
PHYSICAL REVIEW E VOLUME 49, NUMBER 2 FEBRUARY 1994

Optical determination of the saddle-splay elastic constant X,4 in nematic liquid crystals
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Nematic liquid crystals confined to supramicrometer capillary tubes with homeotropic anchoring con-

ditions are studied using optical polarizing microscopy. The resulting microscopy textures are sensitive

to the molecular anchoring strength Wz and the saddle-splay surface elastic constant K&4. These two

quantities are determined by comparing the observed textures of the escaped-radial nematic director
field to simulated textures predicted from Frank elastic theory and considering the stability ranges of
other possible structures.

PACS number(s): 61.30.—v, 62.20.Dc, 07.60.Pb, 64.70.Md

Elastic continuum theory, proposed by Oseen and
Zocher [1]and Frank [2], successfully describes bulk elas-
tic distortions in nematic liquid crystals when surface or
field constraints are imposed. Specific constants, K»,
K22, and E33 describe the three basic distortion modes:
splay, twist, and bend, and many experiments have been
devised to measure them [3]. Ericksen [4] first treated
theoretically the efFect of the saddle-splay surface elastic
constant K&4 on the stability of the nematic director field,

deriving inequalities of K24 with respect to K», K2z, and

K33 however, the saddle-splay elastic constant K&4 elud-

ed measurement. The inherent difiiculties in measuring

E24 arise from the simultaneous presence of bulk distor-
tions and the effects of surface anchoring. The value of
E24 was recently measured in submicrometer cylindrical
cavities filled with nematic liquid crystal using deuterium
nuclear magnetic resonance [5] and in periodic structures
observed with optical polarizing microscopy in hybrid
aligned nematic layers [6]. The constant K24 compared
in magnitude to the splay, twist, and bend elastic con-
stants. The importance of the mixed-splay-bend surface
elastic contribution (K») is attracting a great deal of
theoretical interest [7-14] and remains a topic of intense
controversy.

We present an optical method to measure K24 and the
polar molecular anchoring strength 8'e. It is based on
the sensitivity of the escaped-radial director field, stable
in capillary tubes with homeotropic anchoring condi-
tions, to the dimensionless surface parameter cr defined

bY [15]
R 8'8 K240= + —1,»»

where R is the radius of the capillary tube. An optical
polarizing microscope is used to study the details of the
escaped-radial director field for various radii. The ob-
served optical birefringence textures are directly com-
pared to theoretical patterns which simulate the interfer-
ence of ordinary and extraordinary light after phase shifts
occurring while passing through structures predicted
from elastic theory [16]. A priori knowledge of the ordi-
nary n, and extraordinary n, indices of refraction for the
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liquid crystal, as well as the elastic constant ratio
K33 /K», allows for the simultaneous determination of
Ws/K» and K24/Ki, .

The director field of nematic liquid crystals constrained
to a small cavity in zero field depends on the interplay be-
tween molecular surface anchoring and elastic energies.
As our discussion is limited to supramicrometer size
capillary tubes, the approximation of a constant order pa-
rameter S throughout the volume of the capillary is
justified. The free energy of a confined liquid crystal is
then given by [17]

F =
2 K» 'll +K22 Il n +K33 n X X Il

vol

—Kz4V (n X V Xn+nV n)]d

+—,
' 8'8 sin A, (2)

Sllif

where K», K22, K33 and K&4 are the Frank elastic con-
stants and n represents the local direction of the optic
axis of the uniaxial nematic liquid crystal. The constant
We denotes the molecular surface anchoring strength,
while P is the angle between the actual nematic director n
and the preferred molecular orientation at the surface.
The K24 contribution of the free energy can be reduced to
a surface integral by Gauss's theorem. We totally ignore
the mixed-splay-bend term in Eq. (2) associated with the
K13 coefficient based on consistently keeping terms of
first derivatives of n and the presence of weak deforma-
tions of the director field [7,8]. Incorporating K» into
Eq. (2) would require a more complex treatment of the
Frank free energy which involves the higher-order
derivatives of the director field [14] or performance of an
infinite sum of higher-order terms as recently reported
[12].

For cylindrical cavities, several stable nematic
director-field configurations depend on anchoring condi-
tions. Here we study nontwisted structures with homeo-
tropic anchoring, such as escaped-radial configurations,
whose nematic director can be completely specified by
n=sinQ(r)e, +cosQ(r)e, where Q is the angle between n
and the cylindrical axis (see Fig. 1). Cxiven k =K33/%11
and o (E22 is not required since there is no twist defor-
mation), the escaped-radial director field can be predicted
by minimizing the free energy. The molecular anchoring
angle at the cavity wall of a cylindrical tube of radius R is
determined to be [15]
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Q(r =R)=cos k 1/2

(rr +k —1)'
(3)

and the explicit relation for Q(r) is [15]
' 1/2 1/2

r rr + 1 b —P'cosQ(r)
R o —1 b, +P'cosQ(r)

X exp —,U[k, Q(r)) exp ——,U [k,Q(r)) (4)

with

sin '[PcosQ(r)], k ) 1
U k, Q(r) = —sinh '[PcosQ(r)], k &1

where b, =[1—P cos Q(r)]'~, P =!k—I!/k, and
P' =1/k. In a particular case (K» =K&2 =K33 =K), the
free energy per unit length of the escaped-radial
configuration is [4,15]

E24F =mE 3—ER E

(5)

(6)

Fpp =mK [—ln(2gy)+(1 —y)/g], (7)

Another stable nematic director-field configuration for
homeotropic boundary conditions is the planar-polar
configuration [4,15] which occurs for small values of
RWe/K». Our experiments were performed in large
enough cavities so that we did not encounter this
configuration. Not observing the planar-polar structure,
however, provides a means to determine the lower bound
on K24/K» as will be discussed later. The free energy
per unit length of this configuration in the one-constant
approximation is [4,15]

where /=2K/RW& and y=(g +1)'
Capillary tubes of radii ranging from 5 to 25 jj4m were

filled with nematic-liquid-crystal mixture E7 and 5CB
(4'-pentyl-4-cyanobiphenyl), both available from EM
Chemicals. The capillary tubes were pretreated with lec-
ithin (Sigma Chemical Co.) to promote homeotropic sur-
face anchoring. The filled tubes were surrounded by a
glycerin matrix with index of refraction n equal to the
glass of the capillary tubes [16]. The samples were placed
between the crossed polarizers of an optical microscope.
Mercury and sodium monochromatic light sources,
A,o=435 and 589 nm, respectively, were used to extract
details about the nematic director fields.

The observed microscope textures occur after the in-
terference of ordinary and extraordinary components of
light phase shift as they pass through the polarizer, capil-
lary tube and liquid crystal, and the analyzer. A transfor-
mation matrix P(r), described in our previous paper [16],
is used to express the resulting intensity of transmitted
light by

I(r)=!!e„P(r)ep!!', (8)

where e„is the orientation of the analyzer, ep is the
orientation of the polarizer, and r is the distance from the
center of the cylinder. We ignore deviations of light rays
resulting from reflection from cavity walls and refraction
through the liquid crystal since n, n„n, —n«—n

For details on this methodology, see Ondris-Crawford
et al. [18], Scharkowski et al. [19], and Xu, Kitzerow,
and Crooker [20], who calculated droplet textures in a
similar way.

The optical microscope textures are calculated for the
incident light wave vector ko, being perpendicular to the
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FICx. 1. Nematic director-field pattern for the escaped-radial
configuration next to the coordinate system used to describe the
configuration (above). The graph below shows the surface an-
choring angle at the capillary wall for the escaped-radial direc-
tor field as a function of cr using K33/K]I =1~ 5. As cT ap-
proaches infinity, the surface anchoring angle asymptotically
approaches 90 (i.e., strong anchoring).

FIG. 2. Simulated textures of a nematic liquid crystal
confined to a cylindrical tube of radius 10 jmm with +=435 nm;
the material parameters are particular to E7. The value of 0 is
varied, while all of the other variables in the simulation are held
fixed.
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symmetry of axis of the sample. The computer-simulated
texture is calculated according to Eqs. (4), (5), and (8); the
input parameters are n„n„A,o,R,ao (the orientation of
the initial polarization vector), K33/K», and o. Figure 2
gives an example of the efFects of cr, while keeping the
other variables constant. Note that while large changes
in cr yield very difFerent textures, small changes have only
minor in6uence.

The nematic mixture E7 has the following material pa-
rameters: K33/K» =1.54, K22/K» =0.93; for Ac=435
nm, n, =1.82 08 and n, =1.544; and for A,o=589 nm,

n, =1.5239 and n, =1.7424. 5CB has the following ma-

terial parameters: K33/K „=1.4, K2~ /K „=0.66,
n, =1.7947, and n, =1.556 and for A,,=589 nm,

n, = l.5308 and n, = 1.7230 [21]. The optical
birefringence textures were compared to the computer
simulations for each radius and two different light
sources. The best fit for o was made by analyzing four
difFerent textures (two with A,o=435 nm at ac=0' and 45'
and two with Ac=589 nm at ac=0' and 45') at each ra-
dius by matching the number of fringes and fringe posi-
tion, and relative intensity of the fringes. Figures 3 and 4
show the optical microscope textures for two different ra-
dii against the computer simulations at the determined
best fit for o. The manufacturer's specification on capil-
lary tube radius, +1 jism, was unacceptable for the delica-

cy of our experiment; therefore scanning electron micro-
scope measurements were made to confirm the radius for

each tube.
Figure 5 gives the values of 0 vs the capillary tube ra-

dii for E7 and SCB. Since o is a linear function of the
capillary radius R, we use linear regression to determine
We/K», while the ordinate axis intercept will yield
K24/K&t. For E7, We/K&& lies between 0.37 pm ' and
0.69 jMm ', with a best fit of 0.56 jMm ', and the K24/K, &

ratio for E7 falls between 1.3 and 5.2 with a best-fit value
of 2.6. For SCB, we found We/K» to fall between 0.74
pm ' and 1.6 pm ' with a best fit of 1.1 pm ' and
K&4/K» to lie between —2. 1 and 7.5 with a best fit of
3.1. We expected the 5CB data to have larger errors than
E7 since W&/K» is stronger as refiected in the steeper
slope in Fig. 5.

Taking into account stability considerations one can
limit the possible K24 values to a much narrower interval.
In the first step, the Ericksen inequality 0 & E24 & 2K&& or
2Kzz (whichever is smaller), valid for nematic phases
where no spontaneous ordering occurs, is used. In the
second step we take into account that the planar-polar
configuration was not observed and estimate a lower
bound of K24 by comparing the free energy of planar and
escaped structure. To use the planar-polar configuration
described by Eq. (7), we approximate K-(K„+K»)/2.
From our experiment when R =5 jism we found We/K to
lie between 0.37 jttm

' and 0.69 jMm
' as determined (see

Fig. 5). We estimate the lower bound on Kzs/K for E7 to
be 1.6 and the upper to be 1.9. Applying this same logic
to SCB, we found the lower bound on K&4/K to be 1.2

u, =0' u, =45'
7.1p.m

X, = 435 nm u, =0' u, =45'
X, =435 nm

12.5p,m

(a) ! !

!

X, =589nm
k, = 589 nm

(c)

FIG. 3. Polarizing microscopy photographs (black and
white) (a) and (c} compared with computer simulated textures
(b) and (d) for a R =14.25 pm capillary tube filled with the
nematic liquid crystal E7 viewed between crossed polarizers us-
ing a monochromatic mercury light source (a) and (b} and sodi-
um light source (c) and (d). The simulations correspond to
cr =11.

FIG. 4. Polarizing microscopy photographs (black and
white) (a) and (c) compared with computer simulated textures
(b) and (d) for a R =25 pm capillary tube filled with the nematic
liquid crystal E7 viewed between crossed polarizers using a
monochromatic mercury light source (a) and (b) and sodium
light source (c) and (d). The simulations correspond to o.= 15.
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30 TABLE I. Summary of surface anchoring and surface elastic
parameters.

20— Liquid We/K&~
crystal (pm)

We'
(J/m ) K24/K ]1 K24/K & K/4/K &

10 E7
5CB

0.56
1.1

6.1X10-'
6.6X 10-'

2.6
3.1

1.6
1.2

1.9
1.6

0
0

30

20—

10 20 30

'Using K»=1.1X10» J/m for E7 and K»=6.0X10 ' J/m
for 5CB.
Lower bound calculation based on a stability consideration in

the one-constant approximation.
'Upper bound calculated from Ericksen inequality with
K =(K//+K» )/2.

10—
5CB

30

and 1.6, respectively. (See Table I.}
Combining stability and structural considerations we

conclude that in both cases K24-2K22. Results within
the experimental error compare favorably with our previ-
ous work [4,5,15], and a recent study by Sparavigna,
Lavrentovich, and Strigazzi [6] on 5CB gives Ez4 to be
similar to the bulk elastic constants. The value of the an-
choring strength for 5CB confined in lecithin-treated Nu-

0 I I I I I

0 10 20

Radius Nm)
FIG. 5. This graph shows e as a function of capillary tube

radius for E7 (top) and 5CB (bottom). The circles correspond to
the best possible fit for each data point, and the error bars
represent acceptable values of 0 for each radius. The lines
represent a linear regression through the data points giving
values of Wq/K» (slope) and K24/K» (ordinate axis intercept
plus 1). The 5CB data point for R =25 pm represents a lower
bound for possible values of o. No best-fit data point could be
obtained since the simulated texture becomes much less sensi-

tive when cr )25.

clepore membranes [4,15] was determined to be
Ws/X =6+1, approximately 5 times larger than our
Ws/K=1. 1+0.5 for 5CB confined to lecithin-treated
glass capillaries. The discrepancy can be attributed to
the one-constant approximation employed in analyzing
the Nuclepore-5CP data, difFerent surface treatment pro-
cedures, or difFerent underlying substrates.

Our optical technique does not require sophisticated
instrumentation to measure the molecular anchoring
strength 8'0 and the saddle-splay surface elastic constant
K24. In this optical determination of K24, direct observa-
tion of the nematic director fields and stability arguments
are combined. The K24 constant is important in nematic
director-field configurations in spherical droplets and cy-
lindrical capillaries [4,5,15,17,20], stripe configurations
[22], and hybrid aligned nematic cells [6,23]. Our
method can be further improved by substituting the com-
parison of the simulated textures and photographic pic-
tures with a comparison between measured and calculat-
ed intensities of the transmitted light [19].
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