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The dependence of the scaling properties of the structure factor on space dimensionality, range of
interaction, initial and final conditions, and the presence or absence of a conservation law is analyzed
in the framework of the large-N model for growth kinetics. The variety of asymptotic behaviors is
quite rich, including standard scaling, multiscaling, and a mixture of the two. The different scaling
properties obtained as the parameters are varied are controlled by a structure of fixed points with
their domains of attraction. Crossovers arising from the competition between distinct fixed points
are explicitly obtained. Temperature fluctuations below the critical temperature are not found to be
irrelevant when the order parameter is conserved. The model is solved by integration of the equation
of motion for the structure factor and by a renormalization group approach.
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I. INTRODUCTION

In growth kinetics one deals with the relaxation to
equilibrium of a system quenched from high to low tem-
perature [1]. The processes of interest are those which
exhibit scaling [2] in the asymptotic time regime. Denot-
ing with T7 and T the initial and final temperatures,
these processes can be grouped into three classes char-
acterized by (It > T.,Tr < T.), (Tt > T.,Tr = T.),
and (Tt = T.,Tr < T.) where T, is the critical tempera-
ture. This subdivision arises from renormalization group
arguments [3] whereby the temperature axis (Fig. 1) is
controlled by three fixed points at T = 0,7.,T = oo and
T. is unstable both with respect to T = 0 and T = oc.
Such a flow diagram leads naturally to the three univer-
sality classes listed above whose basic processes are those
originating and terminating in a fixed point. By far, the
most studied among these is the phase ordering process
from T; = oo to T = 0.

The reason for the continuing interest in this problem
is the persistent lack of a full understanding of scaling
which is observed both in laboratory [4] and numerical
[5] experiments. In terms of the structure factor (Fourier
transform of the equal time order parameter correlation
function) this asymptotic scaling behavior is of the form

C(k,t) ~ L*(t)F(kL(t)), (1.1)

where L(t) is a characteristic length which grows in time

with a power law
L(t) ~ t'/=. (1.2)

A scaling pattern of this type, which we refer to as stan-
dard scaling, is completely characterized by the pair of
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FIG. 1. Renormalization group flow on the temperature
axis.
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exponents z,a and by the scaling function F(z). These
quantities depend to a different extent on the various
elements entering in the specification of the process [6]
which, in addition to the classes (T7, Tr) discussed above,
include the space dimensionality of the system, the vec-
tor dimensionality of the order parameter, the presence
or absence of a conservation law, and the short or long
range character of interactions.

The purpose of this paper is to explore in detail the de-
pendence of the scaling properties on the totality of these
elements in the framework of the large- N model [7]. This,
at the moment, is the only available nontrivial soluble
model with a structure sufficiently rich to be adequate
for this kind of investigation. The picture which emerges
in the end is quite informative and exposes clearly the
profound difference between processes with and without
conservation of the order parameter.

We consider a system described by an N-component
order parameter J;(:i:') = (¢1(Z), ..., o~ (Z)) and by a free
energy functional of the Ginzburg-Landau type,

-

Hg) = %/d"w (V) +rd? + 55677 + Hurld),
(1.3)

where %LR[J;] contains the long range interaction and
will be specified in Sec. II. The Gibbs equilibrium states
Peq[J;] ~ exp(—-%’}l[&‘]) are parametrized by the temper-
ature T and by the pair of coupling constants p = (7, g).
In the large-N limit (N — o0) there is a critical temper-
ature T.(u) ~ —r/g and a phase diagram (Fig. 2) in the
three dimensional parameter space (T, p) with a surface
of critical points separating ordered states below it from
disordered states above it. The interesting portion of this
phase diagram is the (r < 0,g > 0) sector at or below
the critical surface where scaling is to be expected in a
quench process. As we shall see in the following, the set
of states at T = 0 on the g axis plays a special role since
it is located at the edge of both the critical surface and
the ordering region below it.
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FIG. 2. Manifold of final equilibrium states with the crit-

ical surface separating disordered states (above) from ordered
states (below).

As anticipated above, the characterization of a process
requires, in order, (i) specification of the space dimen-
sionality d; (ii) specification of the initial condition; this
we do by taking an initial structure factor of the form

A

Fa
where A is a constant and the value of 4 selects the initial
state of interest: § = 0 corresponds to an uncorrelated
initial state at infinite temperature (T = oo) while § = 2
corresponds to the critical point (T = T.); (iii) choice
between a nonconserved order parameter (NCOP) and
a conserved order parameter (COP); (iv) specification
of the short or long range nature of the interaction; (v)
specification of the final state. The interesting subsets in
the equilibrium phase diagram are [Tp = T, = O, p; =
(r = 0,9 = 0)], trivial critical state at zero temperature;
[Tr = T. > 0,pu1 = (r = 0,g = 0)], trivial critical states
at finite temperature (T axis); [Tr = Tc = O, p2 = (r =
0,9 > 0)], nontrivial critical states at zero temperature
(g9 axis); [Tr = T. > O,pu3 = (r < 0,g > 0)], nontriv-
ial critical states at finite temperature (critical surface);
[Tr < Teypu3 = (r < 0,g > 0)], phase ordering region.
It is convenient to regard the space dimensionality, the
initial condition, and the range of the interaction as form-
ing, so to speak, the environment of the process, while
the set (TF,u) and the specification NCOP or COP as
elements of discrimination which we will use to identify
processes.

Solving the model analytically and by renormaliza-
tion group (RG) we arrive at the following picture.
The asymptotic scaling properties [z, o, F(x)] depend on
(Tr, p). There is a universality class, under each heading
NCOP or COP, for each of the five regions (T, p) listed
above. In RG language this means that there are five
fixed points (Tf,p*). The flow in the parameter space
and therefore the extension of the universality classes de-

C(k,0) = (1.4)

pends on the relative stability of these fixed points. This
in turn is regulated by the existence of critical dimen-
sionalities which depend on the environment, i.e., initial
condition and range of interaction.

The deep difference between NCOP and COP emerges
from how the scaling properties depend on the final
state (Tr,p). The most striking difference is obtained
for quenches inside the phase ordering region. It was
found previously [8] that when the system is quenched
to (Tr = 0,us3) the standard scaling form (1.1) holds
only for NCOP, while for COP it is replaced by the more
general multiscaling behavior

C(k,t) ~ L@ () F(z), (1.5)

where the exponent « also depends on © = kL(t). We
find now that, with some modifications to be discussed
below, this basic distinction, NCOP standard scaling and
COP multiscaling, holds not just for quenches to Tr = 0,
but for quenches anywhere in the phase ordering region
(Tr < Tc,ps3). Furthermore, while temperature pertur-
bations with 0 < T < T. are irrelevant for NCOP, it
is not so for COP. For quenches elsewhere, i.e., on the
critical surface, standard scaling holds both for NCOP
and COP. However, while with NCOP (T, p) affects a
with no impact on z, the opposite occurs for COP.

The analytical tractability of the large-N model [7-9]
allows one to expose nicely the mechanism underlying
the picture outlined above and to compute, in addition
to the asymptotic properties, the crossovers induced by
the competing fixed points. The question of the extension
of the properties of the large-N model to finite N needs
to be treated with care. We shall comment on this in the
concluding section.

The paper is organized as follows: in Sec. II the general
features of the large-N model are presented, Sec. III is
devoted to the solution of the model by integration of the
equation of motion for the structure factor, and in Sec.
IV the model is analyzed by RG methods. Concluding
remarks are made in Sec. V.

II. THE LARGE-N MODEL

The long range part of the free energy functional (1.3)
is of the form
Herld] = / diz / $E) - V(E-F),EF),  (21)
with the large distance behavior V(Z — &) ~| & —
& |~(4+9), Considering a time evolution of the order
parameter governed by the time dependent Ginzburg-
Landau model and neglecting [10, 11] k% with respect to

k? for o < 2 the equation of motion for the Fourier trans-

form of the order parameter in the large- N limit is given
by [7]

3¢aa(tk, t) =-T [wk?-i-a + kpR(t)] ¢a(’-ﬁ':, t) + 7}0(’;, t),
(2.2)
where (o = 1,...,N), w is a coefficient originating in

the small momentum expansion of the interaction, I is
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a kinetic coefficient, p = 0 for NCOP, p = 2 for COP,
7j(k,t) is a Gaussian white noise with expectations

(i(k,t)) =0, (2.3)

(a(K, t)ma (F', t')) = 2T TrkPbapd (K + K)8(t —t'),  (2.4)
and

R(t) =1+ gS(t), (2.5)

with S(t) = (#%(&,t)), which is independent of o and
must be determined self-consistently [12]. In the follow-
ing we will let 0 and p vary continuously since o < 2
describes long range interactions while 0 < p < 2 de-
scribes nonlocal conservation of the order parameter [13].

Integrating Eq. (2.2) with a random initial condition

(Z;(E, 0) and dropping the label a we find

. _ . 7 ¢ 1 4 D(i‘;at)
$E.0 =9 ODEY + [ ankt) J 2, 26
where

D(k,t) = exp{—T[wk?*t + kPQ(t)]} (2.7)
and

Q(t):/0 dt'R(t). (2.8)

From (2.6) correlation functions of arbitrary order can
be obtained forming products of ¢(k,t) and averaging

over both initial condition and thermal noise. For the
average order parameter we find
(#(k,t)) = (#(E,0)) D(E, ), (2.9)

which shows that if the initial state is symmetric
(¢(K,0)) = 0, as we shall assume in the following, then
(d)(E, t)) = 0 for all time, i.e., dynamics does not break
the symmetry. The more general case of a time evolution
with broken symmetry is outlined in Appendix A.

The structure factor (¢(k,t)p(K',t)) = C(k,t)6(k + k')

is given by the sum of two contributions

C(k,t) = Cy(k,t) + Ca(k, t), (2.10)
where
Ci(k,t) = C(k,t = 0)D?(k, ), (2.11)

t
Ca(R, t) = 2CkPTRD2(E, ) / d'D2(E,¢).  (2.12)

0

From (2.10)—(2.12) one can easily verify that the struc-
ture factor obeys the equation of motion

aC (k,t)

— o = 2wkt + kPR(t)|C(k,t) + 2TkPTg,

(2.13)

which is closed by the self-consistency condition

d
LT

SO = | @mye

(2.14)
Let us now analyze the final equilibrium states. Since
there is no symmetry breaking, it is sufficient to look

at the structure factor in the limit ¢ — oo, obtaining
(Appendix B) from Eq. (2.13)

~ Tr g2,
C(k,o0) = ———— M , .
(k, 00) whe 4 =7 + (27) 5(k) (2.15)
where £ = [R(00)]"!/° is the equilibrium correlation

length. Enforcing the self-consistency condition (2.14)
one finds (Appendix B) that there exists a critical tem-
perature

r

T, = — (2.16
9B(0) )
such that
€1>0and M =0 for Tp > T,
(2.17)
€ '=0and M? = MZ(T. — Tr)/T. for Tp < T,
with M¢ = —r/g and
d% 1 1
B0)= [ ———— o« —. 2.
© / (2m)d wke “d-o (2.18)

Thus in the (T, u) parameter space (Fig. 2) the criti-
cal point as r and g are varied (g must be positive in order
to have a well defined theory) spans a surface which lies
on the r < 0 sector and separates ordered states un-
derneath it, where the structure factor displays a Bragg
peak, from the disordered states above it without Bragg
peak. Notice that from (2.16) and (2.18) limg,, T. = 0,
implying that o is the lower critical dimensionality of the
model.

As discussed in the Introduction, in the rest of the pa-
per we shall be concerned with the solution of Eq. (2.13)
with values of (T, 1) lying on or below the critical sur-
face.

III. QUENCH PROCESSES

From (2.10) and (1.4) the formal solution for the struc-
ture factor is given by

- A ptoy 1P
C(k,t) — ﬁe—ZI‘[wk TotHEPQ(2)] + 20 TFkP

t
y / dt! e TR () R RM-QEN} (3.7
0
We must now extract the scaling properties.

A. NCOP

With p = 0 by dimensional analysis we can identify
the characteristic length

L(t) = (2Tt)M, (3.2)
which enters (3.1) in the combination z = kL(t). It is
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worthwhile to rewrite (3.1) with this change of variable,
7 _are)L® e
C(k,t) = Ae s we

z
+0Tr Lz~ 7 / da'z'o e~ w(="—=")
0

x e~ 2FRM-Q] (3.3)

which shows that (3.2) is the only available choice for
the characteristic length and therefore necessarily z = o
for any process with NCOP. In order to solve for Q(t)

we integrate (3.3) over E and we use the definitions (2.8)

and (2.14) to derive the equation
1 d arQey _ pe2re®

- — t
ST at€ re + gAA(t)

t
+2I'Trg / dt' Ag(t — t')e?TeM) | (3.4)
]

where

d%k e—2I‘wk"t
40 = | G

AL .
= La—d(t)Kd/ dezd=01le~we’, (3.5)
0

quuﬂﬂw{K@ﬁﬁhﬂ**=JQMMM“WM—0Mxt<m

oo — 6 — —_ -4
I= [°dogd0-le~w=

and inserting into (3.6) finally we get

t
2lR(t) — Ke2lrt + gAIezr” dt'e_zr't'La—d(t'),
to

(3.8)

where k = 1 + gAK4A%%(1 — e~ 2It0) /(d — §)r.

The next step is to extract the behavior of Q(t) from
(3.8) after specifying the set of coupling constants u =
(r9).

p#1 = (r = 0,9 = 0). In this case Q(¢) = 0. Thus
from (3.3) we get

C(k,t) = AL°F(x), (3.9)
with
F(z) = e::: . (3.10)

Note that C(k,t) obeys the scaling form (1.1) from be-
ginning to end over the entire time history of the process
with a = 6. In this case dynamics propagates the scaling
properties of the initial condition.

p2 = (r =0,9 > 0). Setting r =0 in Eq. (3.8)

£2TR() — n_,{_go Alo

S [L0+0'—d _ Lg+a—d] ,

(3.11)

which gives

with K4 = [2¢7174/21'(d/2)]"}, A is a momentum cutoff,
and Ag(t) is the same as A(t) with § = 0.

1. T, =0

Let us now make a further restriction by considering
quenches to zero temperature. With Tr = 0 (3.4) can be
integrated, obtaining

to
leQ(t) — eZFrt [1 + ZFgA (/ dtle—Zl"rt A(tl)
0

+ t dt'e-""’A(t’))] . (3.6)

to

Next, choosing to such that AL(tp) ~ 1, from (3.5) we
may approximate

for t > tg (3.7)

L P
K+ aIgA[Ld-—d — [3~%)/(d. — d)

C(k,t) ~ (),

(3.12)

with d. =0 +0, Ly = L(to) , and F(z) given by (3.10).
Now scaling is no longer an exact property obeyed over
the entire time history, but only asymptotically. Further-
more, Eq. (3.12) shows that d. is a critical dimensional-
ity, in the sense that different asymptotic behaviors are
obtained depending on d > d. or d < d.. For d > d. the
asymptotic behavior is the same as for the quench to p;,
with the denominator producing a correction to scaling
at early times. Instead for d < d. there is a crossover
time t* ~ (Ag)@-4 such that

- L°F(z) fort<t*
Clk,t) ~ {Ld””F(m) for t > t*. (3.13)
At d = d. we find a logarithmic correction due to
marginality ,
- L?
~— . 3.14

In order to illustrate the above results we have in-
tegrated numerically the equation of motion (2.13) for
=0,0=2,d=3,r =0, Tr = 0, and different val-
ues of g. Since the crossover involves only the exponent
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a it is convenient to discuss it in terms of S(t). The
analytical behavior of S(t) is obtained integrating (3.12)

over k,

LG—d
K+ olgA[Ld-—d — [3~9/(d, - d)’

The case d > d. is realized taking ¢ = 0, which yields
d. = 2. The double logarithmic plot of the numerical
solution for S(t) shows (Fig. 3) that the power law L=< =
t=3/2 is asymptotically obeyed with deviations from it at
early times which become smaller as g decreases, i.e., as
p1 is approached along the u, axis. Conversely, for
d < d., obtained by setting § = 2 which implies d. = 4,
the numerical solution for S(t) behaves as L™! ~ t~1/2
for t < t* andas L™2 ~ ¢t~ ! for t > t* (Fig. 4).

pu3 = (r < 0,9 > 0). With these values of r and g
the quench is made inside the region of the coexisting
ordered phases, which is the process normally considered
in the kinetics of phase ordering. In a process of this type
usually one makes the distinction between the early stage
of exponential growth due to the instability generated
by r < 0 and the late stage characterized by scaling
behavior. However, due to the existence of crossovers,
we should expect to find a scaling regime also at early
time with the exponents appropriate to u; or p; when
r and g are pushed sufficiently close to u; or uy. In
fact for short time (¢ < 1/2T|r|) Eq. (3.8) yields

eZl"Q(t) ~ 2Tt (K+0’I gA [de—d _ Lgc“d]) ,

S(t) ~ (3.15)

d. —d (3.16)
which implies for the structure factor
- L?
C(k,t) ~
)~ oTgnlTaa — L4/ (d. — &)
x F(z)e™ 2t (3.17)

showing that in front of the exponential actually there is

NCOP d=3

A =10 #=0 r=0 —

SLOPE=-1.50

log S(t)
/
/
/
/
/
/

/

log$
FIG. 3. Behavior of S(t) in a quench to py2 for NCOP
with 0 = 2,A =10, and d > d.: (d = 3,0 = 0). The straight
dashed lines have slope —3/2.

| NCOP,d=3,  #=2. A=10,r=0
— .
500
\“‘\\g:l
2 = ~— - -
- - S .
= - —
% T~ T —
< ~ -

09

FIG. 4. Behavior of S(t) in a quench to pu; for NCOP with
o0 =2,A=10,and d < d.: (d = 3,0 = 2). The top dashed
line has slope —0.5, the others below have slope —1.0.

a prefactor identical to (3.12). Hence if |r| is sufficiently
small one can detect a scaling regime identical to the one
discussed for quenches to w2 and preceding the usual
early time regime of exponential growth.

Instead, when time is large we can set to zero the left
hand side of (3.4), obtaining for the structure factor the
late stage scaling behavior

C(k,t) ~ M2LF(z) (3.18)

for any d. This means that for quenches inside the phase
ordering region there is not an upper critical dimensional-
ity such that above it one obtains an asymptotic behavior
with a = 6.

The crossover structure is illustrated in Fig. 5 through

NCOP, d=3 =0

[ A=10,g=1

L — —_— -

= TR

b SLOPE=-1.45 E"‘\\ 4
r S =-0.01 B
L R ——_——

4 [ 05 1 15 N 2 25

iog;
FIG. 5. Behavior of S(t) in a quench to u3 for NCOP with

o=2,A=10,d = 3,0 = 0 at fixed g = 1 as r approaches the
p2 axis. The straight dashed line has slope —1.45.
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the behavior of S(t) computed numerically for d = 3,6 =
0,0 = 2,g = 1, and decreasing values of r in order to
explore the influence on S(t) of the power law associated
to the p, axis. While away from u,,e.g.,at r = -1.0,
the behavior of S(t) shows only the asymptotic scaling
regime S(t) ~ MZ = 1, as |r| is decreased and pu, is
approached for |r| sufficiently small, e.g., r = —0.01,
S(t) indeed displays at intermediate times the power
law L~¢ ~ t=3/2 which we have found previously as an
asymptotic behavior in the quenches to py . The case
with 6 = 2 yields qualitatively similar results.

2.Tr >0

For quenches to a finite final temperature 0 < Tr <
T. we restrict the choice of the initial condition to high
temperature, taking 6 = 0 in (1.4).

p1 = (r = 0,g = 0). For quenches to the trivial critical
states at finite temperature (T axis in Fig. 2), setting
Q(t) =0in (3.3), we find

C(k,t) = Ae™™*" + L°TrFyo(z), (3.19)
where
Fo(z) = (1 — e Jwz®. (3.20)

Thus for these processes the asymptotic scaling behavior
is given by L?TrFo(z) while the strength A of initial
correlations is an irrelevant parameter with correction to
scaling behavior ~ L™7.

pu3 = (r < 0,g > 0) The solution of Eq. (3.4) in the
general case has been obtained by Newman and Bray
[12]. For large time and for ¢ < d < 20 they find

e 2RM)  Lw(t), (3.21)
with
_Je=20—-dfor Tr =T,
w= {d for T < T.. (3.22)

Inserting into (3.1) we find

. . LY (t)e—wz"
C(k,t) = C(k,to)ﬁo))?m

1-(20/2)° i
+LUTF/ dy(1 — y)~uJ/rre—wa: v,
0
(3.23)

where to is some microscopically short time such that
scaling holds for t > to and where zo = kL(to). For
Tr < T, recalling that T, > 0 requires d > o and us-
ing (3.22) the asymptotic scaling behavior is still given
by (3.18) with Tr acting as an irrelevant perturbation
whose correction to scaling behavior is given by ~ L7~ <,
For T = T, the role of the two terms in the right hand
side of (3.23) is reversed. The thermal contribution pro-
vides the dominant scaling term ~ L while the first term
yields correction to scaling ~ L°~%. Taking A = 0 and
setting the coupling constant g at the fixed point value
(14, 15], the first term can be made to vanish (¢, — 0),
obtaining

C(k,t) ~ L°T.F.(z), (3.24)
with
1 o
Fu(z) = / dy(1 — y)~</7e ="y, (3.25)
0

Notice that lim. o Fe(z) = Fo(x). Thus at the up-
per critical dimensionality 20 the nontrivial fixed point
merges with the trivial fixed point on the temperature
axis.

In summary, with NCOP we have found the following
asymptotic scaling properties:

(l)[TF = 01 ll‘lla

C(k,t) ~ L°(t)F(z), (3.26)
(2) [Tr = T. > 0, 4],
C(k,t) ~ L° (t)T.Fo(z), (3.27)
(3) [Tr = 0, p2],
Lé(t)F(z) for d > d.
Ct)~{ BB F(@) ford=d.=0+0 (3.28)
Lé=°(t)F(z) for d < d.,
(4) [Tr = T= > 0, 3],
oo~ {LRE iz ew
(5) [Tr < Tc,pa] ,
C(k,t) ~ L4(t)F(z), (3.30)
where L(t) ~ t'/?, z = kL(t), and
F(z)=e % /2f, (3.31)
Fo(z) = (1 —e™**") /wa’, (3.32)
Fe(z) = /0 dy(1 —y)~/7e="y, (3.33)

with e = 20 — d.

B. COP

Let us now go back to Eq. (3.1) with p # 0. The
important new feature is that now by dimensional anal-
ysis we can form the two lengths L(t) = (2I‘t)# and
A(t) = (2T' | Q |)*/P. In order to establish the scaling
behavior we must know which of the two is the dominant
one.

1. T, =0

Considering first, as before, quenches to zero temper-
ature the structure factor is given by

C(I;, t) = EAEe‘["’("L)”’ +a(k2)?]

where a = sgn(Q). To begin with, let us rescale lengths
with respect to L(t),

(3.34)
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C(k,t) = Ae P LOF (z), (3.35)
where
/\ p
== 3.36
s=(1) (3.36)
R eAw2P+a
By(@) = —5—, (3.37)

with = kL(t) and the reason for the notation F (x)
will be clear below. Again, we must solve for Q(t) using
the analogue of Eq. (3.4),

dQ

e ALK,
@ T d/o

AL
dmmd—a—le—(wzp+"+aﬁz”)

(3.38)

u1 = (r = 0,9 = 0). Since in this case Q(t) =0,
implying A(t) = 0, clearly L(t) is the dominant length
and z = p + 0. From (3.35) we have, as in the NCOP
case, that standard scaling is exactly obeyed over the
entire time history with

C(k,t) = AL F. (). (3.39)

When the nonlinearity is present it is no longer pos-
sible, contrary to the NCOP case, to solve directly for
Q(t) . Hence we now make statements about the solu-
tion of (3.38) for large time by consistency checks on the
assumption that either one of the two lengths L(t) and
A(t) prevails over the other.

p2 = (r = 0,g9 > 0). From (2.5) and (2.8) in this case
a is positive. Let us first suppose that L prevails over A,
i.e.,, B(t) > 0 as t = co. For large time Eq. (3.38) can
be replaced by

d e o
d—? = gALg‘de/ dzzt=0-1le—w="" (3.40)
0
and integrating we find
de+p—d
Q(t) ~ m + COnSt, (3.41)

where d. = 6 + o . Inserting this result into (3.36) it
follows that

LP ford>d.+p
B(t) ~<{ L™PInL ford=d.+p (3.42)
Ld-—d for d < d. + p,

which is consistent with the assumption if d > d.. Thus
for d > d. from (3.35) we find

C(k,t) ~ L°[1 — B(t)zP] Fs (z). (3.43)

This result together with (3.42) shows that there exists
yet another critical dimensionality d, = d. + p affecting
the behavior of corrections to scaling.

Assuming next that (3(t) takes a constant value c, we
find that this is consistent only for d = d. and from
(3.35) it follows that

—

C(k,t) ~ L°F(z), (3.44)

with

F(l‘) — ie—[wm”+”+cm”],

= (3.45)

showing that there is scaling with the same exponents as
at pi, but with a modified scaling function.
Finally, assuming B(t) — oo, from (3.38) it follows
that
B(t) ~ Li@bwp (de=d), (3.46)
which for consistency requires d < d.. Therefore we
must now scale with respect to A, obtaining

C(k,t) ~ A°[1 — w7 (t)z'P+°)F ('), (3.47)
where
Fo(a') = i,; (3.48)
X
and z' = kA(t), A(t) ~ t'/* with
z=d+p-6. (3.49)

This result is interesting because a pattern qualitatively
different from the corresponding case with NCOP is ob-
tained. In the latter case when the nonlinearity becomes
relevant below d. the exponent a changes from the value
6 to the dimensionality dependent value (d — o), while
the exponent z and the scaling function remain the same
as for the quench to the trivial fixed point p;. With COP
instead we find that a always keeps the trivial value 6,
while there is a change in the scaling function and the
growth exponent picks up the value (3.49) dependent on
the space dimensionality of the system.

us = (r < 0,g > 0). For the quench in the phase
ordering region Eq. (3.38) can be rewritten in the form

dQ gA
—(‘i‘{ =7+ Ld—@KdI(ﬁ)’ (350)
where
1(B) = / degd=0"le BRI (3.51)
0
f(z) = azP + wpB 1zPte. (3.52)

Making the assumptions to be verified a posterior: that
B is asymptotically divergent and that a is negative we
can make a saddle point evaluation of (3.51),

I(B)~2 [m] er "u’, (3.53)
where
_ pB £
- laeza) (354
and
y=1[2(d—8) - (p+0)]/2(p+0). (3.55)

For large time we can set to zero the left hand side of
(3.50), obtaining I(8) = —rL4%/gK4A . Next, using
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(3.53) and taking the logarithm we find the asymptotic
relation
_PE=0) P .,
wo wo

(3.56)

Inserting the leading contribution into (3.54) we obtain
B(t) ~ (In L) &> (3.57)

consistently with the assumption. Thus in this case A(t)
and L(t) diverge in the same way up to a logarithmic
factor. Asfundamental length we choose [8] the inverse of
the wave vector k., (t) where C(k, t) reaches its maximum
value

km(t) = (3.58)

Inserting this result in (3.35) and introducing the variable
Z = k/k,, we obtain

’U,P'*“" .

w AL?  ewe(®
where
o(@) = PXgp _ goto. (3.60)

Next iterating once (3.56) and inserting the result into
(3.59) we obtain the asymptotic expression [8, 10]

«75(2)
N L
C(k,t) ~ - (km)® ’

which, up to a logarithmic factor in the amplitude, is in
the multiscaling form (1.5)

(3.61)

i —ag (& 1
C(k,t) ~ k2@ =, (3.62)
with
d—9
ao() = (—7‘—)%(5) +6. (3.63)

This exponent ag(Z) is plotted in Fig. 6 for § = 0,0 =2
showing that the transition from multiscaling to standard

‘\ \ \ |
\ ) |

0 1 2 3 4 5

FIG. 6. Plot of ag(z) for different values of p. Multiscal-
ing goes over smoothly to standard scaling as p — 0.

scaling is a smooth one as p is varied continuously from
p=2top=0.

Notice that from (3.58) and k;;! ~ t!/2, the exponent
z develops a time dependence which asymptotically is
given by

(3.64)

2~ (p+0) 1_'_lnlnt
P Int |~

2.Tr >0
u1 = (r=0,g =0). Again, with Q(¢) =0 and § =0

it is straightforward to derive from (3.1) the standard
scaling result

C(k,t) = Ae =" 4 L°TrEy(x), (3.65)
where
Fo(z) = (1 —e ") Jwa’ (3.66)

and the same considerations made about (3.19) apply
here.

ps = (r < 0,9 > 0). For quenches to uz = (r <
0,9 > 0) now we cannot solve explicitly for Q(t). Then
we proceed differently by rewriting (3.1) as

C(k, t) = Ae*(D)e(?)

t
+2I Trk? / dt'er(e@)—ut)e(@) (3 67)
0

where ¢(Z) has been defined in (3.60) and u(t) is related
to Q(t) by (3.54). In the following we will drop the bar
over z. If by analogy with what we have found at T = 0
we make the ansatz

e“®) = cLP(t), (3.68)

with p > 0, the quantities to be determined are the con-
stant ¢ and the exponent p. Inserting into (3.67), and
assuming k;,,1(¢) ~ L(t) up to logarithmic factors we find

C(k,t) = A(cLP)*®)

[ +TFL"——/ dz' 2Pt (g /2')Pe =)

xe~PP()In L] . (3.69)
For large L the integral in the right hand side can be
evaluated by steepest descent. Keeping in mind that p >
0 and that ¢(z) behaves as in Fig. 6, we must distinguish
between z < z* and z > z* where z* = (’%)1/” is
the nontrivial zero of ¢(z). For £ < z* the exponential
reaches the maximum value at ' = 0, while for z > z*
the maximum is at ' = z, yielding

C(k,t) ~ A(cLr)?@ 4 TFL” TFL 7 (cLP)e® (3.70)
for z < z* and
C(k,t) ~ A(cLp)?®) 4 TFLY (3.71)

wz?
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for x > z*.

We now determine c and p by using the self-consistency
condition (2.14). From (3.54), where (3 is defined in
(3.36), and (3.68) follows R(t) = Q(t) ~ (pln L)#+s L~°.
On the other hand, R(t) can be computed from (2.5) with
S(t) obtained by integration of (3.70) and (3.71) over k.
Thus for Tr = 0 dropping logarithmic factors one finds

AL
L™ =7+ gAK4L™¢ / dexd—lep@ el (379)
0
For large L the integral picks up the dominant contribu-
tion at ¢ = 1, giving

L% =r 4+ gAKyc?/PLPo—Pd)/P, (3.73)

The right hand side can vanish only if p = pd/o, in agree-
ment with (3.63), and c°/?P ~ MZ.

For Tr # 0, the first terms in the right hand sides
of (3.70) and (3.71) are asymptotically negligible with
respect to the second ones, yielding in place of (3.72)

L% = r+ gTrL° %K, [ / dzz? o7 (cLP)#®)
0
AL

+ dwzd_"_l] .

T*

(3.74)

Furthermore, taking into account that for large L the
dominant contribution to the first integral is obtained at
z = 1 and that the contribution at z* is negligible in the
second one, finally we obtain

b= (TE_I;_T_C> + gTpKac®/PLP? 777 (3.75)

For Tp < T. this implies p = p(d — o)/ and /P ~
MOZ(T};.;_%:E) Inserting into (3.70) and (3.71) one finds

i a(z)
C(k,t) ~ TFfuz" , (3.76)
with
_ [ 2(d~o)p(x) + ofor z < z*
a(z) = {a for z > z*, (3.77)

showing that the structure factor obeys multiscaling for
z < z* and standard scaling for ¢ > z*. Notice that the
two behaviors match at z* since p(z*) = 0.

If the quench is made on the critical surface (Tr = T¢),
then Eq. (3.75) gives p = E(d — 207), which is negative
below the upper critical dimensionality contradicting the
initial assumption p > 0. Hence we take p = 0 which
implies standard scaling with u(t) constant. From (3.68)
and (3.36) we have Q(t) = bLP(t). Inserting in (3.1) and
taking A = 0 for simplicity, we obtain

C(k,t) = L°T.F.(z), (3.78)
with
FC(:E) = L d(l?l Ipto—1 _[W(TP_H'—z'P+")+b(zP_m'P)]

(3.79)

From the self-consistency condition (2.14) now we find

pto 20—d < d-1{ ¢ 1
b= K,L T. F.(z) -
2Tp 984 {/0 dzz ( (z) wza)

o (B2}

where we have used the definition (2.16) of 7.. From
(3.79) for large = we have F. ~ =L (1 — cbx™7) where
# fooo dype~¥. Inserting into (3.80) and defining
F(b) = [, dzz?~![F.(z) — ;5] we have

(3.80)

CcC =

bl1-— gKqL* 4 f(b)

(p+0)gKaTA* %] p+o
2T'p(d — 20) T 2lp

(3.81)

from which follows b = 0 for d > 20, while for d < 20 the
value of b is given by the condition f(b) = 0. Solving this
equation in the € expansion [15] one finds b ~ ¢ as for
NCOP, which implies the same structure of fixed points.
Namely, for ¢ — 0 the nontrivial fixed point still merges
with the trivial one and lim._,o Fe(z) = Fo(z).

The summary of the asymptotic properties with COP
is given hereafter:

(1) [TF = 01/-"1]7
C(k,t) ~ LO(t) P (o), (3.82)
(2) [TF = Tc7u1]7
C(k,t) ~ L7 () Ty (), (3.83)
(3) [TF = O*, uz]v
. t)l:"> (z) for d > d.
C(k,t) ~ (t)F(:c) ford=d.=6+0 (3.84)
N (t)F(z') for d < d.,
where ¢ = kL(t) and 2’ = kA(t),
(4) [TF = TC > 07“3]3
E i L"(t)TcI:"o(m) for d > 20
Ck.1) {L”(t)Tcﬁ’e(m) for d < 20, (3.85)
(5) [O < TF < TcalJ'B]a
. a(z)
C(k,t) ~ TFL ,(t), (3.86)
wT
6) [TF = 07 ll3],
C(k,t) ~ L""(“)(t)%, (3.87)
with
L(t) ~ tY/(Pto), (3.88)
A(t) ~ t1/(d+p=6) (3.89)
Po(z) = (3.90)

T
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A 1 — wz”+’+cz”]
F(z) = e { , (3.91)
Fo(e) = e (3.92)
< e ’
Folz) = —— (1 — e~»="") (3.93)
o\ = e ’ |
7 1 ‘ !/ Jpto—1
F. (z) = dz'z'?
wzx? 0
Xe—[w(zp+” —z'p+’)+b(z"—:c"’)]’ (394)
d—96
ao(z) = (—aﬁm) +96, (3.95)
_ o+ E(d—-oa)p(z)for z < z*
a(z) = {0' for z > z*, (3.96)
o(x) = pt T gp — gPte. (3.97)

p

IV. RENORMALIZATION GROUP

We now discuss the scaling properties of the model
within the RG approach to the problem [16]. Let us recall
that in static critical phenomena the Wilson RG equa-
tions are obtained performing the following operations on
the equilibrium probability distribution Peq[(;; Tr,p]: (i)
elimination of hard modes $(k) with A/l < k < A where
1 > 1, (ii) rescaling of wave vectors and order parameter

k= lE,
& (k') = 1724 (k),
(iii) requirement of form invariance of Peq[J;; Tr,p] .

These operations generate recursion relations for the pa-
rameters (Tr,p) which allow one to describe scaling in

1

t
Ch(R,t) = Ca(F, 0)e=Twh™ 7 ++k"Q(] | oTkP Ty / dt' e 2T{wk”T7 (=) +HR71Q() - Q]
h\Fy %) — ’

0

where Q(t) = Q,(t) + Qx(t) . After integrating over
k we should solve for Sj(t) and insert the result into
the equation for C’,(E, t) . However, considering that
we must eliminate modes with k£ > L~1(t) and that in
the scaling regime these have already equilibrated, with
a good approximation we can set

Tr

Ch(k,t) ~ Cr(k,o00) = m (4.8)
and we are left with Eq. (4.4) for C,(k,t) with
R(t) =r + gS,(t) + gSn(o0). (4.9)

terms of the geometry of the fixed points and their do-
mains of attraction.

In quench processes one deals with a time dependent
probability distribution P[$; t,Tr,p] . Therefore RG
transformations performed on this object are expected to
give recursion relations for (¢,Tp,u) with a fixed point
structure which accounts for the variety of scaling behav-
iors obtained in Sec. III. In order to implement the pro-
cedure outlined above, we should construct P[q_;; t,Tr, p|
and then carry out renormalization. However, since the
stochastic process is Gaussian and all the equal time in-
formation is in C (E, t) , we can work directly with the
equation of motion (2.13). First we separate soft and
hard modes

C(k,t) = C,(k,t) + Ch(k, t), (4.1)
with
# o _ JC(k,t)for 0 < k < A/l
Culk,t) = {o for AJl < k < A, (42)
- 0 for 0 <k <A/l
Cr(kyt)y=1{ . =E>
n(k,t) {C(k,t) for A/l < k < A. (4.3)

The equation of motion for either component is given by

——80"(’9‘§k’t) = —2T[wkP*® 4+ kPR(t)|C, n(E, )
+2TkPTE, (4.4)
with
R(t) =1+ gS,(t) + gSu(t), (4.5)
d?k -
Sa,h(t) = Wc,);,(k, t) (4.6)

Then we proceed to eliminate hard modes. Integrating
the equation of motion for Cp(k,t) we find

(4.7)
[
Next we carry out the rescalings for k < A/l,
C'(k',0) = 19O (E,0), (4.10)
E =1k, (4.11)
¢ =1""%t, (4.12)
C'(K,t) = 12ROk, t), (4.13)

where we have allowed for an order parameter scaling in-
dex dependent on the invariant quantity = = kt!/#. From
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(4.4) and (4.13) we obtain the transformed equation of
motion
ac' (k' ¢/
4((%,’ ) = -2I [l‘“"_"wk"”" + I*"PE'PR(1%t)
~1dy(z) 7
r 1 "k
+ 2t Inl|C'(K', 1)
+20k/PIzPHd—2y(@) (4.14)

which can be rewritten in the same form as the original
equation of motion (2.13),

1 4l
acC (k ,t ) — _2r[wlk/p+a + kIPR’(t,)]Cl(EI,tl)

at'
+2Tk"PT (4.15)
defining
w' = 1777 Py, (4.16)
W
R'(t') = ""PR(*t') + mffztf‘ , (4.17)
Ty = 177 PHa=2v(=) g, (4.18)

In order to preserve the self-consistent structure we must
require

Rl(tl) — 7‘, + g/SI(tl),

a2k .
S'(tY = [ —5C'(K',t).
®) = [ GryaC'(E1)
Since the left hand side of (4.17) depends only on ¢,
the z dependence on the right hand side must disappear,
implying

y(z) = clnz + y(0). (4.19)

This form of y(z) diverges at ¢ = 0 and we must neces-
sarily have ¢ = 0.

So far we have managed to map the process described
by (2.13) in the new process governed by (4.15) with
new parameters A’,w’,u’,Tr,. We are going to be in-
terested in those processes (fixed points) whose param-
eters A*, w*,u*, Tt do not change under renormaliza-
tion. For these values of the parameters, since the
form of the original equation of motion (4.15) and the
self-consistent structure have been preserved, we have
C'(k',t') = C(k,,t'). The existence of such fixed
points is compatible only with the standard scaling choice
y(z) = y, which seems to exclude the multiscaling solu-
tion found in the preceding section. We shall comment
on this later on.

We proceed to extract recursion relations. From (1.4)
and (4.10) it follows that

C'(K',0) = 19+0-2y A /' (4.20)
implying
Al =402 A (4.21)

Next, rewrite (4.17) as
'+ g'S'(t") = F7P[r + ¢S, (I*t') + gSk(o0)], (4.22)

where for quenches to final states with R(oo) = 0 one
has
Sh(o0) = TrB(0)(1—177%) (4.23)
and B(0) is defined in (2.18). Since from (4.13) we have
§'(t') = 12@-v) 5, (¢) (4.24)

inserting (4.23) and (4.24) in (4.22) we find 7’ = [*"P[r +
gTrB(0)(1—1°%)] and ¢’ = 1>"P+*23=d)g  Introducing
the scaling field

T=r+gTrB(0) =r(T. — Tr)/T. (4.25)
the whole set of recursion relations is given by

Al = [4HA| (4.26)

w' = 1777 Py, (4.27)

T =1F"Pr, (4.28)

g/ — lz~p+2(y—d)g’ (429)

Ty = 1F7PHd=2vTy, (4.30)

We emphasize that the use of the same scaling index y for
t > 0 as well as for t = 0 leads to fixed points as processes
for which scaling holds over the entire time history. For
processes where scaling invariance is only asymptotic it
is not necessary that there exist a nontrivial fixed point
solution of (4.26)—(4.30).

A. Fixed points

The next step is to look for fixed points
(A*,w*,7*,g*,Tg) of the recursion relations and to ex-
tract from them the exponents z and a. These exponents
are determined by imposing that two of the parameters
have a finite fixed point value. In the remaining recur-
sion relations we consider the trivial fixed point solution
and the corresponding domain of attraction. In order to
show how this works in practice let us begin by requiring
that A* and w* be finite. From this, using (4.26) and
(4.27) it follows that

z=p+o (4.31)
and

a=2y—d=246. (4.32)

Inserting these values into (4.28), (4.29), and (4.30) we
obtain

=10, (4.33)

g = 1%, (4.34)
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Ty =1"°Tp, (4.35)

with d. = 6+0. The trivial solutionis 7* = g* =T =0,
which coincides with (Tr = 0,u;1). The corresponding
domain of attraction, considering that for quenches from
high temperature to the critical surface § < o, is given
by the g axis, i.e., (Tr = O;p2) for d > d.. Otherwise,
for d < d., this fixed point is unstable, and (4.31) and
(4.32) do not apply for quenches to (Tr = 0, uz). This
coincides with what we have found in Sec. III.

Next, let us require that A* and g* be finite. Then we
find z =d+p— 0, a = 0 and the remaining recursion
relations

w' =147, (4.36)
T, = ld_eT, (4.37)
Ty = 1972, (4.38)

with the solution w* = 7* = T = 0. w flows to zero
for d < d.. This fixed point for COP corresponds to
the quench to (Tr = 0, u2). For NCOP this corresponds
to the case of independent particles and it is possible
to show that in this case the amplitude of the structure
factor vanishes. Thus in order to treat quenches to (Tr =
0, u2) for NCOP with d < d. we must require that w* and
g* be simultaneously finite. This immediately reproduces
the results z = 0 and o = d — o of (3.13). The ensuing
recursion relations for the other parameters,

Al =47IA, (4.39)
=17, (4.40)
Tp = 12Tk, (4.41)

yield a trivial solution which is unstable under all per-
turbations. The meaning of A flowing to infinity can be
understood from the result of Sec. III where the crossover
time t* vanishes for A — co. In this limit we have a fixed
point in the sense specified above that the same scaling
behavior applies over the whole history of the process.

So far we have dealt with fixed points with T = 0 and
7* = 0, namely, with quenches to zero temperature crit-
ical points. In order to analyze quenches on the critical
surface at finite temperature, we must require T and w*
finite as it is usually done in static critical phenomena.
From these conditions it follows that z = p+ 0, a = o,
and

A =1077A, (4.42)
=17, (4.43)
g =1%"dg, (4.44)

Thus for quenches to finite temperature on the critical
surface A is irrelevant and the attractive fixed point goes
from trivial to nontrivial as the dimensionality goes from
above to below the upper critical dimensionality 2o.

Finally let us come to the discussion of quenches inside
the phase ordering region. For this we require that w*
and the fixed point ratio

() - ("))

be finite, obtaining z = p + 0 and a = d. The other
recursion relations

(4.45)

Al = 19797, (4.46)

Ty =1°7TF (4.47)

show that temperature perturbations in the ordering re-
gion are irrelevant and that A flows to zero. Now, with
A* = Tf = 0 the structure factor C(k,t) vanishes iden-
tically, namely, the scaling form (3.18) is obeyed with
F(z) = 0. This means that a nontrivial scaling solution
for a quench in the phase ordering region with a = d
is necessarily asymptotic and cannot be made to hold
over the entire history of the process by any choice of the
parameters.

This completes the analysis of the fixed point structure
of the phase diagram and the derivation of exponents.
The RG treatment of the problem presented above re-
produces the whole structure found in Sec. III except
for multiscaling in the quench below T, with p # 0. The
point is that the RG procedure we have followed above
yields the exponents 2z and a within a standard scaling
framework, but gives no information on the scaling func-
tion. If one goes further by performing the scaling ansatz
in the equation of motion an equation for F(z) is ob-
tained and it turns out that the scaling function vanishes
if TP < T, and p # 0. In order to recover multiscal-
ing through the RG approach the set of transformations
must be properly generalized. We do this only for the
(Tr = 0, u3) case [17].

As we have seen in Sec. III, when there is multiscaling
z is weakly time dependent. Let us then generalize the set
of transformations (4.10)—(4.13) by allowing z to depend
on t with the constraint

lim 2(t) = 200 = p+ 0.

t—o0

(4.48)

With these modifications and Tr = 0 in place of (4.14)
we find

o
OO ELE) — —arpuk*e 4 k7RI (R )
—2{[‘(2 — Zoo ) [kt + K'PI R(t)]

dy(z)
dt’

+ }c’(k”,t') Inl. (4.49)
Imposing the requirement of form invariance we find that
(4.49) is of the form (4.15) if in place of (4.17) the fol-
lowing conditions are satisfied:

R'(t') = I°R(¢), (4.50)
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4y
dt’

This latter equation holds also for unprimed variables
and using

= —T[2(t) — zoo][wWk'P* + KPR/(t')].  (4.51)

dx x tdz
— =" 1]1--—Int .
dt ozt [1 zdt ] (4.52)
we obtain
dy = Tzlz — z5)tt~(PHo)/z
N T
x[wzPto"t 4 P~ 17/2 R(t)]. (4.53)

In order to get rid of the time dependence on the right
hand side we must have

td

__zl t>

zd

where b and c are constants. Integrating (4.53) we find

~T2(2 — 20o) = ctlZ77)/2 (1 - (4.54)

t”/*R(t) = b (4.55)

,wwp+0'

4.56
pt+o ( )

y(m)=6[

From (4.55) and the definition (2.5) of R(¢) it follows that
the sign of b is determined by the parameters p = (r,g).
In particular, b is a negative quantity at p3. Imposing
Ymax = d, as appropriate for quenches to us, taking the
position of the maximum at z = 1, and using y(0) = (d+
0)/2 from (4.56) we find b = —w, ¢ = (6 —d)p(p+0)/20,
and

+ gx”] + y(0).

2y(z) — d = ao(z), (4.57)

where ag(z) coincides with (3.63). Hence, for quenches
to ps3, by allowing for a time dependence in the growth
exponent z, we have recovered via RG the multiscaling
behavior of the exact analytical solution.

The explicit time dependence of z(t) is obtained by
extracting the asymptotic behavior from (4.54),

lnlnt}

4.58
Int ( )

z(t) ™ 2o [1 +

which is consistent with the assumption (4.48) and re-
produces (3.64). Finally, inserting this result into (4.50)
we find

R(t) ~ (lnTt) pie

in agreement with (3.57).

(4.59)

V. CONCLUSIONS

In this paper we have investigated in detail the solution
of the large-N model for growth kinetics with the aim
of giving a comprehensive view of the influence on the
scaling properties of the various elements which enter into

the specification of the problem. These are the presence
or the absence of a constraint on the order parameter
(COP or NCOP), the initial condition, the structure of
the phase diagram of final equilibrium states, the range
of the interaction and the dimensionality of space.

What the model shows, apart from quenches to the
trivial fixed point, is that scaling properties are quite dif-
ferent with and without conservation law. This is due to
the existence of only one divergent length L(t) for NCOP
and of two divergent lengths L(t) and A(¢) for COP. It
is the interplay between these two lengths which leads to
phenomena not observed with NCOP such as (i) a change
in the growth law when crossing the critical dimensional-
ity for the quenches to (Tr = 0, u2) and (ii) multiscaling
for quenches inside the phase ordering region. About
multiscaling, the availability of the rich variety of cases
illustrated in the paper should allow speculation about
its origin. Thus we have found that for NCOP in no cir-
cumstance is there multiscaling and the same holds true
for COP, except for the quenches below T.. What, then,
is the peculiarity of these latter processes? One possible
interpretation is that in these processes the system orders
and tends to do so by condensing, i.e., by growing a peak
which scales as L¢, at kE = 0. This is fine with NCOP,
but with COP there is a conflict with the conservation
law which prevents anything from happenmg at k = 0.
In this case the peak is formed at some k,, # 0. The
compromise realized in the large-N model is multiscal-
ing whereby the behavior L (®) of the structure factor
interpolates smoothly between the behaviors L° at k=0
and L9 at k,,. This picture fits nicely with the absence
of multiscaling in any process with NCOP and in all pro-
cesses with COP on the critical surface. In fact, in the
0 and
in the former there are no constraints at k = 0. How-
ever, with this mechanism for multiscaling there should
be nothing special about N = oo and multiscaling should
be found also for N < co. Numerical simulations [18] so
far have reported no evidence for multiscaling for N =1
and N = 2 in two and three dimensions. This could mean
that multiscaling disappears for N < d, when localized
topological defects appear in the system. However, an
argument against the existence of multiscaling for any
finite N is the result of Bray and Humayun [19].
analyzing an equation of motion for the structure fac-
tor which includes the first order correction in 1/N, they
have reached the conclusion that multiscaling does not
survive for N < oo since the correction term sustains a
standard scaling solution.

What we can say is that both standard scaling and
multiscaling imply scale invariance of the structure fac-
tor due to the presence of a divergent length. So far we
have not found a criterion to predict a priori which one
should hold. Only a direct calculation, either analyti-
cal or numerical, can discriminate between the two. It
must be emphasized that these concepts apply also to
other models. For example, in the DLA (diffusion lim-
ited aggregation) model in two dimensions it has been
found numerically [20] that multiscaling holds. In any
case, even if there is not a general criterion, multiscaling

latter case there is nothing to condense at k=
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should be more likely to occur in situations where the
width of the interface becomes very large.

Let us then comment on those features of the N = oo
solution which we believe to be of general validity. The
crossover structure which emerges as the parameters of
the quench are moved over the manifold of final equi-
librium states is a generic feature which is expected to
hold beyond the large-N model. The main point of our
analysis is that it is quite possible, before the true asymp-
totic behavior is reached, to detect a preasymptotic scal-
ing behavior due to a less stable fixed point lying in the
neighborhood of the final equilibrium state. It is natural
to pose the question of the observability of these effects.
Here we suggest (Appendix A) that the duration of this
preasymptotic behavior can be magnified and observed
in off-critical quenches [21].

Furthermore, the crossover picture we have illustrated
suggests the possibility of observing a crossover in the
growth law (1.2) in the symmetrical quench of a system
with scalar (N = 1) COP. In that case asymptotically
L(t) grows according to (1.2) with z = 3. On the other
hand, in the trivial theory (r = 0,g = 0) one has z = 4 for
COP, irrespective of the order parameter being a scalar or
a vector. Thus, for a quench to (Tr = 0, u3) sufficiently
close to (Tr = 0, 1) with N = 1, it should be possible
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to observe the influence of the trivial fixed point at early
time, producing a crossover in (1.2) from z = 4 to z = 3.

APPENDIX A

Let us consider a process where symmetry breaking
along one direction is allowed, e.g.,

(ba(Z,t)) = NYVZM(t)dq,:. (A1)

This may be due to nonsymmetrical initial conditions, or
to the presence of an external field, or to both of these
circumstances [22]. Introducing the external field along
the 1 direction from (1.3) and dropping the long range
term we obtain the equation of motion for the order pa-
rameter

?%i) = —F(iV)”[( V244 = quﬁ(z t))

X Pu(F,t) — ha] + na(Z, t), (A2)
where h, = NY/2hé, ; .
Defining the fluctuation field ¥(Z,t) by
$1(Z,t) = N*2M(t) + (. 1) (A3)

and inserting into (6.2) we obtain the pair of equations

A(NY:M +
(__at_'ﬁ I‘(zV)”[ V2§ + r(NY2M + o) + %(NV IM+y)Y 45
B#1
+g(N1/2M3 +3M%p + N1/2M¢2 1 ¢3) _ NI/Zh] +m(&,t), (A4)
0 . g
% = —T(EV)? [—vzqsﬁ +rés + 5 z#:lqbiasa + g(M" NiaMY+ ¢ )cba] + g, (AS5)
¥
|

with 8 # 1. trivial since M(t) does not change in time and keeps

Taking the large-N limit we replace 3 Y B£1 q% (Z,¢)
by (¢3(&,t)) = S1(t) and collecting terms of the same

order of magnitude, from (6.4) and (6.5) we obtain the
set of equations

al‘;t(t) r(zv)P{ [r + gM?(t)]M(2)
+9S1OM(0) — b}, (A6)
6¢((;‘:‘ LA ~T(iV)? [-V? +r + 3gM?(t) + g5 (¢)]
x(E,8) + m(3,2), (A7)
W = — D(iV)? [~V? +r + gM?(t) + gS. (t)]

x¢ﬂ(5a t) +"75(51 t)' (AS)

Notice that the behavior of ¥(Z,t) is immediately ob-
tained once the pair of coupled equations (A6) and (A8)
have been solved. Furthermore, for COP Eq. (AS6) is

the initial value M(0) . In this case Eq. (A8) for the
transverse components, after Fourier transforming, can
be rewritten as

6¢ﬁ8<t’° ) _ _TkP [-V2 4 7 4 gS.(8)] 65(5. 1)
+"lﬁ(iv t)’ (AQ)
where
7 =r + g[M(0)]%. (A10)

Thus 7 can be modulated by varying M(0). In particular,
a quench to p; can be realized as an off-critical quench
to Tr = 0 and at the edge of the coexistence region

M?(0) = —r/g.

APPENDIX B

In the limit ¢ — oo the left hand side of Eq. (2.13)
vanishes and we have
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0 = —2T'[wkP*? + kPR|C(k, o) + 2TkPTr,

where R stands for R(c0).
Let us first consider p = 0 and a system in a finite
volume V. Assuming R > 0 from (B1) it follows that

- T
C(k,o00) = wk"—iR’

(B1)

(B2)
where R must satisfy the self-consistency condition

1 Tr
R= =3 F
7‘+gV = wk? + R’ (B3)

which always admits a solution with R > 0.

In the infinite volume limit Eq. (B3) can be rewritten
as
Tr
VR’
where, allowing for the possibility that the solution R —

0, the zero wave vector term in the summation has been
separated out and

d%k 1
B(R):/kaaﬂz

R=r+gTpB(R)+g (B4)

(Bs)

£ oo) = Tr/(wk? + R) )
Tr/wk® + (2m)2M?5(k) for Tp < T..

For p # 0 Eq. (B2) applies only for k # 0. Due to
the conservation law C(E = 0,00) is determined by the
initial condition. If we consider an initial state without
symmetry breaking we have qS(k = O) = 0 and C(
0,t = 0) = 0. Then Eq. (B3) must be replaced by

g Tr
= — —_—. 10
R T+V_Zwk"+R (B10)
E#0

Solving the above equation for R we find that there exists
a temperature

~ T 1
T(V) - gVE,;#;wk

such that R > 0 for Tp > T(V), while R < 0 for

(B11)

is a non-negative monotonously decreasing function of R
with a maximum at B(0) = K4A9 7 /[w(d —0)]. Aisa
momentum cutoff and K4 = [2¢717%/2['(d/2)]"!. From
Eq. (B4) it follows that when r < 0 there is a critical
temperature
r

T, 4B0) (B6)
such that for Tr > T, there exists a solution with R > 0
and therefore the last term in the right hand side can be
neglected, but for Tp < T, Eq. (B4) can only have the
solution R = 0 provided that R vanishes in the infinite
volume limit as R ~ 1/V . Hence, defining the constant

Tr
M? = 2 B7
VR (B7)
and inserting into (B4) we find
= M§(T. - Tr)/ T, (B8)

with M§ = —r/g. Notice that for Tp = T. Eq. (B4)
admits the solution R = 0 provided R ~ V™= with

0 <z < 1. In conclusion, the structure factor is given
by

with R > 0 for Tr > T.

(BY)

Tr < T(V) with |R| < kmin where kpmin ~ V14 is

the minimum value of the wave vector in the summation.

When the infinite volume limit is taken from (B11) it

follows that T (V) — T. and the anlogue of (B4) is
g Ty

R:T+gTFB(R) V%wk” -

min
For Tr > T. there is a solution R > 0 and the last

term vanishes, while for Tr < T, Eq. (B12) admits the
solution R = 0 provided (kZ;, + R) ~ 1/V. Writing
J_F__

in place of (B7), in the end we recover the results (B8)
and (B9).

(B12)

min

M? = (B13)
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