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Inhomogeneous random sequential adsorption with equilibrium initial conditions
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%e study the exact solution for the irreversible addition of nearest-neighbor hard-core particles to a
lattice structure occupied at an initial time by particles of the same kind that are in a thermal equilibri-
um state. The adsorption probabilities are inhomogeneous in both time and space. This problem is at-
tacked via the Bethe lattice, whose topology provides local forms of inverse relations with site coverages
as controlling variables, separately for equilibrium as well as for nonequilibrium regimes. It is shown

that the interference of the two inverse formats does not break their locality, due to a factorization prop-
erty of equilibrium multisite correlations. The complete inverse solution is used to point out the absence
of nonequilibrium phase transitions within irreversible stochastic dynamics.

PACS number(s): 68.10.Jy, 64.60.—i, 02.50.—r, 05.50.+q

I. INTRODUCTION

Random sequential adsorption (RSA} [1—4] is the ex-
treme of an irreversible process where the desorption of
particles adsorbed onto a surface, and their diffusion, are
neglected on a short time scale. The consequent lack of
detailed balance leads to an asymptotic probability distri-
bution which is very different from that in equilibrium.

Idealized RSA is perhaps the best candidate for study-
ing the role of cooperativity in nonequilibrium by means
of standard methods of equilibrium thermodynamics.
Such attempts have already been made within the frame-
work of Kirkwood-Salsburg equations [5] and the liquid-
state replica method [6,7]. The existence of a close rela-
tionship between the formal structure of RSA and the
canonical formalism as known in equilibrium statistics is
supported by a recent study [8] of the RSA version that
emphasizes the inhomogeneity of adsorption probabilities
in both space and time. Within the inverse format, with
particle densities as controlling variables, the (inverse}
particle flux-site coverage relation turns out to be local
for the addition of gas particles with a nearest-neighbor
(NN) exclusion zone onto an initially empty tree lattice.
Exactly the same behavior has been observed in the in-
verse treatment of the equilibrium counterpart of the gas
system, formulated on lattice structures possessing arti-
culation points [9—11]: the inhomogeneous external po-
tential depends locally on the evoked density profile.
This topological property provides an explicit local form
for the associated density functional, which is the starting
point for accounting for nonlocal global effects due to
chain closing [12],or to network multiconnectivity of su-
perbond type [13],via collective modes.

A next natural step towards the understanding of the
role of simple connectivity in the inverse description is
the fusion of equilibrium and nonequilibrium local for-

mats. In this paper, we report the study of this fusion via
the most general version of the RSA process which is, in
terms of adsorption probabilities, inhomogeneous in
space time and starts from an arbitrary equilibrated ini-
tial state. This corresponds to an experimental situation
of monolayer deposition from solution onto a surface
which is not free of particles before deposition (for sim-

plicity, NN hard-core range is considered for adsorbing
as well as "surface" particles). From a theoretical point
of view, consideration of a nonempty initial state is the
natural condition for potential RSA generation of glassy
configurations in a two-dimensional (2D) hard disc sys-
tem [5,14], with saturation density higher than the freez-
ing density. The study of RSA on simply connected
structures, e.g., a Bethe lattice that mimics locally a regu-
lar structure of the same coordination number, could
provide a significant picture of the interplay between
equilibrium and nonequilibrium regimes, as well as time
evolution of realistic systems. Exact analysis shows that,
owing to a factorization form of equilibrium multisite
correlations, interference of the equilibrium and none-
quilibrium inverse formats does not break their locality.
The problem of translationally invariant RSA process
with nontrivial initial conditions has been studied in Ref.
[15],using the "shielding property" of empty sites, and in
Ref. [5],within Kirkwood-Salsburg theory.

We first outline a derivation of the exact inverse format
for the inhomogeneous 1D case (Secs. II and III) in order
to motivate an exact treatment of the Bethe lattice (Sec.
IV). As a by-product of this treatment, we present in Sec.
V the solution of the continuous homogeneous version of
1D RSA, known as the random parking problem
[16—18], starting from an equilibrium initial state. In
Sec. VI, a proof of the absence of nonequilibrium transi-
tion from a Quid to a crystal phase under homogeneous
adsorption rates is presented.

II. RANDOM WALK FORMULATION

'Permanent address: Institute of Physics, Slovak Academy of
Sciences, Bratislava, Slovakia.

A number of different techniques have been used to ob-
tain exact solutions for RSA on selected lattices. Let us
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start our investigation by recalling one of these [8],which
proceeds by constructing the transition operator for a
dynamical event and then iterating it. We will adopt the
notation that a site x is either empty, symbolized by
o „=0,or occupied, o.x = 1; we will also define the "hole"
occupation o.x =1—o. . Attention wi11 be restricted to
events that obey the nearest-neighbor exclusion rule: if
o„=l, then oy=0 for all (y, x ) (read y is a nearest
neighbor of x; the expression "nearest neighbor" can be
replaced by that of belonging to the exclusion zone E„of
site x ). Then for a particle flux f„(t) per unit time into x
at time t, the transition rate operator at site x will clearly
be given by

T„(t)=f„(t)(a„—o„) g oy,
&y, x&

p„(t)= g g o„p(cr, t)
cr xEA

(2.4)

X g f„(t,)p(o, O)
j=I

(2.5)

for each possible "walk" x„.. . , x„backwards in time.
Let us push all the factors F„—a ~ to the left. Since

J J

(o„—a„)(o„—a„)=(o„—a„),

for a given set A. A typical term to be evaluated in (2.3)
then takes the form

Nr II r( 1}"rI (, ",) rI
cr xEA N j=1 &y, x. )

where a„g(cr„)=o „g(0), (2.1)

a„ is the particle creation operator at x. Corresponding-
ly, the dynamics of the full lattice is determined by

o„(o„—a„")=o„,
but g (cy„—at)g(o)=0 for all g,

(2 6)

p(—o, t }=T(t)p(o, t ),
T(t)= g T„(t},

(2.2)

Xdtidt2 ' ' ' dtNp(CT, O)

(2.3)

where p(o, t) is the occupation distribution function for
the full lattice. Equation (2.2) has the usual ordered ex-
ponential solution

p(o, t ) =:expf T(r)dr p(cr, O)
0

= g f f T(t, )T(t, ) . T(ttc)

such an operation with o —a ~ gives a value of 0 unless
J J

x is either in the exclusion zone E„,i (j, of a previous
l

member of the walk, or belongs to the root set A. The
resulting weight of an allowed walk is then

o~p(o 0)=(g U(»E o )
~J J

will uniformly refer to evaluation at time 0. An internal
site y of A (one satisfying E C A ) can occur any number
of times, interleaving at any times between 0 and t in this
walk without affecting any exclusion condition. Such a
site hence amasses a total Sux weight of

1 —f fy(r)dr+ f f f (r)f (r')dew'+

=exp[ —f fy(r)dr] .

The information of particular relevance to us will be
expressed by the various lattice multisite densities, and
for technical reasons, by the multihole densities

Any other site can repeat after its initial t' landing any
number of times, and at any past times, without am'ecting

exclusion conditions, creating the weight

f (t') f (t') f f (r—)dr+ f (t') f f f„(r)f (r')der'+ =f (t')exp[ —f f (r)dr],
0 0 0 0

a renormalized Aux. We conclude that (2.3)—(2.5) reduce to

p„(t) 0' dti ' ' dtyt
oo

ti G, »& =X& »"f f-.,,, ,.. X iiF.
,
«, &( ri

y Eint( A) N =0 {x, E A U
»

& E —int( A ) } i y E A U PE„
J J

where F (t)=f (t}exp —f f (r)d~, G (t)= exp —f f (r)dr

and g' denotes a sum over walks without repetition.

III. 1D RSA FROM INITIAL EQUILIBRIUM

A. Equilibrium inverse format

The simplest nontrivial lattice is a one-dimensional in-
teger grid. We want to examine RSA starting from a

]. o„p(o, O) =—g z„" g (1—o„cr„,) .
x &xx+»

(3.1)

Here, z„stands for a site-dependent activity reflecting the

(quenched) equilibrium state, and so we must first deter-
mine the properties of the equilibrium distribution in the
ID case with NN exclusion interaction among particles,
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effect of the external potential on a particle at site x and
the statistical sum

x+h —1

(cr,o,+, )'

Z= g gz„" g (1 o—„o„,)
x (x,x+1)

(3.2}

o„+„&'= y=Z
x+h —1

y =x+1

ensures the normalization of probabilities. Its logarithm
is the generator for particle densities p„'= (o ) ' accord-
ing to

x+h —1

y=x
x+h —1

y =z+1

(3.5)

p„'= lnZ . (3.3)

The specification of the set of controlling variables, either

Iz„] or [p„'], automatically determines the form of all

correlations in the system within the canonical formal-
ism.

The open chain represents an example of a simply con-
nected lattice characterized by the articulation nature of
each of its vertices. For such structures it has been prov-
en [10]that the potential at a giv'en site x is topologically
independent of the density profiles inside lattice subsets
that can be separated from x via articulation points Ax.
In our case, we can thus reduce the original chain to a
finite cluster of sites [x —l,x,x+1] with the given parti-
cle densities [p„',,p„',p„'+, ] in which the boundary ac-
tivities are modified, zx 1

—+Z„1,z„+1—+Z„'+1, with no
effect on z„ itself. Within this local cluster, the inverse
profile equation is readily computed in the form

p„'(1—p„')

p p i)(1 p p—+1}
(3 4)

Very similar considerations can be applied to the calcula-
tion of a multisite hole density (cr„o„+h )
(h =1,2, . . . }. The separation of the site cluster
[x, . . . , x+h j from the chain is accompanied by the
modification of boundary activities z„~zx

Px/( Px Px+1}» x+h x+h Px+h /( Px+h—p„'+h, ) and by the appearance of a prefactor which

plays no role in the calculation of the correlation
( o„o„+h ) '. The last is evidently given by
1/Z(x, x +h ) where Z(x,x+ h ) is the partition function
of the reduced cluster [x, . . . , x+h ]. In order to calcu-
late Z(x, x+h ), we will eliminate successively the
boundary cluster points. Elimination of, say x, picks up
the multiplicative contribution 1+z„=(1—p„'+1)/
(1—p„' —p„+,) as well as multiplying z„+, by the factor
(1—p„*—p„'+, )/(1 —p„'+, ), keeping in this way the
correct profile relation for site x + 1 upon the deletion of
site x. Performing this procedure at every elimination
level down to zero cluster points, the factors generated
imply

ZO(1 (o )L(o +1&R)

P„'Z =Z0((o„&L —(o„&L,(o„+,&R ),
p„' Z=z (( „)'—( „)'( „,)„'),

(3.6)

from which the functional dependence of hole densities
(o„)L,(o„+,)R, associated, respectively, with the L
and R chain fragments, for densities p„',p„*+1,associated
with the continuous chain, can be deduced in the form

&
—P„*+1

(Ox+1&R
Px Px+1

p4

(3.7)

B. Nonequilibrium inverse format

a Markov field property of the underlying inhomogene-
ous system. The multisite hole density factorizes into
NN two-site probabilities of empty sites; the denominator
compensates the "superfluous" presence of internal sites
in NN pairs.

Besides the local inverse description in terms of the in-
terior of a cluster taken off the chain, it is useful to devel-

op simultaneously a complementary inverse treatment
based on the investigation of the modification of statisti-
cal quantities associated with the chain after deleting
some of its geometrical elements, one or a sequence of
sites or bonds. Let us "delete, " e.g., the bond between
sites x and x +1 as follows. In the statistical sum Z and
in every ensemble average we treat the NN exclusion
term (1—o „o„+,) as a "correlation term" in the ensem-
ble average of the lattice without (x,x+1) bond. The
consequent transition from the original chain to a system
of disconnected left (L) and right (R ) chain fragments
corresponds to the replacements Z~Z0, p„*~(o„)L,
and p„*+,~(o„+,)R' (the sites are labeled from left to
right and quantities associated with both L and R chain
fragments will be denoted by subscript 0}, while the NN
correlation ( cr„o„+,)0 decouples exactly as
(o „)z (o, +, )R because of the statistical independence
of the chain fragments. This gives rise to a closed system
of equations,

x+h —1

Z(x, x+h ) = g (1—p')
y =x+1

so that one finds

x+h —1

rI
y=x

It will suffice for our purposes to consider A in (2.7) as
a connected set, the interval [a,b]; in this case, the set
A U PE„will also be an interval, say [c,d ], with

c ~ a, d ~ b; the corresponding equilibrium hole probabili-
ty (o, o'd ) ' is given by (3.5). The factor
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(iit+Io„)' is common to all terms in (2.7). Further-
rnore, if a (b, the sites ~a and those ~ b impose no re-
strictions on each other, and their times of occupation
can be interleaved arbitrarily. Since the component
walks on left sites alone, or right sites alone, must now
proceed monotonically along successive sites, we there-

fore have

6 —
1 6 —1

p(., ,)(&)= ti G, (t)Ti, (t) Q .)*p,„(&),
a+1 a+1

where

(3.8)

00 Ã N+1
P.,

(t)= g( —1) f f,.. ., .,g+. . . ( t) g —.. .
" (1—p,* )««

t t 0

QO N %+1
p ( )=g( — ) f . f. . .,P~, „,(, ) g —, , ;

' (1—„',)d, d„,
I t

1 0

a decomposition into unrelated left- and right-hand walks
on half lines.

To clarify the physical interpretation of the left- and
right-hand quantities p„L(t) and p„R(t) hereby intro-
duced, let us generate a correlation hierarchy by multi-
plying both sides of master Eq. (2.2) by the corresponding
state variables and then summing over all o, taking ad-
vantage of the equality g (I I(2o —1)=0:

a—p, (t ) =f„(t)p(„ I,+ I) (t ), (3.9a)

the voter model [20]. In these stochastic dynamics, the
reason for the exact decoupling comes from the choice of
transition probabilities, which implies the invariance of
the correlation space of arbitrary order with respect to
the evolution operator (this does not occur in the present
case). Finally, writing down the evolution Eqs. (3.10) for
(o„)L and (o, )R defined on the edges of l.- and 8-
chain fragments, respectively,

(3.12a)

a-
~)P(»»+h)(t ) = f, (t )P(, —

I »+h)(t ) gg
& Ox &R Fx(t )& Ox &RP»+ I,R(t ) (3.12b)

x+h —1

f1, (t)p(„, xh+)(t)
x+1

fx+h (t )P(x»+h+!](t ) '

(3.9b)

Insertion of (3.8) into (3.9b) and use of the factorization
property of equilibrium multisite correlations (3.5) then
implies the evolution equations for site densities

and using the initial conditions p„L (0)= ( o „)L,
p R (0)= ( o „)R given by (3.8) we conclude at once that

(3.13)

The solution of the nonequilibrium inverse problem is
now strictly technical. Combining Eq. (3.10) with (3.12a),
we get a formal expression for (o„)L,

&0„)L=&cr„)L exp f 'dt'—
Ox [ 0» L Ox+I R]

with

P»(t )= x( )P» —I L( )Px+I R( )

P,L(t )= F„(t)(0» )LP»—I,L, (t)—
(3.10)

(3.14)

with the time-dependent quantities in the integrand being
functions of t'. Since

P», R(t)= I'.—(t)&trx &RP»+—I,R(t) .
(3.11) —

[& „) &, , & ]=—+„(t)&(T„&'&0„,& &, , )„
Bt

This is a generalization of the factorization property used

by Hemmer and co-workers in their treatment of irrever-
sible filling problems (see, e.g., [18]).

The independence of these boundary expansions on the
cluster size h+1 tells us that the decomposition (3.8)
solves exactly the infinite chain of equations of motion
(3.9); the interrelations ainong difFerent clusters are now
realized through local relations (3.11). We emphasize
that this property is a direct consequence of the internal
structure of equilibrium multisite correlations (3.5). The
topological decoupling of the infinite correlation hierar-
chy differs substantially from that observed in the
Glauber dynamics [19] of the zero-field Ising model, or

(o„&L (0„+I&R

( )g Px ( )g P»+I

we find

)L(O +1&R
p p +1)(1 p p +I )

(1—p„*)(1—p„'+I )

(3.16)

where the initial conditions (3.7) have been taken into ac-
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Px(o„)~=(o„)~exp —f dt'
Px Px+1

count. Putting (3.16) into (3.14), one readily gets

(3.17)

The analog of master Eq. (2.2) describing the dynamics
of RSA on the Bethe structure reads

—p( cr, t }= g (2o „—1 )
8
at

with a similar formula for the hole density defined on the
R-chain fragment. Consequently, evolution Eq. (3.10) re-
sults in the exact inverse relation for the renormalized
particle flux

q
X II(1 —cr„+,)f„(t)

a=1

X g (1—o „)p(crlo„~o„,t ),
(1—p„')

F„(t)=p„(t)
II (1 p: —p.*+—s)

5=+1

=0, 1

(4.1)

P +s(t')
Xexp dt'

o 1 px(t') p„+s—(t')

(3.18)

Note that an implicit dependence on the initial densities
occurs in the integrals.

For trivial initial equilibrium conditions p„*=0, Eq.
(3.18) reproduces the exact inverse formula (3.16) of Ref.
[8]. In the case of spatially homogeneous initial occupa-
tion p„'=p' and adsorption rates f„(t)=f(t), it reduces
to

F(t)=p(t) exp 2f dt' p(t')
(1—2P~ } o 1 —2p(t')

=p(t )
(1—2p')[1 —2p(t)]

(3.19}

which integrates to the p-f interrelation in a direct form

p(t)= —— exp 2 [G(t)—1]
1 (1—2p ) 1 —2p'
2 2

where [x+a;a = 1, . . . , q ] is the set of all NN's of site x.
The consequent infinite chain of evolution equations
takes the form

8—p, f, (((=, g „,),ai a=1
(4.2a}

—', (rt=.)=- x f.(((n=,)

x f„((i n, n r, ), (4.2b)
x EBQ y&Q'(x) z&Q

where the complete decomposability property of the 0
hierarchy onto sets of one- and q-coordinated vertices is
not violated by the time operator. We notice that in
every new connected cluster Q U Q'(x ) on the right-hand
side of (4.2b) site x changes its previous boundary posi-
tion to an internal one and becomes q coordinated.

The topological simplifications of the inverse equilibri-
um structure due to the presence of articulation points
are of the same kind as in the previous q =2 case. Redu-
cibility to a finite cluster of sites implies a local profile
equation of the form [11]

(3.20)

The fraction of asymptotically filled sites (the jamming
limit) is then

p,'(1—p„')'
Zx q

II (1—p.' —p.'+. }
a=1

(4.3)

1p(t~ ao }=——
2

(1—2p' } 1 —2p'
exp 2

2
(3.21} and the factorization of cluster hole densities into NN

pairs

IV. INHOMOGENEOUS RSA ON A BETHE LATTICE
(o„o„)'

The formalism can be generalized straightforwardly to
the RSA process on a Bethe lattice of arbitrary coordina-
tion number q. We first introduce some definitions of to-
pological sets on the Bethe structure, allowing us to
proceed as in the previous q =2 case. Let Q be a finite
sublattice which is a connected cluster of one- and q-
coordinated vertices: Q =0; U BQ where
Q;= [x &Q:~x

~ =q], BQ= [x EQ:~x
~
=1] where

~x):—q„. The NN coordination of a site x&Q with
respect to the interior and exterior of 0 is specified via
the sets Q(x}=[y&Q:y is NN of x] and
Q'(x ) = [y 6Q:y is NN of x (, constrained by
(Q(x}~+~Q'(x })=q. The introduction of the sets
Q(x ),Q'(x } will be of practical interest only for bound-
ary sites x H BQ where

~
Q(x }~

= 1; in this case the symbol
Q(x ) will denote the corresponding single site element.

x 6Q,.

II (1—p.' —p,'}
(x,y)~

II (1—p.'}' '

x EQ,.

(4.4)

1 —p„*
(4.5)

The subscript x indicates ensemble averaging with y be-
ing topologically decoupled from (and, consequently, sta-

where the products in numerators run over all NN pairs
inside Q. The elimination of a NN bond (x,y ) has ex-
actly the same effect as in the 1D case, so that
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tistically independent of) its NN x and all sites connected
to y only by a continuous path through point x. The
combination of (4.4) with (4.5) results in a useful repre-
sentation of multisite hole densities,

O x ~x ~x Q(x) ~

xEQ x EQ. xEBQ

An ansatz for time-dependent multisite correlations
( g„Eno &

is now proposed as follows:

implied by (4.5), (4.6). It solves exactly the infinite hierar-
chy (4.2) because the resulting equation of motion for the
cluster boundary [x EBQ],

(0' )n( )= F (t)
Bt

xi ~z
zeQ,

0 = 6 t 0' 0
x&Q xGQ,. x E'Q,. x EBQ

with initial conditions

(4.7a)

(4.7b)

F—„(t)(~„)ti(„) g (Oy)„,
y GQ'(x )

(4.8)

turns out to be independent of the cluster-0 shape.
Technical completion of the inverse program comes

from the evolution equation for particle densities

P, =—F„(t}&r„)'g &r, +. )„a
ai a=1

and the implicit representation of ( cr„+,)„,

P.+.&~.+.).'a, +, )„—&o„+,)„e p
— dt'

+x+a [ +x x+a ~x+a x ]
(4.10}

deduced from (4.8) and (4.9). Since

(0„)„*+.—[(tr„)„+.&o„+.)„]=— " "+„'p„
trx

In the homogeneous subspace of initial densities,
p„"=p", and adsorption rates, f„(t)=f(t), (4.14) in-

tegrates at once to
—1

p(t) =—— 1+(q —2)1 (1—2p* ) 1 —2p'
2 2 1

one readily finds

(4.11) X [1—G(t)]

' 2/(2 —q)

(4. 15)

( ) ( )
1 Px Px+a 1 Px Px+a

x x+a x+a x
(1 a)(i a

)

(4.12)

providing in the direct format the exact formula for the
jamming coverage

p(t~ ao )=——1 (1—2p*)
2 2

where the initial conditions (4.7b) are satisfied. Thus

(~„+.)„=(tr„+.)„'

P„+,(t')
X exp — dt'

o 1 —p, (t') —p„+,(t')

(4.13)

F„(t)=p„(t )
(1—p„*)' '

a=1

p„+,(t')
X exp dt'

o 1 p„(t') p„+,(t—')—
(4.14)

and the inverse profile relation follows immediately as

q
—1 2/(2 —q)

X 1+(q —2}
1 —p*

(4.16)

This represents the generalization of p' =0 solutions
[21,22].

V. CONTINUUM 1D ISA
WITH EQUILIBRIUM INITIAL CONDITIONS

As a by-product of the above treatment we derive in
this section the exact solution of the continuous RSA of
hard-core particles, known as the random parking prob-
lem [16], on a line occupied at initial time by a fiuid of
equivalent hard rods in thermodynamic equilibrium. The
derivation will follow the strategy of continualization
[17,18] via the integer r ~ oo limit of the discrete version
of RSA for particles with exclusion zone up to the rth
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neighbor. Although the exact solution will be deducible,
for r ) 1, only for an adsorption process spatially homo-
geneous in both the initial equilibrium state as well as the
particle flux, we will start with the most general inhomo-
geneous case in order to show transparently how the in-
terference of equilibrium and nonequilibrium regimes can
be accomplished on the local level, and then we will re-
strict ourselves to the purely homogeneous case.

Let us consider a 1D lattice gas with core length r, i.e.,
the presence of a particle at a site excludes r contiguous
sites on each side from the occupation by other particles.
Topological simplification of equilibrium statistics in the
inverse form is similar to that for the previously outlined
r =1 case (Sec. III A): due to the exclusion character of
the particle-particle interaction, the separation of a clus-
ter I x r, . . . , x—, . . . , x + r ) with given particle densi-
ties [p„' „, . . . , p„', . . . , p„'+„) from the chain results
only in the modification of activities
Z r, . . . , Zx 1,ZZ+1, . . . , Zx+r, but dOeS nOt affeCt Zx

and the exclusion nature of two-particle interactions.
From the local picture, the inverse profile equation

x+h —r

y=x'''~ +h&

~y ~y+r —1

y =x+1

The infinite chain of equations of motion for RSA,

a
at "—p„=f„(t)(o„„. r„. o„+„),

(5.2)

(5.3a)

(h ~2r), (5.3b)

with equilibrium initial conditions (o„o, „)~,=
& ty» ' ' ' tyx+h ) ' is then solved by the ansatz

x+r —1

8
(Ox ' ' 'tyx+h ) y f (t)(g r' ' 'tr—x+h )

x+h —r

X fy(t)&o. o.+h&
y=x+r

x+h
fy(t )( o „oy+„)

y=x+h —r+1

Z

r+11- X p.'+;
i=1

(5.1)

x+h —r
'''ty +h)= g G (t)(o, '''o„+h 1)'

y=x+r
1-X p.*+;

i=1

derived using potential distribution theory by Robledo
[23], follows immediately. The evident generalization of
the factorization form (3.5) of the multisite hole density
(o'„ tr, +h )' with h &r+1 now reads

X(o g ~

x+h —r+1 Ox+h &a

(5.4)

providing an h-independent differential recursive scheme
for the L quantities

x+r —1 x+r —1 (g +1 ~ ~ ~ g +1)+
1)L = — g f,(t) g G, (t)

y=x z=y O'z —r+2 ' ' ' rz+1
Oy —1&L (5.5a)

with initial conditions

(o„r,+„)'
(trx+1 ~x+r )

(5.5b)

for r ) 1 the p dependence of L and R quantities is nonlo-
cal. The situation becomes simpler in the spatially homo-
geneous case p„' =p', f, ( t ) =f (the time dependence of
the particle Aux is irrelevant) for which Eqs. (5.6) and
(5.5a) take the respective forms

and an analogous recursion for the R quantities. Togeth-
er with the evolution equations for particle densities

P„(t )=F„(t ) ( ty„„—Cr„,)Lt x

X&~.—,+1 .o.+,-1&'

X & +»+1 Ox+r &S (5.6)

the recursions represent a complete basis for the profile
problem.

Equation (5.6) can be trivially used to eliminate the
particle Sux from (5.5a) and its R analog, providing in
this way, at least in principle, the p dependence of auxili-
ary L and R quantities. Returning to (5.6), the inverse
profile relation would then be available. In practice, we
succeeded only in the already solved r =1 example, while

d [1 (r+1)p' "—
p=f exp( ft) — — s

dt (1 rp~ )"—
1 —(r+ l)p*

exp i t—
1—rp*

(5.7a)

1——s= fp-
s dt

(5.7b)

The initial conditions for the particle density p and the
auxiliary L or R variable s=(o„. o„+„1)L1+1(5.5b)
read

pi, O=p', si, 0=
1 —rp

(5.8)

The system of Eqs. (5.7) and (5.8) is solvable using sim-
ple algebra and we only write down the final result for the
time evolution of the particle density in a form con-
venient for the continualization:
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[1 (—r+1}p*]" (.+11(1—- f'1 Q dU U(r+1)p(t)=(r+1)p +, f du exp ~ —2f l — l—
( 1 —rp+ )" (r +11(1—c1 [r+ i)[&—~] U r+ 1

L

(5.9)

(5.10)

with c=[1 —(r+1)p*]/(1 rp—*). Since the maximum density for a given r is equal to I/(r+1), the expressions

p,
' =(r + 1)p' and p, (t ) = (r + 1)p(t ) represent, respectively, the equilibrium and nonequilibrium coverages. In the limit

r ~ ~ with the appropriately scaled particle flux f= 1/(r+ 1), we finally get

Pc Q l Pc
p, (t)=p,*+(1—p,') exp — „du exp —2 dv 1 —exp — U+

1 —p,
" o 0 U+p,"/( I —p,') 1 —p*

reproducing the p,
"=0 solution [16—18].

VI. CONCLUDING REMARKS

In spite of the simplifications having their origin in the
simple connectivity of the Bethe lattice, the existence of
an exact inverse formula (4.14) for the most general ver-
sion of RSA, inhomogeneous in renormalized particle
flux [F„(t)] as well as in initial site densities Ip„j, is

surprising. It is the product of a close relationship be-
tween equilibrium and nonequilibriurn inverse formats,
realized coherently at every level of the correlation
hierarchy through the factorization property of equilibri-
um multisite correlations, (3.5) and then (4.4). The aspect
of nonuniformity as an inherent characteristic of real
physical systems is relevant even in the idealized case of
homogeneous external conditions, i.e., constant activity,
z„=z, and uniform (renormalized) adsorption rates,
F„(t) =F(t ). It is well known [11] that, at equilibrium,
the pair of inverse profile relations for homogeneous sub-
lattice occupation,

dt PA =F (t }((rA ) (( B~) A } (6.4a)

dt
—

pB FB(&)(—oB) (((r A )B)'. (6.4b)

In (4.8), the auxiliary quantities ( cr „)B, ( crB ) A satisfy

dt
(+A )B FA(r}(~A )B((~B)A ) (6.5a}

there could take place, at a specific time or at suSciently
high density, a nonequilibrium phase transition due to an
instability leading to the spontaneous sublattice bifurca-
tion. Such a crystallization has been observed for time
evolution of the system governed by reversible Glauber
dynamics [24] possessing detailed balance, but in that
case the bifurcation is inevitable for the attainment of
thermal equilibrium at asymptotic time. In what follows
we will show that within our irreversible process a Quid

phase cannot be transformed into a crystal phase under
homogeneous adsorption conditions. The proof starts
from the evolution Eq. (4.9) involving the possibility of
the sublattice alternation:

(1—p'„—p" )~
(6.1)

dt
(vB )A FB(r)(UB )A((vA )B) (6.5b)

following from (4.3), provides, for q) 2 and activity z
exceeding the critical value

z, ——q, p
(q —2)'

(6.2)

0.8
as its only stable solutions, those with diferent sublattice
densities, p'AApB'. E.g., for q =3, with z, =4, p'A and pB
are available in the explicit form

(z —2)+v z(z —4) (z —2) —1/z (z —4)
2(z —1)

'
2(z —1}

(6.3)

0.6

0.4

and their plots versus 1/z are represented graphically to-
gether with the symmetric solution p'A =pB (stable for
z(4) by dashed lines in Fig. 1. The corresponding
asymptotic values of site coverages under uniform ad-
sorption rates (solid lines) are obtained for the fluid phase
region (z (z, } from asymptotic formula (4.16), while for
the crystal phase region (z )z, ) by numerical calcula-
tions with the aid of (4.14) adapted to alternating A and
B sublattice positions.

The application of the homogeneous asymptotic for-
mula (4.16) to the whole fluid region might be, in princi-
ple, incorrect. In the neighborhood of the critical point

0.2 0.6

FIG. 1. RSA on the Bethe lattice of coordination number

q =3:dashed lines represent the dependence of the particle den-

sity on the inverse activity 1/z at equilibrium (CP denotes the
critical point associated with the sublattice symmetry breaking};
solid lines represent the corresponding asymptotic values of
densities under a homogeneous particle adsorption.
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—
d, [(& & )'-(& &„)']=0.1

(6.6)

With homogeneity of the initial regime, we thus have
((o „)s)=((os ) „)» at arbitrary time. Putting this
equality into (6.4a) and (6.4b) with assumed
( o „)' = ( era ) ' = 1 —p', we readily find the unique solu-
tion p„(t)=pa(t). The lack of a nonequilibrium phase
transition is not surprising, and is expected to be a gen-
eral property of systems whose time evolution is
governed by a dynamics of irreversible type.

The locality of the inverse format for simply connected
lattices is an important reference when we pass to struc-
tures with a certain degree of nonlocality. In the equilib-
rium statistics of inhomogeneous lattice models, this pro-

Under homogeneous initial conditions
(cr „)s= (cr~ )'„=(1—2p')/( I —p') and renormalized
adsorption rates F„(t)=F~(t )=F(t ), the multiplication
of Eq. (6.5a) by factor ((crz )a)» ', of Eq. (6.5b) by
((era)„)» ',and the consequent subtraction of these
equations results in

gram has already been started and is successful in over-
coming topological nontrivialities of closed circuit [12],
and superbond multiconnection [13],type. The nonlocal-
ity is reflected through global collective modes of topo-
logical or interaction nature permitting one to construct,
in a variational way, the exact density functionals which
mimic associated lattice structures. The superposition of
equilibrium and nonequilibrium formats is a more com-
plicated topic and the presence of a kind of global vari-
able is questionable. If they exist, the present approach
could reveal them on the basis of the close relationship
between the equilibrium and nonequilibrium forms of
multisite correlations. For closed circuits, this procedure
has already been started, but in this case the evolution of
a cluster boundary is far from transparent. This is the
motivation for future study.
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