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Exact N-soliton solution of the modified nonlinear Schrodinger equation
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By use of Hirota s direct method, exact ¹oliton solutions have been obtained for the modified non-
linear Schrodinger equation.
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I. INTRODUCTION

The modulated Alfven wave propagating along a mag-
netic field in cold plasmas is described by the modified
nonlinear Schrodinger (MNLS) equation [1]

i q+ — q+P~Iq~ q+iy ' ' =0,a B I' )

Bz 2 clt

where a, )(3, y are real parameters, P is inverse propor-
tional to the wavelength. For the long wavelength, Eq.
(1) reduces to the derivative nonlinear Schrodinger
(DNLS) equation [2]. In addition, the femtosecond-
optical-pulse propagation in a monomodal optical fiber,
where the characteristic length of the envelope is the
same order as the wavelength of the carrier wave, is de-
scribed by Eq. (1) [3]. For a shorter wavelength or a
longer characteristic length, Eq. (1) reduces to the non-
linear Schrodinger (NLS) equation [4]. The MNLS equa-
tion has been solved by the method of meromorphic ma-
trix of transformation [5,6]. However, it is a long and
tedious process. Hirota's direct method [7—11],by which
most of the exact explicit soliton solutions of the non-
linear partial difFerential equation had been given, seems
to be unsuitable.

The purpose of the present paper is to derive an exact
explicit N-soliton solution by use of Hirota s direct
method.
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II. EXACT N-SOLITON SOLUTIONS

Exact N-soliton solutions of Eq. (1) can be expressed in
the form

(2)

where

where

(/3+i' A, )

g,. =K,z +Q, t +q;, X;=i—Q, , y; = ln

Ii+N Ii & +i+N i & Vi+N Vi

for i =1,2, . . . , N,
where e implies a complex conjugate, and

—2ln(A;+Q. ) for i =1,2, . . . , N and j=N+1,N+2, . . . , 2N,
2ln(Q; —

AJ ) for i =1,2, . . . , N and j =1,2, . . . , N

or i =N+1 N+2 2N and j=N+1 N+2 2N

i~; and g; are—comPlex Parameters of the ith soliton, g„o, indicates the summation over all po ibl
combinations of P)=0»1» pz ——0»1, , )Mq)v=0, 1, under the condition g,. )p, =yIv p;, y"=, and g"', indi-
cate the summations over all possible combinations of v1=O, 1, ~ =O 1 . -, & =0, 1 unde th o d t'o
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g(z, t ) = exp(7)()+exp(i)2)+

,v, =1++;,v;+)i and 1++; (v;=g; )v;+&, respectively, and g',. ~ (';&1) indicates the summation over all possi-
ble pairs taken from 2N elements with the specified condition i &j, as indicated. We assume all 0; are different from
each other.

As an example, we write forms off and g for X=2
P+i yQ, P+iyQ,f(z, t ) = 1+ exp(g) +g*, ) + exp(i), +g2' )

a(Q, +Q*, ) a(Q, +Q2 )

P+iyQ2 P+iyQ,

(Q, —Qz) (Q) —Qz) (p+iyQ()(p+iyQz) (10)+
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(Q, —Q2) (p —iyQi )

a(Q, +Qi ) (Q2+Qi )

(Qi Q—q) (P iy—Q2 )

a(Q +Q') (Q +Q*)
(11)

Substituting Eq. (2) into Eq. (1), we can obtain

iD, + D, (g—f)=0, (12)
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It is evident that q(z, t ), defined by Eqs. (2)—(9), is a solution of Eq. (1) provided that f and g satisfy Eqs. (12) and
(13).

Substituting the expressions for f and g into Eqs. (12) and (13), we have
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In Eq. (15), the coefficient of the factor
L L' L+M L'+M'
X I/(+ gI/(+~+ g 2I/;+

i =L+1 i =L'+1
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where C„„d;„,„(v,p) implies that the summations over v
and p should be performed under the following condi-
tions:

v;+p; =1 for i =1,2, . . . , L,

or i —%=1,2, . . . , L',
v; =p; =1 for i =L+1,L+2, . . . , L +M

or i —X=L'+1,L'+2, . . . , L'+M',
v; =p; =0 for i =L+M+1,L+M+2, . . . , 1V

or i —X=L'+M'+1, L'+M'+2, . . . , & .

Under the above conditions, we find that the condi-
tions of v and p in Eq. (15),

N

g p, = g p;~))( and g v;=1+ g v;~)v,

are compatible and mutually convertible from one to the
other if, and only if

L+2M=1+L'+2M' .

Let 0.;=v; —p, for i =1,2, . . . , 2X under the same
conditions. %'e have
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The condition of p in Eq. (17),
N N

X p( X p(+)((

N+L' 1+g,
+ g y;+const (independent of (7 ) .

i =N+1

is converted to
N+L'
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Hence, we have
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where
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where g +, implies the summation over all possible combinations of cr, =+1,o z =+1, . . . , o L, o N+ „.. . ,
oN+L = 1 under the condition Eq. (20) and 11,'J'~~&, , ~

indicates the product of all possible combinations of pairs
chosen from L elements with the specified condition j )i.

Similar procedures give, for the coefficient of the factor
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in Eq. (16), that
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with

under the following conditions:

5, +5,'=1 and 6, +6,"=1
for i = 1,2, . . . , l1 or i —N = 1,2, . . . , l', .

5, +5,'. =2 and 6, +5,"=2

for i =l1+ 1 l1+2 ~ ~ ~ l1+l2

or i —N=l~+1 l1+2 ~ ~ ~ l1+l2

6, +5', =3 and 5, +5,"=3
for i =l, +l2+1, l, +l2+2, . . . , L

or i —N=l1+12+1, l1+l2+2, . . . , L',
5, =5,'. =6,"=2 for i =L+1,L+2, . . . , L+M

or i —N=L'+1, L'+2, . . . , L'+M',

6; =6,'. =5,"=0 for i =L+M+1,L+M+2, . . . , N

or i —X=L'+M'+1, L'+M'+2, . . . , N,

where g, g ., and g - imply the summation over all
possible combinations of o, , cr,'. , and o". =(() +1) for
i =1 2 L N+1 &+L' under the condition

g;=lo,"=—2++; N+, cr,". Thus f and g are solutions
of Eqs. (12) and (13) provided that the following identities
hold:

1(Q1&Q2» QL&QN+1» N+L

for odd n =L+L' (28)

and

2(Q1&Q2»' ' QL&QN+1»' QN+L'

for even n =L+L' . (29)

We shall prove the identities by mathematical induc-
tion. The identities D, =0 and D2=0 are easily verified
for n =1 and 2, respectively. Now, assume that the iden-
tities hold for n =L+L' —2. From Eqs. (21) and (24), we
can obtain [10]
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and C, + and Cz + can be expressed as

LL N+L'
CL+L'

i =1 i =N+1

N+L' (35)X+ X
i =1 i+N+1

b;Q;a;0;+

(34)
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L N+L'
c', +'= y + y a,'Q,

i =1 i =N+1

L N+L'
+ g + g bQ;

i =1 i+N+1
because Q; =Q~. =0 for Q;XQJ. chosen from

L+L' L+L'0,-, 02, . . . , QL, ON+1, . . . , QN+L, C
&

and C2 be-

come C1+ =O and C2+ =O. Thus g), and D2
must be zero for n =L +I.', and the identities have been
proved.


