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Solitary electrostatic waves in a thin plasma slab
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The nonlinear properties of the electrostatic perturbations in a thin plasma slab are investigated. A
new solitary wave moving with the group velocity is then found.
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We shall now consider the nonlinear propagation of
the electrostatic wave, noting that its potential must
satisfy the equation [12,13]

V [e(to)VP (q /rn —co )((V ~VP~ )VP —(to /4co s(2to))

X I V[(V(VP)') VP']+(V'(VP)')VP'/2] )]=0,

where e(to)=1 (toy /—to )+2i(toy /to )B info/Bt, and
where the star stands for complex conjugate. The
1/e(2to) terms in (2) are obviously due to second harmon-
ic generation [12].

Considering long-wavelength, low-frequency waves,
i.e., k « B lnno/Bz and co «ca, we rewrite (2) as

(3a)

where r =(1/k $0}(B„po+2ikB,PO), B„=—B/Bx, B,—:B/Bz, and

f=s(to) —(q /m to )tB, )B,Q ~ +[(B,tI)')/P ]B,(B,Q )

—(4o /200}B,'(B,ko}'] . (3b)

Equation (3) has the approximate solution

B,PO=(k /s) f dz'(1 r)E(z')Po(z—'), (4a)

where

(4b)'K=s(to)+(q /2rtt to )B,(B,$0)

We have in (4a), by means of some partial integrations,
obviously rewritten the integral of f' in terms of an in-
tegral of'E. Here we can treat Po as a real function.

Integrating both sides of (4a), and then following close-
ly the algebra of Ref. [4], we obtain

Po(x, z, t) =go(x, O, t) 1 —k z f dz'(1 —r)(1 —Z)/2

which is valid inside the plasma slab because co ((co~ and
kz (1.

Outside the plasma slab, we note that the potential
satis6es the Laplace equation, and that it thus can be
written in the Taylor expanded form [4]

Studies of the propagation of guided electromagnetic
waves in active dielectrics and in plasmas are of relevance
for many modern technological applications [1]. The
behavior of surface waves propagating along plasma
columns or plasma slabs has consequently been treated in
many laboratory experiments [2,3].

The linear theory for surface waves in bounded plas-
mas is now rather well known [4]. However, the corre-
sponding nonlinear theory is very complex and needs
thus much attention. Zhelyazkov, Stoyanov, and Yu [5)
studied the nonlinear propagation of a high frequency
symmetric surface wave on a thin plasma layer of con-
stant density and sharp boundaries, and found that soli-
tary waves can exist. These calculations were extended to
a plasma slab with arbitrary density profile [6], and to the
nonlinear propagation of antisymmetric surface waves
[7]. Related results originating from a strong striction
nonlinearity model can be found in Ref. [8]. Vladimirov
[9] derived a generalized nonlinear equation for the in-
teraction of the symmetric and antisymmetric surface
waves in a plasma slab, and it was subsequently shown
[10] that coupled bright and dark solitary surface waves
can propagate on the boundaries of a plasma slab. Tak-
ing the singular currents at the boundary layers into ac-
count, it turns out that the self-consistent interaction of
the symmetric and antisymmetric plasmons can be de-
scribed by new nonlinear equations [11] which diff'er

signi6cantly from those of previous papers.
In the present Brief Report, we are going to extend the

theory further. Thus, considering, for simplicity, the
propagation along the x axis of a low-frequency electro-
static wave in a cold plasma slab with a smooth arbitrary
density profile no(z}, where there are no variations in the

y direction, and where the ions just play the role of an im-
mobile background, we write the electrostatic potential
of the waves as P =$0(x,z, t}exp(ikx i tot }, where-
B info/Bx «k and Bingo/Bt « to. If the wavelength
2'/k is much larger than the width of the slab, i.e., if
( I/no)dno/dz )&k, then it is well known that the disper-
sion relation is [4]

co =(k/2) f dz to~, (1)

where co~ =(noq /som)'~ is the electron plasma frequen-
cy, and q/m the electron charge to mass ratio.
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Po(x, z, t) =go(x, O, t)[1—kz(1 —(i/k)c}info/cix)] .

The solutions (5}and (6) have to agree in the intermedi-
ate region [4]. We then note that the imaginary parts of
(5} and (6) are identical if Po is a function of x u —t,
where v =co/2k. This value for the group velocity is ob-
viously consistent with (1). The real parts of (5) and (6)
turn out to be equal if

"t) $o/Bx +(P /96)go+k Ago=0,

where P&& now stands for Po(x u t, —z =0), P=4qk 3/m co

and b, = 1 (k—/2co )f "„dz co~.

A solution of (7) is

Po =Po(0) /cosh[(x —u t) /L],
where I/L =k( —b, )'~ and po(0)=(8k/p)( —3g)'~2.
Obviously 6 must be a slightly negative quantity.

We think that our solution (8), which is supposed to
describe the nonlinear propagation of an electrostatic
wave along a thin plasma slab, will not differ qualitatively
from the corresponding solution for wave propagation
along a thin plasma column. The present theory must
thus be of interest when the results of laboratory experi-
ments are discussed [2].
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