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Models of crack propagation. II. Two-dimensional model with dissipation on the fracture surface
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We discuss a model of steady-state crack propagation in a two-dimensional material whose displace-
ments obey a massive scalar wave equation. The tractions on the fracture surface consist of a conven-
tional cohesive stress plus a viscous dissipation. Much of the paper is devoted to the development of
Wiener-Hopf methods for an analysis of this model. The most notable result is that, when the dissipa-
tion is suKciently strong, the crack creeps very slowly at external stresses just above the CxrifBth thresh-
old, and makes an abrupt transition to propagation at roughly the Rayleigh wave speed at higher
stresses. Thus the model exhibits a dissipation-dependent effective threshold for fracture.

PACS number(s): 62.20.Mk, 46.30.Nz, 81.40.Np, 91.30.Bi

I. INTRODUCTION

This paper is the third in a series [1,2] of studies of ru-
dimentary models of steady-state crack propagation. The
general strategy in these studies has been to compute
propagation speeds as functions of externally applied
stress and various constitutive properties of the models.
The particular model to be investigated here is two di-
mensional, thus it contains the long-range interactions
and stress concentrations that are essential to a realistic
theory of cracks moving in elastic materials [3].

The crucial ingredient of this model is a simple mecha-
nism for dissipation of energy on the crack surface. We
shall see that this mechanism causes the motion of the
crack to change very abruptly from slow creep at small
applied stresses to propagation at nearly the Rayleigh
wave speed at higher stresses. The transition occurs at an
applied stress that may be appreciably greater than the
Griffith threshold [4]. The appearance of such a transi-
tion as an intrinsically dynamic feature of this model
raises interesting questions about some basic elements of
fracture theory. For example, the results to be described
here may provide new understanding of what we mean by
fracture toughness or how we distinguish between the dy-
namic properties of cracks in brittle versus ductile ma-
terials. Our main purpose in the present paper, however,
is to present a systematic and reasonably complete ac-
count of the mathematics and physics of this model.
More speculative interpretations and extensions are left
for other publications.

A major part of the work to be described here is ana-
lytic; indeed, a secondary purpose of this investigation
has been to develop mathematical tools for dealing with
problems of this kind. Modern computational techniques
have made it relatively easy to carry out fully dynamic
numerical experiments using these models, and such
work is being done as part of the present project. But nu-
merical experiments on their own generally do not lead to
full understanding of the underlying physical principles;

they are most useful when supplemented by exact
mathematical results whenever such results are obtain-
able. It is in that spirit that we present the following
analysis.

II. SPECIFICS OF THE MODEL

Consider a semi-finite elastic material occupying the
upper half of the x, y plane (y &0), and suppose that a
mode-III (antiplane) crack moves along the x axis. (Al-
ternatively, we may visualize the system as occupying the
entire plane, the lower half being the reAection of the
upper. ) The displacernent of the material, u(x, y, t), obeys
a scalar, massive wave equation of the form

ii =c(~)W'zu —coo(u —b. ) . (2.1)

Here, co is the wave speed, coo is the "mass, " and cook is
an applied force. As in previous work [2,5], we include
the mass in (2.1) as a device that allows us to consider a
finite applied strain without having to deal explicitly with
the outer boundaries of the system. In effect, our materi-
al is tied elastically to a substrate or, within a reasonable
approximation, the crack is moving along the center line
of a strip of finite width. The presence of a small but
nonzero coo in (2.1) implies the existence of a large length
scale in the system, for example, the width of the strip or
the distance between the material and the substrate. By
definition, u =0 along the unbroken portion of the x axis.
Far from this axis, or well behind the crack tip where the
cohesive forces vanish and the stress is fully relaxed, the
displacement u relaxes to h. Note that, unlike in previ-
ous papers [1,2], there is no dissipative term in (2.1).

To complete the definition of the model, we must speci-
fy the tractions to be applied to the fracture surface. The
crucial assumption is that these tractions can be written
in the form
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p

~y y=0

o (x), u(x, O, t) =0
8 Qo, Iu] —ri, , u(x, O, t))0 .
BX @=p

(2.2)

The quantity p on the left-hand side of (2.2) is an elastic
modulus. On the right-hand side, cr(x) is an unknown
stress acting across the fracture line ahead of the crack
tip, where u =0. Behind the crack tip, where u &0, the
function o., Iu (x,0, t)] is the cohesive stress acting be-
tween the open crack faces. For example, we shall use

u =V' u —u+c.2

and (2.2), after division by p, becomes

(2.4)

E(x), u (x,O, t) =0

are measuring spatial distances in units of the macroscop-
ic length scale in the system, W—:c0/co0. For present
purposes, it is most convenient to use the same units for
the displacement u as those that we are using for x and y,
that is, coau /c0 = u /&~u, and b /W=s

„

is the exter-
nally applied strain. Thus (2.1) becomes

oy, 0(u (5
o, Iu]= .

0, Q&5,
(2.3)

Bu

By y
—p E, Iu] —g 2, u(x, O, t))0.Q

BX y=p

(2.5)

where 0 is the yield stress and 6 is the range of the
cohesive force. This simple picture of the Barenblatt [6]
cohesive zone is convenient for analytic purposes. None
of the qualitative features of the results to be presented
here are likely to depend on the details of this picture
and, in fact, all of the results in Secs. III—VI will be in-
dependent of any specific assumptions about o, I u ].

The second term on the right-hand side of (2.2) is a
viscous damping stress acting on the fracture surface. A
viscosity of this form appears in a one-dimensional model
in Ref. [2], and we recently have used it in a one-
dimensional model of rupture on an earthquake fault [7].
In the latter case, a velocity-weakening, stick-slip friction
law produces shocklike rupture pulses [5], and the viscos-
ity is necessary in order to regularize the otherwise singu-
lar behavior of these pulses. One of the motivations for
the present work is the need to generalize the rupture
model to two-dimensional systems. At present, however,
we shall consider the viscous model only for the case of
simple fracture, where the stress o., contains a cohesive
force but no stick-slip friction, and the crack faces remain

permanently disengaged from each other after the crack
has opened.

We should think of the viscosity g as being no more
than a phenomenological parameter at this stage of the
inquiry. There is no a priori reason why such a term
should not be present in (2.2); it is not forbidden by any
conservation law or symmetry principle; and it is mani-
festly the simplest way to introduce a localized dissipative
mechanism without adding more than a single new length
scale to the problem. The two spatial derivatives
preserve reflection and translation symmetries, and the
single time derivative breaks time-reversal symmetry to
produce energy dissipation. There are infinitely many
more complicated ways of doing this. More realistic dis-
sipative terms are likely to be nonlinear or, at the very
least, g would be some strain-rate-dependent, nonlocal
operator. But explicitly nonlocal interactions necessarily
would introduce extra length scales. Those new length
scales might turn out to be significant when the underly-
ing physical mechanisms are better understood, but they
would produce unnecessary complexity at this stage of
the investigation.

Without loss of generality, we may set both cp and cop

equal to unity in (2.1) by making the transformations
coat +t and coax/calx, c—oay/ca~y. This means that we

Here, e(x) =cr(x)/p, e, I u ] =o, [u ] /p, and g =soap/
pep. Note that g scales as 8' and will be very small for
most cases of interest. On the other hand, g multiplies
the highest derivative in these equations and therefore
will play a controlling role in the analysis.

III. WIENER-HOPF SOLUTIGNS

(3.1)

The first term on the right-hand side is the uniformly
stressed state of the system in the absence of a crack, and
the second term is the perturbation caused by the crack.
0'+'(k) is the Fourier transform of U(g). From (2.4) we
know that

k(k)=(k +1)', ReK) 0 . (3.2)

The superscript (+) in the expression 0'+'(k) means that
this function has singularities only in the upper half k
plane, that is, it is the Fourier transform of the function
U(g), which is nonzero only for positive g. The super-
script ( —) will have the obvious opposite meaning. (This
notation is reversed from that used in Refs. [1,2].)

The Fourier transform of (2.5), after some rearrange-
ment, can be written in the form

—Q(k)ikO'+'(k) =ikE '(k)+ikE, '(k) —E„,
where

Q(k)=(k +1)' +ivk

'(k) = f d g e '"~[E(g')—e„],
E,+'(k)= f dge '"4,, IU(g)],

(3.3)

(3.4)

(3.5)

(3.6)

We look for steady-state solutions of (2.4) and (2.5) in a
frame of reference moving at speed —

U; thus we write
u (x,y, t) =u (x +vt, y ). For subsonic velocities, v ( 1, it is
convenient to denote u(x+vt, O)= U(g), where
Pg=x+vt and P =1—v . (We shall consider supersonic
motion in Sec. VI.) The tip of the crack is at /=0; thus
U(g)=0 for g(0.

The Wiener-Hopf method for solving problems of this
kind starts with the Fourier representation of u:

u ( +xvt, y) =c„(1—e , )+ 0' '(kle'"~dk (+)
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Here,

[E„—ikE '(k)] ik—A' '(k) .
Q( )(k)

(3.7)

and Z(g) =s(x). In (3.4) we have introduced the group of
parameters v= flu/p, which will play an important role
in our analysis. The Wiener-Hopf strategy is to write
Q(k) as the product Q'+'(k)Q' '(k) so that (3.3) can be
further rearranged to read

g' '(k)ikO'+'(k)+ikA'+'(k)

v2
p 1 +

2
(4.1)

and

(4.2)

Q(k)
i v(k —ko )(k —k, )(k —k2 )

=C '+'(k)+e' '(k) .

1/2

k =
1

We factor Q(k) by using the Cauchy method to write

C d+)(k )(+)(k dk 1 c

c(+) 2+i (k' —k) g' '(k')
(3.8) (4.3)

where the contours C'+' and C' ' go from —
aoi to + Oo

in the k' plane passing, respectively, above and below the
pole at k'=k.

Both sides of (3.7) must be equal to the same entire
function of k which, in this case, we may take to be a
constant, say A. Evaluating both sides in the limit k ~0,
and using limj, oikO'+'(k) = U( oo ), we find

C(*)(k)=+
(p+ik)

where

(4.4)

Because the only singularities of function on the left-hand
side of (4.3) are the branch points at +i, the 4&( —' can be
expressed as integrals over the discontinuities across the
corresponding branch cuts:

ik0'"(k) =„'[.„—ikA" (+'(k)] .
g(+)(k)

For the unknown stress ahead of the crack tip

ike+ '(k)=e„[1—g' '(k)] —ikg' '(k)A' '(k) .

(3.10)

(3.11)

W =g(+)(0)U( ) = „" (3.9)g'-'(o)
This result depends on the fact that both c,+'(k) and

'(k) are regular at k =0 which, in turn, is because
e, I U(g) J vanishes at g~+ oo in the integrand in (3.6)
and E(g) —e„vanishes at g~ —oo in (3.5). Note that,
from (3.4), Q(0)=Q'+'(0)g' '(0)=1; thus (3.9) assures
us that our solution satisfies U( oo )=s . Without loss of
generality, we may normalize the factors Q' —'(k) so that
g'+'(0)=g' '(o)=1.

Our formal solution is now the following. For the
crack-opening displacement

0(p) =arctan
p2 1

VP
(4.5)

W(+ ) ~

We now can write the Q' —' in the form

g'+'(k) = —i vk, (k —k, )(k —k, )

X exp[@(+)(k)—e(+)(0)], (4.6)

g' '(k) = 1 — exp[@' '(k) —@' '(0)]
ko

(4.7)

The crucial role played by the parameter g is immedi-

ately apparent in these results. When v=iiu/P vanishes,

k& and k2 move off to infinity and, most importantly,
8(p) remains equal to m/2 for p~ oo. We obtain the re-
quired limit, Q' —' —+(k+i)', but only because
indefinitely large contributions to N( —' in (4.4) cancel one
another in (4.3). On the other hand, so long as v is
nonzero, 0(p) vanishes as p for large p, that is, for

p »v '~ = ~k, ~; and the discontinuities across the cuts
in N( —'(k) vanish at large k. In particular,

IV. EVALUATION
OF THE WIENER-HOPF SOLUTIONS + W~e(-)(k

k
(4.8)

The various expressions appearing in (3.10) and (3.11)
must be evaluated and transformed into functions of g be-
fore they will be useful for physical interpretation. The
first step in this process is to compute the factors
g(+)(k)

The function Q(k) clearly has branch points at k =+i
and, in order that Rek(k) & 0 as required by (3.2), the as-
sociated branch cuts may be chosen to run from +i to
+i oo and from i to —i oo. Closer inspe—ction of (3.4)
reveals that Q(k) has three zeros on the physical sheet of
the complex k plane at, say, k =ko, k&, and k2. The root
ko= —ipo is always on the negative imaginary k axis; k&

is complex with positive real and imaginary parts;
k2 = —k *, ; and —i vkok, k2 = + 1. For v ((1

where

p „=— dq arctan
1

q 1

vg
(4.9)

This major modification of the structure of the
Wiener-Hopf kernel at large k implies equally major
modifications of U(g) and Z(g') at small g. Remarkably,
the stress singularity at the crack tip disappears for any
nonzero v. To see this, look at the contribution to the
quantity E(g) —e„from the first of the two terms on the
right-hand side of (3.11). The constant E makes no con-
tribution for g'&0. The nonvanishing part for /&0, say,
E,(g) —s„,is
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E,(g) —E„=—lim
" f g' '(k)e'"&

a~+0 27Tl k l E

dk= —lim
@~+0 2'Ill k iE

ik1—
po

X exp[@' '(k) —4&' '(0)]

Xe"&. (4.10)

For negative g, we must close the contour of integration
around the branch cut in the lower half k plane. At
g~ —0, however, we can move the contour everywhere
out to infinity keeping only the contribution c from the
pole at k =+is Her. e (4.8) plays a crucial role; it tells us
that the integrand is well behaved at infinity and that we
need only compute the coeKcient of k ' at large k in or-
der to evaluate the integral. The result is

T

U"'(g) would have a 5-function singularity at /=0.
(Remember that U=0 for all g (0.) This, in turn, would

imply a 5-function singularity in (Bu/By)» 0, which is

physically impermissible.
Accordingly, the new Barenblatt condition is

U"(+0)=0 which, in the language defined above, turns
out to be

"'f d g., I U(g) I 7 (g) . (4.14)

We shall see that, in the limit v ~0, the new Barenblatt
condition reduces to the old one. Note that (4.14) means
that the quantity in square brackets in (4.12) vanishes.
Continuing along these lines, with use of (4.14), we find

vU"'(+0) = —f d ps,'I U(g) I T(g) . (4.15)
0

Thus the combination of (4.12), (4.14), and (4.15) pro-
duces

e( —0)=E e ' ' 1+
po

(4.1 1) Z( —0)=E, I U(+0) I
—vU"'(+0), (4.16)

So long as p„remains finite, that is, so long as v is
nonzero in (4.9), this contribution to the stress is non-
singular.

Application of this technique to both terms in (3.11)
produces the following expression for the stress just
ahead of the crack tip:

Z( —0)=E, t U(+0) I

+(p, +p„) "e-~' ""
po

which tells us that continuity of stress at the crack tip is
automatically assured so long as (4.14) is satisfied.

To complete this section, we need an expression for the
crack-opening displacement U(g) at arbitrary values of g.
The algebra required for evaluating (3.10) is lengthy and
not at all instructive; as in previous papers in this series,
we prefer just to state the result. The form that seems
most compact and convenient is

U'(g)= — f d—g'S(g g') f—dg" T(g" g')E,'I U(g") I
—.

v p

(4.17)

—f dgc, , I U(g)) T(g)

+ c.,' U T (4.12)

Here, T(g) is the function defined in (4.13), and

(k)+ikg
S(g)=-

2m. (k —k, )(k —k~}
(4.18)

where

(k)—ik g'

7.(g) = —f 27Tl k+Lpp
(4.13)

and the prime in (4.12) denotes differentiation with
respect to g. Note that T(g(0)=0, T(0)=1, and that
T(g) vanishes as e ~ for large, positive g. Thus the
remaining integrations in (4.12), which contain the
cohesive stress c,, IU(g)I via the factor A' ' in (3.11),
cannot produce any new divergence.

Ordinarily, in models of this kind, the stress ahead of
the crack tip has a 1/&g divergence unless E, IU(g)I
satisfies the so-called "Barenblatt" condition; conversely,
the condition that the stress be nonsingular provides im-
portant information about U(g). That is clearly not the
case here. The analogous information in this version of
the problem is obtained by looking at U(g } near /=+0.
Using methods directly analogous to those described in
the preceding paragraphs, it is easy to see that
U'(+0) =0 but that U"(+0) does not vanish automati-
cally. The traction on the crack face just behind the tip,
that is, the right-hand side of (2.5) evaluated at g'~+0, is
e, I U(+0)J —vU'"(+0). If U"(+0) were nonzero, then

Note that S(0)=0 and S'(+0)=1. Note also that, be-
cause of these properties of S, and because the Barenblatt
condition (4.14) has been used explicitly in the derivation
of (4.17), U"(+0)=0 is satisfied automatically in the
latter equation.

V. SPECIFIC RESULTS

Up to this point, we have made no use of the special
form of the cohesive stress shown in (2.3), and we have
made no approximations whatsoever. Further progress
requires both specialization and approximation but, as we
shall see, remarkably little loss of generality.

The velocity selection problem is contained in the pair
of equations (4.14) and (4.17). The latter is a nonlinear
integral equation for U(g) that presumably has solutions
for arbitrary values of the propagation speed v and the
driving force e„.The new Barenblatt condition (4.14) is
the single extra condition that is needed to determine v as
a function of c

The special choice of the cohesive stress shown in (2.3)
converts (4.17) from an integral equation to an explicit
formula for U'(g'). Define A, to be the value of g' such that
U(A. )=5/W. Then, on the right-hand side of (4.17),
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e,'I U(p)] = —ey5(g —
A, ), where ey=oy/(I is the yield

strain. After one integration over g and some minor rear-
rangement, (4.17) provides the relationship

the function outside that region. For present purposes,
we need to know only that

U(&)= = f dg'r(g) f dg'S(g'), (5.1)
e ~ for g&&v'v .

for g«v'v
S(g)= . (5.11)

and (4.14) becomes

e.=eypoe "'f dk~(k) . (5.2)

We now must evaluate the functions T(g) and S(g).
For T(g), we close the contour of integration in (4.13) in

the lower half plane to find

where

R(u)=pf""P ~(P),
~ P —u

(u —po)
(5.3)

(5.4)

and 8(p) is defined in (4.5). P denotes a principal-value
integration. Similarly, S(g) is obtained by closing the
contour in (4.18) in the upper half plane:

—4&(+ ~{k ) )+ik ) g

S(g)=™e
Rek,

The above analysis makes it clear that our basic equa-
tions (5.1) and (5.2) involve three competing length scales
on the g axis. One of these is v'v= ~ki ~

. This is a dy-

namic length that we visualize as being microscopically
small; it vanishes when either v or q goes to zero. A
second scale is A, , the length of the cohesive zone (in units

PW), which is also microscopic. The third scale is unity
in our notation. Because x+Ut =Pg, and because we al-

ready have scaled x by 8', unity is the "relativistic" con-
traction of the macroscopic length W. We need to under-

stand how these scales compare with one another in van-
ous situations.

At the Gri%th threshold, where crack propagation first
becomes energetically possible, we know that v'v van-

ishes because v is zero, and we also know from the origi-
nal Barenblatt analysis that A, must remain nonzero. To
see how this comes about in the present situation, look
first at (5.2) with U —+0. Using (4.1), (5.8), and (5.10), and

assuming A, «1, we find

R(u) —ug
+ sin8(u) .

(u+ik, )(u ik f—)
(5.5)

(U ~0)=e f e ~=2E'd
y o i/ g

y
(5.12)

As argued previously, g is an intrinsically small param-
eter and, therefore, v «1 except for values of v very close
to unity. In the small-v limit, we can make the approxi-
mation

which is the usual Barenblatt conditions. [Compare this,
for example, to Eq. (4.15) in Ref. [2].] In the same limit,

(5.1) becomes

g( )
~/2 if 1(p &1/v v

0 otherwise .
(5.6)

5 Ey &d( gfgdg' g
2ey

W n. o Vf o v'g'
(5.13)

Approximations for po and k& in this limit are shown in

(4.1) and (4.2). Using (5.6), we find

Then, eliminating A, from (5.12) and (5.13), we recover the

expected formula for the Gri%th threshold cG.

( ),1
1/ v —u

Q —1
(5.7) EG ——e„(U~0)=

' 1/2

8' (5.14)

R (0)=N( ~(0)= —41nv, (5.8)

2
R (po) =-,'ln 2

(5.9)

1 for g&(v v

2 (g)= . 1/2

e ~ for g&&v'v .

With these approximations in (5.3), a short calculation

yields

f dg f g'dg'= (5.15)

As the applied strain c. increases beyond c.G, U in-

creases, and v'v grows accordingly. The most interesting
behavior of this model occurs when the system parame-
ters are such that there exists a regime where

A, «v'v«1. In this case, we may evaluate the right-
hand sides of (5.1) and (5.2) using the approximations for

S(g) and T(g') in (5.10) and (5.11) that are valid for

g « V'v. Then (5.1) becomes

The function S(g) is somewhat more complicated. The
first term on the right-hand side of (5.5) is simply an un-

derdamped oscillation with k &-dependent amplitude and
phase. This term vanishes exponentially fast outside the
region 0&/(v'v. The second term is more slowly de-
caying (for small v) and thus is a good approximation for

and (5.2) is simply

Kyk,

1/4V
(5.16)

Eliminating A, from this pair of equations, we find the re-
markable results
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4 12 x+vt =Pg, where P =v —1. The analog of (3.4) is then
(5.17) Q(k)=(l —k )'~ +ivk (6.2)

4

(5.18)

The range of validity of (5.17) and (5.18) is determined
self-consistently by using those approximations in the
condition A, « &v « 1. After minor rearrangement, this
double inequality becomes

&3« "«
EG

1/6
9c.„8'

25
(5.19)

where we have used (5.14) to provide an appropriate scale
for E„.Thus (5.17) and (5.18) have a large range of valid-
ity whenever the macroscopic length scale W is very
large. Note that the requirement &v « 1 does not neces-
sarily mean that v must be small; the upper bound in
(5.19) allows v to be very close to unity for small ri.

VI. SUPERSONIC PROPAGATION

So far, all of our calculations have pertained only to
the case where v ( 1. Mathematically, however, this
model does allow cracks to propagate at v ~1 for large
but finite values of the applied stress.

One way to see this is to redo the preceding calcula-
tions for the special case v~1, P~O, v~ oo to obtain
the corresponding value of c. . In this limit, the branch
cuts in Q(k) become irrelevant and the integrations in
(5.1) and (5.2) can be performed easily. The result, for
large 8, is

s„(v=1)=
1/6

9c 8'
25

1/3

3
(6.1)

This is a large value of the applied strain —it is identical
to the upper bound of the range of validity for the "slow"
approximation in (5.19)—but it is not so large that it
contradicts any of our physical assumptions. In particu-
lar, the second expression for s„(v= 1) shown in (6.1) as-
sures us that this value of c is much less than the yield
strain c .

Supersonic crack propagation occurs in this model be-
cause, via the "mass" in (2.1), the system is connected to
an infinitely rigid substrate that transmits forces at
infinite speed. This high-strain limit would be physically
interesting, for example, for a crack propagating in a soft
material that is attached elastically to a very rigid one.
In this two-dimensional model, where the crack is ernbed-
ded in an unbounded elastic medium, we expect some
change in the response to applied stress as the crack
passes through the sound speed at v =1. At supersonic
speeds, the crack emits Cerenkov radiation, i.e., it pro-
duces a sonic boom which transports energy out to
infinity. This mechanism for energy loss produces extra
resistance to crack motion.

The qualitative change in the physical behavior of the
model at v = 1 corresponds to an equally important
change in the mathematics. For v ) 1, we write

where V=qv/P . Now the branch points lie at k=+1,
and it is natural to think of the associated branch cuts as
running out to infinity along the positive and negative
real axes. The condition that U(g) be a real function,
plus considerations of causality, require that the branch
cuts be displaced slightly into the upper half k plane or,
equivalently, that the contour of integration in the k
plane pass below these cuts. For v not too much larger
than unity, Q(k) has three zeros on the physical sheet at,
say, k0= —ip0, k1, and k2= —ik1, where p0 is real and
positive and both the real and imaginary parts of k1 are
positive. However, as v grows to a value v, such that
v, =aviv, /P, =2/3&3, the roots at k, an/ k2 move to the
real axis where they merge with complex-conjugate roots
from the unphysical sheet. For larger vitlues of v, Q(k)
has four real roots, all at the edge of the unphysical sheet
according to our prescription for placement of the branch
cuts.

This new analytic structure in the k plane, where k0 is
the only root of Q(k) lying in the lower half plane, means
that the Wiener-Hopf factorization is easier than before.
There is no need for the extra Cauchy integrals that we
used in Sec. IV, and we can choose

Q' '(k) = 1+
po

(6.3)

Q(k)
(1+k /ipo )

(6.4)

Evaluation of (3.11) for the strain along the g axis ahead
of the crack tip then yields the result that e( —

~g )=e„
everywhere; the supersonic crack tip sends no informa-
tion ahead of itself. The analog of the Barenblatt condi-
tion (4.14) becomes

E„=pf dgs, [U(g)IT(g),

where

(6.5)

T(g) =-
27Tl k + fp0

e ', g)0
0, 4&0.

(6.6}

For the crack-opening displacement, in analogy to (4.17),
we find

(k+ipo)
(6.8)

2vri Q(k)

The functions T(g) and S(g) have been normalized so
that T(+0)=1,S(0)=0, and S'(+0)=1.

With the special cohesive stress (2.3), the analogs of
(5.1) and (5.2}become

U'(g)= ——f dg'S(g g') f d—g"T(g"—g')
0

X e,' I U(g" ) I, (6.7)

where
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and

U(A, )= = f dgS(g)(e ' —e '
)

W vpo o
(6.9) E

( 1 2)3/2

where

12

(7.1)

POX,s =E(1—e '). (6.10)

For large W and v not too close to unity, it is again ap-
propriate to look at the limit of small v. In this case,
po=v ' . A simple calculation analogous to that lead-

ing to (5.17) and (5.18) assumes poA, =A/+v«1 and
yields

Wc,

65

2 6

(6.1 1)

65
WE,

(6.12)

The range of validity for these results, A, «+V«1,
translates into

65
, Wc.
E

1/3 «'- «1. (6.13)

For u ))1, (6.11) means that

W+rlE
65

3

(6.14)

As E approaches e, we see from (6.10) that we must
enter a regime in which poA, =A, /+v))1. At s„=s,A,

diverges but v remains finite; specifically, for large W,

25
v(E~ =ay ) =

Wc,
„

(6.15)

Thus there is an upper limit for the supersonic crack ve-
locities. As we must expect from physical considerations,
solutions cease to exist for E )E„.

VII. INTERPRETATION AND DISCUSSION

The physical implications of the results for subsonic
motion are clearest when they are written in terms of
quantities that have the dimensions of stress-intensity fac-
tors or, more precisely, strain-intensity factors for simpli-
city. In particular, we define K = s v'W and
KG=EGv'W =(2c~5)' . K„is the appropriate measure
of the driving force for crack motion because, via the fac-
tor &W, it tells us about the concentrated strain in the
neighborhood of the crack tip rather than just the strain
applied at the distant boundaries. In general, the advan-
tage of writing expressions in terms of the E's is that the
dependence —or lack thereof —on the macroscopic
length W becomes immediately apparent. As we shall
see, the boundaries play a different and more important
role in determining the supersonic behavior.

By far the most interesting result to emerge from the
preceding analysis is (5.17), which we now write in the
form [8]

K =(65)' 'l' 'E' ' (7.2)eff

and l„=(coillp)' is the length scale that characterizes
the viscous force. That is, il=(l„/W) . Note further
that

Eeff

EGG

1/6
9E I„

25
(7.3)

and that E,ff, like E&, is independent of W. In the same
spirit, we can use (5.18) to compute the length of the
cohesive zone:

l, —=PWA, = 3'
E 4

(7.4)

Whenever the right-hand side of (7.3) is appreciably
larger than unity, E,ff plays the role of an effective
Griffith threshold. In that case, the large exponent on
the right-hand side of (7.1) implies that U jumps abruptly
from very small values to values near unity as E passes
through E,ff. The crack makes what would look experi-
mentally like a sharp transition from slow creep at
E (E,ff to propagation at nearly the Rayleigh wave
speed for E &E,ff. This effective enhancement of the
Griffith threshold depends only on the constitutive prop-
erties of the material; the absence of W in (7.2) and (7.3)
assures us that the large-scale geometry is playing no
role. The cohesive length I, is also W independent.

An important conclusion from the preceding discus-
sion is that, for subsonic propagation, the speed of the
crack and the structure of the cohesive zone are fully
determined by the stress-intensity factor E . Although
the macroscopic length scale W plays a crucial
mathematical role in allowing us to find steady-state solu-
tions, it comes into (7.1) and (7.4) only in the sense that it
determines E

The role of W is very different for supersonic motion.
In (6.11) and (6.12), the natural measure of the driving
force is the applied strain E„=b,/W rather than K
The analogs of (7.1) and (7.4) are

2
I~Ey E ~

(7.5)
65

(
2 1)3/2

v

Ey F~

2

(7.6)

As mentioned previously, the possibility of supersonic
motion is provided by the coupling to infinitely rigid
boundaries at distance W and that situation is rejected
in these equations for steady-state response at very large
driving force.

To see these properties of the model in more detail, we
have solved (5.1) and (5.2) numerically and have comput-
ed both v and l, as functions of the ratio X /EG or,
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FIG. 1. K /KG vs log&pv for v&1 (lower branch) and
K

„
/KG vs log &pv for v & 1 (upper branch) with

6/( w~ ) =o.oo1.

FIG. 3. v vs K
„

/KG for g =0.000 01 (a), 0.001 (b), and 0.1 (c)
with 5/(8'c~) =0.001. The dashed lines show the approxima-
tion (7.1) for the corresponding parameters.

equivalently for these purposes, as functions of c /E'ty.

Our numerical procedure has been to fix the ratio
5/( WE~ ), solve (5.1) for A, as a function of v, and then use
(5.2) to compute c,„/E~as a function of v. The latter two
functions of v finally can be converted into functions of v

for arbitrary values of g, which appears only in the
definition of v. Similarly, for u ) 1, we have used (6.9)
and (6.10) to compute X and e„/E as functions of v and
then used the definition of v to recover the physically
meaningful relations between u, l„and c.„/E~.

Note that the single system-dependent group of param-
eters in (5.1) and (5.2), or (6.9) and (6.10), is

2
5 1 ~G

We 2 c.
(7.7)

E,
y 3'

For any realistic situation, 8' must be large enough that
the yield strain E greatly exceeds the Griffith threshold

EG; thus we should use a very small value of 5/(We ).
Numerical accuracy becomes a problem, however, when
the two supposedly microscopic length scales, k and v'v,
are very much smaller than unity (the macroscopic scale
in units PW); but this is what happens —as can be seen
by inspection of (5.1) or (6.9)—when 5/(We ) is very
small. Our numerically feasible compromise has been to
use 5/(Ws )=0.001 throughout the computations re-
ported here.

Figures 1 and 2 summarize the initial stage of our nu-
merical analysis; that is, they show E /KG, A, , and A, (for
v ) 1) as functions of log, pv and log, pv. In the intermedi-
ate range of values of v and V, the behavior of these func-
tions is qualitatively consistent with (5.17), (5.18), (6.11),
and (6.12). Detailed comparisons with these asymptotic
estimates are shown in the next three figures.

In Fig. 3 we show the velocity U as a function of

100;

10

C)
CS
O

-2

w3

-6 -5 -4 -3 -2 -1 0
loge pv, log)pv

0.1
10 15

K /KG

20 25

FIG. 2. log)pi, vs log lpv for v & 1 (lower branch) and
log&pA. vs log»v for v & 1 (upper branch) with 5/( 8'c~ ) =0.001.

FIG. 4. log»v vs K /KG for g=0.00001 (a), 0.001 (b), and
0.1 (c) with 6/(8'c~)=0. 001. The dashed lines show the ap-
proximation (7.5) for the corresponding parameters.
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FIG. 5. log, pl, vs log~p(K /Kg) for &=0.00001 (a) 0.001
(b), and 0.1 (c) with 5/(8'c„)=0.001. The dashed lines show
the approximations (7.4) (the left branches for u (1) and (7.6)
(the right branches for u & 1) for the corresponding parameters.

FIG. 7. U/c~ vs x in the neighborhood of the cohesive zone.
The shaded region indicates the cohesive zone in which

U & 5/8'. The parameters are u =0 (a), 0.5 (b), 1 (c), and 1.5 (d)

with g=0.001 and 5/( WF~ ) =0.001.

K„/KG for three values of il, specifically (a) 0.00001, (b)
0.001, and (c) 0.1. The values of K,ff/KG for the three
cases are (a) 1.557, (b) 2.285, and (c) 3.354. Case (a) is the
closest to behaving like a brittle material; K,z is not
much greater than EGG and thus v rises rapidly to unity
just above the threshold. In cases (b) and (c), the model is
behaving in some sense like a ductile material; the onset
of rapid fracture does not occur until the applied stress is
appreciably greater than the Gri%th threshold. In case
(c), we have more than a threefold increase in the
effective threshold which, according to (5.14), corre-
sponds to a tenfold increase in the effective fracture ener-
gy. To achieve this with our relatively large value of
5/( WEY), however, we have had to use a value of l„that
is not very much less than 8'. The dashed lines in Fig. 3
show the approximation (7.1) for the corresponding
values of q. This approximation is reasonably

0.25

accurate —especially for the smaller values of q—despite
the fact that we are not really probing the asymptotic
limit of large 8'with our choice of system parameters.

The supersonic behavior is illustrated in Fig. 4 in
which logiov is plotted as a function of K„/KG over
the entire range of physically sensible driving forces,
0& E„/E & 1 or, equivalently, 0&K„/KG &22.36. Note
that the curves level off above v =1, indicating the onset
of radiative energy loss. The effect is least pronounced in
case (c) where, presumably, the viscous dissipation
remains dominant. The dashed curves are the approxi-
mations (7.5) for the corresponding values of i). As be-
fore, agreement with the asymptotic estimates seems
reasonable.

Figure 5 is a log-log plot of I, as a function of K
„

/KG,
again over the entire range of driving forces, and again
for the same three values of q. Both the subsonic and su-

personic approximations for l„(7.4) and (7.6), are shown

by dashed lines.
The complete crack-opening displacement U as a func-

tion of position x can be computed from (4.17) for U & 1

0.20
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0.10
0.4

0.05 (a)
0.2

0.00
0.0 0.5 1.0 1.5 2.0 0.0

10 20 30 40 50

FIG. 6. U/cy vs x for v=0 (a), 0.5 (b), and 1.0 (c) with
g=0.001 and 5/(8'c, )=0.001.

FIG. 8. U/p~ vs x for v = 1.5 with g =0.001 and
6/( 8' ) =0.001.
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and from (6.7) for u & 1. In Figs. 6—8, we show U/e as a
function of x for g=0.001 and for various values of u.
(Remember that x =g/p for u ( 1 and x =g/p for u & 1.)
In Fig. 6, reading from bottom to top, u =(a) 0, (b) 0.S,
and (c) 1.0. Both the expected &x near the tip for u =0,
and the beginning of an overshoot at v =1, are clearly
visible here. The region near the tip is shown in more de-
tail in Fig. 7. Here the values of U, reading from left to
right, are u=(a) 0, (b) 0.5, (c) 1.0, and (d) 1.5. At this
resolution, we can see clearly that U=x for u )0. The
cohesive zone ends where U/a~=0. 001, and the rapid
growth of l, with increasing U is quite visible. Finally, in
Fig. 8, we show U for the strongly supersonic case,
U =1.5. Here the crack tip is in strong interaction with

the rigid "boundaries" implied by Gnite 8', and an under-
damped oscillation with wavelength approximately equal
to 2m. U, that is, with frequency coo in our original notation,
has become a pronounced feature of the motion.
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