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Competition of local exponents and the fractal structure of chaotic attractors
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The coupling of a one-dimensional chaotic forcing to a stable fixed point in the plane generates
different fractal attractors embedded in three dimensions. There are three types of fractals for the fixed
point with real eigenvalues and four types of fractals for the fixed point with complex eigenvalues in the
volume-contracting case. A competition of local exponents provides a generic criterion for the
classification of the fractal structures in dynamical systems.

PACS number(s): 05.45.+b, 02.40.—k, 02.60.—x

I. INTRODUCTION

Three-variable discrete diffeomorphisms may possess
two different types of chaotic dynamics. These are distin-
guishable by means of their spectrum of Lyapunov
characteristic exponents (LCE's), i.e. (+, —,—) for ordi-
nary chaos and (+, +, —) for hyperchaos [1].

In the case of ordinary chaotic attractors, three types
of fractal structures have been described [3], namely, the
Cantor set of an infinitely often folded line (Henon attrac-
tor [2]), the Cantor set of a smooth sheet folded
in one direction (chaotic attractor fulfilling the Kaplan-
Yorke conjecture [7]), and a structure with nowhere
differentiable properties in two directions (bifractal at-
tractor [4]). The transitions between these types of chaot-
ic attractors occur at A&+A2=0 and A, +A3=0, respec-
tively, where A& ~ A2 ~ A3 are ordered LCE's with
g;A, (0, i = 1,2, 3 (see Fig. 1). Thus the fractal structure
of chaotic attractors in three-dimensional maps can be
predicted from the relation of the global means of diver-
gence (positive exponent) and the means of convergence
(negative exponents) classified by their respective sums
[4].

In the case of basin boundaries modeled with a chaotic
dynamics coupled to a bistable variable, it was conjec-
tured that the different fractal structures of the boundary
are determined by the competition of the local divergence
of the chaotic forcing tangential to the boundary and the
local divergence orthogonal to the boundary [5,6]. Simi-
larly, we have argued that fractal features of ordinary
chaotic attractors can be explained by the competition of
the local divergence along the unstable manifold and the
local convergence along the stable manifolds [3].

Here we consider a discrete dynamical system with
LCE spectrum (+, —,—). We investigate the general
case of coupling a chaotic variable to a two-dimensional
subsystem with an attracting fixed point. We demon-
strate that the global fractal structure of chaotic attrac-

tors of the map is obtainable from the knowledge of local
exponents on the attractive orbit.

II. THE MAP

A simple three-variable map which realizes coupling of
a one-dimensional chaotic forcing to a two-dimensional
fixed point system is Eq. (1):

x, +, =(Cx, )modl,

y, +&=ex;+ Ay; —Bz;,
z, , =y;,

with variables x,y, z E.R and parameters 3,B,C, e H R,
i EN. The modular variable x is the chaotic forcing with
local divergence A, i=C, C) 1 in the interval [0,1] and
LCE A& =lnC. We took the piecewise linear system only
for the direct computability of the Lyapunov exponents
from the eigenvalues without averaging the local ex-
ponents. We state at this point that similar results are

(c)
A3 A~

1n 1/2 0
FIG. 1. Three different LCE spectra (A, ~ A2 ~ A3) for three-

variable maps with chaotic attractors, A& assumed to be ln2:
(a) Ordinary chaos (A

&
)0 only), (b) Kaplan- Yorke chaos

[(A i +A2 ) & 0 only ], (c) "bifractal" chaotic attractor
[(A, +A2) )0 and (A, +A, ) )0].
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obtainable with chaotic forcing of the type of the logistic
map or the Henon map.

For e=O, the linear two-variable subsystem (y, z) has a
fixed point at the origin with eigenvalues:

X„=-,'(A+&A' —4B ) . (2)

Figure 2 shows part of the (A, B) parameter plane of
the (y, z) subsystem [Eq. (1)]. The lower parabola
B=3 /4 marks the transition between complex eigen-
values (A,z, A, 3) and real eigenvalues (A,z, A, 3). The fixed
point is a focus above this parabola and a node
[Im(kz) =1m(A, 3)=0] below. The complex eigenvalues
define an upper limit for the window of stability
(

1
A 2 I 1 A3 1

& 1 ) in parameter space with B & 1 . The purely
real eigenvalues restrict the window of stability
( I

A g y I k3 I
& 1 ) to a triangular area in parameter space

with
I
A

I
& (B+1).

FIG. 2. Parameter plane (A, B) for the subsystem (y, z) of Eq.
(1). Lower parabola B = A /4 transition between complex ei-

genvalues (focal fixed point) and real eigenvalues (nodal fixed

point); line B= 1, upper limit of stabihty in the case of complex
eigenvalues; lines bounding triangular area [I A

I
=(B+1)],

lower limit of stability in the case of purely real eigenvalues;
horizontal lines at (IBI =0.5), transition to noninvertibility

' and ii,. Iz, I
=1;horizontal lines at (IB I

=0 25),
Kaplan-Yorke transition for the case of equal absolute values of
eigenvalues {Ii&I

=
I A 31); diagonally crossing lines, Kaplan-

Yorke transition for the case of independent eigenvalues (kz, A,3);
upper parabola B= A /2, line of equality of real and imaginary
parts of eigenvalues Re(A&) = Im(A2) and Re(A, , ) = —Im(A, 3).

2&Df &3.
(c) A second transition occurs at A. ik, 3= 1. For A. ,A,3) 1

(with g;X; & 1) the structure of the attractor was shown
to have a "bifractal" structure [4]. Its fractal dimension
remains in between 2 & Df & 3 but the chaotic attractor is
fractalized in the orthogonal directions along the stable
manifolds. The two contracting local exponents A, z1 and
I

A, 31 are both smaller than the local divergence IA, , I
paral-

lel to the unstable manifold.
These cases support the classification given in Fig. 1.
Next we study the case when the eigenvalues

of the fixed point (A,z, k3) are complex conjugated
[Im(i, z) = —Im(A, 3)]. Figure 3 shows the first quadrant of
the complex plane of eigenvalues (A,z, A, 3). The stable
domain of the map, Eq. (1), is bounded by the unit circle
(1~21, 1~31 1) (»g. 3; compa«Fig. 2).

Inside the stable domain there are three regions of at-
tractive behavior depending on the products of the abso-
lute values of the eigenvalues IA, ;1. The corresponding
rate of divergence for the chaos is defined as IA, I, and the
rates of contraction in both stable directions of the sub-
system (y, z) are

I A21, 1A31, with A; =lnI A, I.
If IA,21=IX,31& IA, iI

' then both rates of contraction
IA, I and IA31 ex«ed th«a«of div«gence IAil For
eAO the resulting attractors for the system of equations
(1), are Cantor sets of folded lines, the cross sections of
which form self-similar dust [Figs. 4(a), 4(d), and 4(g)].
For nonzero eigenvalues A, 2 and A.3, the dimension of the
fractal attractor is 1 &Df &2.

At
I
i,z I

=
I
A, 31=IX,i I

' the rates of convergence
I AQ I y A3 equal the rate of divergence

1 A, I
. The competi-

tion of divergence and the two directions of attraction is
balanced (circle with radius —, in Fig. 3). At this point of
the Kaplan-Yorke transition, the attractor dimension is
Df 2 Note, however, that the Kaplan-Yorke criterion
is fulfilled for both IA21 and IA31; therefore the first and
the second transitions of structure mentioned above

III. COMPETITION OF DIVERGENCE
AND CONVERGENCE

Coupling of the chaos-generating variable x to the
stable fixed point (e) 0) leads to attractors with LCE's
A, =lnI A, , I

(i = 1,2, 3), and the LCE spectrum (+, —,—)

where local conditions are simply controllable by means
of parameters.

We first give the case when both eigenvalues of the
fixed point (Az and A, 3) are real

(a) For A, ik,z & 1 the attractor consists of a Cantor set of
lines with fractal dimension 1 & Df & 2.

(b) A transition occurs at X,Az = 1, which is the
Kaplan-Yorke conjecture postulating an increase in frac-
tal dimension [7]. For

Like�

) 1 and A, iA3 & 1, the attractor
is a Cantor set of a folded smooth sheet with dimension

0 1/2 31/2
real X

FIG. 3. First quadrant of the complex plane for eigenvalues
A,&, A, 3, assuming A,

&
=2. Bullets indicate values for cross sections

shown in Fig. 4. Outer circle, IA,zI, IA, &1=1, area-preserving sub-
system (y, z); inner circle, IA,zI

= IA, 31
= IA, , I

', the Kaplan-Yorke
transition; middle circle, IAzI IA,, I

= IA, , I

' and g, IA.;1=1 as
transition to noninvertibility.
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occur together. In the domain ~A, z =~A, z~ ) ~A, , ~

' and
' the rates of convergence (A2[ and (Az(

are smaller than the rate of divergence ~A, ~. This causes
attractor structures to form fractalized distorted sheets.
The attractors have fractal dimension 2&Df & 3. In ad-
dition, they are fractalized in two directions [Figs. 4(b),
4(e), 4(h), and 4(i)].

The product ~A, 2~ ~A, ~
= ~k, ~

' implies Q,. ~A, , ~

=1 (cir-
cle with radius &I/2 in Fig. 3). The corresponding at-
tractors have dimension Df =3. For

the system of equations (1) still possesses attractors but
can no longer be embedded in three invertible map di-
mensions [see Figs. 4(c), 4(g), and 4(k)]. At least four
variables are now required to generate the corresponding
diffeomorphism.

The cross sections of attractors of Eq. (1) plotted in
Fig. 4 are examples picked along three paths (compare
Fig. 3) in the complex plane of the complex conjugated
eigenvalues A,2 and A, ~ with A2=A~=in~i, z~. For all ex-
amples the LCE of the chaotic forcing is fixed to

0.17
(a)

0.61

0.0
0.01 0.14

0.0
0.0 0.56

2.2
(c)

0.09

0.2
0.2 2.2

-0.01
0.0 0.073

FIG. 4. Cross sections of attractors taken at x=0.25+0.003 of Eq. (1) with C=2.0 and @=0.1. See text and Fig. 3 for corre-
sponding eigenvalues. (a) A =0.5, B=0.0625 dustlike; (b) A =1.2, B=0.36 striated; (c) A =1.6, B=0.64 striated fat; (d) A =0.0,
B=0.0625 dustlike; {e) A =0.0, B=0.36 checkered; (f) A =0.0, B=0.64 checkered fat; (g) A =0.5, B=0.125 dustlike; (h) A =0.75,
B=0.281 25 spiral-like disconnected; (i) A =0.95, B=0.451 25 spiral-like connected; (j) A = 1.2, B=0.72 fat spirals.
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FIG. 4. (Continued).
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A& =ink,
&
=ln2.

Along the real axis [8= A /4, A&=in( A /2)] (hor-

izontal axis with 0 & A.z & 1 in Fig. 3 and path with
0 & A & 1, 8 =0 in Fig. 2) there are transitions from dust-
like [Fig. 4(a), A =0.5, Df =1.5], to striated [Fig. 4(b),
A = 1.2, Df =2.36. . . ], to striated fat fractal structures
[Fig. 4(c), A =1.6, Df =3.0].

Along the imaginary axis (A =0.0, A&=in+8) [verti-
cal axis with 0&1m(A.2) &1 in Fig. 3 and path with
0&8 &1, A =0 in Fig. 2] the transitions occur from
dustlike [Fig. 4(d), 8=0.0625, Df =1.5], to checkered
[Fig. 4(e), 8 =0.36, Df =2.36 ] and finally to check-
ered fat fractal cross sections [Fig. 4(f), 8 =0.64,
Df =3.0].

Moving along the diagonal axes of the complex plane
[8= A /2, A2=in( A /'t/2)] [path with 0 & Re(A2)
=Im(kz) & 1/&2 in Fig. 3 and upper parabola in Fig. 2]
one finds a transition from dustlike [Fig. 4(g) A =0.5,
Df =1.6], to spiral-like structures [Fig. 4(h), A =0.75,
Df =2.09. . . ; Fig. 4(i), A =0.95, Df =2.74. . .], and
then to fat spirals [Fig. 4(k), A = 1.2, Df =3.0].

In the region where [A,2~
=

~A, 3~ ) ~A, t~
' and

' the numerical cross sections either form
a single entity [Fig. 4(i) on the diagonal] or are composed
of isolated islands [Fig. 4(e) on the imaginary axes; Fig.
4(h) on the diagonal].

IV. DISCUSSION

Competition of rates of local divergence and local con-
vergence explains the fractal properties of chaotic attrac-
tors. The map equation (1) composed of one chaotic forc-
ing variable and a two-dimensional subsystem with an at-
tracting fixed point generates the fractal structures possi-
ble in three-dimensional maps with the LCE spectrum
(+,—,—). When both rates of convergence (A2, A3)
exceed the rate of divergence (A, ) the dynamics takes
place on smooth attractors with Cantor-set-like cross sec-
tions. When the rate of divergence (Ai) exceeds the rates
of convergence (A2, A3) an increase in fractal dimension
and a change from smooth to nonsmooth fractal attrac-

tors takes place. The cross sections of these nonsmooth
attractors may be striated, checkered, or spiral-like struc-
tures, depending on the value of the stable complex eigen-
values.

Examples of different fractal types of chaotic attractors
of a map similar to Eq. (1) were studied by Lorenz [8].
The application of the thermodynamical formalism for
phase transitions to hyperbolic dynamical systems with
different fractal types of attractors have been discussed
by Paoli, Politi, and Badii [9]. We can show that the
present map exhibits dynamical behavior equivalent to a
map version of the solenoid [10]. The cross sections of
the attractors are also equivalent to attractors obtained
by the complex iterated function system (IFS) z'= Az+1
[11]. Comparison with these results suggests that the
Mandelbrot set obtained for the geometric transition
from disconnected to connected in the IFS also occurs in
our context of explicit dynamical systems. We predict
that attractors of the type shown in Figs. 4(h) and 4(i)
with the cross-section property disconnected and con-
nected, respectively, can be realized in deterministic
dynamical systems with three invertible map dimensions
or four continuous variables. We note, however, that the
examples of the piecewise-linear mapping equation (1) are
ideal in the sense that they possess uniform directions of
convergence and divergence. Nevertheless, our results

' can be transduced to the more general class of nonlinear
maps. In nonlinear systems, the cross sections addition-
ally depend on local scaling and are therefore simply dis-
torted versions of the totally self-similar examples found
in the piecewise-linear map. We suggest that the idea of
dynamical properties determining geometric fractal prop-
erties is universal in the sense that all dynamical systems
that fu1611 the fundamental properties of stretching and
folding acting on a contracting dynamics exhibit the out-
lined qualitative behavior.
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