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Hadronic intermittency and chaotic motion in rapidity space
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We show that the Hamiltonian dynamics of the effective two-particle potential, describing an addi-
tional component of the hadronic S matrix and corresponding to the Feynman-Wilson Quid in one di-

mension, leads to trapped chaotic and/or diffusive intermittent motion. We argue that the strong densi-

ty fIuctuations in rapidity space, generated by this motion, are related to the intermittency of the mul-

tihadron distributions at high energies.
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I. INTRODUCTION

In a recent investigation [1] on the nature of intermit-
tency phenomena in high-energy collisions, we have
shown that a factorizable, unitary, and self-consistent
component of the hadronic S matrix, satisfying, as an ad-
ditional constraint, self-similarity in rapidity space, leads
to a monofractal pattern in multiparticle production pro-
cesses. This component of the S matrix has the structure
of a one-dimensional classical Auid in rapidity space y at
a critical temperature T=T, [critical Feynman-Wilson
(FW) fluid]. We have interpreted this nonconventional

component of the hadronic density in rapidity space as
the signature of states originated by a quark-hadron
phase transition at T =T„in a high-energy collision. We
have also argued that in present experiments the bulk of
the events belong to the conventional sector of low-
transverse-momentum (low-pT) physics and, therefore,
the observed intermittency effect is rather weak because
it is masked by the ordinary short-range correlations in
rapidity space [2]. In future experiments, however, espe-
cially with relativistic heavy ions, one expects to observe
strong intermittency patterns with a single fractal dimen-
sion (dz-—0.7 —0.8) as evidence for a second-order phase
transition in a process dominated by quark-gluon plasma
formation.

In this work we attempt to connect the fractal struc-
ture of the critical FW Quid, reAecting the self-similarity
constraint of a particular sector of the S matrix, with the
geometrical properties of the Hamiltonian motion of the
analog system driven by the corresponding effective po-
tential at T = T, .

The basic equations of the critical FW Quid in the ther-
modynamic limit, specifying (a) the canonical partition
function Z, (N, h), (b) the effective two-particle potential
V,s(y —y'), (c) the density-density correlation function
(p(y)p(y') ), (d) the intermittent behavior of the factorial
moments F (5, b, ), and (e) the Mueller propagator

G(y —y'), are summarized as follows:
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In these equations, describing the one-dimensional phys-
ics of a newly hadronized system in rapidity space (at
T = T, ), b, is the size of the system, 5O is a minimal scale,
and rt is a critical exponent (0( i) ( 1) related to the frac-
tal dimension dF=1 —il. The long-range attraction (log-
arithmic tail) in the potential (3) allows for a critical
behavior of the system, since the absence of long-range
forces would prevent the development of a phase transi-
tion in one dimension.

In this work we address the question of whether the
classical motion of the hadronic chain specified by the
Hamiltonian (2), together with the ergodic hypothesis,
may reveal important geometrical characteristics which
are connected with the origin of the fractal structure of
the S matrix in the hadronization sector. In a simplified
version of this motion corresponding to the minimal
configuration (N =2), the nonintegrability of the system
is investigated and the generation of nonzero entropy is
established. More specifically, in Sec. II the instability of

the motion is studied, and the corresponding Liapunov
exponents are calculated in order to discriminate regular
from chaotic trajectories. In particular, trapped chaotic
as well as diffusive intermittent chaotic trajectories with
finite Liapunov exponents are found and singled out at
relatively low energies. These trajectories generate strong
density fluctuations in rapidity space within the ergodic
background, i.e., nonlocalized chaotic motion in rapidity
space which occurs at high energies. In Sec. III the con-
nection of these trajectories with the fractal structure of
the S matrix in rapidity space and the possibility of ex-
tending our approach for large N (the thermodynamic
limit) are discussed.

II. CLASSICAL HAMILTONIAN DYNAMICS

In the minimal configuration (N =2) of the hadronic
chain, the corresponding mechanical system reduces to a
two-degrees-of-freedom Hamiltonian system with poten-
tial energy

V(y), y2)= ln(x)+ ln(y —x)+ ln(1 —y) —31ng+1 6O

5O
( &

—g)/g

+ [g(1—q)]" 1 1 1

x(17))/Q(yx)() —g)/g( 1 y)(1 —q)/g (9)

where the reduced rapidities x =y, /b, and y =y2/b, are
scaled with b. The motion is restricted to the
0&y, &y2&1 region of the y&,y2 plane. In Fig. 1 the
equipotential curves V(x,y)=const for some choice of
the parameter values i), 5o (iI =0.5, 5o=0.2) are shown.
The potential possesses three minima —each lying on a
median of the triangle defined by y = 1,y =x, x =0 in the
x,y plane and having a Euclidean distance O(5o) from the
corresponding vertex —and one maximum lying at the
barycenter of the triangle (x =

—,', y =—', ).
The main tools we will use in order to describe the

classical motion in the above potential are the Liapunov
exponents, as calculated from the equations of motion,
and the Toda criterion on the Gaussian curvature of the
potential. We adopt the definition of Refs. [3] for the
spectrum of Liapunov exponents looking at the long-term
evolution of an infinitesimal 2N~ sphere of initial condi-
tions (NF is the number of degrees of freedom for the
considered system). After time t, the sphere will be de-
formed via the equations of motion to a 2' ellipsoid.
The ith one-dimensional Liapunov exponent is then
defined as

p;(t)
A,;= lim —log

~ t p (0)
(10)
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where p,.(t) is the length of the ellipsoid principal axis and
A, ; are ordered from largest to smallest.

In the case of a two-dimensional conservative nonin-
tegrable system, there are two nonvanishing Liapunov ex-
ponents of equal magnitude and opposite sign, so that the
whole Liapunov spectrum is only determined through the
maximal Liapunov exponent. To characterize a system's
trajectory as regular (A, ,„=O) or not (A, ,„WO), we also
determine its Poincare section [4], so that we can test the
convergence of the limit (10).

Let us now study the motion in the potential (9) for the
various values of the total energy

2 2

E= + +V(x,y) .
2A

For x =x;„and y =y;„ the potential has a minimum
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E;„=V(x;„,y;„). The values x;„and y;„are deter-
mined numerically for an arbitrary value of the parame-
ters g, 50. For g= —,', however, one can find an analytic
expression in terms of 60:

&0
Xmin 4

+ 24' 4 6A 3A

+min 2 min (12)

There are also two other sets of x,y values where V(x,y)
has minima equal to E;„which can be found from sym-
metry considerations. In the following analysis we will
restrict ourselves to the special choice of parameters
g=0. 5, 50/b, =0.05, but the situation is no different for
any other set of parameters provided that the conditions
0 & g & 1 and 50 « 5 suggested by the hadronic FW-Auid
model are fulfilled. For these parameter values the
minimum of the potential is E;„=2.10. For energies
very close to E;n, one expects that the motion is regular,
the minima of the potential being elliptic fixed points. In
order to study this behavior, Toda [5] suggested consider-
ing the Gaussian curvature of the potential defined by

E(x,y)=

0 V

Bx

8 V

Bp

BV
Bx

8 V
BxBg

2 2
BV
By

(13)

One can prove that if IC(x,y) is positive in the whole re-
gion of the x,y plane, allowing for the system's motion at
a given energy, then for that energy value the motion will
be regular in the entire phase space [6]. The critical ener-
gy, above which regions with negative curvature occur,
can be calculated analytically and is E, =2.38. Regular
motion, however, dominates for a large energy zone
above E, and only for E ~ E,h = 5 is chaotic motion ob-
servably frequent.

The potential has a saddle point at energy E, =5.74,
above which the motion is no longer restricted inside the
walls of a single minimum but the system can travel be-
tween the regions of the three minima. The allowed
phase space (the energy shell) is dominated by the chaotic
trajectories. Nevertheless, the motion of the system is

mainly localized inside the minima of the potential. Fi-
nally, the maximum of the potential is at E „=8.5, and
above this energy the motion is completely dominated by
chaotic trajectories bounded only through the infinite
barriers at x =y, x =0, andy =1.

The picture of the potential characteristics given above
leads to the following classification of the trajectories of
the mechanical system.

(i) For energies E;„E E,h, the trajectories are reg-
ular, i.e., periodic or quasiperiodic, orbits, with vanishing
Liapunov exponents [0(10 ) for t =250]. Using as
Poincare section the (x,y) plane at p„+p =0, we can
recognize the resulting KAM tori corresponding to these
trajectories in consistency with the regularity of the
motion [Figs. 2(a) and 2(b)].

(ii) For energies E,h (E~ E„chaotic trajectories with
A, ,„AO appear, which cover a dominant part of the
phase space as the energy increases. The motion is re-
stricted inside the walls of a single minimum, and the cor-
responding Poincare section consists of (x,y) pairs filling
ergodically a substantial part of the energetically allowed
region around the minimum, a sign that the
Kolmogorov-Arnold-Moser (KAM) tori are broken up
[Fig. 3(a)] as a result of a regularity to chaos transition.
These trajectories are the trapped chaotic ones and their
appearance is essentially due to the fact that the Toda en-
ergy E, is well below the separatrix or saddle-point ener-
gy E, . This might be the result of the existence at the
same time of a repulsive hard sphere and of an attractive
logarithmic tail in the two-particle interaction, a question
deserving further investigation. Notice that the chaotic
motion appears inside the minima corresponding to small
values of 6y =y2 —

y&, whereas in the third minimum the
quasiperiodic structures dominate [Fig. 3(b)]. This is in
agreement with the intuitive expectation that hadronic
intermittency is shown at small values of 5y.

(iii) Another interesting category of trajectories occurs
at the energy region E, & E ~ E „.The saddle-point en-
ergy E, can be seen as a kind of separatrix above which
the motion is no longer restricted inside the walls of a sin-
gle minimum but traveling between different minima is
allowed. Trajectories with a nonvanishing Liapunov ex-
ponent exist, having time intervals where the motion is
almost periodic (laminar phases). We call them diffusive
intermittent trajectories. Two different time scales ap-
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pear in the motion of the system. One scale is connected
with the quasiperiodic motion from one minimum to the
other, and the second is connected with the chaotic
motion inside a single minimum. These two time scales
are characteristic for two-dimensional bounded Hamil-
tonian systems showing intermittency [7]. An example of
such an intermittent trajectory is presented in Fig. 4. In
Fig. 4(a) the time evolution of the phase space variable
6y =yz —

y& for some choice of initial conditions and for
energy E =6 is shown. The motion between the two
minima (corresponding to 5y =0 and 5y =1) appears to
be almost periodic, leading to time intervals with approx-
imately constant (short duration of periodic motion) or
even decreasing (long duration of periodic motion)
Liapunov functions [Fig. 4(b)]. The chaoticity of this tra-
jectory can be seen in Fig. 4(c) presenting its Poincare
section. Finally, to show the existence of two charac-
teristic time scales in these trajectories, we calculate the

corresponding power spectrum presented in Fig. 4(d).
One dominant peak is at zero frequency and reAects the
chaotic component of the motion following very closely
the 1/f ' (with a = l.6) behavior characteristic of dynam-
ical systems with intermittency, while a second sharp
peak at fz =0.4 connected with the intervals of periodic
motion is easily recognized.

(iv) The last class of trajectories is for energies
E ~E „and consists of what we call ergodic back-
ground. In this high-energy region almost all the phase
space is covered by irregular trajectories with a big maxi-
mal Liapunov exponent, and the motion of the system is
only restricted by the outer wells of the potential.

After the classification of the diA'erent types of trajec-
tories of the Hamiltonian system is made, one has to find
out the weight of the irregular relative to the regular tra-
jectories at a given energy shell. Following Ref. [g], we
can decompose the energy shell I E into a regular part
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I E and an irregular part I E so that I E = I E (3 I E. To
measure the degree of chaos at some energy E, we use the
quantity q (E)=

~
I E ~ /~ I E ~, where

~
2

~
means the volume

of A. With the help of the characteristic function

1 if A, ,„(y)&0
(y)= 0;f x (y) o (14)

K (E)=q ( E)A, '",„(E)~
I (16)

where A, '",„(E) is the average of all nonzero Liapunov ex-
ponents computed at a particular energy E. To calculate
the KS entropy, one has to calculate the I iapunov func-
tion over the entire energy shell, a program involving an
enormous numerical effort [9]. One can, however, pre-
dict the qualitative behavior of the KS entropy as a func-
tion of the energy by following the analysis of the motion
for the different energies given above. It is expected,
therefore, that for energies E ~E,h, the KS entropy is
roughly 0, increasing suddenly for E )E,h until E =E,„
is reached. Above E „,the behavior of KS entropy is
mostly determined by the A.'",„(E). Assuming that
A,'",„(E)is a smooth increasing function of the energy, the
same is expected to hold also for the KS entropy. As the
trapped chaotic and diffusive intermittent motion arises
in the energy region E,h(E(E „,we expect that the
chaotic measure q (E) for energies around E, is of 0 (1),
which means that chaotic motion represents the typical
behavior of the Hamiltonian system in the above energy
interval.

III. KRGQDICITY AND FRACTALITY

(y is the symbol characterizing a trajectory in phase
space), we determine q (E) as

J dy~(y)5(H(y)-E)
q(E)= (1&)

jdy 5(H(y) E)—
A nonvanishing q (E) involves a nonvanishing
Kolmogorov-Sinai (KS) entropy which can be estimated
through

The Hamiltonian evolution can be represented as an
operator acting on y(t), y(t)=T(t)y(0). Then, if the
system is ergodic, one has

lim —f du f(T(u)y)= J do. f(y)~ t o SE

for any integrable function f on phase space. Sz is the
energy hypersurface, and der the measure induced on it.
For ergodic systems, one can prove [4] that almost every
orbit explores almost every point on the energy surface.

The existence for N 2 of chaotic trajectories resulting
in a nonzero KS entropy for E E,h is, in principle,
enough to justify the ergodicity of the motion of our sys-
tem on these energy surfaces. This is not, of course, ergo-
dicity in the sense of statistical-mechanical notion, since
we know that quasiperiodic structures persist at any ener-
gy, but is equivalent to the statement that chaotic motion
is dominant on the energy surfaces where the KS entropy
is not zero, and thus the motion of the system for large
time intervals is well approximated by phase-space aver-
ages. This is even stronger in the thermodynamic limit
X~~, where we know that the measure of the regular
orbits becomes negligible [10]. Therefore, we study the
properties of our system, at E ~ E,h, replacing time aver-
ages with phase-space averages [Eq. (18)]. To proceed,
we choose a phase-space density which is a stationary
solution of Eq. (17). It is natural to assume that the
time-independent (stationary) solution of Eq. (17) will be
given by the Boltzmann distribution exp( —H), which is a
square-integrable solution and in accordance with Eq. (1).
Nevertheless, it is worthwhile to notice that using any
square-integrable function of the Hamiltonian F(H), in-
stead of exp( H), results —only in a different normaliza-
tion of the phase-space density projected on the energy
surface. The projection of the Boltzmann distribution on
the y, ,y2 space, which is the rapidity space for the sys-
tern, can be seen as the rapidity density produced by the
motion of the system. This is given by

pz(y &,y2, E)= J dp, dp25(E H) exp( H)—, (19)—
which after integrating over the momenta becomes

In order to establish a relation between the Hamiltoni-
an dynamics of the system and the statistical mechanical
property of a Feynman-Wilson Quid in one dimension to
exhibit fractal structure in rapidity space, we study the
phase-space density. This is a function p(p;, q;;t) defined
on the phase space of the system and obeying the usual
time-evolution equation

d " aaa
d S(S'; q;;&)=g p. q.

BH
sV; q;;&)-

og; Bp;

(17)

On the other hand, ergodicity is usually defined as the
equality of time and phase-space averages for large
enough time intervals. Let us consider a phase space I
and phase-space points labeled by

y(t) = [q &(t), . . . ,qz(t);p &
(t), ... ,p&(t) ] .

p~(y ~,y2,'E) =C(E)e(E —V(y„y )), (20)

which is proportional to the surface in the y &,y2 space al-
lowed for the system. C(E) is a constant depending on
the energy. As we have already noticed, chaotic trajec-
tories tend to cover uniformly most of the allowed space
in the (y&,y2) sections, as is evident from Figs. 2(c) and
3(c). This eventually leads to a constant, nonzero projec-
tion of the phase-space density on ihe allowed y&,y2
space, in agreement with Eq. (20).

The fractal structure in rapidity space of the hadronic
S matrix rejects the existence of strong fluctuations of
the phase-space density generated by the Hamiltonian
evolution of the two-particle system. The approximation
of replacing the phase-space density by the Boltzmann
distribution exp( H) enables us to calcu—late several
properties of the Hamiltonian dynamics of this system.
For instance, we calculate the factorial moment Cz of
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M —1 M
C2=

2 g g H[yl(i) y2(j)]
i=i j=i+i

with

H [yI(i),y2(j)]
y I (i) y2( j)

=M'f, „„.J, „„dyl.dy2PB(yl y2

(21)

(22)

where y, (i)=i/M, y2(j)=j /M, i j =0, . . . ,M. The re-
sults of the calculation are shown in Fig. 5(a) as a func-
tion of ln(M ) and the exponent in the linear fit is
d2=0. 25, which is in qualitative agreement with the ex-
ponent d

&

=0.5 =2d 2 calculated using the statistical-
mechanical description of the Feynman-Wilson fluid in
one dimension. Moreover, the effect of intermittency
breaking, i.e., the breaking of the linear behavior of C2
with respect to ln(M ) for distances smaller than O(5o),
is evident.

Two remarks are in order. First, the structure of the
density pB(y„y2, E) depends only on the characteristics
of the potential and not on the normalization we choose,
i.e., what solution of Eq. (17) we take. It is proportional
to the surface, in the space y &,y2, allowed for the system
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pB(y „y2,'E), in the regime E =E, . This is a measure of
the fluctuations generated by the motion of the two-
particle system, which are strong in the energy regime
around E, . Using the definition given in [11],we have for
the two-dimensional distribution

x &oV(x)= ln +
50 x

(23)

and the N-particle one

i =N+1
U(x„x2, . . . , x„)= g V(x, —x, , ),

i=1
(24)

with x0=0, x&+& =1, where we have omitted irrelevant
normalization factors. The extrema of the X-particle po-
tential correspond to the configuration where all the dis-
tances between the particles can be divided in two
groups, N+ 1 —k of them being equal to zk, where

LaJ
CI

2.8

which depends only on the form of the two-particle po-
tential. Furthermore, the property of this interaction to
generate trapped chaotic motion with nonzero KS entro-
py at moderate energies, E=E„justifies the use of the
phase-space averages on the ground of the ergodic hy-
pothesis. Second, the existence of fluctuations in y&, y2
space is necessary but not sufhcient in order to have a
fractal structure. This can be easily verified by calculat-
ing the C2 moment [see Fig. 5(b)] for a density which is
nonzero on three cycles with centers lying on
(0.1,0.2),(0.1,0.9),(0.8,0.9) in y„y2 space and with radius
r =0.1. This means that the two-particle potential leads
to a specific structure of fluctuations in rapidity space,
which can be characterized as self-similar.

In order to study the N-particle potential, for g=0. 5,
we calculate the extrema of the potential ~ Consider the
single-particle potential
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FIG. 5. (a) The ln(C2) as a function of ln(M ). The dashed
line corresponds to ln(C2)=0. 251n(M') —4.7. (b) The ln(C2)
for a density with nonfractal fluctuations, as explained in the
text.
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FICs. 6. The energy of the extrema of the potential and their
rapidity configurations for N =24, as explained in the text.
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1+5o(N + 1 —2k)+Q [1+5O(N + 1 —2k) ) —45o(N + 1 —k)

2(N + 1 —k)
(2&)

and k of them being equal to [1 (N—+1—k)zk]lk. The
corresponding energy is easily calculated and we find that
the minimum energy configuration corresponds to the
case k = 1, whereas the configuration of equidistance par-
ticles corresponds actually to the local maximum of the
potential, as in the case of the two-particle potential. In
Fig. 6 we show the N =24 case with 50=0.02. There-
fore, around the minimum the motion can be approxi-
mated by a two-particle potential analogous to Eq. (9)
with a minimal scale of 0 (N5o). Of course, a complete
study of the N-particle potential is needed in order to es-
tablish the existence of trapped chaotic trajectories
around the minimum configuration as well as the ex-
istence of diffusive intermittent trajectories visiting
different local minimum configurations. Nevertheless, it
is hard to believe that this is not the case for large N,
since we know that the relative measure of the chaotic re-
gion approaches its maximum value 1 when the number
of degrees of freedom increases [10].

Therefore, we propose that the fractal properties of the
Feynman-Wilson fluid are the result of (a) the nontrivial
property of the two-particle potential to generate, in the
Hamiltonian motion of the system, trapped and/or
diffusive intermittent chaotic trajectories, leading to
strong phase-space density Auctuations with fractal struc-
ture in rapidity space, and (b) the factorizability of the
N-particle potential, leading to a self-similar structure
(which is also connected to the Kadanoff scaling), which
combined with the clustering property of the potential,
gives rise to the assumption that the motion of the N-

particle system is qualitatively similar to the two-particle
one.

So far, we are considering the hadronic intermittency
to be the result of hadron-hadron interactions, assumed
to be described at the critical temperature T„by the new
component of the hadronic S matrix presented in the In-
troduction. It is expected that above the critical temper-
ature T) T„ the system will be described by the SU(3)
gauge theory of strong interactions. At the classical level
this theory is believed to exhibit chaotic motion [12]. In
the light of our analysis, it is of great interest to investi-
gate in detail the chaotic properties of non-Abelian gauge
theories and especially the phase-space density of the
quark-gluon system produced in high-energy collisions.

We conclude that it is possible to see the main charac-
teristics of the hadronic intermittency, as described in the
framework of the S-matrix model of Ref. [1],in the Ham-
iltonian dynamics of a simple two-particle potential, on
the basis of its property to generate trapped chaotic
motion. This combined with the factorizability of the S-
matrix model, which is responsible for the self-similarity
and the Kadanoff scaling at the critical temperature, can
in principle explain the intermittency shown in the mul-
tiparticle densities in rapidity space.
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