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Using a modified Cole-Hopf transformation and the Hirota method for series solutions, approximate
interacting solitary wave solutions for a pair of coupled nonlinear Schrédinger equations have been in-
vestigated. Previous solutions have been regained. It is noted that if the solution of the first order term
satisfied by the Schrodinger equation for a free particle has been taken as a linear superposition of the
solutions, then the envelope of the interacting solitary waves are time dependent. If the coupling
coefficient is negative, then the amplitudes of the envelope interacting solitary waves are reduced from

those in the decoupled limit.

PACS number(s): 03.40.Kf

I. INTRODUCTION

In a plasma, the govering equations for the propaga-
tion of the nonlinear wave-wave interaction between the
high frequency Langmuir and low frequency ion-acoustic
waves may be expressed by a pair of coupled nonlinear
Schrodinger equations [1-3]
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i tPig =~ @l el

) (1)
LS
’_at_2+P23x—22=(112|¢2|2+‘1|'/’1|2)¢2 .

In other cases in plasma, the nonlinear wave-wave in-
teraction such as two transverse waves in a plasma [4-6];
one transverse and a Langmuir waves [6-7], the wave
propagations may also be governed by the Egs. (1). In
optics, the model equations for the slowly varying electric
field amplitudes in a nonlinear Kerr medium can also be
described by the same equations [8—-13]. Without loss of
generality, the coefficient of cross-phase modulation ¢
may be taken as *1, except for the case when the fields
are decoupled in which ¢ =0. The system (1) may have
stable solitary wave solutions [14]. Zakharov and Schul-
man [15] show the complete integrability of this system
in terms “motion invariant” by using the degenerative
dispersion laws in the following restricted cases:

91=492,=q, p,~=p; (2a)

and

919274, P,="P; - (2b)
For these cases, the associated Backlund transformation
and the Hirota bilinearization can be constructed [16].
Recently, interacting solitary wave solutions for the case
(2a) were derived by Tratnik and Sipe [17].

In most cases of physical interest these restrictions (2)
are not even approximately valid. Therefore, approxi-
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mate analytical solutions for the evolution of interacting
solitary waves are necessary to summarize information
and physical insight of the numerical results. In this pa-
per, we wish to investigate approximate solitary wave
solutions for the coupled nonlinear Schrodinger equa-
tions (1). In Sec. II, we use the Hirota method to derive
approximate solitary wave solutions of Egs. (1). Exact
solutions for special cases are given in Sec. III. In Secs.
IV and V, approximate and numerical solutions are
given, respectively. In the last section, a summary of the
paper is given.

II. HIROTA METHOD

The Hirota method [17-19] can be extended to find the
approximate solitary wave solutions for the coupled non-
linear Schrodinger equations (1). We can see that Egs. (1)
are invariant under the Galelei transformation [17]
x'=x—uvt, t'=t,

(3)

v
x—t
2

ij

S}f(x’,t’)=Sj(x,t)exp , j=12,

where S,(x,?) and S,(x,?) are the solitary wave solutions
of Egs. (1). So,

S;(x,0)=S;(x",t")exp |i=—(x —Lvt) |, j=1,2 @
2p;

are also solitary wave solutions of Eqgs. (1) moving with
velocity v than the previous solitary waves.

To solve Egs. (1) we make change of dependent vari-
ables from ,(x,t) and ¥,(x,?) to the functions f,(x,t),
fa(x,t), g(x,t), and h (x,t) as follows:

U(x,0)=g/f, Px,t)=h/f,, )
and
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2
@me=m%§%mvh
_qu (lnfz /q —q19,), (6)
82
|h|2/f3= P2¢I1§2‘(lnf%)
62 2 2
—plqu—z(lnfz) /(q —4.9,) , )

where f, and f, are assumed as real functions of x and .
Using the transformations (5)-(7) in Egs. (1), we get

i(f18,—8F 1) P 1(f18xx —28xf1x 7812 )=0, (8)

and
i(tht_hth )+p2(f2hxx _2hxf2x +hf2xx )=0 ’ (9)

where here on the subscripts x and ¢ denote partial
differentiation with respect to x and ¢, respectively. The
modified Cole-Hopf transformations in (6) and (7) re-
duced the pair of coupled nonlinear Schrédinger equa-
tions into two homogeneous equations (8) and (9). These
equations are decoupled for g and A.

We look for solutions of the Egs. (8) and (9) in the form
(20]
g=eg'+elg it -,
h=eh'V+en¥+ .. | (10)
fi=1+efP+etf P+ -, for j=1,2.

The factor € is a convenient small expansion parame-
ter. Substituting (10) into (6)-(9) we deduce relations
connecting the different £\, £, g™ and 2™ at each
order of €. At first order, one can get

ig;"'+p 18 =0, (11)
and
ih{V+pyhg)=0. (12)
The solutions of (11) and (12) may be written as
gMx,0=Y,+Y,, (13)
and
hUx0=2,+2,, (14)
with
|
g(3)=__‘L a,—a, AR AR S
8p, |a;+a, a? a’
+alf
by—a b
+841;T bif a1+biy+a;+b Y,

and

Y;=A;expla;(x+ip,a;t)],
Z;=B;exp[b;(x +ip,b;t)] , (15)
aj>0, bj>0 for j=1,2,

where 4,, 4,, B, B,, a,, a,, b, and b, are arbitrary
constants. To second order, in € we get

. f5=—q:lg"*—qlnV?, (16)
and
202 f G =—q,|h " —qlg|? . (17
Using (13)-(15) in (16) and (17), we get after integration
e L
2p; | 4a? 4a3
2|Y,Y,|
+ﬁcos[pl(a%—a%)t]]
1 Ta,
_g |1zl 1ZF
2p, | 4b2 4b3
21Z2,2,]
mcos[pz(b%—bg)t]] (18)
17170,
and
P A NG,
2p, | 4b} 4b3
212,27,
Eﬁﬁﬁwmwxﬁ-%nﬂ
170,
_ g |IWlP 7P
2p; | 4a? 4a?
2Y,Y,|
+—————(a _;az)zcos[pl(tﬁ*a%)t]l . (19)
1Ta,

To the third order in €, we get

g +pig =g V4218 D P VR 0
and
ih{+pyhd =ik VD +2p,h V) —poh Vf R, 21)

Using (13)-(15), (18), and (19) in (20) and (21), we may
get the solutions of (20) and (21) in the forms

YIF(pl,pz,al,bl,b2)+ YzF(p],pz,az,bl,bz)}ZIZ; +(bl<—>b2, ZXHZZ)]

|Z,|*+(b,—b,, Z,—Z,) (22)
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2
92 |bimb

1z,1’z, + 1Z,1°Z,
8p, | b t+b,

b b3

+q[{Z,F(py,p,,b1,01,8,)+Z,F(py,p1,b,,a1,a,)} Y, Y5 +(a,oa,, YY,)]

2
8, | a? |a;+b, a,+b, Y +a—ay, Vi=To) |,

a,—b a,—b
+-1 l[‘ Lz, +——212z,

where we define F(p,,p,,a,b,c) as

2p,(b—c)+p,(b+c —2a)
2p,(b +c)py(a+b+c)—(pa?+p,b2—p,cH)]

F(Pppzaa,b,C)=

To the fourth order of €, we may get in a similar way

4 2
(14)= q% a—a, IYI Y212— q(quZ_p2q 2 Zi- Z_]Z
64piatal |a,+a, 8pip, ij=1 (bi+bj)4
q q(b,+b2)2+ 2q 9> 2
2 212 2 pbib 1,2,
8p1(by+b,) 8p,bib3 pilby+by)"  P2b10;
_q(quz"qu) 2 (Zfzj'{'zizf)lzjlz_ 2 M’}k)lYi‘YjZkZI'
161’%171 ij=1 bjz(bi+bj)2 ik, =1 2pl(ai+aj+bk +k;)?
i#j
and
2
(= g3(b;—b,)* 12,2, — 9(p,q1—p1q) 2, Y'Y}
64p3bib3 (b, +b,)* 8p1p3 =1 (g;+a;)
q ¢I(a1+az)2+ 2q 4 |7, 7,2
8p,(a;+a,)? | 8p,aial pyla;+a,?  praa,
_q(Pz‘Il—qu) 2 (Yi‘Yj+YiY;)|Yj|2_ é gfiglzi‘ijkYI*
16p,p3 ij=1 ajz(ai+aj)2 ij k=1 2p2(bi+bj+ak+al)2 ’
i#j
where
) — _ 99, + 949, _ 949 + g2
W pilaita)b+by)  2p (b +b,)?  2py(a;+a;)?  pyla;ta;)
+49,{F(p,P2,a,b4,b))+ F(py,p;,a;,b;,b; )} +‘12{F(P2:P1»bk,0j,ai)+F(P2,P1:b1aai»aj)]
and
22 = 99> 949> 949> q?

@) — + - +
ki p2(bitbj)a,+a))  2py(ap+a;)*  2py(b;+b;)?  py(b;+b;)?

+qq2{F(Pzrplabj,ak’al)+F(P2aP1:bi:a1»ak)}+q2{F(P1»P2;ak,bj,b,-)+F(P[,P2,alabiabj)} .
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In the same way, all other order in € can also be calculat-
ed. Solutions of Egs. (1) then become

eg(“+€3g(3)+ PN
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III. SPECIAL SOLUTIONS

In general, for arbitrary p,, p,, ¢, 45, and g the solu-
tions (29) and (30) will not be exact. However, we can get

¥ = 2702) 4 4p(4) (29) e . . -
1+ef +efiV+ - exact solutions in special cases. First of all, we consider
the decoupled system for (1), i.e., for ¢ =0, in which we
and may find that
e W .
¢2_ 1‘+‘52f(22)+84f(24)+ . (30) g(2n—1) 0
) ) . h(Zn—l) 0
Since the terms g'¥ =", h'%~1, and f{%) are homogene- am  |= gl forn=3. 31)
ous functions of Y, Y,, Z,, and Z, of degrees 2j —1, fi 0
2j —1, and 2j, respectively, so Egs. (15) suggest that for i
the convergence of our solutions (29) and (30), one should
truncate the series, if required, after an even order of €. Then the solution (29) becomes exact
|
—— a;%ta,
(x,0)=V —2p,/q; —
(2 P1/4 |a1—a21
a,—a
X |a;sech @ x+In|———
a,+ta,
Xexp(ip,a®t)+a,sech |a,x +In h %
plip,aj 2 2 a,+a,
4a,a,
X explip,adt) / 1+—
plipia; (al+az)2
{exp(2a,x)+exp(2a,x )+2exp(a,x +a,x)cos[p,(a? —a3)t]} 32
ax - 2 2 al —a 2 ’
1+ P exp(2a;x) { {1+ ata, exp(2a,x)
[
where we set e=1 and Using (34)-(36) in (5)-(9), we may find
A,=2a,V' —2p,/q; A,=2a,V —2p,/q,. (33) g b 0
2n—1 | —
Similar solution for 1,(x,) may be obtained. h =10| forn=22. (37)
Next, let us take f, =f,=f and solutions of (11) and fem 0
12
(12)as L Then the solutions (29) and (30) become [20] as
gV(x,t)=2a 2213—2—}22 expla(x +ip,at)], (34) P1dr—P)q 172
9°—419; ¥(x,0)=2a |2——— sechax exp(ip,a®t), (38)
9 9192
and
172 _ 172
_ P24, P19 .
hV(x,t)=2a 2__—__p22q] Lat] expla(x +ip,at)], (35  $(x,0)=2a|2—F— sechax exp(ip,a’t), (39)
9°—919; AL
provided where we have again used e=1.
R Finally, we take the problem considered by Tratnik
(p192—P,9)/(q¢°—q,49,)>0, and Sipe [17]. In this case, we have
and pi=p,=1, ¢,=¢;=—1, (40)
(p241—P19)/(a*—419,)>0 . and
In this case, we may get from (18) and (19) qg——1.
¥ =exp(2ax) . (36)  Using (40) in (5)=(7), we get their transformations (3.4)
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and (3.5). For the solutions parameters, we should take
the solutions (13)-(15) as

g(”=Y1, h(1)=Z1
with

we may get

(41)
A,=2V2a,exp(—a;x,y); B;=2V2b,exp(—b,xy) .
Using (40) and (41) in (18), (19), (22), (23), (25), and (26)

(v1*
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(v v-pi? 5

5x10 |

08|
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FIG. 1. |¢/¢'™|? is plotted against x for the solutions (48)
for p; =0.45, p,=0.55, g, =—0.45, ¢, =—3, g=—1, £=0.05, (b)

%x10=0.9, x1,=0.9, a,;=1, (@ 5,=0.05, [¢i™[*=0.196,

[9y™|2=7.02X 1075: s /™ — — —, [, /981 (b) FIG. 2. |¢,|? is plotted against x for the solutions (48) for
5,=0.10, |¢{™|2=0.174, |P™|*=5.14X10"% — — —, £=0.05, x,0=0.9, x)o=0, ¢,=—0.45, g,=—3
[ /9™ 1% ——, [92/95™1% (0) by =0.30, |¢{™|*=3.59X 1072, =
[¥5™1?=7.56X107% — — —, |9 /™% ——, [¢ha/9™I2

a;=1, b,=0.03, (a) p,=0.6: ——, p,=0.5; — — —, p; =0.6;
¢+« 4 p1=0.4;(b) b,=0.5: — — —, p,=0.5;. .

9 q=-1,

. ',p2=0.4.
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FIG. 3. |¢,|? is plotted against x for the solutions (48) for o
€=0.05, x,,=0.9, x},=0.0, a,=1%, b,=0.05 p,=0.5,
p,=0.45, q2=—%, g=—1 .... ¢=—045 ———, 08
q,=—0.6.
06 -4
0.4
fP=r% =exp[2a,(x —x,0)]+exp[2b,(x —x5)] , 02
(42) 00
-3 (x)
— a;—b
D=2v24, | —2L
g ! a,+b,

Xexpla(x —x,0)+2b,(x —x,,)]exp(ia3t) , (43a)

a,—b,

h==2V2b, |~
1 1

Xexp[2a,(x *x10)+b1(x—xzo)]exp(ib%t) y (43b)

2
al'—bl
=== | expl2a1(x —xy0)
1 1
+2b1(x _xZo)] ’ (44)
and
g(2n—l) 0
h(Zrl—l) 0
f(lz,,) ol forn=3. (45)
f(22n) 0

Then the solutions 1, and 1, may be expressed as

15 (x)

FIG. 4. |¢/¢'™|? is plotted against x when the solutions of
gV and AV are taken as in (50) for e=0.05, x,,=0.9, x},=0.9,
p1=0.5, p,=0.45, q,=-—0.45, q2=—%, t =0, al=%,
a,=0.03, (a) b, =0.03, |¢{™|2=0.227, |¢&™|?=1.33X10"%:
— ==, lgmE —, /M ) b =0.1,
li™2=0.213, |pi™|?=2.45X107% — — —, [, /9™ ]} —,
[, /95™1%, (@ by=1, [¢™[*=0.133, [¢y™[*=4.21X107%
— = =, /P s /g1,
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¥,(x,6)=2V2a, exp[a,(x —x o) +ia’t]

a,—b
X 1+———-—ai+blexp[2b1(x —X)] / 1+exp[2a,(x —x ;)] +exp[2b,(x —x4)]
1
2
a;—b,
+ a,+b, exp[2a1(x—xlo)+2b,(x—x20)]], (46a)
Py(x,6)=2V2b, exp[b,(x —x)+ib3t]
a,—b
X l——a:+b:exp[2a,<x—xm)]}/ll+exp[2a1(x—xlo)]+exp[2b1<x —Xp0)]
2
al_b‘
a1+b1 exp[zal(x _x10)+2b1(x—x20)] } ’ (46b)

where we used e=1. These exact interacting solitary wave solutions (46) correspond to the solutions of Tratnik and
Sipe [17]. The properties of these interacting solitary waves were discussed in that paper.
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FIG. 5. |¢,|? is plotted against x when the solutions of g‘"
and h'V are taken as in (50) for £€=0.05, x,,=0.9, x’,=0.9,
P1=0.5, p,=0.45 ¢, =—0.45, ¢,=—3, g=—1, a;=1,
@,=0.03, b,=0.03: (@ ——, t=0;, —— —, t=65, (b)
— — —,t=65;, —, t=130.
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FIG. 6. |4,|? is plotted against x when the solutions of g‘!’
and A'V are taken as in (50) for £€=0.05, x,,=0.9, b; =0.03,
x10=0.9, p;=0.5, p,=0.45, ¢;=—0.45, ¢,=—3, ¢=—1,
a;=1, a,=0.03: (a) ,t=0; — — —, t=65, (b) — — —,
t=65;. . - ., t=130.
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IV. APPROXIMATE SOLUTIONS

In this section, the exact solutions as given in (46) have been extended for the case when conditions (40) may be re-
laxed. In general, for arbitrary values of p,, p,, ¢, g5, and g the solutions (29) and (30) may not terminate. Therefore,
truncation of the series at a certain stage is required to get an approximate solution. In our solutions, the term each
other of € involves some powers in exponential of x, so domain x depends on the expansion parameter € for which our
solutions will be accurate. If g'" and h‘! are taken in the following form

g(l):_Y1 and h(l)=Z1 , (47)
then up to the fourth order in € we can get from (29) and (30)
¥y (x,0)=2V —2p,/q,a, exp(6+ip,ait)
p2g(by—ay) P29 P1927 P29
X [1+————exp(26") / 1+exp(20)+ exp(26’) |1— ————exp(20')
P19x(a;+by) P19, 2p1q;
8p.a2bAll)
— OOV p[2(04+6)] | (48a)
9192(a,+by)
and
Clv/emi?)y Civ fem1h)
1.0 1.0
0.8 08
0.6 0.6
04 | o4
02 02
0.0 s L o~e 0.0
3 0 3 6 9 12 15 (x) -3 o)
(a)
Qv fe™1*)
1.0]
08
0% |
04
02
00

{x)

FIG. 7. |¢/¢/™|? is plotted against x for the solutions (29) and (30) for £€=0.05, x,,=0.9, x},=0.0, p,=0.5, p,=0.45,
g1=—0.45,9,=—3,9=—1,a,=1,a,=0.03, b,=0.03, t =0, (a) b, =0.03, |¢{™|2=0.192, |${™|*=5.55X 107> s | /™%
— = =, [/ B 5,=0.15, [¢™2=0.109, [¢§™P=1.36X10"% — — —, | /d™ 5 ——, |/ey™ 2, (©) by=0.30,
[P =3.91X1072, [${™>=3.45X 107 — — —, [ /™15 ——, ¥, /95™|2
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U,(x,6)=2V"—2p,/q,b, exp(6' +ip,b}t)

pig(a,—by) Pyq P291 P9
X |1+ ———exp(20) / 1+exp(20')+ exp(26) |1 — ———exp(20)
P29:(a, +by) P P P24, P P291
8 02b2}\.(2)
- PO pl2(04+6)] | (48b)
919,(a; +by)
—
To get (48) we have used Moreover, we have taken p; >0, p, >0, and g <0 because

Al=201\/“2P1/41CXP(_017‘10) ’
B =2b,V —2p,/q,exp(—b;x}) , 49)
e=exp(—a,8;)=exp(—b,8}),

and
9=al(x _xlo_al); 6'=b|(.x —x'lo—ﬁ'l) .

If the value of p,, p,, 4,, 95, and g are used as in (40) and
X jo is replaced by x,,, then solutions (48) reduced to (46)
for ,=0=34]. The solutions (48) show that |¢,| and |4,
are time-independent pulses. If the system (1) is single
decoupled, i.e., ¢ =0, then (48) gives either

1=V —2p,/q,a, exP(ipla%t)SCCh[al(x‘_xlo“al)](s,o )
a
¥,=0;

or

¥,=0,

(50b)
=V —2p,/q,b, explip,bit)sech[b,(x —x}—83)]

as expected.

To interpret Eqs. (48), let us take |h‘V| <<1 with |g‘!|
as finite. In this case Egs. (48) reduce to (50a), which is
the single decoupled soliton solution where a, is related
to the amplitude and x  to the position of the maximum.
If we take the limit |g‘V| <<1 with |A#‘V| as finite then
Eqgs. (48) give the other soliton solution (50b), where b, is
related to the amplitude and x}, to the position of the
maximum. In the case where either g‘V or 2!’ or both
are large, we get ¥;~0 and ¥,~0. When both 2" and
g'V are finite, Eqs. (48) give the interacting solutions.
Equations (48) represent well behaved solutions that
tends to zero as magnitude of x tends to infinite.

V. NUMERICAL SOLUTIONS

For our numerical computation we set
Aj=2aj V —2p, /QICXP( —ajx]'o) ’
B;=2b;V —2p,/q,exp(—b;x}y) ,

—_ Y |
X ="Xjp and x3="Xjg .

the solitary wave solutions (38) and (39) for the Egs. (1)
are stable in this case [14]. The values of ¢, and g, are
taken as negative to ensure that in the absence of cou-
pling we may regain the solitary wave solution (50). Solu-
tion (48) are shown in Figs. 1-3. Comparing solutions
(50) with Fig. 1 we may find that when a, =b,, the shape
of the envelope solitary waves ¥, and ¢, remain almost
unaltered but their maxima are reduced due to coupling.
If a;>>b,, then the envelope of the solitary wave 3,
remains almost unaffected due to coupling with ,, on the
other hand, the envelope of the solitary wave i, is de-
formed due to coupling with ¥,. Figures 2 and 3 show
the effects of the change of dispersion and cubic non-
linear coefficients on the envelope solitary wave respec-
tively. Figures 4—6 show the solutions ¥, and ¥, when
g'V and 2V are taken in the following forms

gVx,)=Y,+Y,, h'Vxn=2Z, . (51)

From Fig. 4, we may see that |¢,| and |¢,| have the same
property as in Fig. 1 if we take g and A} in (47) in-
stead of (51). Figures 5 and 6 show that |¢,| and |¢,| are
time dependent and the evolution of the pulses are
periodic.

Finally, we have taken the solutions g‘’ and A‘!) as in
(13)—(15). These are plotted in Figs. 7-10. Effects of
nonlinearity on the evolution of the pulses are shown in
Fig. 8. Evolution of the pulses and the effects of the
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FIG. 8. |¢,|? is plotted against x for the solutions (29) for
£=0.05, x)0=0.9, x}o=0, p, =0.5, p, =0.55, g, = — 3, g=—1,
a;=0.03, a,=0.03, b,=0.03, b,=0.3, t=0: —,
q,=—0.45;. . . ., q,=—0.51.
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a,=0.03, a,=0.03, (a) |¢,|? is plotted against x for the solution (29): ,t=0;. . .

., t=30; — — —,t=50, (b) as in (a): ——,
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FIG. 10. With the values of €=0.05, x,,=0.9, x},=0.0, p, =0.5, p,=0.55, g, =—0.45, ¢, =

-3, ¢=—1,a,=0.03, a,=0.03,
b,;=0.03, b,=0.3, (a) [¢,|* is plotted against x: t=0i. . .., t=30; — — —, =50, (b) as in (@) — — —, 1=80; - - - -,
t =100; , t =130, (c) |4,|? is plotted against x: ——,t=0;. - . -,

t =50, (d)asin (¢c): — — —,t=80; ——, t =130.
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change of dispersion coefficients are shown in Figs. 9 and
10, respectively.

V1. SUMMARY

The pair of coupled nonlinear Schrodinger equations
(1) can be exactly solvable for the restricted cases (2)
[15,16]. Interacting solitary wave solutions were known
for (2a) [17]. In this paper we have extended the later
case for arbitrary coefficients p,, p,, ¢, 4,, and q to find
approximate interacting solitary wave solutions. Previ-
ous results have been regained from our solutions. By us-
ing (3) in (29) and (30) we can get other solutions of ¥,
and ¥, that are traveling with velocity v. It has been
shown that if we take solutions of (11) and (12) as in (47),
then |¢,| and |¢,| can be made time independent. If solu-
tions for g'! and A" of Eqgs. (11) and (12) have been tak-
en as in (13)-(15) or (51), then we have seen that [y,]
and |y,| are functions of both space and time. Approxi-
mate periodic solutions of |¢,| and |¢,| may be marked
from Figs. 5, 6, 9, and 10. From Figs. 3 and 8 we can see
that if we change the coefficient g, taking ¢, unchanged
then |¢™| is reduced for large values of ¢,. If we change

Q%)
020

015 | N\

018 \
005 |

00

(Continued).

p, and p, then its effects may be seen from Figs. 2 and 10.
We stated that if p, is fixed then |¢y™| has larger values
for larger values of p,. Again, if we take p, as fixed then
|5™| has larger values for smaller values of p,. If g
and h'Y have been taken as in (47), then for £=0.05,
x,0=0.9=x},, p;=0.45, p,=0.55, ¢q,=-—0.45,
49,=—%,9=—1,a,=1%, b;=0.3 we may have from Fig.
10 that |¢{™|2=~3.59X 1072 |#4™|>~7.56X 1072 and
these values attained at x are nearly equal to 7.0 and 7.3,
respectively. On the other hand, if we set g=0 we may
find from (50) that |¢{™|?=~0.222, |¢\™|?*~0.18, and
these values attained for x are equal to 9.9 and 10.9, re-
spectively. From these, we may conclude that if ¢ <O,
then maxima of |¢,| and |¢,| are reduced from that in
the decoupled limit.
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