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The general expression for the second-order perturbation energy of a Maxwell-drift kinetic system de-
rived by Pfirsch and Morrison [Phys. Fluids B 3, 271 (1991)] is evaluated for the case of a magnetically
confined plasma for which the equilibrium quantities depend on one Cartesian coordinate y. The condi-
tions for the existence of negative-energy modes with vanishing initial field perturbations are also ob-
tained. If the equilibrium guiding center distribution function £\ of any particle species v has locally
the property v”(afég’ /dv|)> 0, where v is the guiding center velocity parallel to the magnetic field, and
if this holds in the minimum-energy reference frame, parallel and oblique negative-energy modes exist
with no essential restriction on either the orientation or magnitude of the wave vector. This condition
also holds for the equilibria of a homogeneous magnetized plasma and an inhomogeneous force-free
plasma with sheared magnetic field. If v;(3/,> /dv|) <0, the oblique negative-energy modes possible in
a magnetically confined plasma are nearly perpendicular. The condition for purely perpendicular
negative-energy modes reads as (dP'*'/dy)(3f. /dy) <0, where P'” is the plasma pressure. For the
cases of tokamaklike and shearless stellaratorlike equilibria, which are described on the basis of, respec-
tively, a slightly modified Maxwellian and a Maxwellian distribution function, the existence of perpen-
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dicular negative-energy modes is related to the threshold value 3 of the quantity ,=dInT,/dInN,,

where T, is the temperature and N, the density of some particle species. This is lower than the critical
7, value for the onset of linear temperature-gradient-driven modes. For various tokamaklike and stel-
laratorlike, analytic cold-ion equilibria with non-negative and negative values of 7,, for which the cri-
terion above is not necessary, a substantial fraction of thermal electrons is associated with negative-
energy modes (active particles). In particular, for linearly (marginally) stable equilibria with 7, =1, near-
ly one-third of the electrons are active. For all equilibria considered, the phase space occupied by active
electrons increases as one proceeds from the center to the plasma edge region. Consequently, negative-
energy modes, relating to nonlinear instabilities that could cause anomalous transport, exist equally well
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in both confinement systems.

PACS number(s): 52.25.—b

I. INTRODUCTION

The existence of negative-energy perturbations in a
linearly stable plasma may be related to nonlinear insta-
bilities and cause anomalous transport. An instability of
this kind was exemplified in a transparent way for the
first time in 1925 by Cherry [1]. He examined a simple,
linearly stable system of nonlinearly coupled oscillators,
one possessing positive energy, the other negative energy,
and the frequency of one oscillator was twice that of the
other, which means third-order resonance. The exact
two-parameter solution set he found exhibited explosive
instability for arbitrarily small initial perturbations.
Pfirsch [2] considered the corresponding three-oscillator
case and found the complete solution of this problem. It
shows that in the resonant case almost all initial condi-
tions lead to explosive behavior, whereas in the non-
resonant case the initial perturbations must exceed
threshold amplitudes which are related to the frequency
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mismatch. Self-sustained drift wave turbulence in a
linearly stable plasma regime resembling the tokamak
edge regions was demonstrated numerically by Scott [3,4]
in the framework of a nonlinear, collisional two-fluid
model. His study also showed that parallel particle dy-
namics plays an essential role in turbulence. A related re-
sult was recently obtained by Pfirsch and Correa-
Restrepo [5]. From the general energy expression for
linear, quasineutral, electrostatic drift modes, obtained
within the framework of dissipationless multifluid theory
and applied to plain configurations, they found that
negative-energy modes localized at a mode-resonant sur-
face exist only if electron parallel dynamics is included.
It is therefore very likely that the results obtained by
Scott are understandable in terms of nonlinearly coupled
positive- and negative-energy modes. In addition, the
same physical mechanism was invoked by Nordman,
Pavlenko, and Weiland [6] to explain the existence of
self-sustained toroidal 7;-mode turbulence below the
linear instability threshold. This result was obtained nu-
merically within the framework of nonlinear, dissipation-
less two-fluid theory.

The present paper discusses such problems within the
framework of collisionless Maxwell-drift kinetic theory.
For collisionless Maxwell-Vlasov and Maxwell-drift
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kinetic theories, general expressions for the second-order
perturbation energy were derived by Pfirsch and Mor-
rison [7,8]. Assuming strongly localized electrostatic ini-
tial perturbations (k,r; >>1, with k; the perpendicular
component of the wave vector and r; the Larmor radius),
Morrison and Pfirsch [7] also showed, in the context of
the Maxwell-Vlasov theory, that all inhomogeneous
equilibria of interest allow negative-energy modes. The
degree of localization actually required along with the
conditions for the existence of negative-energy modes
were investigated by Correa-Restrepo and Pfirsch in the
context of the same theory for the cases of a magnetized
homogeneous plasma [9] and an inhomogeneous force-
free plasma with sheared magnetic field [10]. It turned
out that negative-energy modes exist even without any
strong localization of the associated wavelengths, a
feature which enhances the relevance of these modes.
Negative-energy modes with not strongly localized wave-
lengths (k,r; <1) can be investigated more conveniently
with the use of drift kinetic theories which have automat-
ically eliminated from the outset all perturbations with
wavelengths smaller than the gyroradii. In this context,
Pfirsch and Morrison [8] examined a magnetized homo-
geneous plasma and found that parallel and oblique
negative-energy modes (k;70) exist for arbitrary wave
vector k whenever

(0)

gv
v >0 (1)
I av"

holds for some particle species v and parallel guiding
center velocity v,. The investigation is extended in the
present paper to the more interesting equilibria of a mag-
netically confined plasma with sheared magnetic field for
which the equilibrium quantities depend spatially on just
one Cartesian coordinate. The equilibria of a homogene-
ous magnetized plasma and an inhomogeneous force-free
plasma with sheared magnetic field are also examined as
specific examples. The most important conclusions are
the following.

(1) Condition (1) for the existence of parallel and ob-
lique negative-energy modes remains valid for all the
equilibria considered, without any essential restriction on
k.

(2) In the case of a magnetically confined plasma, the
existence of perpendicular negative-energy modes, which
are found to be the most important modes, is related to
the threshold value Z of 7,=dInT,/0InN,, where T, is
the temperature and N, is the density of some particle
species v. This is lower than the critical 7, value for the
onset of linear, temperature-gradient-driven modes.

The derivation of the general expression for the
second-order perturbation energy within the framework
of Maxwell-drift kinetic theory by Pfirsch and Morrison
[8], slightly adapted to the needs of the present paper, is
first reviewed in Sec. II. This consists of two subsections.
The first concerns the energy-momentum tensor for gen-
eral nonlinear and linearized kinetic theories. In the
second the linearized energy-momentum tensor is derived
in the case of Maxwell-drift kinetic theory based on the
Lagrangian formulation of the guiding center theory

given by Littlejohn [11] and later regularized by Correa-
Restrepo and Wimmel [12]. We preferred to include this
introductory section because, otherwise, repeated refer-
ence to the original analysis [8] would make for tedious
reading. The equilibrium properties of the magnetically
confined plasma under consideration are discussed in Sec.
III. The second-order perturbation energy with vanish-
ing initial field perturbations is obtained in Sec. IV. Part
of the relevant lengthy calculation is presented in Appen-
dix A. The conditions for the existence of negative-
energy modes are derived in Sec. V. First the cases of a
magnetized homogeneous plasma and an inhomogeneous
force-free plasma with sheared magnetic field are exam-
ined; then the conditions for parallel, oblique, and per-
pendicular propagation of negative-energy modes in a
magnetically confined plasma are obtained separately.
The consequences of the condition for the existence of
perpendicular negative-energy modes in tokamaklike
equilibria, described by using a slightly shifted Maxwelli-
an distribution function, are examined in Sec. VI A. For
various analytic cold-ion equilibria of the drift kinetic
equilibrium equation with non-negative 7, values, as well
as with negative 7, values, for which the criterion con-
cerning the 7, threshold value does not hold, the fraction
of the electrons connected with negative-energy modes is
also obtained. The same issues are addressed for stellara-
torlike equilibria, derived on the basis of a Maxwellian
distribution function, in Sec. VIB. The main results are
summarized in Sec. VIIL

II. REVIEW OF THE MAXWELL-DRIFT
KINETIC THEORY

A. The energy-momentum tensor

The second-order energy of perturbations around an
equilibrium state is given by

FO= [a% TP°, )

where T2 is the energy component of the second-order
energy-momentum tensor T ¥, To derive the tensor
T'2* in the context of kinetic theories, Pfirsch and Mor-
rison [8] used a modified Hamilton-Jacobi approach. The
main steps of the derivation are as follows.

(1) Let H,(p;,q;,t) be the Hamiltonian for particles of
species v for the perturbed state in a phase space
q15--->94, P1> - - -»Ps> Where (g1,45,93)=(x,X5,%x3)=x
is the position in normal space and, correspondingly,
(P1,P2:P3)=P; 44-P4 is an additional pair of canonical
variables which is needed to describe guiding center
motion. Let H'”(P;,Q,) be the equilibrium Hamiltonian
in the phase space P;,...,P;, Q,...,Q4 and let
S,(P;,q;,t) be a mixed-variable generating function for a
canonical transformation between p;,q; and P;,Q;. The
theory is more generally valid for a reference Hamiltoni-
an H'Y(P;,Q;,t) which possesses an explicit time depen-
dence [8]. The x,t dependence of H, is given via the
dependence of H, on the electromagnetic potentials
¢(x,7) and A(x,?) and, for the drift kinetic theory, also on
the electric and magnetic fields E(x,?) and B(x,?) and
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derivatives of them. The derivatives occur only when
Dirac’s constraint theory formalism is used for construct-
ing an appropriate Hamiltonian because the starting La-
grangian, Eq. (15) in Sec. II B, is of the nonstandard type.
But even with Dirac’s formalism the variation of these
quantities makes vanishing contributions to the Euler-
Lagrange equations and the energy-momentum tensor
[see remark after Eq. (33) in Sec. II B]. The general for-
malism is therefore equivalent to that for Hamiltonians
not depending on the derivatives of E and B. The quanti-
ties p; and Q; are obtained from S, as
as, as,

pi= aq’ ’ Qi—_—api ’ (3)

and S, must be the solution of the modified Hamilton-
Jacobi equation

as,

+H o,
ot v

(4)

The time-independent, zeroth order solution S'” of Eq.
(4), needed to obtain T “, is then simply given by the
identity transformation S =3 Piq;.

(2) With the notation deﬁned on page 273 of Ref. [8],
the Lagrangian for the whole theory (Maxwell-Vlasov
and drift kinetic), irrespective of the special choice of
H" is

L=-73 [dgdPe,

L orgs A
o J X FuF 5

Using the Euler-Lagrange equations resulting from the
variational principle

with @,, S,, and A4, the quantities to be varied, and
Noether’s theorem, one obtains the following expression

for the energy-momentum tensor of nonlinear theory:

. e, 8L
T,=3, | dqdP —
o %f T4 axr ¢ 77| s(as, /ax )
L
+2F -8 (7)
ke 3F A P‘L

where L is the Lagrangian density in x space correspond-
ing to L.

(3) To obtain the linearized theory, one first considers
perturbations of an equilibrium represented by

H(VO)(P:"QI') ’ ‘P(VO)(Pi"Ii) ’
SP(P,q), AY(x),

which still include all orders of the perturbations:
8¢, (P;,q;,t) , OS,(P;,q;t), 84,(x1).

Expansion in these quantities leads to first-, second-, and
higher-order expressions for the perturbed Hamiltonian
H (3S,/3q;,9;,t), the equilibrium  Hamiltonian
H'”(P,,dS,/dP;), and the Lagrangian. The variations of
the variational principle (6) can then be done in terms of
the quantities d¢,, 8S,, and 84,. Variation of the first-
order Lagrangian yields zero because the unperturbed
quantities are solutions to the variational principle and
thus variations around them vanish. The lowest-order
expression of the Lagrangian that is relevant is therefore
of second order. Replacement of the quantities
d¢,(P;,q;,1), 8S,(P;,q;,1), and 6 A ,(x,1) in this expression
by their first-order approx:matxons @ (P, g;,1),
S (P;,q;,0, and A (x,1) therefore yields the Lagrang-

t
Sf! 2L dt=0, (6) ian of linearized theory:
1
J
L(Z)z_(1/16w)FL1}\)F(1)y)»_ 2d(?dﬁ[¢(vm(7ﬁ2)—7f(vm(2))+¢Ll)(7{(v“—7{(v0)(”ﬂ , (8)
where
(1) (0) (0) (0
= [ fr 40 ayi“ + “gaﬁ” +FY —, 9)
Y ag;, ¢ ' | P ) 2 Y. ) S U
(1) (1) 244(0) (1 244(0) 244(0)
o1 as, _&% 0 as, _ & I, a8, _& L g S, 1)) I,
5D i FM B aAp0 +2FW\F0P (0)
2 | ag; c a7, c dP; 0P, a7, dP,dF ) 3F 3oFY)
sl e, } 0 320 - PHY - 32O 1o
T i pAy 25 ph v op T A (0) (0) HAL 0P, Y AL (0) A F(0)
07, dP,0F ), KT OPTAF ) OF ) AF\JAFY)
g1 (0)
7{("0)(1)= : 7{ , (11)
aP; dg;
and
(1) ag(l) 32940)
7{<V0K2’=l as,’' oS’ 9°#, 12)

2 aijl apx aqlaqx .
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The tensor T},m for the linearized theory is derived by replacing in Eq. (7) the quantities £, S, A,, and F,, by the

quantities £, 'V, A;()”’ and F(”:

(1) m 244(0)
T‘m=—2qudP as, _ & (1) fo|l = as, _& 0 _{_ﬂ”:_
9, ¢ 8z, ¢ " |oP,aP,
2240) (1 ©)
+f<0)F<1>_£v__ S P et oS, | 3%,
v " 3P,oFY  ag; 3P, | 9P,
ash o FHO RHO 0
gD s o5l e | v Sy ) opm_ 97Ty FD Rl
2F!‘P % qu dpP f" ( a~q~K c A“ aP aF f ‘”' aF(O)aF(O 477' #P
+8: |3 [ ﬁdﬁf‘v‘”(ﬂ(f)—ﬂ‘v‘”m)ﬂ-1—61—F‘T§,’F‘”’"] : (13)
T
[
with f'© =¢!'? the equilibrium distribution functions. In  Eq. (22) below]. Thus, g(z) must have the property

this expression the time derivatives a5 ‘V” /9t are given by

(1) (0)
e, =~ (s, mO 1+ 2 a0 2
aH(O)
(1)
uA 8F‘°> ’ (14)

where the mixed variable Poisson bracket has been
defined as

B. Hamiltonian for the guiding center motion

In this section the index for the particle species is
suppressed. The Hamiltonian for the guiding center
motion is obtained in Ref. [8] from the Lagrangian given
by Littlejohn [11] in regularized form [12]. The Lagrang-
ian is defined in terms of the variables

t,x=(4,,9,,93) and ¢q,,

where g, is an additional velocity variable needed to de-
scribe the motion. It is given by

=(e/c)A* x—ed* , (15)
where
A*= A+(mc/e)[vog(z)b+vg], (16)
=e¢p+uB+(m/2)(qi+vE), (17
vg=c(EXB)/B?, (18)
b=B/B , (19)
z2=q,/v, . (20)

Here p is the magnetic moment of the gyrating particle,
and v, is a constant velocity. The function g(z) has been
introduced to regularize a singularity which occurs in the
context of nonregularized theory when the guiding center
velocity v =b-x approaches the critical value
v, =[(eB)/(mc)]/(b-VXb). The nonregularized theory
is obtained for g(z)=z, in which case g4=v, holds [see

g(z)=z,g'=dg /dz~1 for small z(|z| << 1). For large z,
however, g(z) must stay finite, g( o )=1, so that with
Vo >>Vyperma ON€ has vpg( o) <<v,. A possible choice for
g(2) is g(z)=tanhz.

Since L is linear in x and does not contain ¢, it is not
of the standard type and therefore does not allow the
standard way of obtaining a Hamiltonian from it. The
corresponding equations of motion are

E‘+%v><B*—%g’q4b=0 21)
and
b-x=v,=q,/8", (22)
where v=x and
*
pr=—L10A" 39" pi_yxar. 23)
c ot ax

From these equations one obtains the guiding center ve-
locity v=v, and the “velocity” ¢, =V as functions of x,
q4,and t:

=v,=(q4/g'B} )B*+(c/B} B*Xb , (24)
44=V,=(e/mg')(1/B} )E*-B*, (25)
where B =B*-b. The momenta canonically conjugated

to x and g, follow from Eq. (15) as

=L _epn, p=5L . (26)
ox ¢ 9G4

Since these relations do not contain x and ¢,, they are
constraints between the momenta and the coordinates. A
consequence therefore is that Hamilton’s equations based
on the usual Hamiltonian corresponding to the above
nonstandard Lagrangian are not the equations of motion.
To overcome this difficulty, Dirac’s constrained theory
[14] is applied. It starts with the usual or ‘“primary”

Hamiltonian
H=x9L 14,0 4. 27)
aX aq4

Dirac’s Hamiltonian is then given by
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H=e¢*+v,-[p—(e/c)A]+V,p, , (28) SW=8"(x,q,)—&-mV—E,P,
from which the guiding center motion follows: + (higher-order terms) , (35)

oH
=—=p,, ja=—"-=V,. 29 so that
op o g, 0 2 i

) . as(l) as(ll

But in general there are more solutions of the momentum P v=P4:0— £, oP, V:P4=0_ —£&,. (36)

equations p=—3H /9x and p,= —0H /dq, than those
given by Eq. (26). These equations can be transformed to

A NS P I B N S-S L
ar [P ox 8 P ax P4
(30)
av 1%
. :—-—g. _£ * ._______4_
p4 aq4 p ¢ aq4p4‘ (31)

Special solutions of Egs. (30) and (31) are obviously con-
straints (26). It is, however, important to note that
p—(e/c)A*=0 and p,=0 do not represent special
values of some constants of motion. Therefore & func-
tions of the constraints are not constants of motion ei-
ther. The distribution function f must, however, guaran-
tee that the constraints are satisfied. Hence it must be
proportional to such 8 functions, but must also be a con-
stant of motion. Both conditions are satisfied by

F=8(ps)5 [p— < A* |g\ B fo(x0 om0 (32)

where the guiding center distribution function f, is a
solution of the drift kinetic differential equation

af, af, of,
—E 4y . —E 4y, S =0, 33
o +v, . Vs 34, (33)

In f, a dependence on the magnetic moment p has been
added which is a constant and which has therefore the
character of a parameter distinguishing between different
“kinds” of particles. Later [see transformation (74) in
Sec. IV], one must sum over all these kinds of particles in
order to obtain the total-energy-momentum tensor, i.e.,
one integrates over u. Note that the form (32) of f has
the consequence that in the Lagrangian (5), any variation
of v, and V, [see Eq. (28)] is multiplied by zero. Thus,
although v, and V, depend on the derivatives of E and
B, these dependences are unimportant for both the varia-
tional principle and the energy-momentum tensor.

Whereas Eq. (32) for f is sufficient in the nonlinear
theory to pick out the correct solutions, this is not the
case with the linearized theory. In this case, since con-
straints are imposed along the perturbed orbits, a dis-
placement vector (€,£,) in Xx,q, space, similar to the dis-
placement vector in macroscopic theory, is introduced
[8]. That is, since the zeroth-order distribution function
\lways selects V=0 and P, =0 with

V=(1/m)[P—(e/c) A*V(x,q,)], (34)

teasonable to expand S'! in powers of V and P,:

As is shown in the Appendix, for the equilibria con-
sidered in the present work the higher-order terms in ex-
pansion (35) after imposing the constraints do not con-
tribute to Ti2°. In general, since the highest-order g,
derivatives of S'! appearing in T are eventually of
second order, e.g., in Egs. (71) and (72) of Sec. IV, terms
up to second order in expansion (35) have nonvanishing
contributions. This fact was overlooked in Ref. [8].

The constraints yield the following expressions for the
displacement vector:

_ 1 o, |38 e ,u)
o g [T Ao
E=§&+A(x,q,B* ", (38)
with
4 (0) ﬂ_i (1) (0) v 1 (0)
&= oB *02 Ib* ox c A™ BYTXD
_B*(O)X agm_ _€ A ] } , (39)
Jx c
1 agw ,
A=— e B | 2, +mg'b' £ | . (40)
Ii
With these relations T;,Z  is a functional of
A , A , ¢(1) , §1(X,Q4,H) ] (41)
Except for ¢, which is constrained to
V‘E“)=47Tp(” , 42)

these quantities can be freely chosen in the sense of initial
conditions. The u dependence of SV has been added for
the reason given after Eq. (33).

The tensor T} for the Maxwell-drift kinetic theory
based on the Hamiltonian (28) can now be evaluated for
each specific equilibrium, to which only terms up to first
order in the expansion (35) contribute, and for any initial
conditions.

III. EQUILIBRIUM

In this paper we investigate plasmas whose equilibrium
quantities depend spatially on just y in a Cartesian coor-
dinate system Xx,y,z, with unit basis vectors e,,e,, €,. It
is assumed that there is no equilibrium electric field E',
and the equilibrium vector potential and magnetic field
are given by

A(O):A;O)(y)ex'i'AZ(O)(y)ez , 43)
BO=B"(y)e,+B%y)e, , (44)
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with
(49y=B,(4®y=~B . (45)

Here the prime (') denotes differentiation with respect to
y. Macroscopically, the mean Lorentz force j® XB?,
which is in the y direction, balances the pressure gradient
VP®, Equation (44) implies that the drift velocity has no
y component, and therefore y is a constant of motion.
Since there is also no force parallel to B'?, another con-
stant of motion is g,. The guiding center distribution
function is therefore a function of y, g4, and the adiabatic
invariant magnetlc moment u. To calculate the current
density j'© from f? gv» We need the guiding center velocity
v\%, Eq. (24). The followmg quantities are prerequisites:

Vevs

B B
b= —oet 3o e, —b“”e +b‘°) (46)

m.c
A:(O)___ A(0)+ " Uogb(m , (47)
ev¢:(0)__.uB(0>+(mv/2)qi , 48)
vg=0, (49)

F) :(0)

E:‘°’=—%—=—£—(B‘°’)’ey , (50)

J

jO=(c /47)VXB"©

=2evqu4dyg(,B;“°’f‘°’ 0) _ CEVX fd‘hdl-‘ ‘gVB:(O)f(O)

:(0)

The components j\* and j/* read

jO=(c /4w ) By

g

=3 [daian lB“°’q4b‘°’fgv —gcu

and

Ji9=—(c /4B

= 2 qu du [B“O)q4b(°)f(°)+gvcy

Multiplying Egs. (58) and (59) by the integrating factors
B!? and B(?, respectively, subtracting the first from the
second of the resulting equations, and doing some
straightforward algebraic manipulations leads to the
pressure balance relation

diy[P<°>+(B‘°’)2/s7r]=o , (60)

with

m.,cC
B(O) lb(O) (0)+ Bt(O)b(O) (0) ¢ v
( ) z fv ( v f ) e Vo&y

(B(O)) b(O)f(O) +(B *(O)b(O)f(O)) +
& e

m ¢
B} @=B+——vgVxb?", (51)
and
B:” _Bt(O) b(O)—-B(O)+ Uog z(y) , (52)
with
sz(y)Eb(O)_(VXb(O))
=b0(b{") —(b"yb," . (53)
Moreover, it can be readily shown that
b@-(b@) =0 (54)
and
(0)— g *(0) ,(0)
B)"'=B}"b™ . (55)
The guiding center velocity then takes the form
94
(0)_ 0 ___CH gy (0)
g —b B0 (B™)(e, Xb™) , (56)

and therefore it consists of a component parallel to B?)
and a component perpendicular to B'®’ due to the grad-B
drift. To calculate the current density j'”, we apply the
general formula (8.15) of Ref. [13], which was derived in
the context of Maxwell-drift kinetic theory. The result is

m,vocug,
b‘°’+ Wf“g(mw(my(ey Xb(O))} ] ) (57)
eV v

m,c

Vo8y

“; i b“”f“”] ] l (59)

v

P(O)_z qu4d#gqu(O>B¢(0)f(0> . 61)

Relation (60) can also be derived by the momentum-
conservation equation (a/ax“)T;,‘ =0 [w,p=1,2,3,x*
—x,y,2] for p=2, with the tensor T# given in explicit
form by Eq. (76) of Ref. [15]. Evidently, only two of Egs.
(58), (59), and (60) are independent in the sense that by
treating any two of them one can derive the third one.
For distribution functions symmetric with respect to
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g4, Egs. (58) and (59) take the simpler forms
—_—7 —_ B
.]X 417_ z

=3 [dgdu|im,cqvo8,Y..b"

+g'vc,u(B(°))'b;°)] g(O)
+eug [BVf) ) (62)

and

J;m_ _ZC;(B)EO)),

=3 [da.dp{lm,cquvo8,Y,,b°

+g C[L(B 0)) ] (0)

+cug.[B ‘?, I'}. (63)

Equations (62) and (63) impose a constraint on the y
dependence on f,%, namely f,9 and 3f,3 /dy must be in-
variant under the transformation B! =B,
(B{?)Y = (B?)". This condition is fulfilled if £, belongs
to a specific class of functions, Maxwellians included,
such that its potential dependence on the magnetic field
involves the magnetic-field modulus B only. The func-
tions f{o', however, remain free to depend on y either ex-
pllCltly or implicitly through any other quantity not relat-
ed to B?

IV. SECOND-ORDER PERTURBATION ENERGY

The second-order perturbation energy [see Egs. (2) and
(13)] will be calculated in the case of equilibria defined in
Sec. 111 for initial perturbations A'V= A'V=0. It is also
shown a posteriori that one can choose initial perturba-
tions without changing the particle contribution to the
energy, so that the corresponding charge density p(” van-
ishes. Therefore, choosing initial perturbations of this
kind, we set from the outset

F=0, 4"=o0. (64)

Equation (13) then reduces to

(1) (1)
a as
T20 = 0¥
0 f op,
+ 3 [dgaPfOHP—#HOP), (65)
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and Eq. (14) to

as."
—a‘t——-—[S(V”,H(VO)] . (66)

The Dirac Hamiltonian Eq. (28), with the help of relation
V,=0 [following from Eq. (25)], takes the form

HY =e ¢35 +v{) ——ecl A3 ] : 67
Because of
827{(0)
Y a;? =0, (68)
Eq. (10) yields
FH2=0 . (69)

Integration by parts of the term which contains deriva-
tives of £{% in Eq. (65),

as(l a as(l)
_ dj dp 22y
2 f ag, |' " 9P,
aS (1) a as(l
= dg dPf9— , (70
Ef hed apP; 9g; ot
and use of Egs. (66), (69), and (12) for #'2? leads to
T O =3 [dqdPfiOA , (71)
with
aZS(l) aH(O) aS(l) aZS(l) aH(O) aS(l)
A =_ v v v v v v

3q,0P, dq, OP; 0q;99, OP, OP;
azH(O) aS(l) aS(l)

1 aZH(O) aS(l) aS(l)
~ 3q,0P, dq, P, 2

2 dq;9q, OP, OP;
(72)

After a lengthy calculation, which is presented in the Ap-
pendix, one obtains
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d 1.c 4 [BOY ],
Az_;_mngd ” g i 5 . Bt(O)Y §2 1 Bt(O Ba(O) 2
v v
() (1 (1 )
9 |__1 95y | 6.3 |0 a5, 4 ) 9& I A
b b o [BTX
g, m,g, 94, ax ox e B ax ax ox
28(1) 28(1) a(n)
c b(e)a§v +b(0)aSV b a3, e
eB*® [ 9xdy * dydz ax b4
1 A8 , &
_cp || B o a3, (B®) © ' £
e, B*0 7f ox B*® dz y
v v
e (1)
4 cp (BOY (&) [p@. 2 | [@ 88, 5y
e, Bt(O) ox * oz dx
(1) (m (1
bOx —- 28, p© 9 a8y @38 |, .95
e,,B:‘O) ox 2 9x|* ox * 9x | ? ox
28(1) 28(1)
(Ohdat 38, @35y £
Z 3xdy * dyoz |77
9|3 |, 0.35" | [ w2 |35
g, | 94,4 dx ox | 9q4
cp (BOY 3 afg‘(vl) 5 as b asy asw 4O
e, B*® ||3g, ™ ax =" 3x | g, 2 aq4 2" ax ®3x | 3g, | &
(73)
[
We note here that the last two terms in this expression, propriate ansatz for the functions s M s
(gs/g.)[ 1 and —(cu/e, )[(B(O)) /B*©1(}, vanish after .
the ansatz (76) is used for '’ below. By substituting the S =GW(y, Garpt) e'“‘xz - (76)
integral over the momentum space according to the rule
(a proof is given in Ref. [13]) The wave vector k,, introduced here is defined by
XZ
JaP OG- [dugBEOfRC-), 04 k=Ko, tre, , an

and by means of Eq. (55) the second-order perturbation
energy can be written in the form

F(2)_fd X T(Z)O_fd3x dq4dung (O)f(O).A (75)

Since the equilibrium is independent of x and z, an ap-

and therefore it lies in magnetic surfaces. By introducing
real quantities by the rule

AB—1Red*B, (78)

the second-order energy, after some algebra, can be put
in the form
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Bt(O) 3 q
(2)— (0) 2.9 | Z4~my2|_, € 9 8 (1)
F —Sg qu‘td,udyf ( k" 3q :/|Gv ‘ q4 e, dy HIG I
2
c , Zi (B(O ’ ()12 (B(O))l c , ) del
+ ) ’ gvkla B:(O 'Gv | +2 B:(O) ;; .u‘gvk_L|Gv }d—y
——S‘L(B‘o’)’k”kl—g—IG‘v”lz]
e,m 994
q4 af(g) k2 9. aBt(O)
=s3 [dg,dudy {— k2 GV P — L2 gl ——
ZV‘,f q4ﬂy( I d 5, mvgvl 1*fes 52,
c ©)
+4, k}|k1|G(v“|2 k” dy |G”|2fg
2 (0)
_|.c , (B 1 za ¢ ' (B(O)) dk, 2
H e e e U -
£ (B 12 fg" £ I(B(O) (0)
+evmv( k k |G t e, v B:(O) kl d |G ’ gv ’
(79)
where
k =k, , k,=0b"xk,)e, (80)
and S is a normalization surface. It can readily be shown that

d

on the basis of which the second term cancels the fourth term on the right-hand side of Eq. (79). F?

in the neat form

can then be cast

t(O) (0) g' af(O)
FP=-53 [dq,dudy IG“’I VO [k =5 =k o | (82)
?f 4 k, 173g, L or® oy
[
with This simple case is first examined; then some more
complicated equilibria are considered.
«(0) — e, B A. Homogeneous magnetized plasma
w, = > (83)

and v!? as given by Eq. (56). We note that F'*’ depends
on G‘q) only via |G!1]2.

Since the first-order charge density p'! is a g,,u in-
tegral over an expression that is linear in S'! and there-
fore also in G(,,”, one can satisfy the relation p(”=0 (in-
voked at the beginning of this section) by a proper distri-
bution of positive and negative values of G'!, on which
F® does not depend.

V. CONDITIONS FOR THE EXISTENCE
OF NEGATIVE-ENERGY MODES

The conditions for the existence of negative-energy
modes are obtained if the chosen frame of reference is
that of minimum energy. For the equilibria of a homo-
geneous magnetized plasma, this is the frame in which
the center-of-mass velocity parallel to B(®) vanishes.

For B”=const the guiding center velocity vi is

parallel to B'”, and Sfav 9is independent of y. Smce the
plasma is homogeneous, the perturbations can be chosen
as

SV =G (gq,pe*™, (84)

where k=k, e, +k e, +k,e,. F* then takes the simpler

form
F(Z):__VE qu4d” (vl)ll(b(O).k)Z
) (0)
xq—‘,‘ fov , (85)
g, 944

¥ being a normalization volume. Thus F? <0 if
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44 3f3

>0 (86)
g, 944

holds for some g, (we recall that g,/g’, is the velocity
parallel to B'”) and u for any particle species v. Condi-
tion (86), which was first derived by Pfirsch and Morrison
[8], guarantees the existence of negative-energy modes
without any restrictions on the magnitude or orientation
of the wave vector other than k 70: it suffices to localize
G'! to the region in g4, u where (q,/g,)(3fS /3g,)>0.
Outside this region G'!) vanishes. All the other G}, i.e.,
with Av, are set equal to zero. The sign of F'? is then
determined only by the sign of the integrand in the region
of localization. For f\9 symmetric with respect to gy,
condition (86) is satisfied if a minimum with respect to g,

exists in f,9.

B. Inhomogeneous force-free plasma
with sheared magnetic field

The equilibrium magnetic field now has a constant
twist as one proceeds along the y axis. It is given by

BY=B(sinaye, +cosaye,) , 87)

with B©= const and a~! the twist length. The electric
current associated with this sheared magnetic field is

jO=—(c /4m)aB? , (88)

and therefore the mean Lorentz force vanishes. In order
to guarantee a uniform plasma pressure, fg(?,) (as in the
case of a homogeneous magnetized plasma) must not de-
pend on y. Since B'©=const, the perpendicular com-
ponent of v‘g‘i,’ due to grad-B drift vanishes, and the
second-order wave energy [Eq. (82)] reduces to

B*©

|G k]

FP=—53 [dydg,du

v

(0)
94 gy

g, 944

(89)

This form again implies that if condition (86) is satisfied
locally in g4 and u for any particle species v, with the lo-
calization of G{"(y,q,,u) in g, and p as in Sec. VA,
negative-energy modes exist without restriction on the
magnitude or orientation of k,, (other than «70). This
result agrees with that obtained by Correa-Restrepo and
Pfirsch [10], condition (67), in the context of Maxwell-
Vlasov theory.

C. Magnetically confined plasma

1. Parallel modes (k, =0)

In this case Eq. (82) again reduces to Eq. (89), and
therefore negative-energy modes exist if condition (86)
holds for some y, g4, and . Since f. is now y depen-
dent, the perturbations G'!(y,q,,u) are localized around
the values of y, ¢g,, and pu at which

(94/8°,)(3f /3g,)>0. Outside this region g van-

v
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ishes. The functions G|!’ for the other particle species
are set equal to zero.

2. Oblique modes (k70 and k,#0)
With the definitions

e=k,v? and D=k, aaf’ —k, w’;{o, agie’ ., 0)
Eq. (82) yields F'¥ <0 if

@>0 and D>0
or

@C<0 and D<O. 91)

The following cases are now considered separately.
(a) Let us first assume that

(0)
9 g

>0

g, 944
again holds locally in y, q4, and u for any particles
species v. It then follows from inequalities (91), with the
help of the equilibrium condition (60), that negative-
energy modes exist, provided that

k k

—L <min(A,M,) or —L>max(A, ,M,), (92)

ky k,
with

4mg ! (PO L(Af9 /ay)

AVE——g s M, = g fg d

qu4B(°)w:(0) ’ v w:(O)(afgv/aq4) :
(93)

The perturbations G'! are localized as in the previous
case of parallel propagation. The orders of magnitude of
A, and M, depend on the particle energy. For particles
with velocities of the order of the thermal velocities (v, )y,
(thermal particles), these being the most representative
particles, one can use the unregularized theory [g(z)=z,
g,=1, 9,=v,] because (v, ), is far lower than the critical
velocity at which the singularity discussed in Sec. II B ap-
pears in this theory. With

e _
evB(O) UH sz(y)_ CL)(VO) sz(y) ’ (94)

R,(y,v))=

and with the help of Eq. (53) for Y,,, one has

W) 1 _ (rpy)y
0® L L

R (y,(v,)y)= <«<1. 95)

From Egs. (51), (52), and (55) it then follows that
B:9=BO[1+R (y,(v,)4) =B, and from Eq. (83)
that ?®=~«®'?. Therefore,
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A~ uB® 1 max{(P?)} perpendicular negative-energy modes is not possible [for
T e 0® (B9 /8 k, =0, Egs. (85) and (89) yield F'*'=0].
The consequences of condition (102) for tokamaklike
_ () P(0) 1 - (rLy)n B,(0)<<1 and stellaratorlike equilibria are examined in Sec. VI.
= »'® L (B(O))z/gﬂ,’“ L !
V1. PERPENDICULAR
(96) NEGATIVE-ENERGY MODES
and IN EQUILIBRIA RELATED
(o) (rr ) TO MAGNETIC CONFINEMENT SYSTEMS
1 Wy FLv)th
M, = ;("5)_ L L = L. 7 A. Tokamaklike equilibria

Here (r; )y, is the Larmor radius at a thermal velocity, L
is the macroscopic scale length, and P‘®(0) and ,(0) are
the pressure and local beta, respectively, at y =0. Conse-
quently, condition (92) imposes no essential restriction on
the magnitude or orientation of the k , connected with
negative-energy modes.

(b) If

PR

o g <0, (98)
v 4

at some y, g4, and u for any v, a condition which is more
frequently satisfied, e.g., in the case of a Maxwellian dis-
tribution function, it follows from inequalities (91) that
negative-energy modes exist if, in addition to (98),

k
min(A,,M,) < ;l <max(A,,M,) (99)
1

holds. For particles with thermal velocities, the latter
condition, in conjunction with (96) and (97), implies that

k

(er)th
=~———<1.

k. I (100)

Therefore, the most important negative-energy perturba-
tions, in the sense that the less restrictive condition (98) is
involved, concern nearly perpendicular modes.

3. Perpendicular modes (k| =0)

Using the equilibrium condition (60), Eq. (82) reduces
to

FP=478 3 [dydg,du mﬁ—(o—)(c/ev)chwzkﬁ
© flY
df;—y g; (101)

The condition for the existence of negative-energy modes
without any restriction on k|, and irrespective of the sign
of the quantity (q,/8,)(3/.% /dq,), is therefore that

dp'® 3f )
dy dy

is satisfied locally in y, g4, and u for any v. We note that
in the cases of a homogeneous magnetized plasma and an
inhomogeneous force-free plasma with sheared magnetic
field, in which gradients are not present, propagation of

(102)

To describe equilibria of this kind, we use a shifted
Maxwellian distribution function. Since it is thermal par-
ticles that we are interested in, the unregularized theory
is again employed, in the context of which the shifted
Maxwellian distribution function reads [to simplify the
notation, the superscript (0) is suppressed in the rest of
this section on the understanding that all the quantities
pertain to equilibrium]

172

;oo |m 1 N,(»)
& | 2 1+R,(y,V,(») T32(y)
Xexp | — pB(y)+1/27ir:€,)E;14— V.71 (103)
Here, V() is a parallel shift velocity so small that
£ ~ Lo «<1. (104)
() L

N, and T, respectively, are the number density and tem-
perature (in energy units) for particles of species v, and
R, (y,V,y)=(1/0, )V, (»)Y,,(y)[Y,, as defined by Eq.
(53)]. It will be shown later that V, produces a net
“toroidal” current (the coordinates x and z correspond to
the poloidal and toroidal directions, respectively). The
distribution function has been normalized so that

S dgu [ “duB3f,=N, .

In addition, performing the integrations in Eq. (61) one
obtains, as expected,

P=73 [dq,duuBBif, =3 N,T, .

(105)

(106)

Insertion of the distribution function (103) into condi-
tion (102) yields

dP ey o | Ny 3T, uB|Tv B
dy 9y N, 2T, T,|T, B
m, (q4—Vv)2 Ti/
2 T, T,
R:/ q4—VV
— ! <0.
TR, ™ Sev

(107)

The terms R, /(1+R,) and m [(q,—V,)/T, 1V, in Eq.
(107) can be neglected because
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IR, (y,V, NI <R, (y,(v,)pu))] << 1 (108)
and
(Q4 VV) , 1 ’ 1 Vv
m, v = =
T, (0, )n (v))m L
(rp,
1 e «<1. (109)
L L
Condition (107) can then be written in the form
dP 9fgy N,
————=P' <0. 110)
dy ay NV (Qvfgv (
Here, it holds that
Ny
=3N,T, v (1+m,), (111
u u
with
n,=0InT,/3InN,
and
B ar [N i
=1 — L _F_ v ’ _4
Q,=1—3n,+ 7. |t | W, P +%mvTVm
(112)

1. Singly peaked density and temperature profiles

It is now assumed that both the density and tempera-
ture profiles have only one maximum for all particle
species v, which is the most common case in tokamak
equilibria, and therefore 7,20 for all v. [Equilibria
which exhibit singly peaked density and hollow tempera-
ture profiles, or vice versa (7, < 0) will be examined later.]
This implies that P'(N., /N,)> 0 and consequently condi-
tion (110) is satisfied if @, <0. Since the last two terms of
@,, which involve the perpendicular and parallel particle
energies, are non-negative, by taking the limit x=0 and
q4,=0 the inequality @, <0 is satisfied if

n,>2/3=n% (113)
holds for some particle species v. 7} means “subcritical”
1, The existence of perpendicular negative-energy
modes for any wave number k, is therefore related to the
threshold value % of the quantity 7,, a quantity which
usually governs the onset of temperature-gradient-driven
modes. The linear stability properties of these modes
have been extensively investigated. To be specific, per-
forming a kinetic stability analysis of the ion
temperature-gradient-driven mode, Hahm and Tang [16]
obtained a critical value for instability, 7{>1. Hassam
et al. [17] examined the same instability for short and
long wavelengths in a wide range of collisionality. For
collisionless modes of arbitrary wavelength, a domain
which corresponds to that of the present analysis, they
calculated %#{=2. In addition, Guo and Romanelli [18]
recently studied the linear 7§ threshold in various

domains of collisionality, wavelength, and shear. For
singly peaked density profiles they also calculated a
threshold value 7§ > 1 (see Egs. (21) and (23) of Ref. [18]).
Accordingly, the value 15’ =2 appears to be subcritical in
the sense that it is lower than the linear threshold 7%¢
value, and therefore the possible existence of negative-
energy modes below the instability threshold implies that
self-sustained turbulence may be present in a linearly
stable tokamak regime. This result agrees with numerical
results on drift-wave turbulence obtained by Nordman,
Pavlenko, and Weiland [6] within the framework of a
nonlinear dissipationless fluid model. Specifically, in this
paper self-sustained 77;-mode turbulence substantially
below the linear stability threshold was demonstrated and
the driving mechanism is attributed to the interaction be-
tween negative- and positive-energy modes. The subcriti-
cal value 7} (depending, according to the authors, on the
finite Larmor radius parameter k2r?), however, is not
uniquely specified. We also note that self-sustained drift-
wave turbulence in a linearly stable plasma slab resem-
bling the edge region of tokamaks was demonstrated nu-
merically by Scott [3,4] in the context of a nonlinear col-
lisional fluid model.

We now calculate the phase space occupied by the par-
ticles associated with negative-energy modes on the basis
of analytic solutions. Henceforth, particles of this kind
will be called active particles.

When inserting the distribution function (103) into the
equilibrium equations (58) and (59) after carrying out the
integrations with respect to g, and u, one obtains

. _ B,
Ix 47
bZ
=c—B—P’—bx2eVNVVV—C2
(114)
and
B b"P'+b N,V
J:= 4 _CB zgev vl
+ N T,V B 1 , (115)
C? v VB2 o, .
The last term in each of these two equations,
B’ 1 CNVTV Vv (er)th
"B*w,| LB (v,)y L
2
CNVTV (er)th
~~Tg 7 , (116)

with i =x and z, is much smaller than the other terms,
namely c(b, /B )P’ and
e, B cm, T,
b,e NV, = om, B NVVV mv(vv)%h
¢cN, T, V, L ¢N,T,
“TLB () (r)s LB

(117)
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They can therefore be neglected. For simplicity, we now
restrict discussion to T; =0. For cold ions and a constant
“toroidal” magnetic field B, =B, Egs. (114) and (115),
respectively, yield

C%P’-i—ebee V,=0 (118)
and
b, cB,;
c—B-P’—esze Ve, =— py. (119)
with e, = —e and
P=N,T, . (120

Let us briefly discuss here the meaning of V,: For V,=0
one obtains from Eq. (115) the “toroidal”’ current density

(121)

On the other hand, Eq. (118) for this case yields P'=0.
Hence there is neither a pressure gradient nor a
“toroidal” current.

For a p-dependent ‘“‘toroidal” magnetic-field com-
ponent, B,(y), and ¥, =0, Egs. (114) and (115) become

B, b,

—47—?P S (122)
By b, |

" BT t123)

and their solutions satisfy the relation B,=cB, with
c=const. The magnetic field is therefore shearless and
the only possible equilibrium which can be described by
any of Egs. (122) and (123) is a stellaratorlike
configuration with vanishing “toroidal” current, a case
which will be examined in Sec. VI A 2.

To obtain analytic tokamaklike equilibria with V,#0,
it is convenient to use, instead of Egs. (118) and (119), Eq.
(118) and the equilibrium condition

2 B?
P+B_=_°° ,

124
8 8 (124)

B, =const .
Two of the quantities B, P, V,, N,, and T, appearing in
Egs. (118), (120), and (124) can be arbitrary functions of y.
Accordingly, assigning the y dependence of P and V,, one
can obtain from Eq. (124) the magnetic-field modulus B
and, since the toroidal magnetic field B, is given
(B, =B,y=const), the “poloidal” component B, (strictly
speaking, the absolute value of B,). N, can then be deter-
mined from Eq. (118) and, subsequently, 7, from Eq.
(120).
Choosing the singly peaked pressure profile

B}

" 87 cosh?p

(125)
with B, =const, p=y /L, L corresponding to the plasma
radius, and

B’+Bi=B% , (126)
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one obtains a hollow B profile

B=(B}+B2anh%)'/?, (127)
an antisymmetric “poloidal” magnetic field

B, =B tanhp , (128)
and a peaked “toroidal” current density

—cB,  j,(0)

T T4 cosh’p (129

with
¢B;
j.(0)=— AL - (130)

We note that Eq. (119) is then satisfied identically.

Phase space occupied by active particles. In the follow-
ing we find the phase space occupied by the active parti-
cles for the three cases of Table I, which are character-
ized by three constant values of 7,. We note here that
only four of the constants By, B;, B, N,(0), T,(0),
j,(0), V,(0), and L appearing in the various expressions,
e.g., By, N,(0), T,(0), and L, can be treated as free pa-
rameters. The others can be expressed in terms of the
free parameters via relations (126) and (130);

N0, (0)= -2 (131)
€ e Agrel

and
N,(0)T,(0)=——B? . (132)

8

The last two relations follow, respectively, from Egs.
(119) and (125) evaluated at p=0.

W), =1
Condition (110) then yields
4T+ 2 1 (133)
Pl T, S
with W, =uB, W, =1m,v} and
87N,(0)T,(0) 1
Tp)= (134)

B*? cosh?p
The fraction of active particles is represented by the
dotted area of Fig. 1. Invoking the spherical symmetry of

the distribution function, and since the maximum value
of T'(p), maxI'(p)=T(0)=p,(0), is an order of magnitude

TABLE 1. Equilibrium quantities for non-negative 7,. The
shift velocity V,(y) is an assigned function of y. B is given by
Eq. (126).

Ve(y) Ne(}’) Te(y) MNe
By, 1 N,(0) T,.(0)
V.(0)— 1
B coshp coshp coshp
By 1 T,(0)
V.(0) — 3 const 3 o
B cosh’p cosh’p
B, N,(0)
V.(0) — 3 const 0
B cosh’p
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FIG. 1. The phase space occupied by the active electrons for
n.=1

lower than unity, relation (133) implies that nearly one-
third of the thermal electrons are active. Thus, since the
value , =1 is close to the critical value for linear stabili-
ty, negative-energy modes involving a considerable num-
ber of thermal electrons exist in a linearly marginally
stable (or stable) regime.

(i) 9y, —>

This case means a flat density profile. It is given by the
second line of Table I. Since N, =0, condition (107), in-
stead of (110), is now evaluated and leads to

W,

T,

e

+ﬂ<3
T .

e

[2+T(p)] (135)

The phase space occupied by the active electrons, follow-
ing from inequality (135), is represented by the dotted
area in Fig. 2. All thermal electrons are now active, as
expected, because 7, approaches an extremely large
value.
(iii) n, =0
This equilibrium exhibits a flat temperature and a
peaked density profile (see the third line of Table I). In
this case condition (110) yields
2+L‘T£r(p><o , (136)
e
and therefore no negative-energy modes exist, as again

expected, because 7), takes its lowest non-negative value
well below the subcritical one.

w.
T.

FIG. 2. The phase space occupied by the active electrons for
n.— . All thermal electrons are now active, as expected, be-
cause 1), approaches an extremely large value.
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It follows from inequalities (133), (135), and (136) and
from I'(p) being a decreasing function of p that for all the
equilibria considered the dotted areas in Figs. 1 and 2,
and therefore the fraction of active electrons, slightly in-
creases as one proceeds from the center (p=0) to the edge
(p=1). This indicates that self-sustained turbulence ex-
ists to a higher degree in the edge region.

2. Hollow temperature or hollow density profile

For equilibria with negative values of 7, criterion (113)
does not obtain. Equilibria of this kind have been experi-
mentally observed in H-mode confinement in tokamaks
[19], as well as in discharges with electron cyclotron reso-
nance heating in stellarators [20]. For this reason two
equilibria with pressure, magnetic field, and current den-
sity profiles identical to those previously considered, Egs.
(125)-(130), but with negative values of 7,, are examined
below.

a. Singly peaked density and hollow temperature
profiles. This situation is realized by the first line of Table
II.

Condition (110) yields
W 1 2B*?
s 2 =34 <3 2
T, <3 — 1+ 2 cosh’p | . (137)

We note that the perpendicular particle energy W, does
not appear in inequality (137), because the factor by
which uB is multiplied in Eq. (112) vanishes. Inequality
(137) imposes no restriction on the active thermal elec-
trons.

b. Hollow density and singly peaked temperature
profiles. This situation is realized by the second line of
Table II. Condition (110) leads to
W, W, ,

T +[24+T(p)] T <T(p)+3[2+T(p)],

e e

2[1+T(p)]

(138)

and the phase space of active electrons is depicted in Fig.
3. Nearly all thermal electrons are active.

For the considered equilibria with negative values of 7,
the phase space of active electrons slightly increases as
one proceeds from the center to the edge, as can be seen
from inequalities (137) and (138). This is similar to the
cases of equilibria with non-negative values of 7,.

B. Shearless stellaratorlike equilibria

The distinguishing feature of these equilibria in com-
parison with the tokamaklike type is that the net plasma
current vanishes. To derive equilibria of this kind, an ap-
propriate distribution function is a y-dependent Maxwel-
lian
172 N.(y)

=5 _€X
Ti/Z (_V)

m,

2w

fev= p

pB(y)+im g5
T,(y) ’

(139)
which is a special case of Eq. (103) for ¥ ,=R_,=0. Con-
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TABLE II. Equilibrium quantities for negative 17,. B is given by Eq. (126), and I'(p) by Eq. (133).

V.(y) N, (y) T.(y) 7.(y)
B
const NE(O)~£ 1 (0)_ — |-
B cosh?p B, 2+T(p)
): B
V.(0) |[—o—1 N0 7,00~ — ~ |2t
B? cosh?p B, B cosh’p T(p)

sequently, if one performs an analysis similar to that in
Sec. VI A 2, first-order terms in (7, )y, /L do not appear,
and only those in Egs. (105)-(124) which contain V', and
R, must be modified by replacing ¥V ,=R ,=0. Thus, the
condition (dP/dy)(df,,/dy)<0 yields, through (110),
the same subcritical value 75’ =2.

To obtain the fraction of active particles in the case of
cold ions, we first consider the equilibrium equation

o ch'_bzP,
T Ty T

(140)

which contains the single “toroidal” magnetic-field com-
ponent B,. The equilibrium condition (124) is not an in-
dependent equation and therefore the pressure P(y) can
be an arbitrary function of y, as it is in the case of
tokamaklike equilibria. If one chooses the same singly
peaked pressure profile given by Eq. (125), the solution of
Eq. (140) is

B,=B=(B3+B’tanh?p)!"? . (141)
It should be noted that, to prevent B, from vanishing at
y =0, the constant magnetic field B, must not be zero;
otherwise a singularity would appear because the Larmor
radius would approach infinity at y=0 and the drift

kinetic theory would become invalid. The “poloidal”
current density corresponding to B,,
jo=—5 L tanhp (142)

47L B costh

is an odd function of y and therefore no net current flows
through the plasma. The electron density profile N,(y)
can be freely chosen; the temperature T,(y) can then be
determined from the relation P=N,Te. The same N,(y)

wy
T. 5 1
1 T 3asre)
SEREEEN 3. T
A 0
(0,0 i
T,

FIG. 3. The phase space of active electrons for hollow densi-
ty and peaked temperature profiles (negative 7,).

and therefore the same 7, profiles examined for tokamak-
like equilibria are adopted. It should be noted that the
scale length L and three of the constants B, By, B,
N,(0), and T,(0), e.g., By, N,(0), and T,(0), can be used
as free parameters. The other two can be expressed in
terms of the free parameters via relations (126) and (132).
The phase space occupied by active electrons can be ob-
tained from relation (110) for N,#0 and (107) for N, =0.
In these relations the only macroscopic functions in-
volved are P, N,, T,, B, and their derivatives. Thus,
since these functions are identical in form to the corre-
sponding functions considered in the case of tokamaklike
equilibria, the results of Sec. VIA 2 that concern the
phase space of active particles are also valid in the stel-
laratorlike regime. It therefore turns out that, as far as
the existence of negative-energy modes is concerned, the
two confinement systems are equivalent.

VII. CONCLUSIONS

The conditions for the existence of negative-energy
modes with vanishing initial field perturbations were in-
vestigated for the cases of homogeneous magnetized, in-
homogeneous force-free, and magnetically confined plas-
mas with plane equilibria. To this end, the second-order
perturbation energy was obtained [Eq. (82)] by evaluating
the general expression derived by Pfirsch and Morrison in
the framework of collisionless Maxwell-drift kinetic
theory. The conditions need only be satisfied for some
particle species v, locally in g, and u for a homogeneous
magnetized and an inhomogeneous force-free plasma, and
locally in y, g4, and u for a magnetically confined plasma.
They obtain if the reference frame is that of minimum en-
ergy. The conditions are as follows.

(i) Homogeneous magnetized plasma and inhomogene-
ous force-free plasma with sheared magnetic field.

If (g,/8.,)(0 fé /9q,4) >0, parallel and oblique modes

(k,70) exist with no restriction on either the orientation
or magnitude of the wave vector k.

(ii) Magnetically confined plasma.

(1) For parallel and oblique modes the above condition
is also valid with no essential restriction on k.

(2) If (g4/8,)3f /3g4)<0, a condition which is
more frequently satisfied, the possible oblique negative-
energy modes are nearly perpendicular.

(3) Purely perpendicular negative-energy modes (k| =0)
also exist for any k, if (dP/dy ) f(O /dy) <0, irrespec-
tive of the sign of the quantity (q4/gv (afgv /3q4) [P(y)
is the equilibrium plasma pressure].

The consequences of the last condition were examined
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for tokamaklike and stellaratorlike equilibria, described,
respectively, on the basis of a slightly modified Maxwelli-
an distribution and a Maxwellian distribution function.
It turned out that the existence of perpendicular
negative-energy modes is related to the threshold value 2
for 7,, which is lower than the critical value of 7, for the
onset of linear temperature-gradient-driven modes.

For various analytic tokamaklike and stellaratorlike
cold-ion equilibria with non-negative as well as negative
7. for which the criterion 7, > % is not necessary, a con-
siderable fraction of thermal electrons is associated with
negative-energy modes (active particles). In particular,
for linearly (marginally) stable equilibria (y, =1) nearly
one-third of the thermal electrons are active. For all
equilibria considered the phase space occupied by active
electrons increases as one proceeds from the center to the
plasma edge. It is shown that the above results are exact-
ly the same for stellaratorlike and tokamaklike equilibria
if their density and temperature profiles are identical. It
therefore turns out that negative-energy modes relating
to nonlinear instabilities which could cause anomalous
transport in a linearly stable regime exist equally well in
both confinement systems.
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APPENDIX: CALCULATION
OF THE EXPRESSION A
INVOLVED IN THE SECOND-ORDER
PERTURBATION ENERGY
From Eq. (67), one obtains
3H'
3 =0 (A1)
44 |v=0
and
oHY
=0. (A2)
9x |v=o

We note that the constraint P, =0 is not involved here,
because P, does not appear in H'”. If one recalls that
P, =(P,P,) and g, =(x,q,), these relations imply that

82s(1) aH(O) as(l)
3q,0P, 3q. op, O’

(A3)

that is, the first term in A, Eq. (72), vanishes. The other
three terms are calculated separately as follows.

aZSsl) aH(VO) as(vl)

The term

dg;9q, OP, AP,
It is convenient to write this term in the form
82s(v1) aH(VO) as(vl) B ias(vl) aH(vO) as(vl) 3 as(vl) aH(VO) asi’l)
dq;dq, 9P, OP; ox Jx opP apP dg, Ox oP 0P,
3 [as JaH® | as a2V aH© BsD
< . + (A4)
ax aq4 aP4 ax aqi aP4 aP4
By virtue of 3H'? /3P, =0, the last two terms on the right-hand side of Eq. (A4) vanish.
To calculate the first term, use of the relation d9H' /3P =vfg°v’ and Eq. (56) for vgi,) yields
3 |38y BHY 4|3 | 0 35y 8b® 05
ox | d9x |p||p OP g, | 9x ox |p)lp Ox Ox |
, (1 (n
_cp (BOY | 00 'asv L0 0 oS, . (AS)
e B:m) Z ox | ¥ ox PP * ox | 2 9x PP
Equation (34) implies that
as(l) as(l) 3P as(l)
v _ v _or . v
ox P ox v ox v JoP x
_ 30| e gar ast
T ax v ¢ 0dx aP |, (A6)
Since A}® depends only on y for any vector r,, perpendicular to the y axis (such as the vectors b‘”, e, , and e,), the re-
lation
F) At(O) as(l)
S I~ I I A7

holds and therefore
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as as
v
Applying the operator d/0x|p to the last equation yields
d asy" 9 as,’ aP as,"
— r . _ —— . —_—— » — .
ax |™ "ax |p|lp ox |™ ox |v||v ox |v aP |™ ox |v|l,
3 as(l) e aA*(O) 3 as(l)
=— |1, — -— Ao - . (A9)
ox | 90x |y|ly ¢ 9x ‘ *% 9x oP |,

Relation (A7) has the conse%uence that higher-order
terms in expansion (35) for S'!, after imposing the con-
straint V=0, do not contribute to Eq. (A9). Using this
expansion, Egs. (A6) and (A9), respectively, yield

as\! _ a8y L& 3l
ox |p v=o_ Jox ¢ 0x
_a§‘v” & aS\‘V” (A10)
T 3x ¢ dy
and
3 as(l)
ax | % 9x |p)|p|v=o
9 a8 | e, 3ALY 3
ox Tx" g ¢ 0Ox T2 3% 5\
(A11)
where
_ ¢ b9 % a§(vl) 1 aﬁ("l)b(m
ST ox | mg, oas
(A12)

We note that, in order to calculate the right-hand side of
Eq. (A10) and Egs. (A16), (A17), and (A18) below, rela-
tions (55),

A o, (A13)
ox
and
(0)
9 po=g (A14)

ax

are helpful. The second term on the right-hand side of
Eq. (A5) can then be calculated on the basis of

(n o a
ab'® 95, 0y 950 |y By |
ox 9x |p x ox z az |7’
(A15)

following from (A10). The other three terms in Eq. (AS5)
can be calculated by applying relation (A11) to r,, =b?,
e, and e:

9 | asy”
ox ax P P
&
9 |y, as,
ox ox
82§(1) 82§(1)
b0 ———+b0——= , Al16
* Bxdy | ¢ aydz | (Al6)
3 ash I ag\y P
ax = ox pllp dx ©" Tax axayey’
(A17)
3 as(vl) _ 3 as\(vl) aZSv\(Vl)
ax |&* ax pllp 0x " ax dyoz -
(A18)

Inserting Egs. (A15) and (A16)-(A18) into Eq. (A5), and
taking the inner product of the resulting equation with
as ‘V” /0P= —§£, one obtains, for the first term in expres-
sion (A4),
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3 as(l) aH(O) as(vl)
v v
ox 0dx oP oP
e
_ 94 ) |n©. 9 ©, 95y
=21 (& bO. = .
3 (£-™) = b P
&) & 28(1) 28(1)
+ € b(mxgs_" .9 (o>,asv + 033 +(0)a§v 3
e, B*0 9x | 9x ax * 9xdy ° oyoz |7
a§<1) ag\y
(b(O))l +(b(0))r é—y
) e & n
' a8 a8 a8
_SE(B(O)) 10 w8 (maS _p0) 2 0) [p@y =¥ .9 Y
e, B*? (6570 1b ox bx oz b: ox + B‘(O)b b ox ax | ax
() (1 28(1) 28(1)
5 a8 928! 328"
R R N () PR () L )} R0)
B“O’b X S o | e ]+[bz axdy % ayez 7| (AI9)

with £, = (e, 'x).
A s1m11ar but simpler procedure is used, because g, is a scalar variable and b'® does not depend on g, to calculate
the second term of Eq. (A4):

3 as(l) aH(O) as(l) 3 as(l) aH(Ol as(l)
v v v -_Y v . v v
dq, Ox |p oP OoP, dq, | ox |p OP oP,
§(1) s
__11154 d +q §4|b _6_ -
g, " 0q, Tax g, ox | 9g,
cp (BOY | o 9 85, + 35,
e, B*O [°* gaq * ox §a |8 ox | dg,
3 as agy
) v
— —_— + o —_——
x| —6a 30, | ox £al€ 30 a2, || (A20)
with
Q)
-1 (o»,aS_V
£, mvg’vb . (A21)
The expression (A4) is then the sum of Egs. (A19) and (A20).
aZH(VO) asLl) as(vl)
The term 3q,0P, 3q. aP,
Since 3H'” /3P, =0, this term can be written in the form
aZH(vO) as(vl) as(vl)_ 3 aH(vO) aS(vl) as(vl) 3 aH(vO) as(vl) as(vl)
d¢,0P, dq, OP, dq, | OP ax aP, ox aP | ax | oP (A22)

This expression requires calculation of
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a_|3HY 9 o__d |94 | 0_ Sl 050y 0 1 0)
2
d |94 (By
=2 |24 |po4 B T ploe (0)
dqs |2 m, .. ug, Yy, (BrO ) 5 (b; —b,"’e,) (A23)
and, with Eq. (A 10) for 3S'" /9x|p, of
3 OHY | 8s)” _ 94 3 95" _,e 3 [BY o] 88
ox OP X |plv=o0 g, OX OX |p|y—o ”ev ox | B*© 7 2. S I
44 aS\(vl) a§(l)
2% b(O) Y 4 b(O) ’ v
3 (by) 3% (b, )——~—az €,
ROy a8l ROy a8V
_“_C_ ( *0) ( ( ) ¢ e, (A24)
e, Bv( ) ox B:(O) az
On the basis of Egs. (A23) and (A24), one then obtains
277(0) (1) ag(l) &) & (1 ' aG
FHY 8s)’ asy) gy (b(o)),asv +b<°>aSV ey (BOY o |38V [(BOy ]85 ¢
dq;0P, dq, OP; g, | ox z oz Yooe, B*O F ox B*® 7% oz Y
& (1
___i ﬂ b(O)aSv +b(0)a§" g
dy g:’ x d z d 4
2 & (1
' (BY |, 035y ) a5,
-m, [—: ug. Y., (B0 b, 3% —b, % &4 - (A25)
azH(VO) as(vl) as(vl)
The term 34,39, 9P, P,
After some algebra one calculates
aZH(VO)
: ——mg, 2 |1 (A26)
993 |v=0 dq, | g,
aZH(O) e av(o) aA*(O) 0)yr
v v gv v c ., (B )
=—r . =y = ) I A27
9x994 |v=o ¢ 0Ox 99, M g “B"‘O xzCy (A2D)
and
9 aH(O) as(l) 3 aH(O)
EX_ ox ’ oP v=0=_§yg ay V=0
v 44 B9y |’
—p*0) | v 14
Inserting Egs. (A26)-(A28) into the expression
a2H(v0) as(vl) as(vl) _ aZH(VO) as(vl) 5 aHiO) as(vl) as(vl) 3 aH(vO) aS(vl) aS(Vl) A29)
d¢,3q, AP, dP;  aq} | 3P, dq, ox oP dP, 9x dx oP oP
yields
aZH(O) as(l) as(l) d 94 (B(
v v v o ’ 14 2 -
aqiaqK aPK aP,- mvgvdq4 1, §4+2 ,ugv xz B,(o) §y§4
v 94 a0 o | (BQY
- B Yobs—nBy® |G i (A30)

On the basis of Egs. (A3), (A4), (A19), (A20), (A25), and (A30), A is written in the form given by Eq. (73).
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