical convective
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FIG. 7. Chemical wave velocity as a function of tube diame-
ter or slab width for horizontal propagation. The open circles
represent our numerical calculations and the closed circles are
experimental results. The lines represent least squares 6ts to the
data.
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front. The curvature is explained by the associated con-
vective roll (Fig. 6). We compare our results in the hor-
izontal direction with experiments in horizontal cylinders
[4] in Fig. 7. They show good semiquantitative agree-
ment for the increase in speed due to convection. The ex-
perimental slope for the increase in convective front
speed as a function of diameter (Fig. 7) is approximately
1.69 X 10 sec ', while the calculated slope is
1.42 X 10 sec

V. CONCLUSIONS

We have shown that the increase in speed observed in
McManus's experiments can be explained by coupling
hydrodynamics with the standard reaction-diffusion
equations. The increase in speed is due to a steady con-
vective roll that travels with the curved front. The shape
of the front observed in these experiments is not the same
as the one predicted by our model. This can be explained
because linear stability analysis predicts a nonaxisym-
metric state closer to the onset of convection than the re-
gimes explored by McManus. Recent experiments, how-
ever, have shown that the front is nonaxisymmetric near
onset, as predicted.

For horizontal fronts, our model compares well with

experiments in horizontal cylinders providing a similar
increase in front speed. The increase of speed is impor-
tant since it nearly doubles the speed of the convection-
less front in a cylinder of diameter equal to 2.4 mrn. This
shows that convective enhancements are important when
comparing reaction-difFusion models with experiments.
Our model also shows the existence of an angle for max-
imum front speed in tilted slabs. This could be studied
experimentally by performing a series of experiments in
which the front speed is measured as a function of the an-
gle of inclination of sealed capillary tubes. Better agree-
ment between the results presented here and such experi-
ments might be achieved by carrying out the calculations
in a cylindrical geometry. This problem requires treat-
ment in three spatial dimensions which is considerably
more diScult.
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