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Depolarization of multiply scattered waves by spherical difFusers: Influence of the size parameter
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We study numerically, using the Mie theory, light transmission through a multiply scattering medium

composed of a collection of uncorrelated, optically inactive spherical particles. The characteristic length
over which a plane-wave field is depolarized depends on whether it is initially linearly or circularly po-
larized and on the size of the particles. In a medium containing particles small compared to the wave-

length (Rayleigh regime), the characteristic length of depolarization for incident linearly polarized light
is found to exceed that for incident circularly polarized light, while the opposite is true in a medium
composed of particles large compared to the wavelength (Mie regime). A comparison of numerical re-
sults with the data from measurements on suspensions of polystyrene latex spheres in water is made.
Agreement between these simulations and experiment is good for the range of sizes considered in this pa-
per. We also discuss the relevance of the helicity-flip model to the analysis of these data.

PACS number(s): 42.25.Ja, 02.70.Lq

Recently, considerable interest has arisen in the polar-
ization properties of waves scattered by inhomogeneous
media, in connection with condensed-matter physics (i.e.,
weak localization) [1]. Multiple scattering of light from
inhomogeneities in optically dense media randomizes the
state of polarization and a wave propagating in such a
medium becomes rapidly depolarized, but one knows lit-
tle about the characteristic length scale on which this
process proceeds. We have previously reported on the
depolarization of optical waves propagating through a
random multiple-scattering medium composed of a col-
lection of nonabsorbing and optically inactive spherical
particles whose size is very sma11 compared to the wave-
length of the scattered radiation (i.e., Rayleigh regime}

[2]. For completeness, the main result of Ref. [2] will be
rederived in a somewhat diferent form. For purposes of
our model, we consider only the weak scattering limit
(i.e., kl » 1) such that the elastic mean free path
1—:1/Ptr is much larger than the wavelength of the radia-
tion. Consequently, the wave-field propagation may be
described by a classical difFusion process. Here P is the
concentration of scatterers, 0. is the scattering cross sec-
tion, and k is the wave number in the scattering medium.
Let us consider a quasinxonochromatic plane wave5eld
that is incident normally along the z axis upon a plane-
parallel slab, of finite thickness d (d » I) in the z direc-
tion, and of infinite extent in the x,y directions, composed
of uncorrelated spherical particles of radius a. We begin
by computing the degree of polarization of the light

transmitted by the scattering medium for incident linear-
ly (PL ) and circularly (Pc) polarized light. To do this,
one must evaluate the difFerent contributions of light fol-
lowing many difFerent paths. Take a particular sequence
of scattering events. The number of steps in this path of
length s is n =s/1. The number of scattering paths of
length s is simply given by the Green's function G(n, d)
of the difFusion equation [2]. It follows from results of
Ref. [2] that these degrees of polarization are given by a
proper weighting G(n, d) of scattering paths of length s.
The resulting expression is

f f, (n)G(n, d)dm
p 0 (1)f G(n, d)dn

0

where we have adopted the notation i =L for linear and
C for circular states of polarization. In the multiple-
scattering regime, the functions f express the depen-
dences of the output degrees of polarization for a number
of scatterings equal to n +1. In the large-n limit, the f's
reduce simply to

f~(n) =- —,
' exp[ n(1/gL )]—

and f,(n}-=—', exp[ n(1/gc)]. —The g's define charac-
teristic lengths of depolarization for a path of n+1
scatterings: gL =1/( ln —", } and gc =1/( ln2). From the
numerical values of the ps, we find that gL —=2gc. Per-
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forming the integration in (1), it is straightforward to ob-
tain

I
sinh

d1'
sinh

(2)

where g;=(g;I/3)', with i =L,C, define characteristic
lengths of depolarization for the slab geometry. Since
d ))g;, the degree of polarization of the transmitted light
in the far field can be approximated by

2d . 1 d
P, -=sinh —exp (3)

and that the appropriate size dependence of the f's is in-

serted therein. Here the transport scattering cross sec-
tion for each scatterer is defined in the usual way as

cr' = f 0 (8)[1—cos( 8) ]d0,
where 8 is the scattering angle.

The analysis of Ref. [2], derived from a maximum en-
tropy principle, permitted us to characterize the irrever-
sible evolution of the polarization state during scattering.
These results were ir: agreement with the explicit compu-
tation done in the context of the Bethe-Salpeter equation
handled in the diffusion approximation [3]. We were also
able to derive a number of new results. For example, we
showed that depolarization of light by multiple scattering
is connected to a process of entropy production which
falls off exponentially with the number of scattering
events [2]. However, a fundamental question persists re-
garding this problem. It is not yet established how depo-
larization proceeds as the size of the particles increases
from very small to large (i.e., Mie regime). To this end,
we have studied numerically, in this Brief Report, the
depolarization behavior as a function of the size of the
scattering particles. These numerical results are com-
pared to measurements on suspensions of polystyrene la-
tex spheres in water.

%'e have used the sLAB Monte Carlo simulation code
to analyze the depolarization behavior of a wave propa-
gating through a slab of finite thickness and composed of
uncorrelated spherical particles [4]. This simulation
technique was developed to study the random-walk-like
multiple-scattering process of the wave propagation. For
details concerning the testing of the Monte Carlo pro-
gram, we refer to Refs. [4,5]. In the SLAB code, the
three-dimensional paths for waves are followed from one
scattering to the next as the wave propagates into the

Thus we see that the characteristic length of depolariza-
tion for incident linearly polarized light is greater (by a
factor of V2) than the corresponding length for incident
circularly polarized light. This analysis should apply
equally well for large spheres provided that I is changed
into the transport mean free path

1 =1/[1 —( cos(8) ) ]

medium. Each scattering is assumed to be elastic and is
described by the standard Mie theory [6]. The input pa-
rameters are the relative refractive index,
m —=n, /n~ = 1.20, where n& and nM are the refractive in-
dex of the spheres (ns =1.59 for polystyrene) and of the
surrounding medium (n~1.33 for water); the size param-
eter ka; and kl*=1000. These parameters were chosen
for the purpose of comparison with experimental data.
The experiments were carried out at room temperature,
using a setup similar to that described in Ref. [7], which
contains all relevant details. A semiconductor laser emit-
ting at 0.67 pm was used as the source beam. The beam
was normally incident on one side of the sample (3 mm
thickness) and the scattered light transmitted through the
back wall of the sample cell was detected within a collec-
tion angle of 2'. The multiply scattering samples were
suspensions of polystyrene spheres (Polysciences, Inc. ),
with mean diameters of 0.22, 0.48, and 1.05 pm, in dis-
tilled water at different concentrations.

Results of simulations that were carried out are
presented in Figs. 1 —3. For a starting point, we refer to
Eq. (3) and find, in the limit ka « 1, that (L =0.967l and
~~c=0.6841. The wave becomes depolarized over a dis-

tance which is of the order of the mean free path. Now
examine Fig. 1(a), which shows the degrees of polariza-
tion for linearly and circularly polarized light as a func-
tion of d/l for ka =1.19 (i.e., intermediate region) and
ka =6.43 (Mie region) in a semilogarithmic plot. The
two curves of Fig. 1(a) exhibit linear behavior in this plot.
It is interesting to observe that the effect of the input po-
larization state in these regions is markedly different from
that in the Rayleigh region. It is important to appreciate
that for ka —1, the slopes of these plots do not depend on
the incident state of polarization. This is in contrast with
the region ka ) 1, for which these slopes (:—l/g, ) now

depend strongly on polarization, the slope being greater
for linearly polarized light than for circularly polarized
light. Having considered the numerics, we now proceed
to compare with data from measurements on suspensions
of polystyrene latex spheres. Variations of the degrees of
polarization for three values of the size parameter, viz. ,
ka =1.23, 2.69, and 5.89, are shown in Fig. 1(b). It is re-
markable that the experiment gives an exponential decay
over several decades. The behavior of these data is con-
sistent with the simulation results of Fig. 1(a). Figure 2
shows the characteristic lengths of depolarization for in-
cident linearly, (L /l, and circularly, gc/1, polarized light
as a function of the dimensionless size parameter ka. In
the case of particles large compared to the wavelength, a
linearly or circularly polarized wave becomes depolarized
over a distance which is significantly greater than the
mean free path. Both the experimental data and simula-
tions show that the g's are nearly equal in the region
ka —1 as can be seen in the inset of Fig. 2 where we have
plotted the variation of the length ratio (L /gc with the
size parameter ka. For the Rayleigh region, this ratio
can be computed exactly using Eq. (3) and is equal to v'2.
In the range of sizes investigated, this ratio is a decreas-
ing function of the parameter ka. As can be seen, the nu-
merical calculations are in quantitative agreement with
experimental data. Another interesting feature of Fig. 2
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FIG. 1. (a) Semilogarithmic plot of the degrees of polariza-
tion for linearly polarized (open symbols) and circularly polar-

ized (solid symbols) light as a function of d/I. Squares

represent the intermediate region ka =1.19 and circles corre-

spond to the Mie region ka =6.43. The lines are exponential
fits to the data. (b) Same as (a). Experimental data correspond
to measurements on suspensions of polystyrene latex spheres in

water: 0.22, (D), 0.48 (6 ), and 1.05 ( 0 ) pm.
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FIG. 2. The characteristic lengths of depolarization, gL /I,
for linearly polarized (0) aud gc /1, for circularly polarized (o )

light as a function of the size parameter ka. The solid symbols
indicate experimental data corresponding to measurements on
suspensions of polystyrene latex spheres in water. The inset
shows the ratio of the characteristic lengths g'I /gc (Q') as a
function of ka. Experimental data (f) correspond to measure-
ments on suspensions of polystyrene latex spheres in water.

FIG. 3. Semilogarithmic p1ot of the ratio of the degrees of
polarization 8 =—I'I /I'c as a function of d/I*, for three values

of ka. The solid line corresponds to the Rayleigh region
(ka &&1). The symbols indicate experimental data correspond-
ing to measurements on suspensions of polystyrene latex spheres
in water [0.22 (0) aud 1.05 (o ) pm]. The dashed lines are a fit

to Eq. (3).

is the maximum of the ps observed at ka —= 8 which is
then followed by a decrease: We interpret this behavior
as arising from Mie resonances. The resonance condi-
tions that occur in large spheres have been examined in
some detail [8]. By increasing the size parameter, one
could thus hope to achieve a characterization of reso-
nances in the multiple scattering from spheres. This is a
difficult task we do not address here. In Fig. 3 we have
shown the variations of the ratio of the linear to circular
degree of polarization R =Pr /Pc as—a function of d/l'.
We find that ln(R)-d/l'. Three behaviors are clearly
seen in this plot. On the one hand, R increases according
to Eq. (3) in the Rayleigh regime. On the other hand, it
can be seen that R is constant in the intermediate regime
and decreases in the Mie regime.

The difFerence between the two types of behavior cor-
responding to ka «1 and ka ) 1 stems from the anisot-
ropy property of the scattering. In the Mie regime, the
scattering is predominantly in the forward direction,
while in the Rayleigh region, forward and backward scat-
tered directions are treated on an equal footing. It is also
appropriate to recall that the linear character of polariza-
tion states is not affected by backscattering, regardless of
particle size. On the other hand, backscattering acts as
an optical mirror (right ~ left) for circularly polarized
states, i.e., helicity flip. This explanation forms the heart
of the analysis of Mackintosh and co-workers [8]. The
helicity being preserved over distances large compared to
l* for large scattering particles explains why the charac-
teristic length for incident circularly polarized light is
greater than the corresponding length for incident linear-
ly polarized light. As pointed out in Ref. [8], two distinct
mechanisms contribute to the depolarization of circularly
polarized light: the randomization of the direction and
the randomization of the helicity. However, it is di%cult
to infer from the preceding arguments what the contribu-
tion of these two mechanisms to the total length gc will

actually be.
In summary, an efBcient Monte Carlo simulation that

can provide reliable values of the characteristic lengths of
depolarization of multiply scattered radiation from a
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slab-shaped medium composed of uncorrelated spherical
particles has been presented. We focused attention on
the polarization and size-parameter dependences of these
lengths. A comparison with experimental data indicates
a satisfactory agreement. This behavior may be exploited
in many areas, including imaging [9], particle sizing [10],
and lidar measurements of water droplet clouds [11]. It
would be also interesting to extend the analysis described
here to calculations aimed at determining the depolariza-
tion behavior of anisotropic scattering particles (e.g. , cir-

cular cross-sectioned cylindrical fibers). Such work is
currently in progress. Resonance effects not considered
here may be very important, as well.
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