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Dense relativistic electron beams traversing a plasma, in what is known as the underdense, or ion

focusing, regime experience a strong, linear transverse restoring force. This force arises from the nearly

immobile ions which form a channel of uncompensated positive charge when the plasma electrons are

ejected in response to the introduction of the beam charge. This phenomenop can be used for focusing

the electron beam to very high densities over long propagation distances. Several schemes have been

proposed, including the nonlinear plasma wake-field accelerator, the adiabatic plasma lens, and the ion-

channel laser, whose viability is based on this focusing effect for very short pulse, high current electron
beams propagating in plasma. In this paper we examine, analytically and numerically, the self-consistent

requirements on plasma density, beam current, length, and transverse emittance which must be satisfied

in order for ion-channel formation and near equilibrium beam propagation to exist over the majority of
the length of the electron beam. The dynamics of the beam-plasma system are modeled by a simultane-

ous solution of the plasma electron cold-fluid equations, and the Maxwell-Vlasov equation governing the
beam's thermal equilibrium. The effects of introducing a strong axial magnetic field on the plasma

response and beam equilibria are examined. In addition to developing criteria for self-consistent equilib-

rium focusing, a time-dependent analysis where the beam particles are treated as mobile particles in cells
is developed in order to study the dynamical approach of this equilibrium. Inherently time-dependent

phenomena, such as matching of the beam into the plasma and adiabatic lenses, are then examined with

this method.

PACS number(s): 52.75.Di, 52.35.Mw, 52.40.Mj
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where m, and r, are the mass and the classical radius of
the electron, respectively, ub is the axial velocity of the
beam (assumed to be approximately equal to the total
beam velocity}, and the beam Lorentz factor
y=[1—(us/c) ]

' . In this paper we are concerned
with eases in the ultrarelativistie limit ub -—c (y»1).
This type of focusing is one of the strongest attainable for
high-energy electron beams, second perhaps only to the
beam-beam forces found in a linear collider.

Electron beam propagation in the IFR has been stud-
ied extensively in the past decade [1—8], mainly in the
context of relatively low-energy (Es =ym, c «100

When a high brightness relativistic electron beam is in-
jected into an underdense plasma (having density less
than that of the beam nb & no },which for narrow plasma
columns is termed the ion focusing regime (IFR), the plas-
ma electrons can be ejected from the beam's path to form
an ion channel. The leading edge (head) of the beam does
not experience the full e8'ects of the ion focusing, because
the plasma electrons must take some finite time interval
to move. On the other hand, once the plasma electrons
are completely rarefied from the beam volume, the result-
ing uniform ion channel gives rise to a linear restoring
force on the beam electrons. The focusing strength ex-
perienced by the electron beam due to this force is given
for a round (cylindrically symmetric) beam by

MeV}, high current (Ib & 1 kA), and long pulse (o, & 1 ns}
beams. In a long pulse beam, the transverse profile of the
beam consists of three distinct regions [4]: a freely ex-
panding beam head, a pinch region where the beam radius
becomes smaller as the self-focusing of the beam in the
plasma begins to assert itself, and a main body of the
beam which has a constant radius, matched to the focus-
ing strength of the ion channel. The transition between
the pinch region, in which the plasma electrons are in the
process of being expelled, and the ion channel is often
termed the pinch point. The overall shape of the beam is
trumpetlike, with the pinch point moving backwards in
the beam frame as the beam head erodes.

For most of the cases previously considered, energy
loss by the beam head (induction or plasma wake-field
loss due to longitudinal electric force eE, ) is often t—he
limiting factor in determining the beam head erosion
rate. In this paper we will be considering schemes
typified by the ion-channel laser (ICL) [9] and the non-
linear plasma wake-field accelerator (NPWFA) [10], in
which the lengths characteristic of the beam's transverse
stability (betatron wavelength, electron-hose growth
length, etc.) are much smaller than the length over which
appreciable energy loss,

fltl~C

eE,i,„'— (2)

occurs. In discussing the NPFWA (which, unlike the
linear regime of the PWFA, involves very nonlinear plas-
ma motion, in which the plasma electrons are completely
ejected from the beam channel), for which the energy loss
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rate for future experiments will likely be anywhere from
100 MeV/m to 1.5 GeV/m, we imply that we must only
consider high-energy beams, Eb &20 MeV. This said,
from this point on we approximate the energy as a con-
stant in our analysis, and consider only the effects of the
beam's finite emittance when discussing erosion.

In the ICL, one needs very large currents in order to
maximize the gain of the radiation produced, and in the
NPWFA, high currents and short pulse lengths (less than
a plasma period, typically a few picoseconds) are needed
to drive large amplitude wake 6elds. In both of these
schemes, the eflicacy of the interaction is strongly depen-
dent on how quickly past the head the beam passes
through the pinch region —it should reach the pinch
point before the maximum in current, to ensure that the
beam head erosion does not cause a large portion of the
beam charge to be deconfined past the ion-channel
defined equilibrium radius.

In this paper, we examine the details of the pinch re-
gion evolution, with emphasis on determining the neces-
sary conditions for achieving full ion-channel formation
before the midpoint of a short electron pulse ig the
NP%FA. An approximate analytical model is developed
in order to give some insight into the relevant physical
parameters. In addition, previous particle-in-cell simula-
tion work by Krall, Nguyen, and Joyce [4] has shown
that for emittance-driven erosion, the pinch point moves
very slowly and a near-equilibrium condition develops.
Using this result as a guide, we develop a more sophisti-
cated model in which the plasma electrons are described
by fully relativistic cold-Quid equations and the beam
physics is described by a Maxwell-Vlasov equilibrium.
Both beam and plasma quantities are assumed to depend
only on the distance from the head of the beam, and the
equations are integrated from the beam head backwards.
An axial magnetic field is also added to this system in or-
der to provide a confining linear force, which prevents
erosion of the beam head, and to give a reasonable, causal
starting point in beam density for the integration of our
equations. The effects of this field on both the beam and
the plasma dynamics are examined.

Calculations concerning an equilibrium naturally must
be justified by examining the physical mechanisms for
formation of this equihbrium. By describing the beam as
a set of super particles which are used to specify the beam
current distribution, we can perform a time-dependent
analysis of the beam-plasma interaction. The evolution
of the beam distribution in time, or equivalently, as a
function of propagation distance in the plasma, including
emittance growth and formation of the trumpet-shaped
beam head, are then examined.

Since the beam's pinch region and body must form
equilibria which have very different characteristic beam
radii, the evolution of the pinch region is, in general, a
complex process which is dependent on the initial condi-
tions. This brings into consideration the subject of
matching the beam at the plasma boundary, a transition
region of plasma density with a finite rise length. In turn,
a relevant extension of this study is the subject of adiabat-
ic focusing, in which the beam is compressed as the plas-
ma density is raised slowly in the longitudinal direction.

II. ANALYTICAL MODEL OF RAREFACTION

As stated above, in order for ion-channel focusing to be
effective over the majority of the beam, the plasma elec-
trons must be ejected by the leading edge of the beam. In
this section, we examine the dynamics of the plasma elec-
tron motion in the presence of a beam, which is denser
than the plasma, and derive a necessary condition for
rarefaction to occur early in the beam passage time. To
derive this condition, the beam transverse distribution is
assumed to be that which would be obtained from match-
ing into the focusing channel formed by the ions. Qf
course, this is only the case for the body of the beam; the
details of the evolution of the beam head are examined
below through numerical analysis.

Much of the analysis in this paper makes use of an en-
velope equation description of beam size evolution [5], or
an equivalent approach based on Courant-Snyder param-
eters [6]. The envelope equation for a cylindrically sym-
metric beam in a uniform linear focusing channel is

P"+2KP=—1
&2

+2
2

(4)

The equilibrium size of an electron beam focused by a cy-
lindrically symmetric ion column of charge density eno is

found by noting that the equilibrium Courant-$nyder P
function is P,„=K ', with K as given by Eq. (1). In
this case, one can identify the P function as the inverse of
the betatron wave number P, =k& ' ——A&/2m. . The equi-
librium rms radial beam size is thus

1/2

"(/27Fre n p1'

where e„ is the normalized rms emittance. Assuming the
beam has a Gaussian profile in both longitude and radius,
the peak beam density in equilibrium is thus

Xb+r, npy

27TE„O z

This beam density must be somewhat higher than n.o (on
which it is explicitly dependent) for the complete plasma
rarefaction regime to be accessed. In order to determine
when this rarefaction develops on a time scale, short
compared to the beam pulse, a model of the plasma elec-
tron motion must be introduced.

In this regime of interest, where the plasma motion is
mostly radial, the plasma electron dynamics can be well

approximated by assuming that the total force on the
plasma electrons is due only to the radial electric field of
the bunch, which in the ultrarelativistic beam limit can
be calculated by a simple application of Gauss's law. For

cr'„'+Eo „=
Or

where cr„=(r )' . We will need to define the amplitude

(P) function P:r /e, w—ith the rms emittance (a constant

under linear transport) e= (/r r' (rr') . —Upon substi-
tution into the envelope equation, we have the equation
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ease of analysis, we now approximate the beam density nb

as uniform and, writing the plasma electron radial equa-
tion of motion with the distance from the head of the
beam /=et —z as the independent variable, we have

r k r —0 ~

where

Energy Eb
Electrons per bunch Nb
Normalized emittance c„
Bunch length o,
Peak current I,

30—150 MeV
6X 10"
500 mmmrad
0.75—1.5 mm
10-20 kA

TABLE I. Argonne Wake-Seld Accelerator beam parame-
ters.

k nb
k =2@re b'b 2 np

(8)

n(kg)=
[cosh(kg) ]

(10)

Requiring that the beam channel be rarefied, which we
quantify by the condition n (kg)/np &0.01, we have, ap-
proximately, kg) 3. Although this result is derived as-
suming a constant current profile, we may use it to esti-
mate the threshold for full rarefaction of the beam chan-
nel for a time-varying beam current by taking the integral
of the wave number over time. In order to guarantee that
the longitudinal center of a Gaussian beam is well fo-
cused, we have the (approximate) requirement

ko, ) 3

2'
For Gaussian beams, the fact that the expelling forces are
smaller at the front of the pulse is onset by the gain in
time allowed before the arrival of the beam center, miti-
gating the error introduced by our approximate argu-
rnents.

The condition for rarefaction of the beam channel
given by Eq. (11) can now be used to estimate an expres-
sion for the self-consistent beam parameters needed for
the major portion of the beam to be propagating in the
ion-focusing regime. Squaring Eq. (11) and substituting
into Eq. (8), we can write

lib 9
np m{k o, )

(12)

Combining this result with the density expression in Eq.

and the prime indicates a derivative with respect to g.
Assumption of a temporal and longitudinal response
dependent only on g implies that we are ignoring tran-
sients which occur at the plasma boundary. Note that
the form of the equations of motion are valid everywhere
inside of the beam under our assumptions, which is the
region we are concerned with. For a realistic beam
profile (e.g., Gaussian), however, the expelling force rises
less than linearly and Eq. (7) is valid only in the core of
the beam.

The solution of Eq. (7) is, taking a plasma electron to
be initially stationary at radius rp,

r =rpcosh{kg) .

Since the plasma electron density is proportional to the
distance between electrons, expansion of these distances
by a uniform factor (recall that we are ignoring longitudi-
nal plasma motion) lowers the plasma density by the
square of that factor, and

(6), we have simply

9e„
Nb &

v'nyr, (k o, )
(13)

This expression has direct implications for short pulse
beam propagation in plasma. For a symmetric Gaussian
beam pulse, which is used to drive a nonlinear plasma
wave field, we have the limit on beam length k o, &2,
which is required in order for the wake field not to be di-
minished by the oscillatory plasma response. Note that
for asymmetric longitudinal profile beams, this corre-
sponds to a limit only on beam fall length, not the rise
length. In addition, as can be seen from Eq. (11), if we
choose k 0, )2, then the result is not necessarily valid, as
we would then be allowing the possibility that nb & np.
Thus, subject to this constraint, k 0, 2, we have

9e„
Nb&

v'4rry r,
(14)

III. COLD-FLUID DESCRIPTION
OF PLASMA MOTION

Since the plasma electron motion excited by a beam
which is much denser than the plasma is inherently non-
linear, it is not amenable to simple analytical description.
Computer simulations have shown, however, that for the
initial half-cycle (the blow out of the electrons) of the
plasma oscillation, the plasma electron motion is nearly

This condition, which is now independent of plasma den-
sity and beam length, is not easy to satisfy. However,
new, high current, high brightness electron sources based
on rf photocathode technology should produce beams
which satisfy Eq. (14). In particular, an accelerator facili-
ty currently undergoing commissioning, the Argonne
Wake-field Accelerator (AWA, the parameters of which
are shown in Table I), should yield a beam which satisfies
this inequality by more than an order of magnitude. Ini-
tial tests of the NPFWA are to be performed at the
AWA, with construction of the experiments presently un-
derway.

The arguments supplied here clearly ignore the compli-
cations of the pinch region dynamics and are therefore a
necessary, but not sufBcient, condition for attaining ion-
focused confinement of a short pulse electron beam. In
order to examine the requirements for reaching this plas-
ma electron "blow-out" regime, we must use a more so-
phisticated model. In Sec. III, we discuss a cold-Quid
description of the plasma electron motion as a first step in
a full analysis of the beam-plasma system.
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laminar. Thus the cold-fiuid description is a good ap-
proximation to the plasma electron response for the situ-
ation of interest here. While the fiuid equations cannot
be solved analytically, they ean be easily integrated nu-
merically. This approach was originally developed by
Breizman et a/. for use in plasma wake-field analysis
[11]. Here, we extend this numerical approach to include
the field of the focusing solenoid and a Maxwell-Vlasov
treatment of the near-equilibrium beam dynamics.

The relativistic equation of motion for an electron
cold-fiuid element,

Bp +(v V)p= —e E+—(vXB)
at c

(15)

combined with the continuity equation,

n +V (nv)=0, (16)

has been generalized, in our case, to account for rotation
of the plasma electrons around the beam axis due to the
effects of the axial magnetic field. We assume a rotation-
ally symmetric solution so that dld6)=0, where 8 is the
azimuthal angle in the cylindrical coordinate system.
Equations (15) and (16), as well as the Maxwell equations,

VxB= 4~J+ 1 ~E
c c 8t

1 BBVxE=-—
c Bt

(17)

(18)

with J= e(nv+ —nbvb), are solved forwards in g, starting
causally ahead of the beam in the region of unperturbed
plasma. The boundary condition in the radial direction is
that of a conducting wall at radius r, at the edge of the
computational grid. It is also assumed that the beam is

propagating at the speed of light. The errors in deter-
mination of the fields resulting from this assumption are
of order y

The beam particles are treated as paraxial rays for the
purpose of integrating Eqs. (15}—(18). In particular, we

specify that the beam velocity vb=cz and assume that
the beam gives no important contributions to the total ra-
dial or azimuthal current density.

IV. BEAM DISTRIBUTION:
MAXWELL-VLASOV EQUILIBRIUM MODEL

The description of an electron beam propagating in the
ion-focused regime discussed in Sec. I, based in large part
on the results of Ref. [4], assumes that the beam is initial-
ly matched to the channel (there are no envelope oscilla-
tions within the body of the beam), and that a near equi-
librium develops in the pinch region, giving the charac-
teristic trumpet shape of the beam's spatial profile. In
our present model of the beam equilibrium we do not in-
clude energy variations in the beam, muting the issue of
inductive erosion, and the emittance-driven erosion is sta-
bilized by the applied axial magnetic field, making the sit-
uation an even better approximation to an equilibrium
case.

In order to incorporate the effects of the transition be-

tween the head of the beam, confined only by the relative-
ly weak focusing of the solenoid, and the body of the
beam, which is well confined by the ion focusing in the
rarefaction channel, we adopt a Maxwell-Vlasov descrip-
tion of the beam„which assumes that each infinitesimal
longitudinal "slice*" of the beam is in equilibrium with the
focusing fields.

To argue for the applicability of the model it is useful
at this point to discuss how this equilibrium may come
about, with a more detailed treatment given below. For
the beam body there is no inherent problem, as one can
envision that it is initially matched to the linear focusing
of the ion channel upon entry into the plasma. In the
pinch region, however, the plasma focusing fields are
nonlinear, and of course weaker than those in the ion
channel itself. We can therefore expect that the beam
distribution in the pinch region will evolve without
binary collisions in a few betatron oscillations into a near
equilibrium by phase mixing due to the amplitude depen-
dence of the oscillation frequency. The collisionless
damping of the beam profile oseillations comes at the
price of the filamentation of the transverse phase space
or, equivalently, emittance growth. In order to expedite
the analysis, we assume that this growth, which is
dif6cult to calculate since it involves solving the rniero-
scopic equations of motion, is negligibly small for most of
the beam population. Also, the initial condition of
matching the beam envelope to the ion focusing will
cause the forward edge of the beam, which only experi-
ences the solenoidal focusing, to undergo undamped beta-
tron oscillations. This effect can be ignored, since there is
a very small population of particles involved. The col-
lisionless approach to equilibrium, and accompanying
emittance growth in overdense (n~ & no) plasma focusing,
is discussed in detail in Ref. [12].

This model is suitable for describing a near-equilibrium
state of the beam, which we assume comes about after the
initial transient effects have dissipated. The effects of the
axial magnetic field are employed mainly to produce a
'*startup" density at the beam head, which we set equal to
the equilibrium (no betatron oscillations) density in the
axial magnetic field. The time-independent Maxwell-
Vlasov equation is written

p„Bf(r,p, ) df (r,p„)F„(r}-
fpl Bp' Bp

where p„ is the momentum and F„(r)= —e (E„Hs ) is-
the radial force on a paraxial particle moving near the
speed of light. In this calculation, the maximum in phase
space density f (0,0) is constant and the distribution
function is assumed smooth and separable in r and p„, as
we are ignoring phase space filamentation effects. Equa-
tion (19) is solved by radial integration [once each longi-
tudinal (g) step] in order to provide the inhomogeneous
driving term for the plasma dynamics in Eq. (18) at the
following time step. It should be noted that for an ul-
trarelativistic beam the net self-force vanishes, and F„
arises only from the plasma and externally applied mag-
netic fields. Computationally, Eq. (19) reduces to the
usual uncorrelated Gaussian distribution when the focus-
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ing force is linear (as in the IFR) and to the Bennett
profile when the beam is much less dense than the plas-

ma, and narrow compared to k '. Appendix B discusses

the numerical techniques used in evaluating the trans-
verse density profile.

V. BEAM EQUILIBRIUM:
COMPUTATIONAL RESULTS

100

10

F
C

15 nC

—25 nC

35 AC

The simultaneous numerical solution of the cold-Quid
equations with the Maxwell-Vlasov equation for the self-
consistent beam equilibrium allows us to examine the ap-
plicability of our analytical model. However, the addi-
tion of the axial magnetic field of strength B„which for
an ultrarelativistic beam gives a focusing strength,

1/2eB,
(20)

2gmec

to provide a starting equilibrium distribution at the be-
ginning of the beam, presents a problem if the initial
beam head radius,

1/2
mec &n

(21}
eB,

is much larger than a plasma skin depth k '. In this
case, the plasma return current Qows inside of the beam,
negating the magnetic self-focusing forces of the beam.
Under this type of initial condition, the self-focused equi-
librium in the underdense regime is never achieved in our
inodel. This situation is, of course, a spurious artifact of
the model, and in order to avoid it we set the magnetic
field in these calculations to give k cr, «2. In practice,
the beam will be injected into the plasma near the equilib-
rium beam size corresponding to the ion focusing, not the
solenoid focusing, and so the value o.„& is of only margin-
al importance to the final state of the beam equilibrium.

Of course, the addition of a longitudinal magnetic field
changes the plasma electron dynamics somewhat, in par-
ticular making it more diScult to eject them from the
beam channel. This is a relatively small effect as long as
the electron plasma frequency is much larger than the cy-
clotron frequency, co »co, . This is in fact the case for
all plasma densities and applied magnetic fields of in-
terest. It should be noted in this regard that all past and
planned plasma wake-field acceleration experiments em-

ploy solenoidal magnetic fields for confining the ambient
plasma [13].

The scaling (in the variables Nb, e„, and k o, } for
achieving rarefaction of the plasma electrons set forth in
Eq. (13) has been explored using this computational mod-
el. The results of varying the total charge in the bunch,
while holding other variables constant [e„=400
mmmrad, k cr, =2, cr, =l mm (no=10' cm ), and
y=300], is shown in Fig. 1, which plots a normalized
measure of the beam spot area, i.e., the on-axis equilibri-
um density which would be due to the ion-channel focus-
ing, divided by the calculated density, as a function of
k~g. It can be seen that the plasma is nearly totally
rarefied at the beam's longitudinal center for all bunch
populations over 1.2X10". This is slightly more pes-

-4
I

-2

k
P

0 2 4

FIG. 1. Normalized beam spot area (deSned as a function of
longitudinal position by n~/n~(k~$, 0), with n~
=Nqexp( —f /2n, )/[(2n) ~io~o, ], for a number of diFerent
bunch charges arith other parameters held constant (e„=400
mm mrad, k~cr, =2, y =300, and cr, =1 mm).

100

C)
C

F
10

6 x10 30 mm-mrad

100 mm-mrad

——150 mm-mrad

200 mm-mrad

300 mm-mrad

-4 -2

k
P

FIG. 2. Normalized beam spot area, as defined in Fig. 1, for
a number of diferent emittances with other parameters held
constant (Nb =6X10', k~cr, =2, y=300, and o.,=1 mm).

simistic than the result obtained from Eq. (13), which

predicts that 2.4X 10' should be suiicient. This is to be
expected, since we have relaxed the assumption that the
beam head and pinch regions are focused to cr,z.

In Fig. 2, we display the results of varying the emit-
tance while holding the other beam parameters
(Nb=6X10', kzu, =2, y=300, and a, =l mm) con-
stant. According to Eq. (13), rarefaction at the middle of
the beam should be achieved for all emittances smaller
than 120 mm mrad, while in Fig. 2 we can see that at 100
mm mrad the rarefaction has already deviated from com-
pletion. This disagreement is again due to the analytical
model being too optimistic in its assumptions concerning
the beam head density.

Figure 3 shows the parametric dependence of the rare-
faction condition on plasma density in order to reveal the
effects of varying the quantity k . The normalized beam

spot size is plotted as a function of g for a beam with pa-
rameters Xb =6 X 10', y =300, and o, =1 mm. Only the
case with no=10' cm (k~cr, =l) rarefies well, as has
been anticipated. For smaller plasma densities, the focus-
ing is not strong enough to focus the beam to much
higher density than the plasma density, and in turn, the
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FIG. 3. Normalized beam spot area as a function g, as
defined in Fig. 1, for a number of difFerent plasma densities with
other parameters held constant (N& =6X 10', y =300, E'„=100
mm mrad, and cr, = 1 mm).

plasma electrons are not expelled as quickly by the beam
density. For much larger densities, the plasma has time
to respond to the beam charge and the beam is well fo-
cused, but simply not denser than the plasma.

0.0 0.1 0.2 0.3

(cm)

FIG. 4. Comparison of Maxwell-Vlasov equilibrium predic-
tion with time-dependent beam model (at z = 10 and 20 cm into
the plasma), with the on-axis beam density as a function of g
normalized to that obtained from ion-channel equilibrium. The
beam-plasma system has the following parameters: N&
=1.2 X 10", E& =25 MeV; e„=100 mm mrad; k~o.,=2;
k~o„l =2; and e, = 1 mm.

VI. DYNAMICAL APPROACH
TO BEAM EQUILIBRIUM

The validity of the equilibrium beam model developed
in the previous sections is dependent on the initial
mismatch of the pinch region dissipating through col-
lisionless damping. In order to provide a more solid un-
derpinning for the Maxwell-Vlasov model, we now exam-
ine the approach to this equilibrium by allowing the
beam current distribution to have an explicit time depen-
dence. This is accomplished by representing the beam
current as a system of "super particles" and assigning
currents to the computational grid associated with the
plasma electron fiuid equations based on the position of
these super particles. At each time step the fluid equa-
tions are solved based on these beam currents, and the
beam particle positions and mornenta are updated based
on the focusing fields due to the plasma response. This
scheme is thus a rudimentary type of a particle-in-cell
calculation. It is also reminiscent of previous approaches
to IFR propagation analysis, the multicomponent model
developed by Sharp, Lampe, and Uhm [14], and the
spread-mass model credited to Lee [15]. Unlike these
models, however, we are not attempting to introduce a
tool which directly aids theoretical analysis, but are
merely using the super particles to calculate the micro-
scopic dynamics of the beam particles in a straightfor-
ward manner.

In order to mitigate statistical fluctuation effects in the
representation of the beam current, there must be a
sufficient number of super particles in each g slice, which
in these calculations is taken to be 50. The beam particles
are initialized as the bi-Gaussian distribution in each
transverse phase space plane that is matched to the linear
focusing which would be obtained from a uniform ion
column to given an rms beam size of cr, [5].

These calculations are valid only in the limit where the

beam parameters at a given g slice change in time much
more slowly than the plasma parameters. This is
equivalent to requiring that k& =k /y « k~, or that

y &&2, which we have already assumed to be the case.
The comparison of the Maxwell-Vlasov equilibrium

prediction with that obtained from the time-dependent
super particle model of the beam is shown in Fig. 4. The
effective normalized beam spot size, as a function of g, is
shown for the equilibrium calculation and for the time-
dependent calculation at z =10 and 20 cm into the plas-
ma. In this case, the beam-plasma system has the follow-
ing parameters: N&=1.2X10", E&=25 MeV, E„=100
mmrnrad, k~o, =2, k~o, =2, and cr, =0.75 mm. In or-
der to isolate the transverse effects, the energy loss of the
beam particles due to the inductive E, is again ignored.
One can see that the agreement is quite good in the body
of the beam and in the pinch region. The extreme beam
head shows some oscillation, however, due to the
mismatch induced by initially focusing the entire beam
down to the equilibrium (P, =5 mm) attained by the
beam body. The distribution of the head particles, which
perform large oscillations around the equilibrium provid-
ed by the solenoid, does not seem to greatly affect the dis-
tribution in the pinch and body regions.

UII. BEAM MATCHING

The launching of a beam into the plasma with a
predefined state of ballistic propagation, as w'as done in
Sec. VI, ignores the issues surrounding the negotiation of
the plasma boundary region, where no(z) rises from zero
to its final value in the bulk of the plasma. This transient
elect must be examined carefully in order to match the
beam's transverse propagation characteristics to the ion
channel. In addition, by allowing the plasma boundary
to aid in matching, one should be able to mitigate the os-
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cillations of the beam head, as it need not be initially as
tightly focused.

We will perform an analysis which contains the plasma
response below by employing an extension of the numeri-
cal modelling techniques developed in Sec. VI. First,
however, it is instructive to explore an analytical model
of the beam propagation assuming (as is frequently done
in IFR propagation analyses) that the focusing experi-
enced by the beam is given simply by the ion density, that
1S,

2nr, no(z)
E(z)=

y
(22)

=n sin (k z) 0&z & (23)

=n 77

2k„
(24)

In the plasma boundary region (the ramp, 0 &z & n /2k„),
the equation of motion for the beam particles in either
transverse dimension is of the same form,

d x
+Kosin (k„z)x =0,

Z2
(25)

where the constant Eo=2rrr, n /y. Note that Eq. (25)
is formally the Mathieu equation (15) in the region of the
rising density.

Use of the Mathieu form guides the discussion of the
matching problem. For example, we may look for solu-
tions that match a waist (that is do „/dz =0) at z =0 to a
waist at the end of the boundary region z =n/2k„. For
this to be true, any ray. which is initially parallel must ei-
ther be parallel or cross the x =0 plane at z =n /2k„. In
addition, any initially on-axis ray must be either parallel
or return to the x =0 plane at z =n/2k„. In short, we
require simultaneous odd and even periodic solutions to
the Mathieu equation. However, the theory of Mathieu
equations explicitly denies this possibility, since the odd
and even solutions have distinct frequencies (that is, Eo
must be difFerent for the two types of solutions} [16].
Thus the beam strictly must not be at a waist at the be-
ginning of a ramp, but in fact must be converging to
achieve a match at z =~/2k, .

In practice, the best way to derive the initial conditions
at the beginning of the ramp is to start with the desired
match at z =~/2k, and solve the envelope equation for
the rms beam size,

d 0 . 2
E'

z +Eosin (k,z)o = (26)
dz cT

In order to define this model completely, we must now
specify the plasma density profile. We require that the
density be zero outside of a certain finite region, and ad-
ditionally, to avoid any spurious transients in the solution
to Eq. (22}, we also require that the first derivative of the
density be continuous. We choose a simple, mathemati-
cally tractable and physically reasonable ramped plasma
density profile,

no(z)=0, (z &0),

backwards in z. In keeping with the previous discussion,
we can classify the ramped profiles according to the
phase advance,

/2k, dZ m/2k,

o P(z) o o (z)
(27)
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FIG. 5. Matching of the beam body (the last half of the
beam) with the ramp of length 1.63 cm (k, =0.964 cm '), cor-
responding to g=n/2. The beam-plasma system has the same
parameters as in Fig. 4.

which is approximately n~/2, with n equal to a positive
integer. For example, the shortest ramp has an approxi-
mate phase advance of m/2, corresponding to a quarter
of a betatron oscillation; an initially parallel ray approxi-
mately comes to a focus at z =n /2k„.

We can exploit our time-dependent model of the plas-
ma fluid response under certain conditions. The first is
that the plasma conditions do not change appreciably
over the distance from the head to the tail of the beam,
which can be quantified by requiring k„cr, «1. This is
satisfied in all the calculations given below, since the
beam length is typically 1 mm, while the rise length is
several centimeters. In addition, there is a less relevant
requirement mainly concerning calculation of the wake
fields behind the beam, k~ &&k„, which is satisfied for the
denser regions of the plasma (which are cases of interest,
since kz-—o, ').

The matching of the beam body, which is here defined
to be the last half of the beam, is illustrated in Fig. 5. In
this case, the ramp is 1.63 cm long (k, =0.964 cm '),
corresponding to g=rr/2. The beam-plasma system has
the same parameters as in Fig. 4. The mismatch and er-
ror in O,q, which for this system should be 102 microns,
is due only to numerical inaccuracy of the plasma-derived
focusing force. It should be noted that the beam has a
virtual waist (that which is obtained if the plasma is re-
moved) of 123 pm, which is not much larger than the
ion-channel equilibrium. Thus the matching section in
this case does little to suppress beam head oscillation and
loss.

As an example of a matching section which allows the
initial external focusing to be eased (since the virtual
waist is larger), we examine a longer ramp in which
g= m.. The virtual waist in this case is 149 p,m, and so the
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FIG. 6. Matching of the beam body with the ramp of length
3.33 cm (k„=0.472 cm '}, corresponding to g=m. The beam-
plasma system has the same parameters as in Fig. 4.

FIG. 7. Adiabatic focusing of the beam body, with an ex-
ponential rise in plasma density from no = 10' cm ' to no = 10'
cm in a length 7 cm (x=0.657 cm '). In this case, the beam
parameters are Nb=6X10", Eb=150 MeV, cr, =l mm, and
e„=400 mmmrad, with initial conditions ao=483 pm and
ao=0.7.

depth of the initial focus is over twice P . The evolution
of the rms transverse size of the beam body is shown in
Fig. 6. The collisionless damping of the beam size oscilla-
tions indicates the presence of some deviation from con-
stant, linear focusing in the bulk of the plasma.

VIII. ADIABATIC FOCUSING

If the subject of long matching sections is explored to
its logical conclusion, it becomes quite similar to what
has been termed "adiabatic focusing, " in which the plas-
ma density, and thus the focusing strength, is ramped
over many orders of magnitude. In addition, the beam is
initially nearly matched to the focusing strength and
remains so throughout the ramp, producing a beam
which is also many orders of magnitude denser at the end
of the ramp. It has been proposed by Chen et al. [17]
that this method of focusing could alleviate the efFects of
radiation-induced aberrations in linear collider final
focusing systems (the Oide effect [18]).

In Chen's paper on adiabatic focusing, the measure of
adiabaticity, a =——( —,

' )dP/dz, is taken to be less than uni-

ty. In fact the optimum ramp in focusing strength may
be optimally much larger than 1. If this is the case, the
focusing strength must rise in z with a uniformly positive
second derivative, to insure that the beam envelope does
not undergo wild oscillations. In fact, Chen et al. choose
a plasma density that is singular at the end of the ramp.
A discussion of the optimization (from the point of view
of the beam dynamics) of the ramp by Williams and Kat-
souleas [19] yields a more physical density profile. For
our purpose, that of investigating the self-consistency of
the beam-plasma system [20], we choose a simpler, more
experimentally realizable density which satisfies our re-
quirements on the functional form of the focusing
strength increase,

have aa, (&1 and a «k . The last (less relevant) condi-
tion is again problematic at lowest densities. More im-
portant than the validity question is the issue of self-
consistent blowout of the plasma electrons in the low
density region. The inequality given in Eq. (13), which
predicts the self-consistency condition for a & 1, can only
be satisfied over a limited range of plasma densities. For
the Argonne experiment, the inequality is satisfied maxi-
mally by a factor of 30 for k cr, =2, which means that a
ramp of three orders of magnitude leading to the condi-
tion k o.,=2 will still be self-consistent.

A case where the beam self-consistently is compressed
by a long ramped underdense lens is shown in Fig. 7,
which displays the rms size of the beam body (as defined
for Figs. 5 and 6) for two sets of initial conditions. The
exponential ramp, which is 7-cm long, begins at no =10'
cm and ends at no=10' cm . The case shown in the
solid line is a beam with an initial correlation of ao=0. 7
(the virtual waist is cr =410 pm). The beam comes to an
approximate waist of o = 150 pm at the end of the plas-
ma, as is quantitatively predicted by the solution of Eq.
(26). This agreement indicates that rarefaction has been
indeed achieved for the body of the beam. This case is a
nearly adiabatic lens, as a peaks at a value of 1.6. As one
would expect for a ramp of two orders of magnitude in
plasma density, the beam becomes about a factor of 10
denser at the end of the lens.

While the plasma dynamics work well in this case, the
nearly adiabatic condition implies that the beam dynam-
ics will be a sensitive function of initial conditions. To il-
lustrate this phenomenon, ao is increased by 10% in the
case illustrated by the dashed line. Although the focus-
ing is still effective (the blowout regime is accessed well),
the beam body envelope and its first derivate deviate
quite a bit from the previous case.

no(z)=no(0) exp(az), (28) IX. CONCLUSIONS

with the beginning of the plasma region at z =0. For our
calculational model to be valid in this system, we must

The analytical, Maxwell-Vlasov, and simulational mod-
els introduced in this work have been shown to give 3,
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consistent view of the requirements on a short beam-
plasma system for propagation in the ion-focused or
blow-out regime. As can be seen from the included ex-
amples and from the extension of the simulational model
to include beam matching and adiabatic focusing, ob-
tained results have proven to be of significant help in ad-
dressing issues surrounding the experimental testing of
the NPWFA and related phenomena.

The methods employed in this paper could be used to
deduce further interesting results. For instance, one can
enhance the efficiency of the NPWFA by ramping the
beam's longitudinal profile [10] slowly, k o „»1,if the
fall length is still maintained to be shorter than a few

kp (7f Q 4 2. The scaling laws developed in this paper will
be extended to cover this asymmetric beam case in future
work. Additionally, for either long rise length beams or
very dense beams, nb »np, the issue of ion motion be-
comes relevant. This can be straightforwardly examined
by treating the ions as a cold fluid; the results of this
study will be presented in a forthcoming work.

Other important issues, such as dipole instabilities of
the beam-plasma system [20], lie completely outside of
the scope of this paper, as they cannot be addressed
within the axisymmetric models employed here. A likely
candidate for posing trouble is the electron-hose instabili-
ty, which in the long electron pulse limit has a very fast
growth rate. For a very short pulse length however, the
return sheath dynamics must be treated relativistically,
and the analysis is not so simple. This issue, along with
the general question of instabilities in the NPWFA, will
also be studied in future work.
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Again using the speed of light phase velocity condition
8/Bz = d/dt, the M—axwell equations become

E&, and H„as well as the inclusion of a centrifugal force
term. The variables used in the simulation are dimen-
sionless. Table II shows how these are related to the
physical (primed} quantities.

Using these variables, the fluid equation becomes

a a—V„+V„V„
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APPENDIX A: NUMERICAL SOLUTION

OF PLASMA BEHAVIOR

TABLE II. Numerical code variables in terms of physical
quantities.

Simulation variable

V;

E,H
P

Relation

=v /(c —v,')
=E'm, co~c/e (, =H'm, conc/e)
=m, cp'
=apzt
=n'/no

The numerical solutions of the fluid equations which
we have employed rest on the work of Breizman et al.
[11]who have used the approach of applying the speed of
light phase velocity condition 8/Bz= d/dct to E—qs.
(15)—(18). We have extended this approach to allow the
rotation of the plasma electrons induced by the applied
solenoidal field H p which necessitates solving for H„

H, = —NV
ar

(A8)

It is unnecessary to have a separate equation for E& be-
cause it is trivially related to H, (E&= H„). The plas-—
ma is assumed to be surrounded by a conducting cylinder
at the edge of the computational grid. At this radius, the
quantities H„and E, must tend to zero. Therefore, the
equations for these fields are integrated starting from the
maximum radius. Also, the flux associated with H,
through this tube must be conserved. The evolution of
H, is computed in the usual way, but an offset is added to
this field which preserves the flux. We11 ahead of the
beam, H, is set equal to the field of the solenoid, thereby
defining the initial flux. All other fields are assumed to be
zero by symmetry. The discrete form of these equations
is applied to give the fields after one step in g. All of the
equations are discretized in a straightforward manner ex-
cept Eqs. (32) and (33). The discrete form of the continui-
ty equation, for example, takes the form,
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l
N, (z +dz) —;+,E(+,+r;,N,

2r,.

Using the equilibrium Vlasov prescription, the phase
space distribution is taken to be

dz
i +IJri+1 i —1 ri —1)dr

J„=XV, . (A9)

f (r,p„)=
(2n) ~ tr,p, e

ap„
exp[ —a V(r) ] exp

2f Pl

APPENDIX B: MAXWELL-VLASOV
BEAM-PLASMA EQUILIBRIUM

It is the purpose of this appendix to outline the numer-
ical methods used to compute the transverse equilibrium
of the beam. The usual solution of the time-independent
Vlasov equation involves making some assumption about
the behavior of the focusing force as a function of radius.
In our numerical work, this force is that experienced by a
paraxial relativistic electron due to the plasma fields in
the combination F„=—e(E„He), a—nd the additional
external focusing force provided by the solenoid. As the
rotation induced by the solenoidal focusing is second or-
der in field strength, we ignore its diamagnetic contribu-
tion to the longitudinal magnetic field. Likewise, we also
ignore space charge forces of the beam, which are small,
on the order of y

with V(r) the potential derived from the radial force and
N& the total number of electrons. This solution is depen-
dent on finding a suitable temperature parameter a, such
that the normalization of the distribution is preserved.
For a potential which never exceeds that of a completely
rarefied ion channel the parameter a needs only to be in-
creased from its nominal value, which simplifies the nu-
merical approach.

We also make a provision for the radial tail of the
beam to lie outside of the conducting mall radius, which
was needed to solve the Maxwell equations. In this in-
stance, we again call on the solenoid to help in stabilizing
the computation, and assume that any beam particles
outside of this radius are focused entirely by the solenoid.
This approach is justified by the characteristically long
tails of any Bennett-like radial profile.
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