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The influence of the spatial variation of the elastic constants of a nematic liquid crystal on the detect-
able surface anchoring energy is analyzed. It is shown that, in the framework of the usual elastic ap-
proach, the apparent surface free energy connected with the spatial variation of the elastic constants is

proportional to the difference between the average value of the elastic constant in the surface layer and
the bulk value. The related extrapolation length is estimated to be of the order of the interaction range
of the forces responsible for the nematic phase. When the spatial variation of the elastic constants is

large and the usual elastic approach does not work, the same analysis is performed in the framework of
the second-order elasticity. In this case a nonlocal form for the surface energy is used. By considering

simple situations the equivalent surface anchoring energy is deduced. Our results generalize the con-
clusions obtained by other researchers for a similar problem.

PACS numberts): 61.30.Cz, 61.30.Gd

I. INTRODUCTION

The bulk elastic behavior of nematic liquid crystals
(NLC's) is well described by the continuum theory pro-
posed long ago by Frank [1]. According to this theory a
distorted NLC is described by a vectorial field n=n(r),
called director. It is defined as the statistical average of
the long axis of the rodlike rnolecules forming the NLC
phase. The vectorial field n(r) is obtained by minimizing
the total free energy F of the NLC sample under con-
sideration. In the case in which the orientation of n on
the limiting surface of the sample is fixed by the surface
treatment, F can be written as

on the bulk distribution of n(r).
In a more realistic situation the surface orientation of

the director depends on the bulk NLC distortion. This
case is known as weak anchoring case. In this case the
total free energy of the NLC sample is given by

F =ff (n;, n; j)dr+ f 1(t(n;)dX, (1.4)
T X

where the first term of the right-hand side is the bulk
contribution, and the second one the surface contribu-
tion. P(n; ) is the so-called surface free-energy density [2].

By minimizing (1)—(4) one obtains that n(r) is still a
solution of Eq. (1.2), for which the boundary conditions
are now given by

where ~ is the volume of the sample, n, the i component
of the director n, n; =t}n, /Bx . its spatial derivatives, and

f the NLC free-energy density. By minimizing F and
taking into account that n =1, one obtains that n(r}
satisfies the differential equations

N + =0, Vr&X,
Bn;~ Bn;

where N is a unit vector parallel to the normal to the sur-
face dX(r). In the case in which the NLC is undeformed
(and hence n; J =0, Vr G r), Eq. (1.5) gives

(1.2)

where 8 =8/Bx. , and A. is a Lagrange multiplier con-
nected with the condition a = l.

Equation (1.2) has to be solved with the boundary con-
ditions

which defines the surface easy axis m, i.e., the surface
orientation minimizing the surface free energy. In the
case

~
n(r H X)—m

~
((1, P can be written in the form

g(n, )= ——(n n. ), VrCX,W

(1.3)

where no(r) is the director imposed by the surface treat-
ment, and X is the surface limiting the volume ~ of the
sample. The situation described above is known as the
strong anchoring case, in which no(rEX} is independent

known as the Rapini-Papoular [2] expression of the sur-
face energy density.

The previous discussion concerning the stable orienta-
tion of a deformed NLC is general and applies to all elas-
tic problems [3]. However, it is important to stress that
the analysis implies the possibility of separating the bulk
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contribution from the surface one. As it is well known, f
is usually written in the Frank form

11 . 2 k22 2 k33f = (divn) + (n rotn) + (nXrotn), (1.8)
2 2 2

where k», k22, and k33 are the splay, twist, and bend
elastic constants, respectively. They are connected with
the intermolecular forces giving rise to the NLC phase.
They may be obtained, as shown, e.g., in Ref. [4], by ex-
panding the interaction energy at the second order and
integrating over a spherical volume, whose radius coin-
cides with the molecular interaction range p. This in-
teraction sphere is complete only if the distance between
the molecule under consideration and the boundary sur-
face of the sample is larger than p. Otherwise it is incom-
plete, and the elastic constants depend explicitly on the
distance between the molecule and the surface. This im-
plies that a simple elastic description of a NLC near a
wall is no longer possible. To be more precise, the sepa-
ration between bulk and surface contributions is, to some
degree, arbitrary. The situation is even more complicat-
ed, because the surface may be responsible for "fields"
giving rise to a bulklike interaction, localized near the
surface, which modifies the expression of f. These as-
pects of the problem have been analyzed by different au-
thors [5—7].

In this paper we analyze the connection between the
spatial variation of the elastic constants and the anchor-
ing energy by supposing that (i) the NLC scalar order pa-
rameter S is position independent, (ii) the function densi-

ty d of the NLC is steplike, and (iii) the conductivity of
the NLC is high enough to ensure that the Debye screen-
ing length is microscopic.

According to (i) and (ii) the free-energy density of the
NLC reduces to the elastic energy given by (1). In the
opposite case, in the free-energy density, terms propor-
tional to the gradient of S and of d also appear, as well as
contributions proportional to S and d. Of course, a gra-
dient expansion of the free-energy density is possible only
if the profiles of S and d are not very sharp. Otherwise
the gradient expansion fails to converge, and an elastic
description of the NLC free-energy density is no longer
possible.

Hypothesis (i) is equivalent to supposing that the tem-
perature of the NLC is sufBcient to fix a bulk value of the
scalar order parameter equal to the one (unknown) fixed
by the surface.

Hypothesis (ii) is equivalent to supposing that the sub-
strate density is equal to that of the NLC, and that pack-
ing effects do not cause large number density gradients
near the surface limiting the NLC.

Hypothesis (iii) is important in order to neglect the
flexoelectric polarization and the electric effect connected
to it.

These hypotheses are very restrictive, and a more
rigorous analysis also has to consider spatial inhomo-
geneities of S and d. However, in some special situations,
like the one described above, the spatial variation of the
elastic constants may be the most important effect due to
the presence of the surface. This is true, in particular,
when the range of forces giving rise to the NLC phase are

long range.
In Sec. II, by considering simple situations, we will

show that an apparent weak anchoring energy can be as-
sociated with a spatial variation of the elastic constants,
even in the case in which the actual interaction energy
between the NLC and the substrate is infinite. There we
will discuss also the case in which the NLC-substrate in-
teraction is finite, considering in detail the case in which
the surface forces are short range. The more general case
in which the NLC-substrate interactions has both long-
and short-range contributions is also discussed.

In Sec. III it will be shown how it is possible to take
into account the spatial variation of the elastic constants
by modifying the surface energy density and the bulk
elastic energy density. Then a model proposed long ago
by Mada will be correctly applied [8—10].

Simple applications of our generalized model will be
given in Sec. IV, in which the well-known Freedericksz
transition will be reconsidered. The main results of our
paper are emphasized in Sec. V.

II. SPATIAL VARIATION
OF THE ELASTIC CONSTANT
AND ANCHORING ENERGY

As we stressed in Sec. I, the NLC elastic constants are
expected to be position dependent near a wall. Their
behavior is shown in Fig. 1, which refers to a NLC limit-
ed by a fiat surface localized at z =0. k (0) is the surface
value of the elastic constant, kb the bulk value, and p the
range of the intermolecular forces responsible for the
NLC mesophase.

We underline that in general k&
—k (0) is not negligible

with respect to kb. The aim of this section is to connect
k(z) with the anchoring energy. For this we suppose
that (1) the NLC deformation is one dimensional, and
that the NLC director is everywhere parallel to a given
plane; (2) the NLC sample is a slab of thickness d, whose
surfaces are localized at z =0 and d; (3) the surface at
z =0 is characterized by strong anchoring, whose easy
axis is parallel to the z axis (homeotropic alignment); (4)
the surface at z =d is characterized by strong anchoring,
whose easy axis is at an angle 4 with the z axis (tilted

k(0)

0 P

FIG. 1. Nematic elastic constant vs the distance from a flat
surface. kb and k(0) are the bulk and surface values, respec-
tively. The z dependence of the elastic constants is limited to a
surface layer, whose thickness is of the order of the range of the
intermolecular forces responsible for the nematic phase.
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f =
—,'k (z)tI}' (2.1)

As stated above, the P(z) profile is obtained by minim-
izing the total free energy

F= f ,'k(z)P—' dz, (2.2)

with the boundary conditions

P(0)=0 and P(d)=4 . (2.3)

alignment); and (5) the deformation is small and hence
4 «1.

As follows from hypothesis (i), the twist contribution
to the elastic energy is identically zero, because
n. rota =0. Consequently the Frank energy density
reduces to

f =
—,'k»(z) (divn) +—,'k»(z)(nXrotn)

where k&&(z) and k33(z) are the local elastic constants for
splay and bend deformations. In terms of the tilt angle
P(z)= cos '[n(z) e, ], where e, is the z-axis unit vector,
the expression for f writes

f =
—,'[k, &(z) sin P(z)+k33(z) cos P(z)]P'

where P' =d P/dz. This expression shows that the
effective elastic constant

k(z)=k»(z)sin P(z)+k»(z)cos P(z)

depends on the nematic tilt angle P(z). In the event in
which P(z) ~0, a simple calculation gives k (z)

k 33 (z ) +0 ( P ), i.e., the effective elastic constant coin-
cides with the bend elastic constant. In the limit of small
tilt angles [hypothesis (5)] the elastic energy density, at
the second order in P(z), is then

P(z) =C-
d

(2.9)

In order to relate k (z) to the surface energy, it is neces-
sary to observe that

k(z)Xkb, for z E(O,p) and z E(d —p, d),
k(z)=kb, for zE(p, d —p) .

Consequently, Eq. (2.5) can be written as

k(z)P'=c, VzC(O, p) and VzE(d p, d—),
kbp'b =c, Vz C (p, d —p),
where

(2.10)

(2. 1 1)

(2.12)

is the value of P'(z) in the "bulk, " i.e., in the region
where k (z) =kb is constant.

From (2.11) we also deduce

kb0'«)= k, 0b .

By means of (2.13), (2. 12), and (2.7), we obtain

P(z)=Pb J(O, z), z C(O,p),
P(z)=P(p)+Pb(z —p), z &(p, d —p),
P(z)=P(d p)+P'bJ(d——p, z), zE(d —p, d) .

(2.13)

(2.14)

By imposing the continuity of P(z) for z=p and
z =d —p, and taking into account the boundary condi-
tions (2.3), from Eq. (2.14) we have

4(p) =4'b J(0 p»

Simple calculations give

d
dz

[k (z)P'] =0,

from which

k (z)P'=c, (2.5)

where c is a constant. By using (2.5) and (2.3), we obtain

P(d p) =P(p )+P—b (d —2p ),
4=/(d p)+P'b J(—d —p, d),

from which we obtain

J(O,p)
d —2p+ J(O,p)+ J(d —p, d)

~(d )
J(O,p)+d —2p

d —2p+ J(O,p)+ J(d —p, d)

(2.15)

(2.16)

where

kb

J(O, d)
(2.6)

J(a,P) = f '
dz

a k z)
(2.7)

~( ) @J(O,z)
J(O, d)

(2.8)

is connected to the spatial variation of the elastic con-
stant. By means of (2.6) and (2.7), Eq. (2.5) gives

and hence

(2.17)
d —2p+ J(O,p)+ J(d —p, d)

Let us suppose kb —k(z) ~0. In this situation the
trend of P(z) is as shown in Fig. 2, where P,„arededuced
by extrapolating the bulk trend of P(z) up to the boun-
daries.

In the case considered, P,„(0))0 and P,„(d)(@.
A simple calculation for the extrapolated values of

P,„(0)and P,„(d)gives the expressions

which is the solution of our problem. In the case in
which k (z) =kb, Eq. (2.7) gives J[a,p; k(z) = k]b=p a, —
and (2.8) becomes the well-known linear solution for the
distortion in the case of fixed boundary conditions:

P,„(0)= J(O,p) —p
d 2p+ J(O,p)+ J(d —p, d—)

J(O,p)+(d —p)
d 2p+ J(O,p)+ J(d ——p, d)

(2.18)



49 ANCHORING ENERGY FOR NEMATIC LIQUID CRYSTALS: 5381

0(z) ii the usual extrapolation lengths.
By identifying $,„(0)and P,„(d)with P(0) and P(d),

Eqs. (2.18) and (2.23) give—4..(d)
Lo J(0 p} p

Ld =J(d —p, d) —p,
(2.24)

from which it is possible to connect the effective extrapo-
lation lengths with the spatial variation of the elastic con-
stants. In the considered case we can put

0 P d—p J(O,p) =J(d —p, d}=J (2.25)

FIG. 2. Nematic tilt angle P(z) in a slab characterized by
strong anchoring on the two surfaces, whose easy axes are
homeotropic and tilted at an angle 4. In the bulk, where
k (z) =kb, P'(z) is a constant. In the two boundary layers the z
dependence of the elastic constant introduces a spatial variation
of P'(z).

LO=Ld =J —
p

which it is possible to rewrite as

p kb
LO=Ld =J—p= dz —

p
0 k(z}

(2.26)

at the lowest order in 4. In this approximation, from
(2.24) we obtain

F=f P' dz+ P (0)+ [4—P(d)] (2.19)

where the surface contributions are supposed to be con-
nected with interactions of very short range. Simple cal-
culations give

P'(z) =const, Vz C (O, d),
—kbp'(0)+wop(0}=0, z =0,
k„P'(d)+wd[P(d) 4]=0, z =d —.

From the first equation of (2.20), we have

P(d) —$(0)
d

and hence

Lo
0 =

d +Lo+Ld

for the surface tilt angle on the z =0 wall, and

(2.20)

(2.21)

(2.22)

The extrapolated values of f are the only ones which
are experimentally detectable. They may be considered
as the actual values of P(z), difFerent from P(0) =0 and
P(d)=4, because the efFective anchoring energies are
finite.

In order to relate k (z) to the effective anchoring ener-
gies, we now have to consider the classical problem in
which the elastic constants are position independent, but
the surfaces at z =0 and d, characterized by easy axes 0
and 4, have finite anchoring energies mo and wd, respec-
tively. In this frame the P(z) profile is obtained by
minimizing the quantity

pk, —k(z) (kb
—k(z)

dz —p
o k(z) k(z)

(2.27)

The effective surface energy is then

(2.28)

Equation (2.27} shows that

(2.29)

Consequently the extrapolation length connected to
the spatial variation of the elastic constants is of the or-
der of p, the range of the intermolecular forces responsi-
ble for the NLC phase, which is usually very small. It is
important to stress that w )0 for k& ~ k (z}.

The case considered above was connected with the sit-
uation shown in Fig. 3, in which one surface is character-
ized by homeotropic alignment and the other by tilted
alignment. In this case the symmetry is broken in the
sense that the surfaces are intrinsically different. For this
reason it may be interesting to consider another situation,
in which both surfaces are characterized by tilted align-
ments with antiparallel configurations, as shown in Fig.
4. In this case the easy axes are +4 for z=+d/2. In
this case the surfaces are identical, and therefore it is pos-
sible to give a simple analysis of the effective anchoring
energy connected to k(z}. To analyze this case it is use-
ful to use the Cartesian reference frame shown in Fig. 4.

The total free energy is still given by (2.2), and the
boundary conditions are now

Lo+d
d +Lo+Ld

d = (2.23)

d
2

(2.30)

for the surface tilt angle on the z =d wall.
In (2.22) and (2.23), Lo=k&lwo and Ld =k&/wd are

d
2
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——+p —J ——,——+p
2 2' 2

(2.34)

By minimizing the total free energy one again obtains
Eq. (2.5), whose solution is now odd in z: P(z) = —P( —z).

By solving Eq. (2.5) for the case under consideration,
we obtain

P(z) = —4+/~ J ——,z, z E ——,——+p
d d

P(z) =P&z, z E ——+p, 0

(2.31)

By imposing the usual conditions of continuity and
taking into account (2.30), we have

FIG. 3. Nematic liquid crystal slab, characterized by homeo-

tropic and tilted easy axes.

w+—
2 2

2

(2.35)

Expression (2.35) refers to a NLC sample for which it
is possible to assume k (z) =kb, but characterized by
finite anchoring energies w, and easy directions 4, due
to short-range surface forces. Simple calculations give

6f

2

—+LG

2

(2.36)

where L =k/w. By comparing (2.36) with (2.34), we ob-
tain

L=J ——,——+p —
p2' 2

In order to find the equivalent anchoring energy we
now have to identify P,„(—d/2) with the surface tilt an-

gle obtained by minimizing the quantity
'2

d/2 kb 2

d——+p
2

d
+p

2

——+p —J ——,——+p
6

2 2' 2

and

I
b

——+p —J ——,——+p
Gf 6f

2 2' 2

The extrapolated value of the tilt angle is then

(2.32)

(2.33)

—p/2+p k&
—k (z)

—an k(z)
kq —k (z)

k(z)
(2.37)

coinciding with (2.29).
The case considered now is important because it gives

us the opportunity to analyze the situation in which the
elastic constants are position dependent and, at the same
time, the anchoring energy is finite. In this manner we
can show that the e8'ective surface energy has an intrinsic
part and a part coming from the spatial variation of k.
To show this, let us consider the situation in which the
total free energy is given by

2
d+

2 2
(2.38)

FIG. 4. Nematic liquid crystal slab, characterized by oppo-
site easy axes.

instead of (2.2). In (2.38), w, is the intrinsic anchoring en-

ergy where, as before, the surface contributions are sup-
posed connected to the NLC-substrate interactions of
very short range. In the event in which surface long-
range interactions contribute to the free energy, the
analysis has to be modified, as will be discussed at the end
of this section.

Let us now neglect these long-range contributions. By
minimizing (2.38), we again obtain Eq. (2.5), whose solu-
tion is odd in z, and the boundary condition
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—k
2

d
+w, P ——+4 =0,

2 ' 2
(2.39)

(kz
—k(z)

)
kz

(2.44)

k,.

2 N;
(2.40}

for the surface tilt angle, and

at z = —d /2. By using Eqs. (2.5) and (2.39) we obtain

tz ( kzk(z) ) w,
(2.45)

showing that L has an intrinsic part, kblw;, and a part
connected to the spatial variation of k. The effective an-
choring energy is then found to be

(I)(z)=P ——+P'b J ——,zd

z6 ——,——+p2' 2

P(z}=P'bz, z C ——+P,O

(2.41)

From (2.45) we may conclude that a spatial variation of
the elastic constant is equivalent to a finite anchoring en-

ergy. The effective anchoring energy can be separated
into intrinsic and extrinsic parts.

The analysis reported after Eq. (2.38) holds in the case
in which the surface contributions are connected only to
short-range interactions. In the event in which long-
range contributions play an important role, the total free
energy to be minimized is

for the P(z) profile near the wall and in the bulk.
By using (2.41) and (2.40), for the extrapolated value of

P we obtain the expression

ex b 2

d
2

d d d——+p —J ————+p
2 2' 2

kb

Wl'

2 ' 2
d d+ p ——+4 +

2 2 2 2

(2.46)

Comparing (2.42} with (2.36), we have
z

bL =J ——,——+p —p+
2 2 w;

(2.42)

(2.43}

for the effective extrapolation length. Equation (2.43)
may be rewritten as

instead of (2.38}. In (2.46), —,'u(z}P is the anisotropic
contribution to the bulk energy connected with the long-
range contributions of the NLC-substrate interaction, in
the limit of small tilt angle P. A problem of this kind was
considered, in a different context, by Dubois-Violette and
de Gennes [11].

u (z} is different from zero only in two surface layers of
thickness r, i.e.,

u(z)%0 for zG ——,— —+r and zC
2

'
2 2

'
2

(2.47}

u(z)=0 for zE — —+r, — r—
2

'
2

k(z}
—d/2 2

+—,'(w;+ A) P ——+
2 w;+A

'2

+—'(u) + A)
«f

2 2

2

+const, (2.48)
M;+A

where
—(,d/2)+r

A =I u(z)dz=r(u(z)) .
d/2

(2.49)

A simple analysis of (2.46) shows that for r «p, the
long-range term renormalizes the short-range ones. In
this framework (2.46) is equivalent to

Hence, in this case (r «p) the previous analysis works
well. In particular, Eq. (2.44) remains valid if w; is
changed in u);+ A and 4 in [w;i(w;+ A)]4. However,
the situation r &&p is not very interesting because it is
equivalent to supposing again that the surface forces are
short ranged. The most important situation is the one in
which r =p. From the physical point of view this means
that the interaction of the NLC molecules with the sub-
strate molecules has a short-range contribution due to
steric effects (responsible for w; ), and a long-range contri-
bution, connected, for instance, to the anisotropic van
der Waals interactions, of the same kind as those respon-
sible for the NLC phase.

In this case, by minimizing (2.46) we obtain
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d, d d
dz

[k (z)P'(z)] —u (z)P(z) =0, z E 2'2 (2.50)
where

u =p(bk)

for the bulk equation, and again the boundary condition
(2.39). The solution of (2.50) depends, obviously, on the z
dependence of k (z) and u (z). However, it is important
to stress that in this case it is no longer possible to
separate the k (z) eff'ect from the u (z) effect. Consequent-
ly an expression of the kind of (2.45), in which the ap-
parent surface free energy is written as the sum of an
elastic contribution and an intrinsic contribution, does
not exist. This means that our analysis works well only
in the case in which only short-range forces due to NLC-
substrate interactions are important.

III. GENERALIZED
SURFACE ANCHORING ENERGY

The first attempt to take into account the spatial varia-
tion of the elastic constant has been carried out by Mada
[8]. We observe that k (z) may be written in the form

k (z) =k„+hk (z), (3.1)

=
—,'p(hk) P' (z* }+—,'p(bk)+P' (z+ ), (3.4)

where kb is its bulk value, and b, k (z) its variation due to
the presence of the surface. Consequently the elastic en-

ergy connected with k (z) is

Since b,k(z}%0 only in two boundary layers of thick-
ness p, the last term in (3.2) is equivalent to

—d/2

=f 2
b, k (z)P' dz + f —,' b, k (z)P' dz , (3.3)—d/2 d/2 —

p

where p is a quasimicroscopic length. In the framework
of the continuum theory, P(z) is expected to change over
a macroscopic length. Hence (3.3) may be rewritten as

f'" -'ak( )y'dz—d/2

is an anchoring energy strength connected to the z depen-
dence of the elastic constant. According to Mada, Eq.
(3.2) has to be rewritten as

(3.8)

in the strong anchoring case. The P(z) profile is then ob-
tained by minimizing (3.8), with the boundary conditions

(3.9)

if the antisymmetrical case considered at the end of Sec.
II has to be solved. The idea of Mada has a physical
meaning, but his theoretical analysis is not correct [9,10].
In fact, as is well known, the function minimizing (3.8) is
not of the C, class [12],but it generally presents a surface
discontinuity [13,14]. As we have shown long ago
[15,16], it is possible to consider surface energies depend-
ing on P and P' and have a well-posed variational prob-
lem only by generalizing the bulk elastic energy density.
To be more precise, it is possible to consider surface free
energies of the kind g=P(P, P') only if f =f(P, P', P").
A simple generalization for f is

f = —'k P' + —'O'P" (3.10)

which was proposed to analyze the influence of the k, 3

elastic constant on the P(z) profile [15,16].
In the following we want to connect the effective an-

choring energy with the w parameter introduced above.
In this manner we will be able to recover, in some special
cases, the results obtained in Sec. II. However, we will

generalize the results obtained there, in the framework of
the second-order elasticity.

Let us consider a NLC slab of thickness d character-
ized by two opposite easy directions, as done in the last
part of Sec. II. The surface free energy densities are sup-
posed to be of the kind

where

(~k) =—' f '"+'~k(z)dz
P —d/2

(3.5)

is the mean value of the b,k (z) function evaluated in the
surface layer near the lower surface, and

wi 2 wi
Wl (41+@) +k134101+

2
( 12

W2 W2
W2 2

(02 +) k134242 2 02

(3.1 1)

d——&z* & ——+p.
2 2

(b,k)+ and z+ have analogous meanings. According
to Mada [8], it is possible to identify P'(z~ } with
P'(+d/2), the surface gradients of the tilt angle, and
rewrite (3.4}as a true surface term in the form

which generalize the ones proposed in [15,16). In Eq.
(3.11) the meaning of the subscripts 1 and 2 is z = —d/2
and +d/2, respectively. In Eq. (3.11},k13 is the splay-
bend surfacelike elastic constant [17—19].

Let us now suppose that the surfaces are equal, and
hence w, =w2 =w and w, =$2 =w, implying
P(z) = —P( —z). The total free energy of the NLC slab is
given by

—,'hk (z)P' dz = ,'$$' ——+ —,'—wQ'
—d/2

(3.6)

F= f ( ikbp' + —,'k*p" )dz—+g, +$2 . (3.12)

As usual the P(z) profile is obtained by minimizing
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(3.12). Simple calculations give

b'P'"' —P"=0, Vz E 2'2

and the boundary conditions

(1—R)p~ —b p2" + (p2 —4)=0,

(3.13)

b is a semimicroscopic length, R gives an idea about
the importance of the k&3 elastic term with respect to the
usual elastic term, and L,. is the intrinsic extrapolation
length connected with the anchoring energy originated
by the z dependence of the elastic constants. The solu-
tion of (3.13), which is odd with respect to z, is

b p2+R$2+Lpz 0,—

where

(3.14) Z 2
P(z) =a —+P sin

b b
(3.16)

k'b=, R=
k '

k — wL;=—,L=—.k' ' w' k' (3.15)
where a and P have to be determined by means of Eq.
(3.14). Simple calculations give

and

a= b

L;

1 —R+-L
b

(1—R) +L —— + 1+——R
1 1 d L
b L; 2L b b

(3.17)

1 1

L; sin hX

R——L
2

(1—R) +L —— + 1+——R
1 1 d L
b L; 2L; b b

(3.18)

where X =(d l2L) ))1 and hence tghX=ctghX =1. Since X is very large, it follows that P(z) difFers from a(zlb) only
in the layers near the surfaces at z =+d /2. Consequently the extrapolated value of the surface tilt angle is found to be

2b

L
1 —R+-

b

L;1+——R
b b d

2+

z

(1—R) +L 1 1

b L;

1 —R+-L
b

' +L;

(3.19)

2L
b d
L 2

1 —R+-
b

(1—R) +L 1 1

b L;
'L, .

L
1 —R+-

b

By comparing (3.19) with expression (2.36), it is possi-
ble to obtain an expression for the effective surface energy
in terms of R, L, , b, and L. Simple calculations for the
effective extrapolation length give

term}, Eq. (3.20) writes

L

1+—L
b

w

k b

(3.21)

By taking into account that w=p(b, k(z))
=p(kb —k(z)) = —p(k(z) —kb), it follows from (3.4)
and (3.1}that expression (3.21) may be rewritten as

(3.20)

L is found to be thickness dependent. This is not
surprising because the surface energy density (3.11) is a
nonlocal quantity. In the case in which L;~0 (strong
anchoring) and R —+0 (i.e., by neglecting the k, 3 elastic

(k(z) —kz

)
k z —kb

(3.22)
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Comparing (3.22) with (2.37), we deduce that the two
approaches are equivalent only if

plies ([k(z)—k~]/k» ) &0, i.e., k(z) &k& and k» )0, or
k(z) kg»d k, 3 &0.

k z —kq
(3.23} IV. FREEDERICKSZ TRANSITION

Otherwise the analysis presented in Sec. II has to be
considered a first approximation. In fact, in Sec. II the
deformed state of the NLC material is characterized only
by the first derivative of the tilt angle P. For this reason
the elastic energy density is written in the form (2.1), i.e.,
in the harmonic approximation. This approach is correct
only if k (z) changes slowly and hence k (z) —k& is very
small. In the opposite case, in which k(z) changes very
much over p, the usual elastic description in term of P'
may only be a very rough approximation. To improve
the elastic description it is necessary, in this case, to take
into account other derivatives of P(z) and therefore at
least its second derivative. In order to have a well-posed
variational problem, the bulk term has to be quadratic in
P". From the above discussion we derive that, in the case
in which (k (z) kb ) i—s not negligible with respect to k&,
the approach presented in this section is expected to
work better than the one presented in Sec. II.

In the case in which R =0 but L, %0, Eq. (3.20) gives

Now let us consider the Freedericksz transition in-
duced by an electric field on a NLC slab homeotropically
oriented by the surface treatments. In our analysis we
will assume that the surface energy density has the form
(3.1) and that the electric field is perpendicular to the z
axis and c., )0, or parallel to the z axis and c, &0. c, is
the dielectric anisotropy defined as E, =E~~

—
E~, where

~~

and l refer to the nematic director n. In the framework
of the second-order elasticity the thermodynamical po-
tential to be minimized is

F=2 f ( —'kp' + 'k'p" ——'E E—
p )dz+gd/22 2 24

(4.1)

Equation (4.1) holds under the hypothesis that the two
surfaces are exactly the same, and hence P(z)=P( —z).
Furthermore, F is written in the limit of small tilt angles.
By minimizing (4.1},it follows that

1 11+L
b L;

L1+
b

' L;, (3.24)

b P"" P" —$—=0,—VzE
g2 2'2

with the boundary conditions

(4.2)

from which the effective anchoring energy is found to be

kz —k~ kz —kb

—(1—R)$)+b P)"+—P)=0,

bP", +R—$, +LP', =0, (4.3)

k(z) —kq
(3.25)

where P, =P( —d /2), g =s,E /k is the electric coher-
ence length, and the other symbols have the usual mean-
ing. The solution of (4.2), even in z, is of the kind

which generalizes the previous formula (2.45). As before,
if (3.23) holds, (3.25) reduces to (2.45).

In the general case in which R and L; are different
from zero, Eq. (3.20) shows that L changes sign when d
has the critical value given by

(1—R) +L 1 1

b L;

P(z) = A, cos(g, z)+ A2 cosh(g2z), (4.4)

1 +
2b

1 1

( 2b)2 b 2/2

1/2 1/2

(4.5)

and

where A, and A2 are the amplitudes of the deformation,
and g1 and g2 are given by

L;
R —R

b

'L;, (3.26)
1 1 1

2b2 (2b)2 b2g2

' 1/2 1/2

(4.6)

that in the case of L, =0 reduces to

(k(z) —k~ )
2p

13
(3.27)

We stress that in the b ~0 limit, g, and q2 tend to

1 1
YJ ~—and1 ( 2 b

Equation (3.27) has a meaning only if d, )0, which im-
I

By substituting (4.4} into (4.3), we obtain

T

—cos g&
——[b g&+(1—R)]g&sin r)&

— A&+ —cosh g2
——[b r)2

—(1—R)]g2sinh r)z— 32=0,
(4.8)

Lr), sin r),—+(R br), ) cos r), ——A, + Lr)2sinh r)z —+(—R bg2) cosh g2
——2 2 2 2 Gf 32=0 .
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System (4.8} is homogeneous. It has a solution
different from the trivial one only if the determinant of
the coefficients vanishes. This condition gives the thresh-
old field. Since g is expected to be of the order of the
thickness of the sample d, whereas b ((d, it is possible
for g, and g2 to use the values (4.7). In this case the
threshold condition is

are looking for:

L
w. 1+—

I

&R

b

(1—R) +—1—L b

b L;

(4.14)

1

L
R L
b bL;

1

L;
(1—R) 1 —R+-L

b

R L
b

1

L

1+—L
In the limit of L;~0, (4.14}gives

(4.15)

(4.9)

Equation (4.9},in which L =0 (i.e., the elastic constant
is position independent), gives

i.e., we recover Eq. (3.21). However, Eq. (4.14) general-
izes Eq. (4.12) in the case in which the elastic constants of
the nematic are position dependent, and hk(z} is not
negligible with respect to kb

1 d
2g

1 1

(1—R)2 L;
R
b

(4.10)

which coincides with a result obtained a few years ago
[15]. It is important to stress that the R term reduces the
effective anchoring energy. In fact, by comparing (4.10)
with the Rapini-Papoular expression [20]

1 d 1

L ' (4.11}

we derive that the effective anchoring energy is

1 R
wi kb

(1—R)
(4.12)

1

L

1 L R1+—
b b

(1—R) +L 1 1

b L;

(4.13)

from which results the effective anchoring energy that we

This equation shows that w is reduced of a quantity
equal to kbR /b, in addition to the renormalization fac-
tor (1—R)

In the general case, for the effective extrapolation
length Eq. (4.9) gives

V. CONCLUSIONS

The surface properties of nematic liquid crystals have
been analyzed. We have shown that the separation of the
total energy into bulk and surface contributions is arbi-
trary. In particular, the contribution to the usual surface
free energy, coming from the spatial variation of the elas-
tic constants, is evaluated in the framework of first- and
second-order elasticity theories. The main conclusion is
that in the event in which the spatial variation of the elas-
tic constants is very small with respect to the bulk elastic
constants, the following hold.

(i) The equivalent surface energy is proportional to the
average value of the difference between the actual value
of the elastic constants and the bulk ones.

(ii) The extrapolation length connected to this surface
energy is of the order of the interaction range of the in-
termolecular forces giving rise to the nematic phase.

On the contrary, in the case in which the spatial varia-
tion of the elastic constants is large with respect to the
bulk elastic constants, we have shown that analysis has to
be performed in the framework of second-order elasticity.
The results obtained in this case generalize results pub-
lished by other groups.
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