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Moment analysis of rf parallel-plate-discharge simulations using the particle-in-cell
with Monte Carlo collisions technique
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Self-consistent simulations of rf parallel-plate discharges using the particle-in-cell with Monte Carlo
collisions technique are employed to calculate explicitly the terms in moment or Quid equations that are
derived from the Boltzmann equation. Isotropic electron —neutral-species elastic and ionizing collisions
and ion —neutral-species charge-exchange collisions are included in the simulation. Results indicate that
the convective term in the electron momentum balance can be neglected over a wide range of conditions.
This approximation is also reasonable for ions when the sheaths are collisional. An analysis of terms in
the electron energy balance indicate that heat conduction is important. However. the common expres-
sions for heat conduction, such as the Fourier heat conduction, are not particularly accurate. The pri-
mary components of electron heating come from friction (collisional or Ohmic) and pressure work terms.
For the particular model gas considered in this study, the collisional term is dominant for conditions
when the product of pressure and gap is greater than 0.4 Torr cm.

PACS number(s): 52.80.Pi, 52.25.Fi, 52.65.+z

I. INTRODUCTION

Glow discharges created by the application of rf volt-
ages are routinely used in the materials processing indus-
try. These discharges are, in general, complex systems
that are dificult to analyze. Thus, there has been a sub-
stantial effort in recent years to model these systems self-
consistently. A wide variety of models have been used,
ranging from analytic models [1—5), fluid (or moment)
models [6—17], hybrid techniques [18—21], to full numer-
ical solutions of the Boltzmann equation [22] and particle
methods [23—30]. Kinetic level simulations such as
direct solutions to the Boltzmann equation, or particle-
in-cell with Monte Carlo collisions (PIC-MCC) are at-
tractive since they provide detailed kinetic information
about the electrons and ions (velocity distributions) in the
discharge. However, these types of simulations are com-
putationally very expensive, and hence may be impracti-
cal for modeling large two or three-dimensional glow
discharge reactors. Fluid models are, on the other hand,
typically much faster than kinetic level simulations. One
important drawback of Quid methods is that assumptions
and approximations (regarding the distribution functions)
of sometimes questionable validity are required.

In this paper we present a study of common assump-
tions and approximations in Quid (or moment) models.
Terms in the electron and ion moment equations are eval-
uated directly from a PIC-MCC simulation. This pro-
cedure allowed us to identify important terms in the
equations and also check the validity of assumptions.
The moment approach also allows us to examine the im-
portance of collisional versus collisionless contributions
to electron heating. Furthermore, we present an analytic
treatment to predict the possible presence and magnitude
of field reversals in sheaths, which have recently been
shown to be important in some rf discharges [29].

II. PARTICLE-IN-CELL WITH MONTE CARLO
COLLISIONS TECHNIQUE

A description of the PIC-MCC technique used here has
been reported elsewhere [25,26]. The simulations were
performed for a one-dimensional (spatial) rf discharge
between parallel plates separated by a 4-cm gap. Since
the system is axisymmetric, only two velocity dimensions
are required, U, (velocity parallel to the discharge axis)
and u~ (speed perpendicular to the x axis). A very simple
model gas (loosely based on hydrogen) with an ionic mass
of 2 amu is used in this study. The electron —neutral-
species processes included are elastic scattering and ion-
ization. The total electron —neutral-species scattering
cross section (o.„,) is given by o.«, =E„,/U„where U, is
the electron speed (U =U, +v~), and the rate constant
E«, is 5X10 ' m /s. All collisions with incident elec-
tron energy (s, ) greater than the ionization threshold
(E;,„=16eV) are taken to be ionizing collisions. The en-

ergy of the ejected electron in an ionizing collision is
determined according to a distribution presented previ-
ously [24]. Electrons are scattered isotropically (in the
laboratory frame of reference) after all collisions. Ions
charge exchange with the neutral species with a constant
cross section (o.,h„) of 1 X 10 ' m . The background
neutral-species velocity is chosen randomly from a
Maxwellian distribution with a temperature of 0.026 eV.
Note that the ion —neutral-species relative velocity is used
to calculate the collision probability. Ions created in ion-
izing events are assigned velocities chosen from the
neutral-species velocity distribution. Boundaries are as-
sumed to be perfectly absorbing for both electrons and
ions. Secondary-electron emission due to ion bombard-
ment is neglected.

We use 40000 —80000 particles and 400 spatial cells in
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III. MOMENTS OF THE BOLTZMANN EQUATION

In this study we focus on the first three moments of the
Boltzmann equation for electron transport and the first
two moments for ion transport. Details of the derivation
of the moment equations are presented elsewhere [31,32]
and are not repeated here. Briefly, the moment equations
are obtained by multiplying the Boltzmann equation
(written here for one spatial dimension x, and two veloci-
ty dimensions v and vi), -

collBt
=0

with increasing powers of velocity and integrating over
velocity space. In the above equation the distribution

the simulations. The time step (0.01—0.1 ns) is small
enough to resolve the electron plasma frequency.

function f, is a function of (x, v, vi, t ), where t denotes
time, while E, q, and m are the electric field (parallel to x
axis), species charge and mass, respectively. The last
term on the left-hand side is the collision integral. The
zeroth moment equation is species conservation, while
the first moment (mv„) equation is momentum conserva-
tion. There are two second moment equations we can
consider, energy (—,

' mv„+ —,'mv i ), and parallel energy
(—,

' mv„) conservation.
In the derivation of the moment equations, we assume

that the neutral background is cold and that the rate con-
stant for electron —neutral-species elastic scattering is ap-
proximately equal to K„,. Furthermore the energy loss
due to elastic recoil has been ignored in the electron
momentum and parallel energy balances. These assump-
tions introduce negligible errors. Note that the moment
of any quantity 8 (such as velocity) is defined by
n&8)—:fOf(x, v„,vi, t)dv,

Bn, B(n, u, )+ —S;,„—0, (2)

B(n, m, u, ) B(n, m, u, ) d(n, kT, )

at Bx Bx

8( —,'n, m, u, + —,'n, kT, ) r)( ,'n, m, u—,+ ,'n, kT, u—,) g(tt, kT, u, )

Bt x Bx

aQ, m,
Bx m„

(3)

(4)

at ax ax

aQ,„ 1
(5)

an+ B(n+u+)+
~

~ion=0 &

B(n+m+u+ ) B(n+m+u'+ ) &(tt+kT+„)+ + —en+ E+n+ m+ n„& v+„v+ o,h„) =0 .
Bt Bx c)x

Equations (2), (3), (4), and (5) are electron species, momentum, energy, and parallel energy conservation, respectively,
while Eqs. (6) and (7) are ion species and momentum conservation, respectively. Subscripts e, +, and n refer to elec-
trons, ions, and neutral species, respectively. n is species density and u is species average velocity, while e is the elec-
tronic charge and k is Boltzmann's constant. The "temperature" is defined as kT:—,'m & w ), while the —"x tempera-
ture" is given by kT„=m & w„), where w is the random part of species velocity (w—=v —u). Electron heat conduction
fiuxes are defined as Q, —= —,

' m, n, & w, w,„), and Q,„—:—,
' m, n, & w,„). The ionization rate, S;,„ is given by

S;,„=n,n„& ov;,„). o.„,and o,'„are the momentum transfer and viscosity cross sections, respectively [33]. Under the
assumption of isotropic electron —neutral-species scattering, o, ,=o., „and o.,'„=—3o.„,. Furthermore, given that

cr, ,=K, , /v„ the friction terms in Eqs. (3)—(5) simplify to

e e n & VexVeOtot~ =
erne nl~&toVtex ~ =

e eVe e r

mn
(9)

(10)
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The electron collision frequency v„ is defined as

v, —=n„(v,o„,) =n„K«, . Given that the ions undergo
only charge-exchange collisions with constant o.,h„ the
collision term in Eq. (7) can be written as

n+ m+ n„( v+ v+ o,h„&
=n+ m+ n„o,h„& v+„~v+

Velocity moments are obtained from the PIC-MCC
simulation by weighting particle positions and powers of
velocities to the spatial grid. The quantities obtained
directly from the simulation are E, n, n ( v„), n ( v ),
n ( v„), n ( v v„), n ( v„), and S;,„(this quantity was ob-
tained by weighting ionization events to the spatial grid).
Note that the third moment is not needed for ions since
we are not looking at ion heat conduction. The various
quantities of interest can then be obtained since ( v„)=u,
&v') =u'+&w'&, (v')=u'+(w„'&, &v'v &=&v'&u
+2( w)u+ (w w, ), and (v ) =(v„)u+2(lv„)u
+&w.'&.

IV. CLOSURE RELATIONSHIPS
AND COMMON ASSUMPTIONS

Closure relationships are required to terminate the
series of moment equations, since each moment equation
involves higher-velocity moments or special moments
such as the ionization rate. In Quid simulations, S;,„ is
typically expressed as a function of the local electric field

[7] or a characteristic electron energy [6,16,34]. Rate
constants are obtained either from swarm or drift tube
data [7,16], or by assuming a distribution function (e.g.,
Maxwellian distribution) and integrating known cross
sections over velocity space [34]. Rate constants for oth-
er electron —neutral-species inelastic processes are ob-
tained in a similar fashion. We note that in hybrid
kinetic-Quid simulations, rate data are calculated with
Monte Carlo methods that are coupled to Quid models
for charged particle transport [18—20]. It should be
pointed out that if o«,WE«, /v„ further assumptions in-
volving the friction terms in Eqs. (3)—(5) are required.
For example, the friction term in Eq. (3) is often approxi-
mated by n, m, n„(v, v, o„,) =n, m, v, u, [31]. Another
closure relationship that is required for the electron mo-
ment equations is related to heat conduction. The two
most common approaches here are to assume Fourier
heat conduction, Q,"'=—K, 8T, /Bx, where
K -n, k(kT, /m, v, ) (a similar expression can be written
for Q, ) [6,12—14,16,34], or ignore heat conduction in the
energy equations [Eqs. (4) and (5)] [9,17,35]. In addition
to the required closure relationships, assumptions are
often made to simplify and/or reduce the number of
di6'erential equations. One approximation that is almost
universally used is kT, =kT, . This assumption is very
convenient since there is then no need to solve for kT,„
and Eq. (5) becomes unnecessary. This assumption is
generally quite good in situations where conditions that
normally give rise to significant anisotropy in the electron
velocity distribution, such as magnetic fields or secondary
electron emission from electrodes, are not important. It

is also common practice to drop drift energy terms in Eq.
(4) since typically ,'kT—, ))—,'m, u, . The electron momen-
tum balance [Eq. (3)] is usually reduced to an algebraic
expression for u, by dropping the acceleration
[B(n,m, u, )/Bt] and convection [B(n,m, u, )/Bx] terms.
Furthermore, the pressure term [B(n,kT, )/Bx ] is often
simplified to [kT, ,„Bn,/Bx ], where kT, ,„~ is an approx-
imate electron temperature [7,12—14,16],

e E—
m, v, emeve

B(n, kT, )

Bx
(12)

0e
e k Te gag

m, v, n, m, v, Bx
(13)

Equation (13) is commonly known as the drift-diffusion
approximation, where the mobility p, is given by
p, =e /m, v, and the diffusivity D, is given by

Closure for the ion moment equations is achieved by
making assumptions about the behavior of (v+ ) [Eqs.
(7) and (11)]. One possibility is to assume that the
behavior of the ion velocity distribution function is in ap-
proximate equilibrium with the local instantaneous elec-
tric field. The ion velocity distribution for this situation
[f ( v+„)~ exp( v+ o,—h„n„m+ /2eE ) ] results in [36]

2(v+ ) u+ +(iv+ ) u+
2

(14)

The full momentum balance is sometimes solved in Quid
simulations of rf discharges [15,34]. In many cir-
cumstances the drift-di6'usion approximation is also used
for ions [6,7,9—13],

an
Q + m+ v+ n+m+ v+ Bx

(15)

The ion collision frequency v+ is often expressed as a
function of the local instantaneous field. For the case
considered here v+ =(ma, i,„n„e~E~/2m+ )' [substitute
Eqs. (14) and (11) into Eq. (7) with time- and space-
derivative terms set to zero]. kT+,„s in Eq. (15) is fre-
quently approximated by the neutral temperature kT„.
In an e6'ort to capture the time-varying nature of the
problem, some approaches solve a simplified ion momen-
tum equation [Eq. (7) with space-derivative terms set to
zero] for a drift velocity which is used in place of
eE/m+ v+ in Eq. (15) [14,16,17].

V. RESULTS AND DISCUSSION

As discussed in the previous section, a common as-
sumption in many Quid simulations is

The discharge gap is 4 cm and the applied rf voltage is
200 V for all simulations. The left electrode is powered
with voltage V= csin(co, ft), and the right electrode is
grounded. We present results from six cases here: 12
MHz, 400 mtorr; 12 MHz, 200 mtorr; 12 MHz, 100
mtorr; 30 MHz, 100 mtorr; 30 MHz, 50 mtorr; 30 MHz,
25 mtorr.

A. Electron moments
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kT, =kT, » —,'m, u, . Results from the simulation at 12
Mhz, 100 mtorr [Figs. 1(a)—1(c)] indicate that this is a
reasonably good approximation. The approximation im-
proves with pressure [Figs. 1(d)—1(f)]. The greatest
differences between kT, and kT, are apparent in the
sheath regions. This is not surprising, since the effect of
the varying electric field, which drives the anisotropy in
the velocity distribution, is greatest there. Since the an-
isotropy should relax with a time constant —1/v, [Eqs.
(5) and (10)], it appears that the assumption should be
reasonable for v, ~co,f the applied rf frequency. This
condition is consistent with the results of simulations
considered here. In the lowest-pressure case (30 MHz, 25
mtorr) where v, =4X10 s ', kT, is sometimes almost
twice as great as kT, in the sheath regions. Note that
this condition applies for situations where secondary-
electron emission is unimportant.

The ionization rate obtained with the simulation is
shown for two cases (12 MHz, 100 mtorr and 12 MHz,
400 mtorr) in Figs. 2(a) and 2(c). For comparison we also
show in Figs. 2(b) and 2(d) the corresponding ionization
rates S;,„'", assuming the electrons follow a Maxwellian
distribution with a temperature T, '"(x, t), that is equal
to T, (x, t) from the simulations. The electron density
from the simulations is also used in this calculation,
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FIG. 2. Ionization rate obtained from simulation or calculat-
ed assuming Maxwellian distribution: (a) S;,„ from simulation
(12 MHz, 100 mtorr); (b) S;,„'" assuming Maxwellian EEDF (12
MHz, 100 mtorr); (c) S;,„ from simulation (12 MHz, 400 mtorr);
and (d) S;,„'" assuming Maxwellian EEDF (12 MHz, 400 mtorr).
The data are shown at two times in the rf cycle.
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FIG. 1. Electron "temperature, " "x temperature, " and drift
energy: (a) kT, (12 MHz, 100 mtorr); (b) kT,„(12MHz, 100
mtorr); (c) —'m, u, (12 MHz, 100 mtorr); (d) kT, (12 MHz, 400
mtorr); (e) kT,„(12MHz, 400 mtorr); and (f) —'m, u, (12 MHz,
400 mtorr). The data are shown at two times in the rf cycle.

The agreement between S;,„and S;,„'" is quite poor for
both cases in Fig. 2, and is not any better for any of the
other cases considered here. We note that a comparison
of S;,„with rates calculated using swarm parameters for
the model gas [37] (ionization rate coefficient correlated
with either the local electric field or average electron en-
ergy in the simulations) is also unsatisfactory. This is not
surprising since the electron-energy distribution function
(EEDF) (see Fig. 3) does not resemble a Maxwellian dis-
tribution or a distribution obtained from a swarm simula-
tion. Recent results indicate that EEDF's in rf
discharges are quite complicated and are not easily
modeled with well-characterized distribution functions
(e.g. , Maxwellian or from swarm calculations)
[28,29,38,39]. The large modulation in the part of the
EEDF s above c.;,„ is not reAected in variation of kT, is
the central region of the discharge. However, it is the
behavior of this part of the EEDF that determines the
spatial and temporal variation of the ionization rate.
Thus, although kT, in the center of the discharge is
lower at 100 mtorr (-1.3 eV) than it is at 400 mtorr
(-1.9 eV), S;,„In, in the same region is larger at 100
mtorr than at 400 mtorr (n, ~ „„„, at 100
mtorr= 1.1 X10' m and n, ~„„„, at 400 mtorr
=3.6X10' m ). It should be noted, however, that re-
sults from both self-consistent kinetic and Quid simula-
tions of an rf discharge using a benchmark model gas can
compare favorably despite difFerences in the EEDF's [40].
While the reasons for this are not entirely clear, it may be
that Quid models, which are conservative equations, when
solved self-consistently, tend to redistribute errors in the
many approximations and give rise to solutions that are
not far from self-consistent kinetic solutions. In Fig. 4
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we present the electron heat conduction Aux from the
simulation Q„and fiuxes assuming Fourier heat conduc-
tion Q,

"' (Q,"'= —a, BT, /Bx, a, =n, k T, /m, v, ) for the
same cases in Fig. 2. The comparison between Q, and

Q,
"' is poor at 100 mtorr, whereas there is some qualita-

tive resemblance at 400 mtorr. Q,
"' at 100 mtorr changes

sign in the central region of the discharge, which corre-
sponds to a minimum in kT, (Fig. 1), while no such
behavior is observed in Q, . From Fig. 3 it is apparent
that the portion of the EEDF below c;,„ for the 100-
mtorr case can be represented by a two-temperature
Maxwellian. This is a common characteristic of EEDF's
in rf discharges at low pressures [28,29,38,39,41,42]. The
"fast" or "tail" electron temperature (-3.5 eV in this
case) is characteristic of kT, in the sheath regions, which
is consistent with the observation that it is the fast elec-
trons that interact with the moving electron sheath fronts
[39,41,42]. This suggests that the "fast" or "tail" elec-
trons may have a significant effect on Q, that is not
reAected in the gradient of T, . The two-temperature
Maxwellian is not prevalent at higher pressures, which is
perhaps why there are qualitative similarities between the
behavior of Q, and Q,

' in the 400-mtorr case.
The electron-energy balance [Eq. (4)] for the 12-MHz,

400-mtorr case is shown in Fig. 5 (note that the term cor-
responding to energy loss due to elastic scattering has
been neglected since it is very small). The first inference
that we can draw from this figure is that heat conduction
[Fig. 5(d)] is an important component of the energy con-
servation equation. This is true for all the cases con-
sidered here. Thus, BQ, /Bx should not be dropped from
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heating in the anodic phase at the right electrode.
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Eq. (4). However, as discussed in the previous paragraph,
a good description of Q, for rf discharges is not known.
We also note that some amount of electron heating j,E
[j,E= en—,u, E, which is the negative of the quantity
that is plotted in Fig. 5(e)] occurs during the retreating
phase of the sheath (ro,&t /2m =0.625 at the left electrode).
The relative magnitude of this peak (with respect to the
heating peak during the sheath expansion) is not as large
as that reported by Turner and Hopkins [29]. The max-
imum field reversal (see ~E„„t simulation, in Table I) as-
sociated with this peak is also smaller than the results of
Turner and Hopkins [29] but is much larger than the field
reversal reported by Sommerer et al. [22]. Furthermore,
this peak is not observed in the cases below 100 mtorr
and in simulation results reported for different model
gases [25,40]. In the Appendix we present an analysis
based on Lieberman's [4] analytic model of a collisional rf
sheath and collisional electron transport [c.f. Eq. (13)]
which provides a criterion for Geld reversals and also an
estimate of the magnitude of the field.

Results from two cases, 12 MHz, 400 mtorr (Fig. 6)
and 30 MHz, 25 mtorr (Fig. 7), are used to demonstrate
the effect of pressure and frequency on terms in the elec-
tron momentum balance [Eq. (3)]. From Fig. 6 it is ap-
parent that Eq. (12) is quite adequate to describe electron
momentum conservation at high pressure. Notice that
friction [n, m, v, u, ] balances the force term [en, E] in the
central region of the discharge while the pressure gra-
dient [t)(n, k T, ) /Bx ] balances the force term in the
sheath region. As the pressure is lowered, or conversely
as the frequency is increased (Fig. 7), the acceleration
term [r)( n, m, u, ) /r)t ] can become significantly larger
than the friction term. A simple scaling suggests that Eq.
(12) is a reasonable description of electron momentum if
v, co& [B(n,u, )/Bt co,fn,-u, ]. We note that the convec-
tion term [r)(n, m, u, )/r)x] is important when there is
substantial secondary-electron emission from the elec-
trodes [31].

The plots in Fig. 7 indicate that there are significant
oscillations in the bulk of the discharge, especially near
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FIG. 6. Terms in the electron momentum balance [Eq. (3)]
for the 12-MHz, 400-mtorr case: (a) B(n, m, u, )/Bt, accelera-
tion; (b) B(n, m, u, )/Bx, convection; (c) B(n, kT, )/Bx, pressure;
(d) en, E, field force; and (e) n, m, v, u„ friction. The data are
shown at two times in the rf cycle for (a) and (b); and at three
times in the rf cycle for (c), (d), and (e).

the plasma sheath boundary. These oscillations are also
present in the 30-MHz, 50-mtorr and 30-MHz, 100-mtorr
cases, but decrease with increasing pressure. The pres-
ence of these oscillations is reAected in the rf current,
which contains high-frequency harmonics. Similar obser-
vations have been reported previously [43], and are con-
sistent with results from simulations (almost collisionless)
by Vender and Boswell [23,41].

TABLE I. Analysis of field reversals for the 12-MHz cases. Note that /=0. 35 and
co,f=2m X 12X 10 s ' have been assumed in these calculations. The pressure is given in units of mtorr.

Pressure 100 200 400

J„(Am-')
no (10" m )

kT, „g (eV)
s,o (mm)
A,D,O (mm)
A, + (mm)
s (mm)
coo (10 s ')

~, (10' s-')
H,
Hb
(g'/10H, Hg )(cop,o/co„v, )

~ E„„~,predicted (V m ')

~E„„~, simulation (V m ')

9
0.6
3
1.25
0.5
3.1

12
1.4
0.16
2
1.8
0.3

280
160

12
1

3
1

0.4
1.6
9
1.8
0.32
2
1.4
0.4

360
260

16
1.5
2.5
0.9
0.3
0.8
7
2.2
0.64
2.9
1.3
0.25

710
380
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B. E1ectron power deposition

Electron heating or power deposition in rf discharges
has been the subject of considerable interest in recent
years [1,3,8,22,29,38,39,41,42,44—47]. Electron heating
in rf discharges without any secondary-electron emission
is commonly attributed to two mechanisms: (i) bulk heat-
ing and (ii) sheath oscillation heating. The former mech-
anism is attributed to the collisional (or Ohmic) heating
of electrons by small electric fields which drive the rf
current in the body of the plasma. The latter mechanism
is associated with power deposition into electrons by os-
cillating sheath electric fields [25]. Sheath oscillation
heating is generally taken to consist of collisional sheath
heating which is essentially no different from collisional
bulk heating, and collisionless (non-Ohmic) heating. The
collisionless mechanism is often attributed to stochastic
heating [5]. Analyses of stochastic heating in the litera-
ture typically model the process as electrons reflecting off
a moving wall [1,3,44,45]. We note that analytic expres-
sions derived to represent stochastic heating are very sen-
sitive to assumptions that are made about the form of the
electron velocity distribution at the moving sheath front.
Lieberman [3] assumes that f (U, , t ) =n,hg(U, „U,o)/—no,
where g(U„') is a Maxwellian distribution normalized to
n0 and u, 0 is the average electron velocity at the ion
sheath edge. n0 is the density at the ion sheath edge and
n,h is the density at the moving electron sheath front. u, 0
is not equal to the velocity of the moving sheath front

u, ,h, when the ion density in the sheath region is nonuni-
form or nonhomogeneous (n,hX no). Using this distribu-
tion, an expression for power deposition is derived. This
expression vanishes for the case where ion density in the
sheath is uniform, suggesting that there is no stochastic
heating in the homogeneous ion sheath model [3,45].
However, if f ( v,„,r ) is assumed to be equal to
n,hg(U, —u, ,h)/no, which is consistent with electron
current continuity behind the moving sheath front
[ nou, O=n, hu, , ,h which comes from Eq. (2) with Bn, /Bt
and S;,„set to zero], then the expression for power
transfer vanishes even with a nonuniform ion density in
the sheath. If, on the other hand, f(U, , t )

=n,hg(U, „)/no is assumed [1], then the expression pre-
dicts that there is power transfer with both homogeneous
and nonhomogeneous sheaths. Nonethe1ess, simulations
that do not include scattering collisions suggest that col-
lisionless heating is present in rf discharges [23]. Vender
and Boswell [41] suggest that beam plasma instabilities
may play an important role in sheath power transfer.

In this section we attempt to examine the importance
of collisional and collisionless heating in rf discharges. A
time-averaged electron mechanical energy balance can be
obtained by multiplying the electron momentum balance
[Eq. (3), using Eq. (8)] with u, and averaging over time,

t)(n, m, u, ) t)(n, m, u, ) t)(n, kT,„)
e g] e g e

+ e ~e +e u e + 'e ~e u eE (17)
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FIG. 7. Terms in the electron momentum balance [Eq. (3)]
for the 30-MHz, 25-mtorr case: (a) B(n, m, u, )/Bt, acceleration;
(b) B(n, m, u, )/Bx, convection; (c) B(n,kT, )/Bx, pressure; (d)
en, E, field force; and (e) n, m, v, u„ friction. The data are shown
at two times in the rf cycle for (b) and (e); and at three times in
the rf cycle for (a), (c), and (d).

tl(n, kT„)
jeE =Be +JeRohm

X
(18)

which is consistent with Eq. (12). For the cases con-
sidered here, the pressure contribution is important at
lower gas pressure (~ 100 mtorr), while collisional heat-
ing is dominant at higher gas pressure. The collisionless
component of j,E can, at least from a fluid standpoint be
associated with work done in compression (sheath expan-
sion) and rarefaction (sheath collapse) of the electron gas.
We note that if the compression and rarefaction of the
electron gas is done reversibly, then u, t)(n, kT, )/t)x
would time average to zero. However, the process is not
reversible since there are other loss mechanisms for elec-
tron energy density, such as ionization and electron loss
to electrodes. The plots in Fig. 8 show that the pressure
contribution to j,E is positive through most of the sheath

The time-averaged electron heating j,E is given by—en, u, E. The collisional or Ohmic heating term

ne me v, u, can be written as j,R ohm, where

Roh =m, v, /e n, The fi.rst three terms on the left-
hand side of Eq. (17) can be identified with the collision-
less (or non-Ohmic) contributions to j,E. In Fig. 8 we
show the five components of the time-averaged electron
mechanical energy balance [Eq. (17)]. Note that electron
heating (j,E) is denoted by negative values of the field
term in Fig. 8. The first observation that can be made is
that electron heating can be approximately expressed as
the sum of a pressure contribution and a collisional con-
tribution,
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while it is negative in the quasineutral part of the
discharge. It is also negative in the region immediately
adjacent to the electrodes, which is related to diffusion
cooling as electrons are lost to the surface. The impor-
tance of electron pressure effects in reducing (j,E) in the
central region of the discharge has been discussed in a
previous work [39]. The model presented by Surendra
and Graves [39] is not used to analyze the results present-
ed here since the model is designed primarily for cases
with two-temperature EEDF's where the fast electron
temperature is much larger than the slow electron tem-
perature [48]. The collisional component of j,E also
peaks in the sheath (Fig. 8). This is because the lower
density in the sheath leads to a larger Roh which more
than offsets the effect of spatially and temporally varying
j, . The behavior of the pressure contribution is less easy
to understand. Analytic models of the rf sheath [3] indi-
cate that u, r)(n, kT, )/Bx is zero, since in these models
sheath expansion is symmetric with sheath collapse and
kT, is constant (i.e., reversible). Note that the accelera-
tion and convection terms similarly average to zero. To
illustrate the crucial role of the time and space variation
of kT,„we show in Fig. 9 u, r)( n, k T,„)/Bx and
kT, ,„u,Bn, /Bx where kT, ,„s is set at 2 eV [c.f. Eq.
(13)]. The latter expression is negative throughout the

entire region of the discharge. This indicates that the
collisionless component of j,E cannot be captured by us-
ing the simple drift-diffusion approximation for j, [Eq.
(13)].

C. Ion moments
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We now consider the ion moments of interest to Quid
simulations. Ion "x temperature" kT+„, and drift ener-

gy —'m+u+, for the 12-Mhz, 100-mtorr, and 12-MHz,gy, m+ u+,
400-mtorr cases are shown in Fig. 10. In the central re-
gion of the discharge —,'m+u+ «kT+„=kT„. Equation
(14), which suggests —,'m+u+ =kT+, does not fit the
simulation results particularly well since Eq. (14) is valid
for situations where kT„=O, whereas kT„=0.026 eV in
the PIC-MCC simulation. Furthermore, it does not ap-
ply in the sheath regions where —,'m+u+, kT+»kT„
since the acceleration [B(n +m, +u+ )/Bt] term in the ion
momentum balance [Eq. (7)] is not small here. We also
note that the ion drift velocity at the sheath edge in these
simulations is about a factor of 3 smaller than the
modified ion sound speed suggested by Godyak and
Sternberg [2]. These observations are consistent with re-
sults reported by Sommerer et al. [22]. The modified
sound speed which is derived for a collisional dc sheath
may have limited applicability for rf sheaths with
significant temporal modulation of ion velocity (this is
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FIG. 9. Comparison of pressure terms in the time-averaged
electron mechanical energy balance: (a) 12 MHz, 100 mtorr; (b)
12 MHz, 200 mtorr; (c) 12 MHz, 400 mtorr; (d) 30 MHz, 100
mtorr; (e) 30 MHz, 50 mtorr; and (f) 30 MHz, 25 mtorr. Pres-
sure term from simulation, u, B(n, kT,„)/Bx (short-dashed line);
and pressure term assuming a time- and space-invariant electron
temperature, kT, ,„gu, Bn, /Bx short-dashed long-dashed line).
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typically seen with light ions or thin sheaths).
In Figs. 11 and 12 we show the various components in

the ion momentum balance [Eq. (7)] for the 12-MHz,
400-mtorr and 30-MHz, 25-mtorr cases, respectively. At
higher pressures the field force term is balanced by the
acceleration and friction terms, whereas at lower pres-
sures the convection becomes important. A simple scal-
ing analysis of the friction [n+ I+ n„o,h„( v+ i v+ ~ )
-n+m+n„o, „„u+] and convection [B(n+m+u+ )I
B x-n +m +u+ Is ] terms in the sheath region suggests
that the convection term should be retained in the
momentum balance when the sheath thickness s is such
that s ~ A, +, the ion mean path (I In„o,h„). The results
also suggest that the pressure term can be safely ignored
in the ion momentum balance. Note, however, that the
drift-diffusion approximation for iona [Eq. (15)] is not
particularly accurate since the acceleration term is not
small in comparison to the friction term (co&) u+ IA.+ ).

D. Summary and conclusions
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Moments of the Boltzmann equation have been calcu-
lated for electron and ion transport using a PIC-MCC
simulation. The results indicate simple models for the
higher moments such as heat conduction and ionization
rate can contain significant errors since the behavior of
the EEDF is complicated. Nonetheless heat conduction
is an important component of the electron-energy bal-
ance. The assumption that for electrons, k T,„
=kT, && —,'m, u, is generally quite good. While the as-
sumption that kT+„=kT„ is not valid for ions in the
sheath, this approximation does not have any significant
impact since the pressure term in the ion momentum bal-
ance is generally unimportant.
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The convection term in the electron momentum bal-
ance can be neglected for systems where secondary-
electron emission is not significant. This term is impor-
tant in the ion momentum balance if the collisionality of
the sheaths is low. The acceleration term in both bal-
ances is important when the collision frequency is on the
order of the rf frequency.

Examination of the time-averaged electron mechanical
energy balance (product of u, with the electron momen-
tum balance) indicates that the major component of col-
lisionless (or non-Ohmic) heating in j,E is associated with
the pressure term. The spatial and temporal variation of
the electron temperature in the pressure term (n, kT,„) is
an integral component of this collisionless heating and
should be retained.

The results presented here suggest that calculating mo-
ments of various quantities in a kinetic simulation can
not only provide information that is valuable to Quid ap-
proaches but also useful insight into discharge charac-
teristics.
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APPENDIX: FIELD REVERSALS IN THE SHEATH

Bn,
j,=ep, n, E+eD,

Bx
(Al)

During the retreating phase of the sheath, a field reversal
which pushes electrons towards the electrode will occur if
the diffusive current anywhere in the region between the
ion sheath edge and the moving electron sheath front is
insufficient to provide the total rf current, i.e.,

Bn,R= eD,
Bx

(A2)

This ratio R is smallest at the moving electron sheath
front. On the plasma side of the moving electron sheath
front n, =n+. Thus, by using the expressions for n+ and

Following Lieberman [4] we assume that the moving
electron sheath front oscillates between the ion sheath
edge and the electrode wall (Fig. 1 in Ref. [4]). All the rf
current j,f on the plasma side of the moving electron
sheath front is carried by the electrons. At high pres-
sures the drift-diffusion approximation for electrons is ap-
propriate, hence we can write the electron current as [Eq.
(13)]

other relevant quantities in Ref. [4], R can be obtained.
For the purposes of the calculations here, the ions are as-
sumed to enter the sheath with a velocity of guii, where
u~ is the Bohm velocity (kT, ,„s/m+ )' and g is a
correction factor. For example, if Godyak and
Sternberg's [2] modified ion sound speed for collisional
sheaths is used, then g=(1+frA, ii,o/2A, +) '~, where the
electron Debye length is given by
=(eokT, ,„gle no)' and no is the density at the ion
sheath edge, while A, + is ion mean free path (1/n„o,h„).
Results presented here (see Sec. V C) and elsewhere [22]
indicate that g can be significantly less than 1 (g-0.35),

2 2 4

R=g peO 7T ~DeO

fo f&, 4s,ol, + sin( p )( sing —p cosp )
(A3)

In the above equation the electron plasma frequency is
given by fo,o=(e no/Eom, )'~, and the electron oscilla-
tion amplitude at the ion sheath edge is given by
5 o J /fe ,cofon, where g,f is the rf current amplitude.
(0&/ &m.) is defined as the phase at which the moving
electron sheath front is at position x (see Fig. 2 in Ref.
[4]). The smallest value of the ratio in Eq. (A3) (R;„)
occurs when $=2.35 rad=3n. /4 [which corresponds to
co ft /2' =0.625 in Fig. 5 (e)]and is approximately given
by

peoCO

10Ha Hb ~rf+e
(A4)

where we have used dimensionless quantities
H, =s o/'fr~D o Hf, =(2~+~ o/fr ~D o) as defined by
Lieberman [3,4]. Thus, if R;„is less than 1, then a field
reversal is expected. The magnitude of the field can be
obtained with Eq. (Al),

IE (A5)
e pen, h

fopeo2 2

10H,H' ~,f~,

where n, h is the density at the moving electron sheath
front. Using s =1.95H&s,olg, where s is the ion
sheath thickness [4] and /=2. 35 rad, we obtain

2 2
meum ~rfVe

1 — . (A6)
fopeo

2e 10Ha Hb +rf+e

If (g /10H, Hb)(cop, olfe, fv, ) «1, then this result is the
same as the expression presented by Turner and Hopkins
[29]. Results of the above analysis for the 12-MHz cases
are shown in Table I. The predicted values of ~E„„~ are
within a factor of 2 of the values in the simulation. This
is reasonably good agreement considering the number of
assumptions that are built into the analysis.

A similar analysis can be done for a collisionless rf
sheath [3], however, Eq. (Al) is not accurate in the col-
lisionless regime. The analysis presented by Vender and
Boswell [41] is more appropriate in the collisionless re-
gime.
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