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Bifurcation phenomena and multiple soliton-bound states in isotropic Kerr media
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An analytical and numerical study of the coupled nonlinear Schrodinger equations that govern light
propagation in isotropic Kerr materials reveals the existence of a novel class of bound vector solitary
waves. These solutions are shown to bifurcate from circularly polarized solitons. For certain values of
the wave parameters they represent stationary bound states of several linearly polarized solitons. These
solitary waves may find application to optical communications where they have the potential to increase
the bandwidth of transmission lines.

PACS number(s): 42.81.Dp, 42.81.6s, 03.40.Kf

I. INTRODUCTION

The nonlinear Schrodinger (NLS) equation governs
phenomena of common occurrence in various fields of
physics such as hydrodynamics, plasma physics, or non-
linear optics. In the context of optics the NLS equation
describes light propagation in Kerr materials with one
(spatial or temporal) transverse dimension [1,2]. This
equation is integrable and possesses a fundamental soliton
solution [3], here referred to as the NLS soliton, which
represents a nondistorting propagating electric-field en-
velope with uniform phase and polarization. In optical
fibers solitons are states of the field in which chromatic
dispersion is exactly balanced by the refractive index non-
linearity of silica [2]. For this reason they have been sug-
gested for application to extremely high-bit-rate
transmission systems [4]. An undesirable effect of the
Kerr nonlinearity, however, is to cause mutual interac-
tion between the pulses which in turn leads to a drastic
limitation of the system's bandwidth. This problem has
been the subject of intensive studies, and several tech-
niques have been proposed to reduce soliton interactions
(see, e.g. , Ref. [5], pp. 130—133). However, these tech-
niques do not allow for a complete cancellation of soliton
interaction and lead only to moderate increases of the
fibers capacity. We show in this paper that, by consider-
ing the polarization of the field, it is possible to annihilate
exactly the mutual interaction force between solitons.

When accounting for the polarization of the field in an
isotropic Kerr material (e.g. , a circular optical fiber) the
wave equation takes the form of coupled NLS equations
[6]. Although they are integrable for some peculiar non-
linearities [6,7], these equations were shown to fail the
Painleve integration test [8]. The coupled NLS equa-
tions, and especially their generalization to birefringent
media, were the subject of numerous works (see, e.g., Ref.
[5], pp. 177—193). In particular, Tratnik and Sipe [9]
and, independently, Christodoulides and Joseph [10]have
shown the existence of a new type of vector solitary wave
in birefringent materials. This type of solutions to the
modified coupled NLS equations was later analyzed in
terms of branching bifurcations from polarized NLS soli-
tons [7,11]. We propose in this paper the study of previ-

ously unrecognized bifurcations of the coupled NLS
equations for isotropic Kerr materials. We show analyti-
cally and numerically the existence of two families of vec-
tor solitary waves that branch from circularly polarized
NLS solitons and tend, further from the bifurcation, to
independent linearly polarized NLS soliton states. Be-
tween these two limits solutions consist of stationary
trains of pulses that can be viewed as multiple soliton-
bound states. Both families of vector solitary waves are
characterized by the number of bound polarized solitons
they contain. The resulting interactionless soliton propa-
gation allows higher pulse repetition rates and is there-
fore of great interest in optical fiber transmission systems.
Note that throughout this paper we use the common col-
loquial term of "soliton" for what should be more
rigorously called a stationary solitary wave.

II. BIFURCATION ANALYSIS
AND MULTIPLE SOLITON-BOUND STATES

In normalized units the circular polarization corn-
ponents of the field propagating in an isotropic Kerr
medium with chromatic dispersion is given by the cou-
pled NLS equations

+— + iU + iv U=O, (1 )
Bz 2 Qt2 2 2

+— + ivy'+ iUi' v=o
Bz 2 Qt2 2 2

(lb)

where the envelopes u, v, and the corresponding wave
vectors a, P are real quantities. Substituting Eq. (2) into
Eq. (1) leads to a set of two real ordinary differential
equations:

where U(z, t ) and V(z, t ) are the envelopes of both polar-
ization components, and B=y,22, /g»», where y;~kI is(3) (3) (3)

the nonlinear susceptibility tensor of the material [12].
Solitary-wave solutions to this equation have the form

U(z, t)=u(t)exp(iaz) and V(z, t)=U(t)exp(iPz),
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u =2au —(1—B )u —(1+B)v u,
v'=2Pv —(1 B—)v —(1+B}u v,

(3a)

(3b}

The analysis of a more general Hamiltonian of this type is
conducted in Ref. [7] (for the case of different nonlinear
coefficients for U and V},where it is shown to be integra-
ble for specific values of the wave- and material-
dependent parameters only. In that work branching bi-
furcations from polarized solitons are identified when
considering variations of the nonlinear coeScients. Here
we do not consider the role of material-dependent param-
eters, and rather focus on the influence of the wave pa-
rameters (a,P). We then consider an isotropic Kerr ma-
terial with a given value of B. We choose B=

—,', which
corresponds to the nonlinearity of silica fibers. The pa-
rameter a can be normalized to unity in Eq. (3), leading
to a single-parameter equation set

Q —2Q 3Q 3V Q

v'=2P ——'v' —4u'v .
3 3

(sa)

(5b)

Clearly this equation admits circularly polarized (CP)
NLS solitons as solutions:

u =~6 sech( v'2t ), v =0,
u =0, v =v 6p sech( v'2pt ) .

(6a)

(6b)

Note that these solutions exist for any real positive value
of P. For the particular value of P= 1 the symmetry of
Eq. (5) reveals the existence of linearly polarized (LP)
NLS solitons as additional solutions:

u =+v =v 2 sech(v 2t ) .

We show in the following that more general solitary-wave
solutions to Eq. (5) exist that, at given values of P&1,
branch from the CP solitons (6a) and, as P~1, tend to
states of decoupled LP solitons (7). Despite the nonin-
tegrabiltiy of the Hainiltonian H with B=—,

' [7], the
method of Refs. [7,11] enables the development of a par-
tial analytical description of the bifurcation of these solu-
tions from the CP soliton branch. Considering the
solitary-wave solutions of Eq. (5) as a CP soliton (6a) plus
a small perturbation, we write

where the dots denote time derivatives. The Hamiltonian
of these equations of motion is

H= &ui+ &v2 au2 Pv2+ l(u2+ 2)2 (
2 2)2

It constitutes the modal equation of the sech index
profile planar waveguide [13]. The change of variable
w=tanh(v'2t) transforms this equation into a Legendre
differential equation whose general solution is given in
terms of the associated Legendre functions of the first
and second kinds, P"[tanh(v'2t}] and Q"„[tanh(v'2t)],
where (M=v'p and v(v+1)=4 (i.e., v=1.56 and —2.56)
[14]. The solutions which decay at infinity are given by
P"„"[tanh(/2t )], where n is a positive integer smaller
than v. The value v=1.56 indicates that Eq. (9) admits
only two solutions that decay at infinity (n =0 and 1).
They are

y=sech"(v 2t) at p=po=2. 43,

y =P,' '[tanh( v 2t ) ] at p= p, =0.314 .

(10)

k

V
, Y

Equation (10) reveals the existence of a bifurcation at
P=Po=2. 43 which is beyond the value P= 1 correspond-
ing to the existence of the LP NLS solitons (7). This bi-
furcation does not lead to multiple soliton-bound states
and will not be considered here. The second solution (11)
shows that, at P=P, =0.314, a bifurcation exists that
originates an antisymmetric solitary-wave envelope in v

(P,' "is a one-node antisymmetric function).
This branch of solutions has been calculated numeri-

cally from Eq. (5) using a standard shooting method.
Near the origin [(u, v ) =0] the motion of the point in the
(u, v) plane can be approximated by neglecting the non-
linear terms in Eq. (5}, resulting in decoupled equations
whose solutions for t ~—~ can be written as
u =exp(&2t) and v =c exp(+2Pt), where c is an arbi-
trary constant. In our shooting method we used this
motion in the plane (u, v) as initial conditions at large
negative values of t, and we chose c as the shooting pa-
rameter. The separatrix trajectories in the plane (u, v}
obtained with difFerent values of P are given in Fig. 1 to-
gether with the corresponding solitary-wave envelopes.
We verified the appearance along the u axis of a single-
loop (one-node) separatrix trajectory at P=P, . As P in-
creases from P„ the separatrix loop divides into two lobes
that narrow progressively and approach the lines Q =+V
as P tends to unity. For sufficiently large values of P, the
solitary wave is therefore composed of two distinct pulses

u =v 6sech(v'2t)+e x, (8a)
(b)

V=ey . (8b)

From Eq. (5) we easily verify that the linear term in e in
Eq. (8a} is zero. Substituting Eq. (8) into Eq. (5), we ob-
tain, to the leading order, two decoupled equations in x
and y. The equation in y is

'tU V(U, V

0
-5

U, V

L

I

0
O'--V 5 t

0

U, V

y'=2py —8 sech (v'2t)y . (9)

This equation is well known in optical waveguide theory.

FIG. 1. One-node separatrix trajectories in the plane (u, u)
and the corresponding solitary-wave envelopes. (a) P=0.36, (b)
P=0.78, and (c) @=0.95.
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rp =4[1—(1—P) sin 8p]/(1 —
—,
' cos 8p) . (12)

For the calculation of the symmetric solitary waves it is
convenient to use I9p as the shooting parameter. Figure
2(b) shows the corresponding bifurcation diagram 8p(P).
Note that the line 8p(P) =0 corresponds to the CP soliton

(6a) and the value 8p=45' at P=1 is the angle corre-
sponding to the LP solitons (7). Figure 3 shows the evo-
lution of the two-node separatrix and the corresponding
solitary wave for increasing values of P. As P tends to 1

the solitary wave transforms into a bound state of three
LP NLS solitons (the distance between them is infinite at
P= 1 ). Note that a similar type of composite soliton state
has recently been described in the study of nonlinear fiber
couplers [15].

As illustrated in Fig. 2 by the dotted curves for both
types of separatrices, other branches were found that bi-
furcate from CP soliton states. These additional
branches correspond to higher-order (i.e., with larger

(&) (), (b)

of almost linear polarization [see Fig. 1(c)]. In the limit
P~l these pulses are two orthogonal LP NLS solitons
separated by an infinite distance. Note that, according to
Eq. (2), the linear polarization components of the field are
given by E„=[uexp(iz)+u exp(iPz)]/&2 and
E =[u exp(iz) —u exp(iPz)]/i&2 This shows that, al-

though the total intensity profile of the solitary wave
remains constant during propagation, its electric field un-

dergoes a uniform polarization rotation at a rate
(1—P)/2. The bifurcation diagram c(P) corresponding
to these solitary waves is given in Fig. 2(a}. Note that the
line c(P)=0 corresponds to the branch of CP solitons
(6a), and c = 1 is the value of the shooting parameter cor-
responding to the LP solitons (7}that exist only at P= l.

A second type of solitary-wave solution was identified
that bifurcates from the CP soliton at P=O. These soli-

tary waves are symmetric functions of t and possess two
nodes in U. They originate from a more complex bifurca-
tion which cannot be studied by means of a linear pertur-
bation analysis because the linear equation (9) does not
admit two-node solutions which decay at infinity. The
symmetry in the profiles of these solitary waves corre-
sponds to separatrix trajectories that are folded upon
themselves at a turning point (up, up) where the velocities

are zero. Introducing the polar coordinates
Bp rp cos8p and up

= rp sin8p, the Hamiltonian (4) gives

the following relation between r p and Op.

(a) (b)

2 U, V

0

-JO O lO t

FIG. 3. Two-node separatrix trajectories in the plane (u, v)
and the corresponding solitary-wave envelopes. (a) P=0.02, (b)

P=0.7, and (c) P=0.996.

u

/z

(a)

numbers of nodes} separatrix trajectories that merge at
the bifurcation point with the lower-order separatrices
studied above. The dotted curve of Fig. 2(a) corresponds
to the three-node solution represented in Fig. 4. Near the
bifurcation it represents bound states of two CP solitons
(at P=P& the distance between them is infinite). As
shown in Fig. 4(b), as P tends to unity the solitary wave
becomes a bound state of four equidistant LP solitons. In
both limiting regions, the total energy carried by this soli-

tary wave is therefore twice the energy of the one-node
solitary wave. This is illustrated by the energy bifurca-
tion diagram Q(P) plotted in Fig. 5, where the energy Q
is defined by

Q=f (u +u )dr. (13)

%e also found higher-order separatrices with even
numbers of nodes in u. The dotted line of Fig. 2(b) is the
branch of six-node solitary waves. For sufficiently large P
they represent bound states of seven LP solitons. In fact,
we found no apparent limitation in this soliton multipli-
cation process, and were limited only by the growing nu-

merical accuracy that is required to calculate the corre-
spondingly more complex trajectories. As illustrated in

, & U,V „,U, V

-5':: Q '-5
V

-5'-. :0 5:

FIG. 2. Bifurcation diagrams of the (a) one-node and (b)
two-node solitary-wave solutions (solid lines). The dotted lines

represent higher-order solitary-wave families: the three- and
six-node solutions in (a) and (b), respectively.

FIG. 4. Illustration of the existence of higher-order solitary
waves: the three-node solitary wave corresponding to the dotted
line of Fig. 2(a). (a) P=0.4. (b) P=0.99.
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FIG. 5. Energy bifurcation diagram of the two families of
solitary waves. Curves a, b, and c are the branches of one-, two-,

and three-node solutions of Figs. 1, 3, and 4. Curve d is the

branch of four-node solutions. The horizontal dashed lines are
the branches of CP soliton states. For clarity the axes of the
left- and right-hand sides are scaled in units of CP and LP soli-

ton energies, respectively.

Fig. 2(b) the higher-order branches exhibit a more com-
plex behavior related to nonunicity of the solutions in a
certain range of the wave parameter p. Figure 5 clearly
illustrates the soliton multiplication process. The
branches that originate at p, correspond to the transfor-
mation of states of n-independent CP solitons into states
of 2n-independent LP solitons. Similarly the branches of
symmetrical solutions go from states of n CP solitons to
states of 2n+1 LP solitons. A similar soliton multiplica-
tion process in the bifurcation from polarized solitons has
already been observed [16] with the more general Hamil-
tonian system of Refs. [7,11].

In summary, we have found new families of vector soli-

tary waves in isotropic dispersive Kerr materials. These
solitary waves branch from circularly polarized soliton
states and, as they go further from the bifurcation, be-
come bound states of linearly polarized solitons. Apart
from a uniform polarization rotation the field envelope of
the solitary waves is stationary. This result demonstrates
the possibility of exact annihilation of the interaction
forces between polarized solitons in an isotropic Kerr
medium. Such a result can have important implications
in soliton-based optical fiber transmission systems.

III. APPLICATION
TO SOLITON TRANSMISSION SYSTEMS

Due to its practical importance, the problem of soliton
interaction in optical fibers has attracted much attention
in recent years. Several techniques for the reduction of
soliton interaction forces have been suggested such as
amplitude [17] or phase [18] shifting, the use of third-
order dispersion [19], active temporal modulation
schemes [20,21], as well as passive filtering methods
[22,23]. With respect to these techniques the result of
our analysis seems to provide a simple and promising al-
ternative way to increase the bandwidth of soliton-based
fiber transmission systems. In order to show the practi-

cality of the multiple soliton-bound states studied above,
we must address three important issues, namely the sta-
bility of these complex solutions, the problem of their
generation, and the validity of the theoretical model [Eqs.
(1)]. In the following we present a preliminary study of
these practical aspects of the problem.

Let us first analyze in more detail the structure of the
multiple bound-soliton states. In a practical communica-
tion system, the soliton pulses must propagate sufficiently
far apart so as to be detected individually at the output of
the fiber link. We must therefore consider the multiple
bound-soliton solutions for values of p close to unity,
such as those represented in Figs. 1(c), 3(c), and 4(c). The
separatrices of these solutions are close to the separa-
trices of the LP NLS solitons. At z =0 the envelopes of
the linear polarization components are given by
E„=(u+u)/&2 and E~=(u —u)/i~2 As w. e have seen
above, for z%0 these envelopes are conserved in a refer-
ence frame rotating at a rate (1—p)/2 (see Ref. [24] for a
more detailed analysis of this feature). Since u and u are
real functions, the envelopes in E„and E are n /2 out of
phase. Therefore we see from Figs. 1(c), 3(c), and 4(c)
that, provided the pulses are sufficiently far apart, the
multiple soliton-bound states can be well approximated
by trains of equidistant LP NLS solitons in which adja-
cent solitons are orthogonally polarized and m. /2 out of
phase. The difference in profile between the multiple
soliton-bound states and the sech pulses is a perturbation
too small to be accurately generated in practice. The
problem of the generation of the multiple soliton-bound
states can therefore be limited to the generation of such
trains of pulses. Naturally, since the multiple soliton-
bound states are not generated with their exact shape,
one must expect the appearance of a slight interaction be-
tween the solitons.

From a practical point of view, the problem of the sta-
bility of the bound-soliton states is reduced to that of the
stability of the relative position of the polarized solitons
in the train. Since any perturbation introducing a phase
asymmetry leads to a change in the soliton velocity [25],
one must expect the multiple soliton-bound states to be
unstable [although highly overlapping waves such as
those of Fig. 1(a) may be stable due to self-trapping].
However, such an instability is inherent to the use of soli-
tons as information carriers, and is common to all
soliton-based optical transmission systems. The positive
aspect of our analysis, with respect to previous studies, is
that the existence of the multiple bound-sohton solutions
of the coupled NLS equations suggests the possibility of a
significant reduction in mutual interaction.

We have observed this numerically by integrating Eqs.
(1) with trains of orthogonally polarized and ~/2 phase-
shifted sech pulses as initial conditions. Figure 6(a)
shows the propagation of two bound pulses which consti-
tute an approximation of the soliton-bound state of Fig.
1(c) by NLS solitons. The separation between solitons is
T=2.3 their full width of half maximum (FWHM). We
see that the perturbation due to the approximation is
only responsible for small oscillations of the solitons
around fixed positions. This behavior occurs over a dis-
tance longer than the collision length of the two in-phase
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FIG. 6. Contour plot showing (a) the evolution of the total
intensity profile of the two-soliton-bound state obtained by ap-
proximation with orthogonally polarized and n. /2 out-of-phase
LP NLS solitons of the exact solution shown in Fig. 1(c). The
separation between the solitons is T=2.3 their FWHM. (b) The
evolution of two in-phase, likewise polarized LP NLS solitons
separated by 2T=4.6 FWHM.

and like polarized solitons separated by 2T=4.6 FWHM
shown in Fig. 6(b).

To appreciate the importance of the role of polariza-
tion, this result must be compared with the study of N-
soliton interaction in the scalar approximation [26]. The
authors of that work analyze the interaction between soli-
tons of unequal amplitude. It is shown that with specific
arrangements between the solitons, stable propagation
can be obtained as long as the distance between them is
larger than five times their FWHM.

In an actual soliton-based communication system, the
information would be coded by removing solitons from
the generated train of equidistant orthogonally polarized
and n/2 out-of-phase sech pulses separated by the bit
period T. The train would then unavoidably contain ad-
jacent solitons with identical polarization and phase.
Naturally, these solitons are liable to interact and will be
responsible for bandwidth limitation. The most unfavor-
able situation corresponds to two solitons separated by
twice the bit period, 2T. This is illustrated in Fig. 7,
which shows the evolution of the three-soliton-bound
state (corresponding to P=0.95) approximated by sech
pulses together with the evolution of the two in-phase
and like polarized solitons in the absence of the central
orthogonally polarized pulse. We see in Fig. 7(a) that
perturbation resulting from the approximation by sech
pulses is large enough to break the bound state. The
breakup is due to a repulsive force between the pulses.
These forces result in a detrimental temporal jitter of the
pulses. If we choose a pulse translation of one-half pulse
FWHM as the criterion of maximum acceptable jitter,
the maximum propagation distance is L =23 (see Ref.
[27] for jitter and detection considerations). This dis-
tance corresponds approximately to the collision length
of the in-phase likewise polarized solitons separated by

FIG. 7. Contour plot showing (a) the evolution of the total
intensity profile of the approximated three-soliton-bound state
corresponding to P=0.95. The separation between the pulses is
2 FWHM. (b) The evolution of two in-phase likewise polarized
LP NLS solitons in the absence of the central orthogonally po-
larized one. We observe a drift instability of the soliton-bound
state with a characteristic length of the order of the collision
length of the in-phase solitons. This result shows that the use of
multiple soliton-bound states leads to an increase, by a factor of
2, of the bandwidth of the fiber links.

twice the bit period. This result shows that the use of
multiple soliton-bound states potentially leads to an in-
crease of a factor of 2 of the transmission bit rate.

In fact, use of orthogonally polarized solitons in long-
distance transmission links has recently been studied
theoretically and experimentally [27,28]. In particular, it
was observed, but not properly explained, that in the case
of orthogonally polarized adjacent solitons pulse-to-pulse
interaction is much weaker than in the case of solitons
with identical polarization (scalar case). An increase of a
factor of 2 in the transmission bit rate has been reported
in the polarization multiplexing technique based on this
feature [27]. We show in the following that this result
can be explained through the existence of the multiple
bound-soliton solutions of the coupled NLS equations (1).

In the theoretical analysis above we considered pulse
propagation in ideal isotropic media with Kerr nonlinear-
ity of electronic origin (B=—,'). Naturally this analysis

cannot be applied directly to practical transmission sys-
tems. A single-mode fiber always exhibits varying residu-
al birefringence, and light propagation should in princi-
ple be described by a generalized form of the coupled
NLS equations including varying birefringence parame-
ters [27]. However, on the basis of a simple reasoning the
authors of Ref. [27] showed that an averaging procedure
over all polarization states of the nonlinear terms and the
group-velocity dispersion can be applied that leads to the
simple Manakov model [29]. In other words, they
showed that Eqs. (I) describe pulse propagation in fibers
in real practical conditions provided that 8 =0. In fact,
we found no qualitative difference in the multiple bound-
soliton solutions for variation of 8 between zero and —,'.
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For the case 8 =0 the multiple soliton-bound states origi-
nate from the same bifurcations as for 8 =

—,
' (but the bi-

furcation of the even soliton-bound states occurs now at
P=P, =0), and their envelopes are well approximated by
sech pulses. An important difference for the 8 =0 case is
that the relative phase between adjacent polarized soli-
tons can be chosen arbitrarily. This can easily be ex-
plained by the fact that, when B=0, Eqs. (I} are invari-
ant with respect to the change of variables
U —+E =(U+ V)/~2 and V +E—„=(U—V)/i~2; that
is, they are identical for circular and linear polarization
components. Moreover, they are invariant with respect
to a change of relative phase between the polarization
components. Using E„and E„ instead of U and V, the
soliton-bound states will represent trains of solitons in
which adjacent solitons are in phase and orthogonally po-
larized. This is precisely the situation considered in the
polarization multiplexing technique of Ref. [27]. We can
therefore interpret the observations reported in that work
in terms of the existence of the multiple soliton-bound
states as solutions of the coupled NLS equations. Note
finally that a preliminary study of the propagation of
soliton-bound states in fiber transmission systems
governed by the averaged coupled NLS equations (i.e.,
with 8=0} is performed in Ref. [30] on the basis of a
variational approach.

IV. CONCLUSION

In conclusion, we have carried out analytically and nu-

merically a bifurcation analysis of the circularly polarized
NLS soliton solutions of the coupled nonlinear
Schrodinger equations describing light propagation in
isotropic Kerr media. The bifurcation branches corre-
spond to previously unrecognized one-parameter families
of vector solitary-wave solutions. These solutions are in-
teresting in exhibiting, in a certain parameter range, N-
soliton-bound states. The existence of such soliton-bound
states suggests the possibility of reducing soliton interac-
tions in optical-fiber transmission systems. The use of
trains of orthogonally polarized solitons which approxi-
mate the multiple soliton-bound state potentially leads to
an increase of a factor of 2 of the transmission bit rate.
This result corroborates recent theoretical and experi-
mental studies of soliton polarization multiplexing in
long-haul transmission links, and provides an under-
standing of the success of such schemes.
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