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Exact N-soliton solution of the modified nonlinear Schrodinger equation
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By use of Hirota’s direct method, exact N-soliton solutions have been obtained for the modified non-
linear Schrodinger equation.
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The modulated Alfvén wave propagating along a mag-
netic field in cold plasmas is described by the modified
nonlinear Schrédinger (MNLS) equation [1] N 2N
+ 3 mieit X mm | 3)
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where «, f3, vy are real parameters, 3 is inverse propor- f*z,0)= 3 exp 2 P it ‘ 2 M
tional to the wavelength. For the long wavelength, Eq. w=01 U”(’ ) =N+
(1) reduces to the derivative nonlinear Schrdédinger ’
(DNLS) equation [2]. In addition, the femtosecond- 2N
optical-pulse propagation in a monomodal optical fiber, + i§1 Bimi | (4)

where the characteristic length of the envelope is the
same order as the wavelength of the carrier wave, is de-
scribed by Eq. (1) [3]. For a shorter wavelength or a
longer characteristic length, Eq. (1) reduces to the non-
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linear Schrodinger (NLS) equation [4]. The MNLS equa- Y
tion has been solved by the method of meromorphic ma- + w 5)
trix of transformation [5,6]. However, it is a long and IZ'I Vil | >

tedious process. Hirota’s direct method [7-11], by which
most of the exact explicit soliton solutions of the non-
linear partial differential equation had been given, seems
to be unsuitable.
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The purpose of the present paper is to derive an exact I
explicit N-soliton solution by use of Hirota’s direct + g . 6)
method. pa iMi | >
II. EXACT N-SOLITON SOLUTIONS Wwhere
. . . 0 NrN) (B+ VV‘Q': )
Exact N-soliton solutions of Eq. (1) can be expressed in  1,=K;z+Q;t+7;, K; =z?Q,-, g;=In———
the form “ (7)
=p* . =0* . =¥
q(z t)z————————————g(z’t)[f(z’t)]* 2) Mi+n=n" Qixn=Qf, @irn=@;
’ fiz,n) ~ for i=1,2,...,N,
where where * implies a complex conjugate, and
J
—21n(Q,-+Q,j) fori=1,2,...,N and j=N+1,N+2,...,2N, (8)

Pu ;)= 12In(Q,—Q;) fori=1,2,...,N and j=1,2,...,N
or i=N+1,N+2,...,2N and j=N+LN+2,...,2N, (9

where Q; =7, —iw; and 17 are complex parameters of the ith soliton, 3 .=o,1 indicates the summation over all possible
combinations of u;=0,1, u,=0,1,..., pu,,=0,1, under the condition Zf‘fz Wi =34 N> S0, and 32, indi-
cate the summations over all possible combinations of v,=0,1, v,=0,1,..., v,5=0,1 under the conditions
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Svi=1+3 v yand 1+3M v, =3~ v, , v, respectively, and 33V, . ;) indicates the summation over all possi-
ble pairs taken from 2N elements with the specified condition i <j, as indicated. We assume all Q; are different from
each other.
As an example, we write forms of f and g for N=2
Bt+ivQ, Bt+ivQ,
(z,t) =1+ ————exp(y; + ] )+ ————
s a(@+ap)? TP Qs
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a(@,+ap? TP T a rar)?
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a’(Q;+ Q)2 +Q3)(Q,+07)(Q,+QF)
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exp(n,+73)

)= + + (n,+n,+77)
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Substituting Eq. (2) into Eq. (1), we can obtain
iDz+%D,2 (gf)=0, (12)
¢f |iD.+ 5D} ’ +aD,(ef)D, J(f*f)—agf*D,2<ff>+[<B+i3w, Ngf)+ivefD,)(g*g)=0, (13
where
mpmar— |0 0 ["la 8| -

D;"D/(gf) [az 3z’ or ot g(z,t)f(z',¢ )lat Z'=z,t'=t * (14)

It is evident that g(z,t), defined by Egs. (2)-(9), is a solution of Eq. (1) provided that f and g satisfy Egs. (12) and
(13).

Substituting the expressions for f and g into Egs. (12) and (13), we have

" A a | W 2
2" XY Ki("i—.ui)“'z > Qv —p;) J
v=0,1 p=0,1 | i=1 i=1
(2N) N 2N
Xexp | 3 @upvivitumip)t 3 (i vy )+ 3 (vitpm [=0 (15)
ij i=1 i=1
(i <j) ’
and
2N a [ 2N 2
DI > > i3> K (u;—u; H‘? > Qui—pf
v=0,1 p=0,1 | p'=0,1 w'=0,1 | i=1 i=1
2N IN 2N 2
ta 3 Q;(v,—pu;) > Qpi—pi)—a > Qp—u)
i=1 i=1 i=1
(ZN) 1 ” ”n N ’ 2N
Xexp | 3 @i +uiui)+ 3 (et ve o)+ X (i uin;
i, j i=1 i=1
(i <j)

v'=0,1 v"=0,1 i=1 i=1

2N 2N
+ 2"' E” ‘B+l3’y 2 Q,‘(V,‘ _H1)+l'y 2 Q,-(v;—v:-')

(2N) N 2N
Xexp | 3 @ pvivi+vivi)+ 3 i+ viingien) T 2 (it
i’j

i=1 i=1

(i <j)
2N) N N
Xexp | ¥ @upvivituip)+ 3 (@i +vi g on)+ X (vitpn; | =0 (16)
ij i=1 i=1

(i <j)



3056

In Eq. (15) the coefficient of the factor

L+M L'+M'
exp 277:+ 2771+1v+ > 2yt 3 2mi4n
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2N
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v=0,1 u=0,1 i=1
(2N) N
Xexp | 3 @,(vi
bLj i=1
(i <j)

where €, 4iion(v,4) implies that the summations over v
and p should be performed under the following condi-
tions:

vi+u;,=1 fori=12,...,L

ori—N=12,...,L",
vi=u;=1 fori=L+1,L+2,...,L+M
ori—N=L'"+1,L'+2,...,L'+M’,

EQ(‘V

i=1

v +.ui.uj)+ 2 (Bi@i tVien@ian) | »
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]

(17

Under the above conditions, we find that the condi-
tions of v and u in Eq. (15),

N N N N
> 4= 3 Miyy and 2vi=1l+ I vien,
i=1 i=1 i=1 i=1

are compatible and mutually convertible from one to the
other if, and only if

L+2M=1+L"+2M' .

vi=u;=0 for i=L+M+1,L+M+2,...,N .
Let o;,=v;,—u; for i=1,2,...,2N under the same
ori—N=L"+M'+1,L'+M'+2,...,N . conditions. We have
J
2N 2 N+L' a N+L’ 2
iy Ki(v; ,u,)+ 2 Q;(v;,— 2 + > K,-cr,-+7 2 + 3 (90 (18)
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N+L’ 1+0,aj L 1—o0;
+ E 2 ‘plj) 2 + 2 Pi
i=1j=N+1 i=1
N+L' 1+o0;
> @; t+const (independent of o) . (19)
i=N+1 2
The condition of  in Eq. (17),
N N
D2 U= X BN

i=1 i=1

is convertéd to

L N+L
>o,— 3 o,=1.
i=1 i=N+1

Hence, we have
D, =const><ﬁ1(01,02, ..
=constX ¥ h(Q,Q,,...,

o==+1
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where
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(20)
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2

L N+L' a L N+L'
h(Q,Qy .. 0,0y .., Oy )=i | S+ 3 K,-a,--i-? >+ 3> Qo , (22)
i=1 i=N+1 i=1 i=N+1
L [ p+iye, (1—0,)/2
b(QhQZ""’QL’QN+]7""QN+L')=H ——a_—
i=1
(1+0.)72
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X I (-
ij
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where 3 ,-,; implies the summation over all possible combinations of o;=%*1,0,==%1,...,0.,08415--->
O n+r-==*1 under the condition Eq. (20) and []{%;. ;=) indicates the product of all possible combinations of pairs
chosen from L elements with the specified condition j > i.

Similar procedures give, for the coefficient of the factor
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in Eq. (16), that
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with
8;=v;+tu;, 8=pi+u, 8'=vitv{,

"

OVl O ST 0=V
under the following conditions:
§;+8;=1 and §;+8;=1
fori=1,2,...,lyor i—N=1,2,...,1].
§,+8;=2 and §,+8;=2
for i=1,+1,1,+2,...,1,+1,
ori—N=I11+1,11+2,...,11+15,

5, +8=3 and §;+8;=3
for i=l,+1,+1,I,+1,+2,...,L

or i—N=I|+1,+1,1,+15+2,...,L",
8, =8,=8/=2 for i=L+1,L+2,...,L+M
ori—N=L'+1,L'+2,...,L'+M’',

8,=8,=6/'=0 for i=L+M~+1,L+M+2,...,N
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where ¥, 3., and 3~ imply the summation over all
possible combinations of o;, o}, and o}'=(0,%1) for
i=1,2,...,L,N+1,...,N+L' under the condition
Si10; :1+E:—N+1Uz21-10;=Efv=+1\{“;102 and
St of=—2+3N"¥, 0”. Thus f and g are solutions
of Egs. (12) and (13) provided that the following identities
hold:

D(Q,Q ..., 0,0 1., Qyir)=0
for odd n=L+L' (28)
and
Dy(Q,Q0, ..., Q1,0 1y Qyy =0
for even n=L+L'. (29)

We shall prove the identities by mathematical induc-
tion. The identities D, =0 and D, =0 are easily verified
for n=1 and 2, respectively. Now, assume that the iden-
tities hold for n =L +L’'—2. From Egs. (21) and (24), we

ori—N=L'"+M'+1,L'+M'+2,...,N, can obtain [10]
J
, (L) N+L' N+L’'
ﬁ](Q3,...,QL,QN+1,...,QN+L')=C%+L_2 H (Q,—Qj)z II II H (Qi+ﬂj)_2’ (30)
i,j ij i=3 j=N+1
(j>i=3) (j>i=N+1)
ﬁ2(037""QL’0N+1"’"QN+L')
o h L N+ N+L' I N+L _2 L+ L .
=C12~+L—2H II (Q‘.—QJ.)Z II H 11 (Q;+9Q;) 11 11 (Q;—Q;)
i=3 j(>0=4 i=N+1 j(>i)=N+2 i=3 j=N+1 i=1+1 j(>i)=1+2
N+ +1 N+L' L+l nN+L
X 11 o «@-9) I II @+o)™*
i=N+1{+1 j(>)=N+I1]+2 i=l+1 j=N+1
(L) . N+L' 6 L N+L' e
ij ij i=l+1,+1 j=N+1
(>i=l+1,+1) (j>i=N+I]+13+1)
N , W (N+L" N+L' B
DI(Q]’QZY"‘)QL3QN+D'"’QN+L')=C§+L H (Q,_QJ)Z H (QI_Q II H (Q,“}_Q]) 2, (32)
ij ij i=1j=N+1
(G>i=1 (j>i=N+1)
and
ﬁz(nl,nz,...,QL,9N+l,...,QNH.)
N+Iy N+L L N+L
_CL+LH H (Qi‘ﬂj)z I1 I1 PIT 11 ¢ (Q;+Q;)
i=1 j(>i)=2 i=N+1 j(>i)=N+2 i=1j=N+1
L+ L N+ +15 N+L' L+l N+L’
X II Q,—Q)* 11 I1 Q-9 11 II (@,+e)~*
i=L+1 j(>i)=I1+2 i=N+I;+1 j(>i):N+l'1+2 i=l+1 j=N+1
(L) (N+L") L N+L’
X 11 (Q,—Q;)° 11 Q-9 II I ©+9)°°, (33)
LJ ij i=1+1,+1 j=N+1

j>i=l++1 J>i=N+I1{+15+1
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and CY¥ %L and C4 1L can be expressed as
) L N+L' L N+L' 2
Ci™t'=|3+ 3 |aQ+ ||+ 3 |6
i=1 i=N+1 i=1  i+N+1
(34)
and

, L N+L’
C%-’—L = 2 + z ailﬂi
i=1  i=N-+1
L N+L’ 2
HZ2+ 2| (35)
i=1  i+N+1
because  (;=;=0 for Q,;7Q; chosen from
Q95 ..., Q0,5 44, - - ,Q,N_,_L,,C{"FL and CL*L' be-

come C{*L'72=0 and C{*£""2=0. Thus D, and D,
must be zero for n =L +L’, and the identities have been
proved.
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