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The transport of a quantum particle in a dimer is investigated for the case in which the influence
of phonons from different branches is modeled by a dichotomic stochastic process with exponentially
decaying correlations. For physical reasons, these processes might be correlated. An exact equation
for the correlations between matrix elements of the density operator and both stochastic processes
is constructed, and eigenvalues of the corresponding matrix are found numerically. Correlations
between the noises reduce the range of incoherent transport. Various criteria for distinguishing
between coherent and incoherent motion are also discussed.
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I. INTRODUCTION

Transport of quantum particles, such as electrons and
excitons, in a surrounding medium, has been the subject
of many experimental and theoretical investigations. At
very low temperatures the particle motion is assumed to
be coherent, and it can be described by a solution of the
Schrodinger equation [1]. With increasing temperature,
the phase of the wave function is disturbed by the in-
fluence of phonons. At high enough temperatures, the
decay of the phase is so rapid that the motion of the
particle may be described as a hopping process, and can
be successfully described by the Pauli master equation
or by the diffusion equation [2]. Both limiting cases as
well as the whole range in between are represented in the
Haken-Strobl-Reineker treatment [3] in which the influ-
ence of phonons is described by a d-correlated Gaussian
Markov process giving rise to fluctuations of the site en-
ergies and the transfer matrix element. This model has
been successfully used for the description of a series of
experimental results; details may be found in [4].

The J-correlated Gaussian white noise of the
Haken-Strobl-Reineker model implies that the phonon-
generated fluctuations also have a white spectrum. This
may be questioned in the case of low temperatures when
only low-energy phonon modes are excited. Also, Gaus-
sian white noise is unphysical, and therefore replacement
of a §-correlated Gaussian white noise with a dichotomic
colored noise represents a straightforward generalization,
especially as the Gaussian white noise may in certain lim-
its be modeled by a dichotomic colored noise [5]. This
type of noise is very well known from textbooks [6], and
becomes more and more popular in the literature; we re-
fer the reader to an excellent review [7], and some more
recent references may be found in [8].

Recently, Chvosta [9] and Kraus and Reineker [10] have
considered the motion of a quantum particle under the
influence of a dichotomic colored noise in a dimer, and
obtained a number of interesting results. In particular,
Kraus and Reineker [10] have shown that the motion is
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much more complicated than the Haken-Strobl-Reineker
model would suggest, and that the criterion for the tran-
sition from coherent to incoherent motion becomes rather
complex. Kraus and Reineker have assumed that both
sites and the interaction coupling are subject to influ-
ence of independent noises. However, as all these noises
have the same physical origin, namely, the influence of
the phonons, they may not be independent, and it has
been shown that effects of correlations between seemingly
different noises can be very strong [11]. In the present
paper we extend the results of Kraus and Reineker to
the case when all noises present in the system’s Hamil-
tonian are correlated, and find their origin in two inde-
pendent noises representing the internal fluctuations re-
sulting from the influence of phonons from the acoustic
and optical branches. In addition, these two noises may
be asymmetric, i.e., they may influence either site with
a different strength. Also, the sites themselves may be
asymmetric, i.e., they may have different energies. How-
ever, in order not to complicate the whole picture too
much, we assume while solving numerically the equations
of motion that the interaction term does not exhibit fluc-
tuations.

This paper is organized as follows. In Sec. II we
present the model Hamiltonian, derive the equation of
motion, and introduce the necessary parametrization. In
Sec. III we discuss various criteria for distinguishing be-
tween coherent and incoherent motion. Numerical results
are also presented and discussed. Concluding remarks are
given in Sec. IV, and a detailed form of the equations of
motion is given in the Appendix.

II. MODEL HAMILTONIAN
AND EQUATIONS OF MOTION

A. Model Hamiltonian

The complete time-dependent Hamiltonian of the
model, describing the dynamics of quantum particles in
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a dimer, consists of two parts,

H(t) = Ho + Hi(t). (2.1)
The first part, describing the coherent motion of the
quantum particle, is given by

Hy = Ela‘;al + ezagaz + J(aJ{ag + a];al) , (2.2)
where aI, a; are creation and annihilation operators for
the quantum particle at site i, and £; and £, are the en-
ergies of the dimer. J describes the coherent transport of
the particles between the two sites. The coherent trans-
port is disturbed by the influence of phonons. Instead
of treating them quantum mechanically, we average the
fast variables [12], and add a stochastic part

Hy(t) = El(t)aJ{al + ez(t)a;raz + J(t)(a{az + a;al) (2.3)

to the Hamiltonian, which results in fluctuations of the
energies ¢; and of the interaction J. ¢£;(t) and J(t)
are stochastic processes. Unlike in the original paper
of Kraus and Reineker [10], we assume that the energy
fluctuations at different sites and the fluctuations of the
interaction are not independent. Instead, we assume that

N
gi(t) = Y pinka(t), (2:4)

where ¢ = 1, 2, 3, and €3(t) = J(t). The noises &, (t) ex-
press the influence of different phonon branches, and we
assume that they are independent Markovian symmetric
dichotomic colored noises: (£,(t)) = 0, £2(t) = A2, and

(En(V)m(t)) = 8nmAZ exp(—An|t — t|).

In the following, we will always assume that there are
only two phonon branches, i.e., N = 2.

(2.5)

B. Equation of motion for the density matrix

We describe the transport of a quantum particle by a
density operator p which obeys the Liouville equation

p=—ilH(t),p].

On account of the fluctuating part H;(t) of the Hamil-
tonian, p contains fluctuations as well. However, as the
full Hamiltonian is Hermitian, the density operator p is
always Hermitian and normalized to unity:

(2.6)

pi1+p22=1, and p12 = (p21)*. (2.7)
We now introduce three variables X;,
X1 = 3(p11 — p22) (2.8)
X5 = 2(p12 + p21), (2.9)
X3 = £(p21 — p12), (2.10)

and the Liouville equation (2.6) with H(t) given by (2.1),
is now equivalent to three equations for the variables X;:
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Xy = —2[J + J(t)] X3,
X2 = [e1 — €2 + €1(t) — £2()] X3,

Xg = 2[.] + J(t)]Xl i [81 — €g + El(t) - 62(t)]X3 .
(2.11)

If we now express €;(t) by £, (¢t) (n = 1,2) using (2.4), we
obtain

Xy = —2[J + pz1&a(t) + pa2éa(t)] X3,

X, = [60 + 61&1(t) + 8262(t)] X3, (2-12)

X3 = 2[J + pa1&1(t) + pa2éa(t)] Xa

—[00 + 61£1(2) + 82&2(8)] X2,

where dg = &1 — €2, and 6, = p1n — pon (R =1,2).

Equations ((2.12) are still exact. We now have to av-
erage the fluctuations. Taking the stochastic average of
Eqgs. (2.12), we obtain on the right-hand sides of the av-
eraged equations terms proportional to (£,X;). To cal-
culate their derivatives, we use a theorem of Shapiro and
Loginov [13] and arrive at

3 (6 Xi) = (nXi) — An (6 X3) (2.13)

Inserting the equation of motion (2.12) into (2.13), ex-
pressions of the form (£,&,X;) and (£,£,X;) occur. The
latter expression immediately results in A2 (X;) when
the property £2(t) = A2 is used. To find the equation
of motion for the other correlation function, (£,&mX;),
we apply the above-mentioned theorem again and obtain
(n,m =1,2, n # m)

2 (EnmXs) = (EnbmXa)

Upon inserting the equation of motion (2.12) into (2.14),
we get terms proportional to (£1£261X;) and (£2£1£2X ;).
These result in A(¢,X;) and AZ(£; X;), respectively. In
this way we finally obtain a closed set of 12 differential
equations for (X;), (£&1X;), (£2X:), and (£:6:X;) (i =
1, 2, 3).

If either A; or A, vanishes, we in fact have a system
with only one phonon branch, and there is a full correla-
tion between fluctuations at both sites and the interac-
tion. We assume that neither of A;, vanishes, and we
introduce variables
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1= (X1), y2 = (X2),ys = (X3),
Ya= Ail(ngl) y Y5 = Ail(&Xz) )

Y6= Ail(&Xa) YY1 = ‘Alz‘(fle) )
(2.15)

1 1
Ys= A—2(52X2>, Yo = A—2<§2X3),

1 1
Y10 = m(flﬁzXl) y Y11 = m;(‘flEzXz),

1
Yi2 = A—IE(&&Xa)-

If we now denote by y the vector (yi,...,y12), we can
write our 12 equations of motion for the averages as

y=1Ly. (2.16)
The detailed form of L is given in the Appendix.

Note at this point that we have only 12 equations for
real variables, instead of 16 equations for complex vari-
ables of Ref. [10]. This is so because we have explicitly
used the properties of the density operator p, namely,
its normalization and Hermiticity. Also our matrix L is
more symmetric than that of Kraus and Reineker, and
this is a consequence of introducing variables in the form
(& Xi)/An, not just (£, X;). Such a choice of variables
reveals symmetries of the problem more clearly, and also
makes the numerical procedures work more efficiently.

C. Parametrization of the equation of motion

In principle, we should deal with 13 parameters: three
static parameters (g1, €2, J), six coupling parameters
(#jn, 3 = 1,2,3, n = 1,2), and four parameters describ-
ing the stochastic processes &, (Ay,2, A1,2). To simplify
our work, we assume that there are no fluctuations in
the interaction term (us, = 0, n = 1,2). As it turns
out, admitting fluctuations in this term introduces some
additional complications, but does not change the main
results significantly (details will be published elsewhere).
However, we are still left with 11 free parameters.

On the other hand, the coupling and noise parameters
enter the equations of motion only in certain combina-
tions (cf. the Appendix), namely,

01A1 = p11A1 — p21dq,
(2.17)
020y = m12l2 — 220 .

The correlations between the fluctuations at both sites
read

(e1(t)er(t')) = pr1Arp11A1 exp(—Aq|t — t'))

+up1282p1282 exp(—Aq|t —t'[), (2.18)

(e2(t)e2(t)) = pa1Aipa1 Ay exp(—A1ft —¢'|)

+p22lap22 Az exp(—Azlt —t']), (2.19)
(e1(t)e2(t)) = pa1 Aqpar A4 exp(—Aglt —¢])
Fp12Q0009 Ao exp(—/\zft — t'l) . (220)

Now we introduce three parameters A, r, and g, such
that

p11Ar = Ar,  psAy = A(1—-7),
(2.21)

2202 = Aq, p12ld2=A(1-gq).

With these parameters, the correlation functions (2.18)-
(2.20) read

(El(t)El(t’)> = Az’l‘z exp(—/\llt — tll)

+A%(1 - g)?exp(—Azjt = ¥|), (2.22)
(e2(t)e2(t")) = A%(1 —r)? exp(=A|t — ¢'])

+A2g% exp(—Az|t — t']), (2.23)
(e1(t)e2(t)) = A%r(1 — r) exp(—=Ait — t'])

+A%q(1 - g)exp(—Xaft —#']) . (2.24)

A is the “absolute” strength of the effective noises, while
7 and g measure both the relative strength of the two
noises &1 2 at the two sites, and the correlations between
the fluctuations at these sites. In particular, setting
r =q =1 and A\; = A, gives the uncorrelated noises
case, while r = q = % and A\; = Ay maximizes the cor-
relations between the fluctuations at the two sites. The
parametrization (2.21) is of course arbitrary, but it is
sufficient for our purposes.

The parameters r and g can take any values for which
the correlation functions (2.22)-(2.24) are well defined.
For instance, if A\; = A,, they must satisfy

r(l—r)+q(l—q)>0. (2.25)
This allows for one of these parameters to take a small
negative value, provided the other one is sufficiently
large. However, in the following we will mostly assume
that » and g are confined to the 0-1 interval.

We are thus left with seven parameters: two static (o
and J), three describing the strength and correlations of

the noises (A, 7, and ¢), and two decay constants (\;
and Az).

III. SOLUTION
OF THE TRANSPORT PROBLEM

Equation (2.16), describing the dynamics of the system
(2.1), has a formal solution given by

y(t) = exp(Lt)y(0),

and it is clear that if one is interested only in the frequen-
cies and not in the actual form of yi(t), it is sufficient to
find the eigenvalues of the matrix L. Thus we arrive at
a non-Hermitian eigenvalue problem [14]

(3.1)
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where the eigenvalues I' are in general complex:
I'y = Yi + Wy . (33)

The imaginary parts, wyg, describe possible oscillations,
the real parts, which are always < 0, the damping of the
system. Because the matrix L is real, all eigenvalues ap-
pear in complex conjugate pairs. Note that, unlike in
Ref. [10], there is no eigenvalue identically equal to zero.
This eigenvalue in the paper of Kraus and Reineker cor-
responds to the conserved normalization of the density
matrix, and we have already used the fact that this quan-
tity is conserved by reducing the number of equations of
motion.

In the following, we numerically find eigenvalues I'y, by
the Householder elimination for various values of param-
eters.

A. Criteria for distinguishing between coherent
and incoherent motion

In the case of white noise, four eigenvalues exist. Two
of them are purely real (zero and a finite negative value),
the other two may be real and negative or complex. The
former case corresponds to a purely exponential exchange
of occupation probabilities, which is characteristic for in-
coherent motion, the latter one to damped oscillations,
describing the coherent motion [3].

The question arises, whether there is a simple crite-
rion to separate the ranges of coherent and incoherent
motion if the noises are not white but colored. It is
clear that the oscillating modes, their number or per-
sistence, should determine the character of the motion.
Kraus and Reineker [10] numerically solved the equations
of motion for the uncorrelated noises case and found the
number of oscillating modes for different values of param-
eters. They regarded as coherent the motion with max-
imal number (= 8) of oscillating modes, and with less-
than-eight oscillating modes, as incoherent. Kraus and
Reineker presented their results in the J/AZ2-1/) plane,
and thus they divided the whole plane into the regions
corresponding to coherent and incoherent motion. In the
present research, we also numerically found eigenvalues
of L and determined the number of oscillating modes.
For the r = ¢ = 1 and Ay = A, case (uncorrelated noises)
and using the above-said criterion, we obtained a pic-
ture identical to that of Kraus and Reineker (Fig. 1; cf.
also Fig. 9 of Ref. [10]). In Fig. 1 region I corresponds
to coherent, and region II to incoherent motion, respec-
tively. Note at this point that we have, by reducing the
number of equations of motion from 16 to 12, eliminated
four nonoscillating modes. Indeed, with our choice of
variables (2.8)—(2.10), we should have another variable,
X4 = 3(p11 + p22), to regain the lacking four equations.
It is now straightforward to show using Eq. (2.6) and
the Shapiro-Loginov theorem [13] that (X,) is constant,
while (£1X4), (€2X4), and (£1€2X4) decay exponentially.
Thus the oscillating modes for our r = ¢ = 1 and A; = Ay
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FIG. 1. Number of complex eigenvalues of the matrix L.
g =7 =1, Ay = A2 = X (uncorrelated noises), o = 0. Re-
gion I: eight complex eigenvalues — coherent motion; region
II: less than eight complex eigenvalues — incoherent motion;
shaded area: less than six complex eigenvalues. Below the
dashed borderline the longest-living mode displays damped
oscillations, above this line it is purely exponential.

case are identical to the oscillating modes described by
Kraus and Reineker.

Another criterion is possible: the motion is regarded
as coherent or incoherent according to what type of mo-
tion prevails for long times. Thus the eigenvalue with
smallest absolute value of its real part (the longest-living
mode) determines the character of the whole motion.
The dashed line in Fig. 1 corresponds to the borderline
between different types of motion: above the borderline
the longest-living mode is purely exponential, while be-
low that line it displays damped oscillations. For small
values of J/AZ? this line is tangent to the border between
regions I and II, and for r = ¢ = 1 and A; = X, its slope
equals 2.

B. Numerical results

We start with results for a case with “symmetric”
noises: A\; = Xz, 6o = 0, and » = ¢ (Fig. 2). The
noises influence the two sites in the same way, the rel-
ative strength of the effective noises at both sites is iden-
tical, and the only thing that matters is the correlation
between the noises. One can see that the larger the corre-
lation, the smaller the region in which incoherent trans-
port occurs. In particular, for r = ¢ = % (maximal cor-
relation), region II vanishes altogether, and all motion
is coherent (this result may also be found analytically;
cf. the Appendix). Also the borderline between regions
characterized by various types of behavior of the longest-
living mode moves upward in the J/AZ2-1/X plane, i.e.,
the range of parameters, for which this mode displays
oscillatory behavior, grows as r = g change from 0 to
1. However, the borderline between regions I and II, as
well as the borderline between the regions of oscillatory
and nonoscillatory behavior of the longest-living mode,
change smoothly with changes of the parameters r = gq.

If the effective noise at one site is stronger than that on
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FIG. 2. Number of complex eigenvalues of the matrix L for
“symmetric” noises: Ay = A2 = A, o =0, and r =q =1,
r=q = 0.9, and r = ¢ = 0.7, respectively. To the left of
each line the motion is incoherent, to the right, coherent, for
corresponding values of parameters. Dashed lines indicate the
borderlines between regions in which the longest-living mode
displays and does not display damped oscillations.

the other one, the situation changes dramatically. Fig-
ure 3 shows the region of incoherent motion for Ay = A2,
6o =0, =1, and q = 0.9; for comparison, the region
for » = g = 1 is also shown. One can see that the region
of incoherent motion is very small, and closer inspection
reveals that with these values of parameters, we can have
either eight complex eigenvalues, or four, but not six. In
fact, we have observed this abrupt reduction of the region
of incoherent motion for as small differences between r
and q as the accuracy of numerical calculations would al-
low. Apparently, any difference between r and ¢ destroys
an additional symmetry of the matrix L. To substantiate
this point, in Fig. 4 we show frequencies corresponding to
the L-L line of Fig. 3: for the symmetric case r = ¢ =1
in Fig. 4(a), and for the asymmetric case r = 1, ¢ = 0.9
in Fig. 4(b). Note that the mode marked by an arrow is

0.5

1/

T T

0.15

J/a2

FIG. 3. Number of complex eigenvalues of the matrix L for
asymmetric noises: A\1 = A2 = A, 80 =0, =1, and ¢ = 0.9
(inner curve). For comparison, the borderline between regions
I and II for a symmetric case (r = g = 1) is also shown (outer
curve; cf. also Fig. 2). The L-L line corresponds to a “cut,”
along which the following figure is drawn.
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FIG. 4. Frequencies (imaginary parts of the eigenvalues)
for parameters corresponding to the L-L “cut” of Fig. 3:
A =X =)\, =0, J/A? =0.03, and r = ¢ = 1 (a), and
r =1 and ¢ = 0.9 (b). See description in text.

not degenerated for the symmetric case, and is doubly de-
generated for the asymmetric case. The zero frequency
mode is sixfold degenerated for the symmetric case in
between the arrow-marked mode and the bifurcation oc-
curring for larger values of 1/, and this area corresponds
to the six-frequency region. For the asymmetric case, the
zero frequency mode is only four times degenerated to the
right of the arrow-marked mode, and the six frequency
region is missing.

If A\; = A2 and one of the parameters r, g, takes a
small negative value [cf. inequality (2.25) above], the re-
gion of incoherent motion is also very small and reduced
to the four-frequency area. What might be more inter-
esting, though, is that the borderline between regions
of oscillatory and nonoscillatory behavior of the longest-
living mode has a slope smaller than 2 in the vicinity of
the origin of the coordination frame. In such a case one
of the criteria for distinguishing between coherent and
incoherent motion appears to give coherence enhance-
ment (reduction of the area with less than eight oscil-
lating modes), while the other, coherence reduction (en-
hancement of the area with nonoscillatory behavior of
the longest-living mode). However, for larger values of
J/AZ2 this borderline grows faster than the borderline
for the r = ¢ = 1 case.

A similar abrupt reduction of the region of incoherent
motion can be seen for a case with A; # Az, even for
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0.0 T aa T —r T T T T

0.0 015
/a2

FIG. 5. Number of complex eigenvalues for symmetric un-
correlated noises and an asymmetric unperturbed Hamilto-
nian: Ay = Az = A\, r=g¢ =1, § = 0.1, J/A% = 0.03. Note
the “gap” of coherent motion in the area, where incoherent
motion appears for the §o = 0 case (cf. Fig. 2). The L-L line
corresponds to a ‘“cut,” along which the following figure is
drawn.

r = ¢ = 1. Again, the six-frequency region is missing.

If the unperturbed Hamiltonian H, is asymmetric
(80 # 0) and A; = A2, a new phenomenon occurs. The re-
gion of incoherent transport is reduced for large values of
1/A; and small values of J/AZ, but what is most peculiar,
a gap of coherent motion appears in the area where for
do = 0 only four oscillating modes exist (Fig. 5). This gap
corresponds to a double-degenerated “bubble” in the fre-
quency spectrum (Fig. 6). Apparently, setting 8o 7# 0 de-
stroys another additional symmetry of the matrix L. Fig-
ure 5 shows results for the uncorrelated noises case; if the
noises are correlated, or even asymmetric, both effects —
reduction of the incoherent motion region for large 1/
and small J/A2, and the gap in the four-frequency area—
persist, and the region of incoherent motion always lies
within that for the same values of parameters but with
8o = 0. Figure 7 shows results for a symmetric correlated
noises case. However, the borderline between the regions
of the two types of the longest-living mode behavior is

2.5
W
v /
_ t \
-25 } T T T T T T T T T
0.0 0.5

1A

FIG. 6. Frequencies for parameters corresponding to the
L-L “cut” of Fig. 5: A1 = A2 = A, 7 = ¢ = 1, §o = 0.1.
Note the doubly degenerated “bubble” marked by an arrow
[cf. Fig. 4(a)].
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FIG. 7. Number of complex eigenvalues for symmetric cor-
related noises and an asymmetric unperturbed Hamiltonian:
A1:A2=A,1‘:q=0.9,6020.1.

not much affected by setting o # 0, as compared to that
with the same values of parameters but with 6o = 0.
It might also be noted that the larger absolute value of
8o, the slower the convergence of the iteration procedure
used to calculate the eigenvalues of L.

Finally, in Fig. 8 we present borderlines of regions char-
acterized by different behavior of the longest-living mode,
for all cases described above. Only the borderlines for
8o = 0.1 are not shown, since within the presented range
of parameters, they coincide with corresponding lines for
the do = 0 cases. No abrupt changes between these lines
can be seen, and shapes of the lines change smoothly with
the parameters.

IV. CONCLUDING REMARKS

In this paper we have investigated the influence of a
heat bath with two correlated dichotomic colored noises
on the transport properties of a quantum particle. In

0.5 4

2

o N

0.0 T T L T T

0.0

T T

0.15
/a*

FIG. 8. Borderlines between regions of oscillatory and
nonoscillatory behavior of longest-living mode for various val-
ues of parameters. A\; = A2 = A, o =0,andr =¢g =1 (1),
r=q=09(2),r=q=07(3),r=1,qg=09 (4), and
r = 0.9, ¢ = —0.08 (5). Lines for §o = 0.1 coincide with
corresponding lines for §o = 0 within the presented range of
parameters J/A? and 1/).
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the derivation of the equation of motion for the density
operator we have allowed fluctuations of the excitation
energies at the two sites, as well as of the transfer matrix
elements. As we have explicitly used trace (normaliza-
tion) and Hermitian properties of the density operators
and chosen variables suitably, we have reduced the num-
ber of necessary equations from 16 to 12, and brought
them to a more convenient form. In the numerical treat-
ment, only excitation energy fluctuations have been con-
sidered.

We have used two criteria in order to distinguish be-
tween coherent and incoherent motion. First, according
to Kraus and Reineker [10], motion of the system under
consideration is regarded as coherent if at least eight of
its modes oscillate, and we have argued that one should
not use a similar criterion but with six modes. Second,
the character of motion has been determined according to
what type of behavior prevailed for long times (longest-
living mode): oscillatory (coherent) or nonoscillatory (in-
coherent). By numerically calculating eigenvalues of the
matrix L, we have found that if the two noises are corre-
lated, the region of incoherent motion shrinks (for max-
imal correlations between the noises incoherent motion
is removed altogether), and that the criterion determin-
ing the character of motion by number of its oscillatory
modes, is unstable to small changes of parameters. These
two points require some more attention.

First, the correlation-induced enhancement of coher-
ent motion is fairly simple to understood. Correlations
between the two noises mean that fluctuations at one site
are not totally independent from that at the other site.
As a consequence, the system behaves in a more orderly
way and the noises are less prone to destroy phase prop-
erties of the system. In particular, when the correlations
between the effective noises maximize, we have in fact
only one noise acting simultaneously at both sites in the
same way, which results in a coherent motion of the whole
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system.

Second, our observations of instability of the six-
frequency region of incoherent motion under small
changes of parameters, and stability of the four-frequency
one, suggests introducing two types of incoherent mo-
tion: weak incoherence (six oscillating modes), which can
be destroyed if some additional symmetry of the matrix
L is removed, and strong incoherence (four oscillating
modes), which is stable. Note that the “gap” introduced
by a detuning &y is not a hallmark of instability: infinites-
imally small detunings introduce infinitesimally narrow
gaps. On the other hand, the characterization of motion
by its longest-living mode behavior is stable, so perhaps
the latter criterion should be used. Another possibility
exists: the motion is coherent or incoherent according
to how the physically measurable quantities, (X), (X32),
and (X3), behave. This, however, suggests a possible de-
pendence on initial conditions. This problem is at present
under investigation.
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APPENDIX: DETAILED FORM
OF THE EQUATIONS OF MOTION

The equation of motion for the vector y = (y,...
reads

,2912)

y=Ly, (A1)

where L is a 12 x 12 real matrix given by (A4 = A1 + Az2)

r 0 0 —2J 0 0 0 0 —2[1/31A1 ’2}1,32A2 0 0 0
0 0 do 0 0 0 0 014 62 0 0 0
2J —60 0 2#31A1 2}1/32A2 —(51A1 —62A2 0 0 0 0 0
0 0 —2#31A1 —)\1 0 0 0 —2J 0 0 0 —2/J,32A2
0 0 —2#32A2 0 —)\2 0 0 0 —2J 0 0 "2#31A1
L= 0 0 614, 0 0 -1 0 do 0 0 0 b2
- 0 0 624, 0 0 0 -2 0 do 0 0 614
2#31A1 —(SlAl 0 2J 0 —60 0 —/\1 0 2/1.32A2 —(szAz 0
2/1.32A2 —52A2 0 0 2J 0 —60 0 —/\2 2/J,31A1 —61A1 0
0 i 0 0 0 0 0 0 —2/1.32A2 —2#31A1 —/\+ 0 —2J
0 0 0 0 0 0 0 624, 614 0 —A4 do
L 0 0 0 2/1.32A2 2/L3lA1 —(SzAz —61A1 0 0 2J —60 —/\+
(A2)

If we set p3; = p3z = 0 and introduce the parameters (2.22), (A2) simplifies to [z = (2r — 1)A, y = (2¢ — 1)A]
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[0 0 —-2J 0 0 0

0 0 46 O 0 0

2J =60 O 0 0 -—=z

0 o0 0 —-Xx O 0

0 0 0 0 —X O

L = 0 0 T 0 0 _-)\1
0 0 -y 0 0 0

0 —z 0 2J 0 -6

0y 0 0 2J 0

0 0 0 0 0 0

0 o0 0 0 0 0

[ 0 0 0 0 0 y
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The Kraus and Reineker case of uncorrelated noises [10] may be recovered by setting 7 = ¢ = 1 and A; = A,.
Ifr=¢q= % (x =y = 0) and §p = 0, eigenvalues of L are calculated from

DT 4+ A)(T + A2) (T 4 Ap + A2)[T2 + 4J2][(T 4+ A1)2 + 4% [(T + A2)? + 4T3)[(T + A1 + A2)2 +4J%] =0,

0 0 0 0 0

T -y 0 0 0

0 0 0 0 0
-2J 0 0 0 0

0 —-2J 0 0 0

do 0 0 0 -y

0 0 0 0 T (A3)
—-A1 O 0 Y 0

0 —-/\2 0 —Z 0

0 0 -y 0 -—2J

-y 0 =Xy 6o

0 0 2J =6 —A4 ]

(A4)

and we have four real nonpositive eigenvalues [I' = 0, —A1, —Az, and —(A; + Az), respectively], and four pairs of
complex conjugate eigenvalues [I' = +2iJ, —A; & 2¢J, —A; £ 24J, and —(Ay + Az) £ 2¢J, respectively]. We can see
that in this case there are eight oscillating modes regardless of the values of J and A; 3, and the incoherent motion is

removed altogether.
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