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The specific magnetic-field-induced birefringence is measured in aqueous suspensions composed of the

charged rodlike particle tobacco mosaic virus (TMV) as a function of temperature, TMV concentration,
ionic strength, and TMV polydispersity over the entire isotropic range. This quantity is proportional to
the magnitude of the interparticle angular correlations at zero field. Theoretical expressions for the
field-induced birefringence for both the mono- and polydisperse samples are derived based on extensions
of the Onsager model [L. Onsager, Ann. N.Y. Acad. Sci. 51, 627 i1949l] and compare well with experi-
ment. In addition, the isotropic-nematic phase coexistence concentrations are measured as a function of
ionic strength and temperature. The agreement between experiment and theory indicates that the TMV
particles interact primarily through electrostatic repulsion and that attractive forces are negligible.

PACS number(s): 61.30.Crd, 61.25.Hq, 64.70.Md

I. INTRODUCTION

The phase behavior and macroscopic properties of con-
densed phases are determined by interparticle interac-
tions, which generally have both repulsive and attractive
components. The noble elements, such as liquid argon,
serve as model experimental systems to explore proper-
ties of single-component Auids for which the interactions
are dominated by steric repulsion, with attractive forces
playing a secondary role [1]. However, for Auids com-
posed of anisotropic molecules there are no analogs to
noble gases. In particular, the interactions between mole-
cules which form thermotropic liquid-crystalline phases,
have both important repulsive and attractive components
[&).

Here we study colloidal suspensions of tobacco mosaic
virus (TMVi, which consist of rigid rodlike particles in-
teracting almost entirely through electrostatic repulsion
[3]. Similarly to recent computer simulations of hard
rods [4], TMV suspensions exhibit a rich phase behavior
and observations of isotropic [5], nematic [6], smectic,
and colloidal crystalline phases [7—9] have been reported.
In this respect, the TMV system is unique in being the
only experimental system of particles whose pair poten-
tial is dominated by repulsion to show the same phase
behavior as thermotropic liquid crystals. As a conse-
quence of the simplicity of the interparticle interactions,
there is hope that simple molecular statistical-mechanical
theories, such as extensions of the Qnsager model for
nematic liquid crystals [10] discussed in this paper, will
quantitatively describe these model TMV systems.

In this paper, we measure concentrations of the coex-
isting isotropic and nematic phases in suspensions of both
monodisperse and polydisperse suspensions of TMV as a
function of ionic strength and temperature. We use the
technique of magnetic birefringence to examine the
growth of angular correlations between particles

throughout the entire isotropic phase as the particle con-
centration is increased towards the isotropic-nematic
phase transition at constant temperature. We show that
these magnetic birefringence studies as a function of
TMV concentration and temperature yield information
about the mass average of the TMV particles in suspen-
sion, the excluded volume of the particles, and the num-
ber of particles in an angular correlation volume. Our
measurements are in good agreement with a theoretical
description based on the Onsager model, which assumes
that TMV particles interact exclusively through electro-
static repulsion, and that the angular correlations, ex-
cluded volume, and phase coexistence concentrations are
independent of temperature.

The remainder of the paper is organized as follows.
Section II introduces the TMV particle and mentions
previous studies of liquid-crystalline phase of TMV. Sec-
tion III discusses the previous observations of magnetic
birefringence of virus suspensions. Theoretical models
are developed for magnetic-field-induced birefringence in
the isotropic phase, for both monodisperse and po-
lydisperse suspensions. Section IV describes the theory
for the concentrations of the isotropic-nematic coex-
istence region. Section V describes the experimental ap-
paratus and sample preparation. Section VI discusses the
experimental results. First, results of monodisperse sam-
ples are presented. The temperature dependence of the
magnetic birefringence and coexistence concentrations
are discussed in Secs. VI A —VI D, the concentration
dependence of the specific magnetic birefringence in Sec.
VI E, determination of Ay in Sec. VI F, the concentration
dependence of angular correlations in Sec. VI G, and the
concentration dependence of the coexistence region as a
function of ionic strength in Sec. VIH. Next, experi-
ments with TMV samples with length polydispersity are
discussed. In Sec. VI I observation of aggregation of
TMV in suspensions of low ionic strength is reported.
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Magnetic birefringence data of polydisperse samples is
presented in Sec. VI K, and Secs. VI L and VI M discuss
the segregation of longer particles into the nematic phase
of co-existing samples. Finally, in Sec. VII, we present
our conclusions.

II. TOBACCO MOSAIC VIRUS

In a low-resolution electron micrograph tobacco mosa-
0

ic virus appears as a rigid rod of dimensions 3000 A in
length by 180 A in diameter. As a consequence of its
shape anisotropy, TMV is also optically anisotropic with
different indices of refraction along and perpendicular to
its axis; we denote the birefringence of a suspension of
perfectly aligned particles by An„,. Correspondingly, a
TMV molecule has different diamagnetic susceptibilities
along and perpendicular to the rod axis, the difference of
which is denoted by Ag. A suspension of these particles
is isotropic at low concentrations, that is, the rod axes
point in all directions with equal probability when aver-
aged over the entire sample. However, locally there are
angular correlations between neighboring rods and the
correlation length increases with concentration. At
volume fractions varying between 2% and 10% (depend-
ing on ionic strength) the suspension forms a nematic
liquid crysta1. This is a Auid where the rod axes preferen-
tially point in the same direction and the angular correla-
tion length is infinite. Onsager [10] developed a model
for this phase transition of a suspension of anisotropic
particles. He showed that it is driven only by the shape
anisotropy of the particles and that attractive van der
Waals forces are not necessary to produce an ordered
phase. In this case, the system is athermal and tempera-
ture plays no role in the phase behavior. However, TMV
is a polyelectrolyte and at pH7 is negatively charged with
a linear charge density of 0.5 —2 electrons/A (e/A) [11].
In Onsager's model this alters the effective diameter of
the particle, which is determined by the repulsive poten-
tial between rods. Adding salt to the suspension screens
the repulsion and alters the effective diameter, thus ac-
counting for the ionic strength dependence of the coex-
istence concentrations.

Previous studies of liquid-crystalline phases of TMV

Shortly after TMV was first iso1ated from infected to-
bacco plants, it was recognized that concentrated,
purified suspensions formed a nematic liquid-crystalline
phase. Best [12] measured the coexistence concentrations
in NaC1 solutions. Detailed x-ray and optical microscop-
ic studies of TMV suspensions as a function of TMV con-
centration, pH, and ionic strength were performed by
Bernal and Fankuchen [13]. However, the samples used
in these early studies were polydisperse. Nematic phases
of monodisperse TMV were studied by Oster [7], who
used light scattering to measure the excluded volume of
TMV in the isotropic phase as a function of ionic
strength. Viscoelastic constants of TMV were measured
by Fraden et al. [14] who also studied reorientation in-
stabilities [15,16]. The orientational distribution function
of the nematic director was measured by Oldenbourg

et al. [17] as a function of concentration. Zasadzinski
et al. [18] used freeze fracture electron microscopy to
visualize the molecular ordering of TMV suspensions. In
a companion letter to this paper, Fraden et al. [6] report-
ed the measurements of the isotropic-nematic coexistence
concentrations as a function of ionic strength.

Phases with greater order than nematic have also been
reported. TMV forms crystalline inclusions in the infect-
ed tobacco plants. These crystals have been studied with
optical microscopy [19] and freeze-fracture electron mi-

croscopy [20]. In studies of the phase behavior of mono-
disperse TMV, Oster [7] observed an iridescent phase of
TMV in suspensions in pure water at low ionic strength.
The iridescence arose from the ordering of the TMV mol-
ecules into layers perpendicular to the TMV axis, a struc-
ture consistent with either the smectic-A or colloidal
crystalline phases. In a light scattering study, Kreibig
and Wetter [8] measured the concentration dependence
of the layer spacing in polydomain samples, and noted a
large variation in lattice spacing for different domains in
the same sample. Fraden, Caspar, and Phillips [21] stud-
ied the same iridescent samples, but with x-ray scattering,
and measured the interparticle separation of the particles
within the planes. They observed crystalline order,
demonstrating that the iridescent phase, in pure water,
was a colloidal crystal. Similarly to the observations of
Kreibig and Wetter, they observed a large variation in
lattice constant for crystals in the same physical condi-
tions. Subsequently, in a combined optical microscopy,
light and x-ray scattering study, Wen, Meyer, and Caspar
[9,22] identified different conditions under which TMV
forms a smectic-3 phase. A review of experimental re-
sults for other lyotropic systems has recently been
presented by Vroege and Lekkerkerker [23].

III. MAGNETIC BIREFRINGENCE

Application of a magnetic field (H) to an isotropic sus-
pension of number density c induces partial alignment of
the particles and the suspension becomes macroscopically
birefringent. The specific magnetic birefringence in the
limit of zero applied field b,n/cH of the suspension is
proportional to the number of particles in a correlation
volume. Photinos et al. [24] reported magnetic
birefringence measurements of a TMV solution at con-
centrations far below the nematic phase transition. They
observed

-(c*—c) '(T —T*)
cH

which is characteristic for pretransitional orientational
correlations with T the temperature and c* and T* ex-
perirnentally determined constants having values of
c *= 107 mg/m1 and T*= 130 K.

A. Thermotropics

Magnetic birefringence has been frequently used in
phase-transition studies of thermotropic liquid crystals
[25]. Thermotropics are single-component systems com-
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posed of anisotropic organic molecules. They are rela-
tively incompressible and the density varies little with
temperature. In experiments with thermotropics the field
induced birefringence in the isotropic phase is measured
as a function of temperature. The birefringence (b,n) in-
creases as the temperature of the isotropic phase is
lowered and is well described by the mean-Geld formula

b.n /H ~ ( T —T*)

The birefringence does not increase without bound as
the temperature is lowered. At zero magnetic field, for a
temperature T, which is greater than T*, a phase transi-
tion to the nematic phase occurs. T* is a constant ob-
tained by extrapolating the values of T to where An
diverges, which is the temperature where the isotropic
phase is absolutely unstable. In a phenomenological
theory, such as the Maier-Saupe model, T* is related to
the potential of mean force acting on a molecule in the
nematic phase, and thus indirectly related to the attrac-
tive interparticle pair potential [2,26]. An explanation of
the increase of the birefringence is that angular correla-
tions between the molecules grow as the nematic transi-
tion is approached. de Gennes [27] has proposed that the
angular correlation length, g, is given by g2 CC ( T —T* )

In contrast, a Quid of noninteracting particles will never
have a nematic transition or equivalently T =0. Such a
Auid has a magnetic susceptibility given by
An/H ~1/T. The ratio of susceptibility for the in-
teracting case [Eq. (2)] to the noninteracting case at the
temperature of the isotropic to nematic phase transition
(T„)is T„/(T„—T*). This ratio is equal to the number
of particles in a correlation volume, and typically for
room-temperature thermotropics has a value of order
100.

B. Lyotropics

We are using the term lyotropic to describe liquid crys-
tals composed of immutable rodlike molecules dissolved
in a solvent, i.e., colloidal suspensions, as opposed to the
common usage of lyotropic to denote liquid crystals of
self-assembling molecules such as micellar solutions. The
first molecular theory of the isotropic-nematic (IN)-
phase transition for lyotropics was developed during the
1940s by Onsager [10]. One of the systems studied by
Onsager was a gas of long, thin rods. The pair-potential
considered was that of hard-core repulsion which
prevents two rods from occupying the same space simul-
taneously. Deviation from ideal-gas behavior was re-
stricted to two-body interactions only, which is exact for
low rod concentrations. Onsager's result was the predic-
tion of a I-N transition in the absence of any attractive in-
teractions between particles. In this system, where the
pair potential is purely repulsive, the free energy of the
system consists only of entropic terms. The phase transi-
tion is driven by a competition between the rotational en-
tropy of the rods, which favors an isotropic phase and the
entropy of packing, which favors aligned rods. At high
rod concentrations the isotropic phase is unstable because
the rods become highly interdigitated which dramatically
decreases the translational entropy of the rods. At a crit-

ical concentration, which depends only on the axial ratio
of the rods, the total entropy of the rods is maximized by
becoming orientationally ordered. Onsager also treated
the case of charged rods in an aqueous solvent by calcu-
lating an effective hard rod diameter due to the electro-
static repulsion between rods. His model qualitatively ex-
plains the observed behavior of charged rod suspensions,
but quantitatively the theory, as discussed by Onsager, is
only correct if the axial ratio is greater than about 100.
For shorter rods the interactions greater than two-body
ones become increasingly important.

The magnetic birefringence of the isotropic phase of a
lyotropic liquid crystal was first discussed by Straley [28]
in a thorough review article of the experiments and
theory of lyotropics as of 1973. Straley showed that the
magnetic birefringence of hard rods in the limit of zero
field for the Onsager approximation is

An

cH

AN,'„Ay
151@T(1—c/c*) (3a)

with c*=4/b, where b =~L D/4, the average excluded
volume of a pair of rods in the isotropic phase, and L is
the length and D the diameter of the rod. The maximum
birefringence of the suspension is

An„,=cAN,'„. (3b)

Analogous to the thermotropic case, the birefringence
diverges when the concentration c increases to the value
of c *. Before this occurs, the suspension becomes nemat-
ic, which in the Onsager model occurs at c =3.3/b. In
this model, the specific field induced birefringence of Eqs.
(3) is 5.7-fold greater at the I Ntransition t-han when the
concentration is zero.

The first study of pretransitional effects in lyotropics of
rodlike molecules using magnetic-field-induced
birefringence was performed by Nakamura and Okano
[29]. The system investigated was the bacteriophage fd,
a long, thin, and slightly flexible molecule. They studied
both the magnetic susceptibility and the rotational
diffusion of the rods in the isotropic phase over a wide
concentration range for one ionic strength and constant
temperature. The specific magnetic-field birefringence
was observed to increase threefold from the dilute limit
to near the I-N transition.

The temperature dependence of the induced
birefringence reported by Photinos et al. and summa-
rized in Eq. (1) is very intriguing. In our Introduction,
we suggested that electrostatic repulsion is by far the
most significant interparticle force in determinng phase
behavior. Evidence supporting this claim is supplied by
scattering experiments probing interparticle spatial corre-
lations in the isotropic phase of TMV [5]. These experi-
ments reveal spatial correlations consistent with a quid of
rods which maximizes the distance between rod surfaces.
This causes the particles to be separated by such dis-
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tances that van der Waals forces are very small [3] with
respect to the electrostatic repulsion. In a suspension of
hard rigid rods, the value T* is zero. With rods interact-
ing solely through electrostatic repulsion, the ground-
state configuration at zero temperature would be a P-
tungsten structure consisting of antiparallel alignment of
the rods [5,30] and consequently T* would be negative
One motivation for our study was to determine if the ob-
served positive value of T* arose from thermotropic pre-
transitional effects, or was a consequence of the tempera-
ture dependence of the single-particle properties
parametrized in the product AN,'„Ag.

C. Onsager theory for short, rigid, charged rods

As mentioned earlier, the Onsager approximation of
including only two-body interactions is valid if the axial
ratio exceeds about 100, and TMV has an axial ratio of
about 15, far less than can be expected to be described ac-
curately by Eq. (3). Rods of such small anisotropy re-
quire higher terms in the virial expansion of the free ener-

gy for hard rods developed by Onsager. The problem in
extending the Onsager theory to take into account higher
terms in the virial expansion is that there are no analyti-
cal expressions for the terms higher than the two-body
term discussed by Onsager [10] and Straley [28], although
there have been efforts to find an analytical expression for
the excluded volume of three rods [31]. Thus, while the
contribution of the higher-order virial terms to the mag-
netic birefringence has been derived by Photinos and
Saupe [32], it is only possible to analytically evaluate the
coeKcient of the lowest-order concentration term.

There are several theoretical approaches to account for
the higher virial terms in hard rod systems of small axia1
ratio. Instead of using an ideal gas as the reference state,
the other choice is to use the liquid of hard spheres as the
reference state and include the nematic interaction at the
level of the second virial coefficient. Since there are many
theories for the free energy of a hard sphere liquid, there
is ample opportunity to form theories of short rod nemat-
ic phases. In particular, we mention the recent contribu-
tion by Sato and Teramoto [33], describing the isotropic-
nematic transition in a suspension of charged sphero-
cylinders. We also refer the reader to the recent review
article of the Onsager model and its extensions by Vroege
and Lekkerkerker [23]. However, here we extend the
theory presented by Lee [34], which describes the free en-

ergy of a suspension of uncharged spherocylinders of ar-
bitrary axial ratio, to include the effects of an external
magnetic field and of charge on the spherocylinder.

A spherocylinder is composed of a cylinder of length I
and diameter D, with each end of the cylinder capped by
a hemisphere of diameter D. The theory of Lee essential-
ly amounts to an interpolation between the accurate lim-
iting theories of the Carnahan-Starling equation of state
for hard spheres and the Onsager equation of state for
infinitely long hard spherocylinders. The free energy of a
liquid of hard spherocylinders proposed by Lee is

po( T)

kT
+inc —1+o.(f)+,(v,„„(a,a'))+E(f),P(4 —3P)

8(1—P)
(4)

g(f) =—( —siny(a, a')ln[siny(a, a') ] ) —[ln2 —1/2]p( f),4

and the parameter h =1/xD, ~. We assume that due to
the effect of charge, both the cylindrical and spherical
cap of the spherocylinder are increased by the same
amount. We refer to Ref. [33] for a more in-depth treat-
ment of this issue. The function rt(f) and constant h de-
scribe the destabilizing effect of the angular dependent
electrostatic term in the free energy on the nematic phase
which occurs because the potential energy is minimized
when the rods axes are perpendicular. Stroobants, Lek-
kerkerker, and Odijk [35] and Odijk [36] have given a
thorough discussion of the role of this effect on the
isotropic-nematic transition, and have named the con-
stant h the "twist" parameter.

The appropriate theory to calculate D,z depends on
the charge density of the polyelectrolyte. Weakly
charged rods are described by Debye-Huckel theory,
while highly charged rods require the Poisson-Boltzmann
equation. A detailed discussion of these two cases is also
found in the paper of Stroobants, Lekkerkerker, and
Odijk [35]. They note that for TMV, the analytical ap-

where po is the chemical potential, c the concentration.
The first three terms on the left side of Eq. (4) account for
the free energy of an ideal gas. The next term,
o (f ) = ff(a)ln[4mf (a) ]da, arises from orientational en-

tropy of the spherocylinders, where f (a) is the normal-
ized angular distribution function which represents the
probability of a rod axis pointing in the direction a. The
fifth term arises from the entropy associated with the
number of ways of packing rods of volume fraction P,
defined by P =cV, with V the volume of the sphero-
cylinder, and v,„,&(a, a')=v,„,&(a, a')/V, where v,„,&(a, a')
is the volume excluded to two crossed spherocylinders
with axes pointing in directions a and a . The angular
brackets denote the orientational average. For long, thin
(L /D ))1), rigid, and hard (uncharged) rods the exclud-
ed volume v,„,&(a, a') =8L

~
siny

~
/~D, where y(a, a') is

the angle between the cylinder axes.
When the cylinders are charged, the excluded volume

is modified due to electrostatic repulsion. Onsager [10]
argued that the principal effect of charge would be to in-
crease the diameter of a long, thin rod from its physical
diameter D, to an eff'ective diameter D,ft=D (1+5), "by
a modest multiple of the (Debye) screening distance 1/x. ."
D,z is calculated by finding the separation of the rods at
which the energy of repulsion is of order kT
when averaged over the isotropic angular distribution
function in the isotropic phase. Following Onsager
[10] and Stroobants, Lekkerkerker, and Odijk [35], the
excluded volume for charged spherocylinders can be
expressed as (V,„,&(a, a') ) =8+3rrP[p(f)+hrt(f)] with

P= (L /D, tr) [m (1+3L /2D, tt) ]
' where the function

p(f) = ( 4/m. ) ( ~
siny ( a, a' ) ~ ), with the function
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(5)E(f)= —MS,
where M =5 H /3k T S is the order parameter,
S=1 f(Q)P (20)dQ, 0 the angle between the field and

3 0—1the rod axis, d 0=2' sin0d0, and P2(0) =
—,
' 3 cos 0—1 .

Finally, the free energy for short, charged sphero-
cylinders is given by

+inc —1+ cr(f )
po( T)

kT
F

XkT

+ ~ 1+ P[p(f)+hg(f)] —MS .

proximation or ef th Poisson-Boltzmann equation given
by Philip and Wooding [37] is accurate enough for deter-

D B numerically solving this equation and
following the procedure outlined by Stroobants, Le er-
erker, and Odijk, we obtained the effective diameter ff,
and twisting constant h, of TMV as a function of ionic
strength of the solution for a range of charge densities
from 0.5 to 2.0 e/A. Although the charge density is
varied by a factor of 4, due to the nonlinear nature of the
Poisson-Boltzmann equation, the effective diameter only
changes y o.b 10%%u The results of the calculation are
shown in Fig. 1.

The last term in Eq. (4) represents the free-energy con-
tribution from a magnetic field given by

f (0)= [1+5SP~(0) ] .
4~

(7)

The order parameter is a measure of the macroscopic
or ion -range angular order of the suspension. For anor ong-ra
isotropic suspension in the absence of an a igning e
is zero and the angular distribution is a constant.

The magnetic birefringence of a suspension of rods
with a free energy given by Eq. (6) is easily calculated. In
the circumstances where the angular distribution from
Eq. (7) is valid, the free energy of Eq. (6) can be written as

g=15S /32. Then the order parameter which minimizes
the free energy is found:

AyH
15kT

1

(1 ——', )
(1——'h )c* (1—P)

ed into Legendre polynomials and when the degree of
l t f the rods is small, as in the case o a weak

magnetic field applied to the isotropic phase, on y e
lowest-order Legendre polynomial in f (0) need be re-
tained [28]. The normalized angular distribution in this
case is

By taking the appropriate limits this free energy reduces
to ones previously published. For example, to pass to the
hard rod limit let the Debye screening length go to zero.
This sets 5= h =0, and the free energy reduces to the one
of Lee. To pass to the long, charged rod limit, keep K

nonzero, let D/L =0 and take only the leading term in
volume fraction P. This gives the free energy discussed
by Onsager [10] and Stroobants, Lekkerkerker, and Odij
35.

The angular distribution function f (0) can be expand-

I
' ' '

I

' ' ' 015780-I- '

580—
o~

380

180
0 25

I

50 75
0.00

100

Ionic strength (mM)

FIG. 1. Calculated eft'ective diameter, D,&, and twisting pa-
rameter h =1/~D ~, for TMV as a function of ionic strength.rameter,
D,ff (left ordinate) and h (right ordinate) are calculated from the
Poisson-Boltzmann equation assuming a diameter off 180 A and
linear charge density of (a) 0.5 e/A, ( )b 1.0 e/A, and (c) 2.0
e /A.

The field-induced birefringence is simply the product
of the order parameter and the birefringence of a perfect-
ly aligned suspension of number concentration c:

hn =An„,S=cd%,'„S.

The order parameter becomes 1 —c(l—0.75h)/c*] ' in the limit of small c, and is exact for
I./D )) 1, where c* and b,n„,are defined as in Eq. (3)
but with D replaced by D,ff. The order parameter
diverges at the concentration c =c*/(1 —0.75h). This is
the concentration for which a suspension of rods would
become nematic by a second-order transition, if a first-
order transition did not occur first, and is the bifurcation
point of the Onsager theory as discussed by Kayser and
Ravache [38], Odijk [36], and Stroobants, Lekkerkerker,
and Odijk [35]. From this expression, we see that the
electrostatic repulsion between TMV molecules affects
the I-2V transition in two opposing ways. First, by lower-
ing the ionic strength, the effective diameter of the parti-
cle is increased, thus reducing the TMV concentration at
the I-N transition. Second, the angular-dependent elec-
trostatic potential acts to counteralign the particles, as
characterized by the parameter h. Lowering the ionic
strength increases h, and thus increases the concentration
needed to have a stable nematic phase. Indeed, if h in-
creases to —', the nematic phase is completely destabilized.
From Fig. 1 we see that h is at most of order 0.1. Thus
the balance of these opposing effects, for TMV, rests wit
the first case, and we observe that the concentrations of
the I-2V coexistence regime decrease as ionic strength de-
creases, as shown in Fig. 2.
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IV. ISOTROPIC NEMATIC PHASE TRANSITION

4. 19
Cn (1—0.73h) j7

4
(1—0.75/L )b

(14)

The expressions for c* are identical between the theory of
Lee modified above and the Onsager theory, because the
free energy in Eq. (4) reduces to the Onsager expression
at low concentration.

The theory of Lee [34], which at some level contains
higher virial coefficients, predicts transition concentra-
tions lower than the Onsager theory. In other words, the
higher coefficients act to stabilize the nematic phase. Ex-

Calculation of the coexistence concentrations requires
equating the osmotic pressure and chemical potential of
the two phases for the angular distribution, which mini-
mizes the free energy of Eq. (4). To approximately de-
scribe the coexistence concentrations of monodisperse
TMV, we use the results of Lee for hard spherocylinders.
We model TMV as a spherocylinder of dimensions
L =2820 A and D = 180 A and of linear charge density in
the range 0.5 —2.0 electron/A. The effective diameter
D,~, and twist parameter h, are calculated as a function
of ionic strength as described above and plotted in Fig. 1,
from which the aspect ratio of the particle
x =L /D, z+ 1, is obtained. Lee calculated the coex-
istence concentrations of the isotropic and nematic
phases, c, and c, as a function of x, which we transform
with the aid of Fig. 1 to be a function of ionic strength.
We treat TMV as a hard particle with an aspect ratio
that depends on ionic strength and neglect the contribu-
tion of "twist" to the I %phase -transition. Odijk [36] es-
timates, using a perturbation theory based on the On-
sager limit, the magnitude of the twist effect in increasing
the coexistence concentrations as Bc;=2. 37hc, and
Bc„=3.01hc„. In this case, the coexistence concentra-
tions are increased and the coexistence region is slightly
widened. The values of c,-,c„,and c as a function of ion-
ic strength for the Onsager theory reported by Odijk [36]
are described by the following equations:

3.29
(1—0.675h )b

cellent discussions of this are given by Straley [28] and
Odijk [36]. The ratio of coexistence concentrations is
smaller in the theory of Lee than for Eqs. (14). In Fig. 2
we plot the coexistence concentrations for TMV as calcu-
lated by Lee and Odijk as a function of ionic strength, us-
ing D,ff and h as shown in Fig. 1, and assuming a charge
density of 2 e/A.

How well does the theory of Lee describe concentrated
suspensions of spherocylinders? Monte Carlo results for
the osmotic pressure have been calculated for sphero-
cylinders of several short lengths. We compare the virial
coefficients between the theory of Lee and the Monte
Carlo results of Monson and Rigby [40] in Table I. The
values of 82 for the theory of Lee are exact. Inspection
of Table I reveals that the theory of Lee underestimates
the third virial coefficient, and is close to the rest. How-
ever, within computational accuracy, the theory of Lee
gives both the same osmotic pressure and transition con-
centration of the isotropic phase at the I-N transition as
the Monte Carlo results of Frenkel [41] for the case of a
spherocylinder of L/D =5. It seems in this case that the
errors in the virial coefficients cancel. The theory of Lee
has been extended to treat ellipsoids and compared well
with Monte Carlo results [42] and has been applied to the
nematic-smectic phase transition [43].

V. MATERIALS AND METHODS

Two strains of TMV were used in this study; one strain
was the common strain (TMV) and the second was a mu-
tant strain designated as U2 [44]. The structure and
physical properties of the two viruses are similar. Both
are composed of 2130 identical protein subunits arranged
in a helix composed of 16 and —,

' units per turn of the
helix, wound about a hollow, water-filled center of 40 A
diameter. The overall dimensions of the particles are
3000 A in length, and (outer) diameter of 180 A, with a
total molecular weight of 4X 10 g/M. The virus is nega-
tively charged above the isoelectric point of pH 3.5, and
there are 1 —2 charges per protein unit at pH7. Besides
protein, TMV contains a double strand of RNA running
the entire length of the virus with three base pairs per
protein subunit [45].

The TMV and one sample of the U2 strain were grown

TABLE I. Reduced virial coefficients for spherocylinders from the theory of Lee [34] (L), Monte
Carlo results of Monson and Rigby [40) (MR), and Monte Carlo results of Frankel [41] (F). The second
virial coefficient is exact.

L/D

B,/V
B3/B2

B4/B2

L
MR
F
L

MR
F
L

MR
F

4
0.6250
0.6250

0.2813
0.2869

0.1094
0.1106

4.60
0.5435
0.5832

0.2127
0.2312

0.0860
0.0822

5.50
0.4545
0.5355

0.1488
0.1683

0.0421
0.0402

6.46
0.3868
0.4896

0.1078
0.1183

0.0259
0.0228

7.43
0.3364
0.4514

0.0815
0.0807

0.0171
0.0131

8.41
0.2973
0.4196
0.4346
0.0636
0.0531
0.0669
0.0118
0.0126
0.0115
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An
CM (15)

and harvested by M. Cahoon at Brandeis University fol-
lowing the basic procedures of Boedeker and Simmons
[46] and Kreibig and Wetter [8]. One sample (a generous
amount) of the U2 strain was kindly supplied to us by G.
Stubbs. The samples from Cahoon were stored in water
and the Stubbs sample was stored in 10-mM sodium
phosphate, pH 7.0. Shortly preceding the magnetic
birefringence measurements, the samples were either used
directly or placed in potassium phosphate buffer at pH
7.2. Two samples were dialyzed against this buffer and
the third was prepared by diluting the TMV in a buffer
and then reconcentrated by pelleting the virus in a centri-
fuge. Additional samples used in the measurement of the
coexistence concentrations were dialyzed against TRIS-
HC1 at pH 8.0. These latter samples were used in a neu-
tron scattering experiment measuring interparticle spatial
correlations in concentrated isotropic TMV solutions as a
function of ionic strength [5]. The conductivity of the
samples were measured with a standard ac bridge meter
(Seibold conductivity meter), and a calibration was made
relating ionic strength of the buffer to the measured con-
ductivity. The pH was measured with a standard meter
equipped with a small probe. After dialysis, the sample
concentration was adjusted such that approximately 90%
of the solution was isotropic in coexistence with 10%
nematic. Concentrations were determined spectropho-
tometric ally using an extinction coefFicient of 3.05
cm /mg at 265 nm wavelength [46].

With effort monodisperse preparations of TMV can be
prepared according to the methods described above.
Rapid aggregation occurs at high ionic strength () 100
mM) or at low pH ( (pH 5), but will also occur over time
at lower ionic strengths and higher values of pH. Stable
monodisperse samples can be stored for a long time as
concentrated suspensions in pure water. Fragmentation
of TMV is induced by freezing or sonicating the suspen-
sions. All our observations indicate that only end-to-end
aggregation or fragmentation occurs, in other words the
particles always have the same diameter. In this study,
aggregation was induced by high ionic strength and frag-
mentation through freezing of the virus suspensions.

All magnetic birefringence measurements were per-
formed at the Hochfeld Magnetlabor of the Max Planck
Institut in Grenoble, France. The sample cells had either
quartz or Teflon bodies with quartz windows. The cells
had optical path lengths varying between 0.2 and 3.0 cm.
These were placed in a temperature-stabilized sample
holder in a Bitter magnet which had a small radial opti-
cal bore. The field-induced birefringence was measured
using a combined photoelastic modulation and compen-
sation technique [47]. Polarizer and analyzer were
crossed and at 45 with respect to the field direction. The
light source was a He-Ne laser (A, =6328 A). The mag-
netic field was calculated by measuring the current pass-
ing through the magnet and separately determining the
field-current relationship. The birefringence and magnet-
ic field were registered on a personal computer from
which the Cotton-Mouton (KcM) constant was calculat-
ed where

with A, the wavelength of light. The maximum attainable
field in this magnet was 13.5 T [1 T= 1 Tesla:—10 G
(Gauss)] and the smallest measurable ICcM value was
about 2 &(10 T cm

VI. EXPERIMENTAL RESULTS

A. Magnetic birefringence: Low temperatures

with

(1—
—,'P)(1 —

—,'h )1—
+cM +cM &=p p (1 P)

(16)

p 15kTX

&CM p
—P ~&Sat~X

(17)

and the maximum possible birefringence
An», =chNs'„=phd», . The conversion from number to
mass density for monodisperse TMV is p[mg/m]
=c[No. /ml]4X10'" [mg/mol]/6X10 [No./mol] and
the mass, m, of a monomer of TMV is m =p/c. For the
case of noninteracting particles the theory predicts that
p/KcM is a constant equal to p/KcM ~ 0 for all concen-

1.2 x 10
1 I I I

i
I I I I

[
I I I 1

[
I 1 I I

6 oc

20 oC

6 oc

10 QC

/ml

0.0
50 100

H' (T')

150

FIG. 3. Magnetic-field-induced birefringence (An) of TMV
is proportional to the square of the field (0 ). The samples are
in a 25-mM phosphate buA'er at pH 7.2 and concentrations of 56
and 19 mg/ml and at the temperatures indicated. The traces are
digitized recordings of sweeping the field up to and down from
12.3 T in 1 min.

In the preceding discussion, we have assumed that the
degree of alignment by the magnetic field is small, which
means that the field-induced birefringence should be pro-
portional to H . In Fig. 3, the induced birefringence
versus the square of the field is plotted for two concentra-
tions of virus, and two temperatures. The proportionali-
ty between the square of the field and the birefringence is
clearly shown. One can further note that the slope of
these curves (An/H ) decreases as concentration de-
creases or temperature increases.

The temperature dependence of the inverse specific
magnetic susceptibility (p/KcM) is shown in Fig. 4 for a
range of concentrations of TMV in water with no added
salt. Converting Eqs. (8) and (9) from number density (c)
to mass density (p) yields
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FICs. 4. The inverse specific magnetic susceptibility (p/KcM )

is shown as a function of temperature ( T) for isotropic suspen-
sions of TMV in unbuffered water. The highest concentration,
47 mg/ml, is in coexistence with the nematic phase. The values
of p/KcM were reversible within the temperature ranges shown
for each concentration and fall on a line which extrapolates to
zero at T =115+20K.

p (mg/ml)

FIG. 5. The extrapolated temperature {T*)as obtained in
Fig. 4 is shown as a function of concentration for TMV in 25
mM phosphate (o ) and in unbuFered water (A). The samples
of highest concentration for each data set are in coexistence
with the nematic phase. T*=120+20 K independent of con-
centration and ionic strength.

trations. The data in Fig. 4 demonstrate that there is a
concentration dependence to p/KcM. For each concen-
tration p, Eqs. (16) and (17) predict that the temperature
dependence is proportional to T. In Fig. 4 we observe
that

= W (T T*)—
+MC p

——O

(18)

with T*=115+20K with A a constant. This is contrary
to Eq. (17) which predicts that T' =0 K. Is it reasonable
to identify the temperature at which p/ICcM becomes
zero with T* of Eq. (2)? In a thermotropic, T* corre-
sponds to the temperature that the isotropic phase would
turn liquid crystalline by a second-order phase transition,
except that actually a 6rst-order phase transition always
occurs earlier. In this sample, and for the range of tem-
peratures studied, the values of p/ICCM were reversible
with cycling of temperature. In Fig. 5, T* as a function
of concentration for two different ionic strengths is
shown. Over the entire concentration range at which
TMV is in the isotropic phase, T stayed constant within
the range of T*=120+20 K. The concentration range
was 1 —90 mg/ml for TMV in 25 n6V phosphate buffer at
pH 7.2 and 2 —45 mg/ml for TMV with no added salt at
pH 7.2.

The observations that T* is a constant independent of
both concentration and ionic strength belie against the
interpretation that the TMV suspension is behaving as a
thermotropic. This is because a mean-field theory of
thermotropics, such as the Maier-Saupe theory, relate T*
to an eff'ective single-particle attractive potential [2,26].
Models of the pair potential for TMV have been dis-
cussed in the literature [48] and compared with experi-
ment [49]. van der Waals attraction favors parallel align-
ment and a close approach of two rods, while in contrast,
electrostatic repulsion favors perpendicular alignment
and a large separation between rods. It would be a very

unlikely coincidence if such a potential, which has a
strong dependence on both concentration and ionic
strength, predicted that T* would be independent of
these two variables. Indeed, one expects that T* should
go to zero in the limit of very dilute suspensions because
potential of mean force vanishes.

B. I-N coexistence: Low temperature

The essential quality of a thermotropic liquid crystal is
the ability of temperature to induce an I-N phase transi-
tion. Therefore, we studied the change in the ratio of the
volume of the isotropic and nematic phases in a biphasic
sample of TMV in a 25 mM potassium phosphate buffer
as a function of temperature. The sample was sealed in a
1-mm-diam x-ray capillary and placed in a water bath,
which was mounted on a microscope. The microscope
was turned on its side so that the long axis of the capil-
lary was vertical. The level of the meniscus between the
isotropic and nematic phase was monitored as a function
of temperature, and the sample was kept at a given tem-
perature for 24 h. At the beginning of the experiment the
nematic phase occupied 40/o of the total volume of the
sample. The virus concentration of the isotropic and
nematic phases, respectively, were 89.5 and 124.9 mg/ml.
In the range of temperature from 2 to 25 C there was no
observable change in the meniscus. A change of l%%ug

would have been clearly seen with the magnification of
the microscope. At higher temperatures different
behavior was observed, which we discuss below.

C. Origin of nonzero T*

There remains the question of the origin of the ob-
served T-T behavior of p/KcM shown in Fig. 4, if it is
not due to cooperative thermotropic-type effects. Equa-
tions (8) and (9) describe the magnetic birefringence in
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the dilute particle limit for rigid particles. However, if at
least one of the single-particle properties, b,%,'„[Eq.(3)]
or Ay is temperature dependent, then the observations
could be explained. To explore this matter further we
must discuss the relationship between the structure of
TMV and AÃsat and Ag.

The birefringence of TMV is mainly due to the shape
of the virus and not to intrinsic birefringence of the con-
stituent elements of the virus. Shape, or form
birefringence occurs in particles composed of optically
isotropic material, but whose shape is non spherical.
Maxwell [50] first calculated that the form birefringence
(b,n„,) of a dilute solution of isotropic rods of number
density c, of index of refraction n

&

= 1.57, volume V, and
in a solvent (water) of index no=1. 33 is

cV(n, no—)

2no(n, +no)
(19)

The product cVis equal to the volume fraction of rods, or
expressed in terms of the weight concentration (p) in
mg/ml, and density of the word, d =1.37 g/ml, we have
cV=p/d. Thus

an„,=3.1X10 ml/mg . (20)

A measurement of the relative contributions of form
and intrinsic birefringence was performed by Lauffer [51]
who observed the Aow birefringence of TMV as a func-
tion of average index of refraction of the solution. At an
index of refraction of 1.57, he observed the complete
disappearance of the induced birefringence in accordance
with Eq. (19). Any residue birefringence would be due to
intrinsic birefringence, and within the resolution of his
experiment, there was none observed. The upper limit on
the intrinsic birefringence of TMV established by Lauffer
was 1 —2% of the birefringence of TMV suspended in wa-
ter. There probably is some intrinsic birefringence to
TMV since dried films of TMV are birefringent [52] and
presumably, dried films are dense enough so that no form
birefringence remains.

Lauffer did not measure the specific birefringence of
TMV in his initial study. However, hn„,/p has been
measured in dilute suspensions of TMV using electric
birefringence [53] and the value obtained was
b,X„,=An„,/p =2. 1 X 10 ml/mg. The specific
birefringence has also been measured in nematic liquid-
crystal suspensions of TMV [17]. In this case, the
birefringence of the nematic (b, n ) was measured and the
value of the saturation birefringence was obtained using
the relation b, n =Sb,n„„wherethe order parameter (S)
was separately measured using x-ray scattering. These
measurements yielded b.n„,/p = 1.9 X 10 ml/mg. If we
take the average of these two measured values, we find
An„,/p=2. 0X 10 ml/mg. That the calculated value
of the form birefringence is somewhat higher than the
measured birefringence is not too surprising due to the
assumptions involved in the calculation.

The fact that An„,arises mainly from form
birefringence implies that any temperature-induced

change in An„„mustbe accompanied by a change in the
macroscopic shape or volume of the particle. For exam-
ple, if TMV was increasingly Aexible with increasing tem-
perature, then An„, would decrease with temperature.
Yet both static and dynamic light scattering measure-
ments of TMV fail to detect fiexibility [54]. Likewise,
electron micrographs of TMV show the particles most
frequently as straight rods, with at most only slight cur-
vature, which may be attributed to the forces exerted by
drying. Longer and thinner viruses, such as fd, are fiexi-
ble as determined by light scattering and electron micros-
copy [54,55]. Thus we feel that the observed T T*-
dependence of p/Kc~ is most probably due to tempera-
ture variation of Ag.

The corresponding contribution of the shape anisotro-
py to the anisotropy of the diamagnetic susceptibility is
negligible when compared with typical diamagnetic an-
isotropies of chemical bonds. The contribution to Ag for
a single TMV molecule, due to the shape anisotropy
(b,y&„),in cgs units is approximately [56]

~X&., =4~X, (X, —X, )I' (21)

where y and g, are, respectively, the volumetric diamag-
netic susceptibilities for the particle and the solvent, and
V is the volume of TMV calculated using L =3000 A and
D=180 A. We estimate g for TMV using the known
amino acid composition of TMV [45] and the diamagnet-
ic susceptibilities of the amino acids [57], finding

g = —7.4 X 10 . The susceptibility of water is

g, = —7.2 X 10 . Using these values we find that
=1.4X10 erg/G . We will see below that

Apfp is neg ligib le compared with the measured hg of
TMV, which is greater than 10" times the value of Ag fp, .
Thus we conclude that Ag arises from intrinsic bond an-
isotropies.

The proteins comprising native TMV can be induced
to self-assemble in the absence of RNA under certain
conditions [58]. We measured the magnetic birefringence
for these protein aggregates and found that the Cotton-
Mouton constant was negative. The birefringence of the
same aggregates was measured to be positive. This im-
plies that the positive value of Ay obtained for the native
TMV (protein plus RNA) is primarily due to the RNA.
As mentioned in Sec. V, there are three base pairs of
RNA per identical protein subunit [45]. The portion of
the RNA with the largest magnitude of hg is the aromat-
ic base. If the plane of this aromatic ring is parallel to
the TMV axis then Ag) 0 and if the plane of the ring is
perpendicular to the axis then Ay&0. X-ray structural
studies reveal two of the base pairs have their planes ap-
proximately parallel to the axis, while the third face is
oriented perpendicular to the axis. Roughly speaking,
this leads to a net positive Ag of magnitude equal to one
base pair per protein subunit. We will see in Sec. VIF
that this is indeed the case.

Small variations in the angle of these base pairs with
temperature could account for the observed behavior of
the Cotton-Mouton constant as a function of tempera-
ture. Indeed, similar behavior has been observed with
other filamentous viruses [59]. It is possible that the
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RNA loosens with increasing temperature, while the pro-
tein structure remains rigid. We will discuss our experi-
ments on the protein aggregates in a separate publication.

D. I-N coexistence: High temperature

1.4 x 105

CV
I

I I I

l

25 mM phosphate

p = 6.3 mg/ml

0
(b)

When the biphasic sample of TMV in 25 mM phos-
phate buffer was heated to 50'C, small birefringent drop-
lets rapidly appeared in the isotropic phase. After 5 min
at this temperature, the sample had the appearance of a
white fog when observed under crossed polarizers. At
this time the sample was cooled back down to 20'C. The
newly formed nematic material did not transform back
into the isotropic phase, and it appeared that no new
nematic phase was being created. Within 15 min after
the temperature had reached 20'C the newly formed
birefringent domains had coalesced into fewer, larger
nematic drops, which gradually settled out of the isotro-
pic phase and were deposited on top of the meniscus.
After 5 h the macroscopic phase separation was complet-
ed, and the nematic phase had increased to occupy 50%
of the total volume. This increase in the volume of the
nematic phase was irreversible; further cooling did noth-
ing to alter the new meniscus level.

We suggest that the virus in this sample began to ag-
gregate end to end at 50 C, which increased the excluded
volume of the particles. This then decreases the concen-
tration necessary to form a nematic phase and explains
the increase in the volume of the nematic phase. End-to-
end aggregation is a well-known problem in preparing
samples of TMV [46]. Much effort over the years has
been devoted to developing procedures to circumvent the
occurrence of end-to-end aggregation of the virus, but ap-
parently due to the structure of the virus and its mode of
self-assembly, there exists a delicate balance between hav-
ing viruses of its native length and fragments or aggre-
gates.

Magnetic birefringence measurements as a function of
temperature were consistent with the assumption of
temperature-induced particle aggregation. In Fig. 6
p/KcM vs temperature is shown for TMV of 6 mg/ml in
25 mM phosphate buffer, pH 7.2. For temperatures less
than 42 C, p/KcM was proportional to T-T* and was re-
versible. Above this temperature, p/KcM began to de-
crease steadily with time. Upon cooling down to temper-
atures below 42 C, it was found that p/KcM was again
reversible but the values of p/KCM had decreased from
the first temperature scan taken below 42'C. Aggregates
of TMV have a larger value of Ay than monomers, so the
Cotton-Mouton constant increases with aggregation. In
Sec. IIID on polydispersity we showed that for dilute
samples KcM/p is proportional to the weight average of
the particle distribution [Eq. (13)] which increases with
degree of aggregation; thus the value of p/KcM of an ini-
tially monodisperse suspension will decrease after aggre-
gation occurs.

The form of the deviation of p/KCM from being pro-
portional to T-T* was dependent on the particle concen-
tration and ionic strength. In Fig. 7, p/KcM vs tempera-
ture is shown for TMV of 3.5 mg/ml concentration in 5
mM phosphate buffer. In this case, p/KcM increases ir-

irreversible

0

20

T(c)
40 60

FIG. 6. The inverse specific magnetic susceptibility {p/KcM )

is shown as a function of temperature ( T) for TMV of concen-
tration 6.34 mg/ml in 25 mM phosphate buffer. In the limit of
zero concentration p/KCM is inversely proportional to the mass
average of the suspension [Eq. (24)]. Curve (a) was reversible
for temperatures lower than 42 C. Above that temperature
p/KCM began to decrease irreversibly with time shown by curve
(b). After 5 min, when the temperature was lowered below
40'C, p/K«was again reversible with temperature as shown
by curve (c) but p/KCM had decreased below curve (a) implying
that irreversible aggregation of the particles occurred.

reversibly above about 45 C. This is the opposite to what
occurs with aggregating samples, and would be consistent
with denaturation of the virus, or breaking of the chemi-
cal bonds that are responsible for the diamagnetic anisot-
ropy of the particle.

At low ionic strengths the virus is charge stabilized

1.8 x 105 I I I

5 mM phosphate

pTMv
=

1.4—
reversible

0 (b

irreversible

10 30 50 70

T(c)
FIG. 7. The inverse specific magnetic susceptibility (p/KcM )

as a function of temperature ( T) for TMV in 5 mM phosphate
buffer at p=3. 5 mg/ml was reversible for temperatures lower
than 45 'C [curve (a)]. Above that temperature p/KcM began to
increase irreversibly with time [curve (b)]. When the tempera-
ture was lowered below 40 C p/CM was again reversible with
temperature (not shown), but p/K~M had increased above curve
(a) implying that irreversible disintegration, or denaturation, of
the particles occurred. This temperature dependence is oppo-
site than that shown in Fig. 6.
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against aggregation by a repulsive pair potential. Raising
the temperature permits the TMV to mount this potential
barrier and aggregation begins. The rate of irreversible
aggregation in a given colloidal suspension is proportion-
al to the concentration of the aggregating species. Thus
at sufficiently low virus concentrations and low ionic
strength, the denaturation process dominates at high
temperatures while with higher concentrations and ionic
strengths, aggregation proceeds faster than the denatura-
tion.

To summarize the temperature dependence of TMV
solutions, we observe that for the entire isotropic phase,
p/KCM is proportional to the T T* wi-th T* independent
of ionic strength and concentration, as long as the temper-
ature is low enough to prevent denaturation or aggrega-
tion of the virus. We find that T*=120+20 K for both
species of virus. In addition, the coexistence of the iso-
tropic and nematic phases is not effected by temperature.
Therefore, we conclude that the nonzero value of T*
arises solely from internal changes in the structure of
TMV, which is manifested in the temperature depen-
dence of Ay.

E. Concentration and ionic strength: monodisperse suspensions

Having determined that T' is a constant, it follows
that to study the magnetic susceptibility as a function of
concentration and ionic strength, it is only necessary to
measure the Cotton-Mouton constant at one temperature
for each concentration. In this study, all measurements
were carried out at 20 C. In Fig. 8, the measured p/KCM
values (individual points) as a function of concentration
for four different ionic strengths are shown. The lowest
ionic strength was achieved by placing ion-exchange resin
in contact with the TMV solution, in which case the only
ions present are the hydrogen counterions of TMV. The
next highest ionic strength solution was from a TMV sus-
pension prepared by the method of Boedtker and Sim-
mons [46] and diluted with distilled water. The ionic
strength which gave the best fit to theory [Eq. (16)] was
estimated to be 4 mM, consistent with the measured con-
ductivity (Table II). The last two samples were prepared
by dialyzing against 5 and 25 mM potassium phosphate
buffer at pH 7.2, and have an ionic strength of 11.5 and
57.5 mM, respectively. The concentrations of all sam-
ples, but the one in ion-exchange resin, span the entire
isotropic range.

There are several features to note about the data.
First, the value of p/KCM at p=O is slightly different for
the four samples, indicating a small, although non-
negligible, amount of polydispersity. Second, the concen-
tration dependence of p/KcM is a strong function of ion-
ic strength. The excluded volume, b =~L D,~/4, which
is proportional to the initial slope of the curves in Fig. 8,
increases over 16 times from the case of the suspension in
25 mM phosphate buffer (57.5 mM), to the suspension
kept in deionized water (resin) where the ionic strength is
provided only by the counterions of TMV. Third, the
three data sets which span the entire isotropic phase de-
crease faster than a linear function of concentration. If
the rods had a large enough axial ratio (L /D) such that

1.5 x l0~

1.0

E

0.5

5 rnM KP

0 0 . . . I

0 25 50 75 100

p (mg/ml)

FIG. 8. The inverse specific magnetic susceptibility (p/KcM )

as a function of concentration (p) at constant temperature
(T=20 C) was measured for four ionic strengths. All samples
were monodisperse TMV. The symbols correspond to the fol-
lowing: ~, TMV in ion exchange resin;, unbuffered water; 0,
5 mM potassium phosphate buffer, pH 7.2 (KP); and A, 25 mM
KP. The solid lines are fits to Eq. (16) using parameters given in
Table II. The last three samples cover the entire isotropic
range. In the limit of zero concentration,
p/K =1.2+0. 1X10' (T mgcm ).

F. Cotton-Mouton constant of TMV and determination of hy

The solid lines in Fig. 8 are fits to the inverse of the
specific magnetic susceptibility (p/KcM) derived in Eqs.
(16) and (17). The low concentration limit of p/KcM was
obtained by extrapolating the data in Fig. 8 to p=O. It is
possible that p/ICcM ~~ o could be a function of ionic
strength and pH but we observe no systematic variation
with these variables, and ascribe the experimental varia-

only two-body interactions were important, then p/KcM
would be described by Eq. (3) and would be linear in the
TMV concentration. The observation of a nonlinear con-
centration dependence of p/KcM implies that terms
greater than the second virial coefficient are important in
the I-Ã phase transition for TMV, which indeed was ex-
pected for rods with L/D (100. Fourth, the highest
concentration shown (except for the resin sample) is for
the isotropic phase in coexistence with the nernatic phase.
The expected trend (Fig. 2), that the transition concentra-
tions increase as ionic strength increases, is observed.
Fifth, the ratio of the value of the maximum value of
KCM/p at the I-N transition to the minimum value of
KCM/p, which occurs in the limit of zero concentration,
varies between 3 and 6 |see Fig. 9(a)]. This ratio is a mea-
sure of the number of particles in a correlation volume.
We now proceed to discuss these points in more detail.
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tion in p/Kcivi o to arise from sample polydispersity.
As seen from Table II and Fig. 8, the average value
of p/Kc~~ 0 at 20'C is 1.2+0. 1X10'
T mgcm =2.9X10 g /cm . In Sec. VIC we argued
that the observed temperature dependence of p/Kc~ de-
scribed by Eq. (18) and shown in Figs. 4 and 5 arises from
the temperature dependence of b.y. Thus Eqs. (17) and
(18) together imply that

T~x=~xo
T —T* (22)

with byo= 15k', /bX„,A, a constant. Since T*= 120 K,
this determines A =705 T mg cm K ' [Eq. (18)].
Then from Eq. (22) we find that hy0=9. 2X10 J/T .
Thus, the susceptibility per particle at room temperature
is by(20'C)=1. 6X10 J/T =0.16 A . Note that Eq.
(22) is only valid for the temperature range of -280—320
K. Dimensionless cgs electromagnetic units are
commonly used in the field of liquid crystals and the con-
version factor is given by by[ergs/6 ]/V[cm ]
=by[i(cgs)], where V is the volume of the particle. A
discussion of the units of hy is found in the review article
of Maret and Dransfeld [60]. For pure TMV (L =3000
A, D = 180 A) we find that the volumetric susceptibility
is Ay cgs=2. 0X 10 in dimensionless cgs units at 20 C.
For comparison, a typical low-molecular-weight liquid-
crystal molecule, MBBA (Mii =258), has
cgs = 1.2 X 10 [61], a much greater value of the
volumetric susceptibility than for TMV. MBBA is corn-
posed of two benzene rings, each of which has
by= —9.6X10 J/T = —9.9X10 cgs. TMV has a
hg equivalent to 1566 aligned benzene rings or, because
TMV is composed of 2130 identical proteins, 0.74 ben-
zenes per protein subunit. This value is consistent with
the expectation that hy arises primarily from the three
RNA base pairs per protein subunit as argued in Sec.
VIC. Since each subunit has a molecular weight of
18000, the Ay of TMV results from a nearly complete
cancellation of the anisotropy of the diamagnetic suscep-
tibilities of the chemical bonds which form the subunit.
Photinos et al. [24] found a somewhat higher value for
the Cotton-Mouton constant of TMV and Ay=0. 22 A .
Our experience is that there is a large degree of sample to
sample variability of the Cotton-Mouton constant due to
length polydispersity of TMV. We will discuss the issue
of polydispersity in detail below.

G. Correlation volume

In linear-response theory, the susceptibility of a system
to an external field is related to the correlations among
the particles at zero field. For the case of magnetic-field
alignment of a colloidal suspension in the isotropic phase,
the amount of induced alignment is proportional to the
degree of angular correlations between the rods at zero
field [32]. A measure of the degree of angular correlation
is [41)

1+g2 =g P2(a,. a,. ) = S(p) KcM/p
S(0) KcM/pip=a

1+1

where the sum ranges over all particles and S is the order
parameter given by Eq. (8) and KcNilp given by Eq. (16).
The value of the sum ranges from 1 in the limit of p=0
and is equal to the total number of particles for a com-
pletely aligned nematic. There has been a detailed com-
puter simulation on a Quid of spherocylinders with
L/D =5 where 1+g2 has been calculated [41]. At the I
N transition the value of 1+g2 was diScult to determine
due to the critical slowing down of the dynamics. One
measurement on a system consisting of 576 particles after
20 000 trial moves per particle gave 1+g2 =5. 8 [41]
while a longer run of 50000 moves per particle yielded
2.6 [62]. In Fig. 9(a) the data of Frenkel [41,62] for
S(p)/S(0) or 1+g2 versus mass concentration (p) for
spherocylinders with L/D =5 is plotted along with the
values predicted by the theory of Lee for hard particles of
the same aspect ratio. Note there are no free parameters
when comparing the theory with the computer simula-
tions. To compare with the TMV data, we see the length
of these spherocylinders to have the TMV value of
L =2820 A.

The part of the specific magnetic birefringence that is
due only to interparticular correlations [S(p)/S(0)] can
be obtained from the magnetic birefringence measure-
ments by dividing KcNI/p, for finite concentration p, by
the value of Kc~/p in the limit of p=0. In Fig. 9(a)
1+g2 is also plotted for the three samples which cover
the entire isotropic phase in Fig. 8 ~ The volume fraction
was calculated using P=cV, ft where V,& was the volume
of a spherocylinder of length L =2820 A and diameter of
D ff . The number density was calculated from the mea-
sured weight concentrations. The solid lines in Figs. 9(a)
and 9(b) were calculated using Eq. (16). The effective di-
ameter, D,ff, and twisting parameter, h were calculated
using the literature values of the physical dimensions of
TMV, and the measured ionic strength of the solutions.
The data of the 25 and 5 mM phosphate buffer suspen-
sions were described well by the theory provided the
charge density was between 0.5 and 2.0 e/A, which fall in
the range of the literature values for the charge density
[11],so again, there are essentially no free parameters in
the comparison of theory and experiment. The end
points of the lines are the concentration at which the
hard particle theory of Lee predicts a phase transition.
These values are expected to be inaccurate since the effect
of "twist" on the I-X transition is neglected. However, it
should be emphasized that the twist term plays a much
less important role than the effective diameter in deter-
mining the coexistence concentrations. Furthermore, the
effect of twist is correctly incorporated into the theory of
the induced birefringence in the isotropic phase.

The ionic strength of the sample diluted with pure wa-
ter was unknown. In this case only, we fitted the p/Kcivi
data to Eq. (16) to obtain D,tt. The best fit yielded
D,&=450 A. Assuming a linear charge density of 0.5
e/A implied an ionic strength of 3.4 mM while a charge
density of 2.0 e/A implied an ionic strength of 4.6 mM
(Fig. 1). These values were consistent with the measured
electrical conductivity of the suspension (Table II). The
average ionic strength value of 4 mM was used in Fig. 2
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FIG. 9. (a) The normalized specific magnetic birefringence,
(KcM/p)/(KcM/p)l~ 0=1+gz [Eqs. (16) and (23)] is shown as
a function of weight concentration, p. This ratio is equal to the
number of particles in a correlation volume. The solid lines are
the theoretical predictions of Eqs. (16) and (23). The symbols
represent the following: (4), Monte Carlo data for hard sphero-
cylinders of L/D =5, and the other samples are the same as in
Fig. 8 and Table II; R, unbuffered water; ~, 5 mM potassium
phosphate buffer, pH 7.2 (KP); and A, 25 mM KP. The theory
for the Monte Carlo data [41] has no adjustable parameters.
The theory curves for the two phosphate buffer samples were

0
calculated assuming either 0.5 or 2.0 e/A charge density for
TMV and using the known ionic strength of the buffer. For a
given TMV concentration, the correlations increase with in-
creasing charge density. The ionic strength was not known for
the unbuffered "water" sample. Here the ionic strength was a
free parameter and the theory was fitted for the two values of
the charge density given above. The ionic strength, effective di-
ameter, and twisting constant for each sample is given in Table
II. (b) The inverse of the normalized specific susceptibility
(p/KcM )/(p/KcM l~=o) =(1+g2) ', which is the reciprocal of
(a), is plotted as a function of TMV weight concentration, p.
The main effect of varying ionic strength is to change the
effective diameter, D,&. The ratio of TMV length, L, to D,ff

varies from 5 for the Monte Carlo data [41] to about 12 for the
25 mM KP sample (see Table II). Curvature in (1+gz) ' vs p
implies the contribution to the free energy of terms involving
more than two-body interactions. This is predicted by the On-
sager theory [Eq. (3)] to occur for rods of aspect ratio less than
about 100.

H. Coexistence concentrations

The concentrations of the isotropic and nematic phases
in coexistence were measured for six monodisperse sam-
ples and two polydisperse samples. The concentrations of
the coexisting phases, ionic strength, and pH are listed in
Tables II and III and the phase diagram of the mono-
disperse samples is shown in Fig. 2. The measured coex-

TABLE III ~ Data Characterizing the inverse specific magnet-
ic birefringence and coexistence concentrations of the po-
lydisperse samples of the virus U2 in 5-mM phosphate buffer
(see Fig. 10). The values of p/KcM lp=0 and p* were obtained
by fitting the low concentration part of p/KcM of Fig. 10 to Eq.
(13). The remaining notation is as in Table II.

Sample U2 mM%%uo No. 1 U2 5 mM No. 2
(aggregated) (fragmented)

(T rngcm )I cM p=o
p* (mg/ml)

1+g2
p, (mg/ml)

p „(rng/ml)

4.67X10'

70
3.2

48.2
67.5

1.40

1.12 X 10

202
4.0

90.2
109

1.21

in the phase coexistence plot.
We measured that the ratio of the induced specific

birefringence at the I-N transition and the induced
specific birefringence in the limit of zero concentration
varies between 2.6 (57.5 mM) and 5.8 (3.3 mM, for the
nearly monodisperse samples of Fig. 8 and Table II. The
theory of Lee [34] for hard spherocylinders predicts
1+gz varies between 7.8, for short particles of
L /D = 1.75 (the smallest aspect ratio at which a nematic
phase occurs), and monotonously decreases to the On-
sager limit of 5.7, when I /D ) 100. Including the effect
of charge through the introduction of the twist parameter
h in Eq. (8) reduces the birefringence at a given concen-
tration, but we expect that "twist" also increases the con-
centration of the I Ntrans-ition [Eqs. (14)]. Our mea-
sured values of the correlation volume 1+g2, at the I-N
transition decrease as ionic strength is increased, or
equivalently as the aspect ratio increases, following the
trend of the theory of Lee but the measured values are
somewhat less than predicted by the hard rod theory.

In Fig. 9(b) the quantity ( I+gz) ', the reciprocal of
Fig. 9(a) is plotted. The Onsager theory, including only
the second virial coefficient, would predict that ( I+gz)
decreases linearly in concentration. The data in Fig. 9(b)
systematically decreases somewhat faster.

In summary, the theory for the concentration depen-
dence of the angular correlation volume presented above,
which accounts for higher-order virial terms and the
effects of charge, describes well many aspects of the data.
The theory fits well the computer simulations with no ad-
justable parameters. The theory also fits well the experi-
mental curves for which the ionic strength was known,

0

with the charge density in the range of 0.5 —2.0 e/A,
which is consistent with the literature values.
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istence concentrations are significantly lower than the
Onsager theory truncated at the second virial coefficients.
The theoretical curves are calculated assuming a charge

0
density of 2.0 e/A. Lower values of the charge density
will shift the coexistence regions to higher densities be-
cause the effective diameter decreases (weakly) with de-
creasing charge density. The ratio of weight concentra-
tion of the nematic to the isotropic varies in a nonsys-
tematic way between 1.15 and 1.40 for the monodisperse
samples. The theory of Lee predicts that for large L/D
the ratio is 1.24, the value of the Onsager theory, and
that this ratio monotonously approaches zero as L /D de-
creases towards 1.75. In Fig. 2, we see that the measured
coexistence region is wider than predicted by the effective
hard rod theory of Lee. This could be due to the neglect
of the "twist" term in calculating the coexistence concen-
trations or a result of a small amount of sample po-
lydispersity.

The coexistence concentrations for samples in borate
buffer are much higher than for all the other samples.
We have no explanation for this behavior, however, light
scattering, analytical sedimentation, and electron micros-
copy measurements rule out the possibility of aggrega-
tion.

Recently, Sato and Teramoto [33] proposed a theoreti-
cal model of the I-X transition based on a scaled-particle
theory, applicable to charged particles, such as TMV.
They compared our data of the coexistence concentra-

0

tions with their theory, using the value of 0.5 e/A for the
linear charge density. This value was previously used in
calculating the coexistence concentrations [6], because we
believed that this charge density gave the best fit between
the predictions of the theory of Lee for both the mea-
sured coexistence concentrations of Fig. 2 and the mag-
netic birefringence data of Figs. 8 and 9. However, there
was a computational error [63] in the calculation of the
coexistence concentrations (but not the susceptibility cal-
culation). After correcting our error, we now find, that a
range of linear charge densities from 0.5 to 2.0 e/A fit
the susceptibility data, but we conclude that a charge
density of 2.0 e/A fits the coexistence data better than
the lower value of 0.5 e/A. We guess that agreement be-
tween the theory of Sato and Teramoto and our coex-
istence data will also improve when the higher charge
density is used. Additionally, the higher value of 2.0 e/A
is closer to estimates of the charge density based on con-
ductometric titration [11].

J. Magnetic birefringence of polydisperse suspensions

Changing the particle size distribution from mono-
disperse to polydisperse by end-to-end aggregation or
fragmentation of the virus has a strong effect on the iso-
tropic to nematic phase transition. Recall that Eq. (13)
predicts that

P ~ P1
(&4)

M p*

The quantity M is equal to the average mass of the parti-
cles divided by the monomer mass, m. The critical con-
centration p* =b /4m is the excluded volume of the
monomer [Eq. (3)] divided by its mass and by definition is
independent of aggregation. Figure 10 shows the inverse

1.5 I
I

f I I I

U2 virus in 5 mM phosphate buffer

CCXjgg)1.0 — 0
0

0
00

frag merited

0
I—

C3
0.5— aggregated

Q

00
0
0 0

0

the director, as in the case of smectic liquid crystals for
which the interparticle correlations are parallel to the rod
axis. The iridescent samples flowed easily, but did not
reorient when placed in a 7 T magnetic field for several
days. These samples also become irreversibly aggregated
at the onset of iridescence, while at concentrations just
below the transition they were stably monodisperse.

What is the explanation of this behavior? TMV is
known to aggregate end to end when the pH falls below 6
[64]. For samples in contact with ion exchange resin the
only counterions for the TMV molecules are hydrogen
ions so the pH falls as TMV concentration is increased (if
the TMV charge density stays constant). Perhaps above
concentrations of 6 mg/ml, the pH is low enough to ag-
gregate the TMV. Once aggregated the excluded volume
increases rapidly (b-I. D), and the sample undergoes a
phase transition to a highly ordered nematic phase.

I. Aggregation of TMV at low ionic strength
0..0 I

0 25 50
I I I I I I I I

75

If the concentration of TMV in contact with mixed bed
ion exchange resins samples is increased beyond about 6
mg/ml, the samples become simultaneously birefringent
and beautifully iridescent when viewed with white light.
The iridescence was strongest when the direction of il-
lumination and observation were confined to the plane
perpendicular to the director, implying a large degree of
interparticle correlation in the plane perpendicular to the
rods axes. This is the opposite to what has previously
been observed with iridescent TMV suspensions [7,8],
where the Bragg planes were oriented perpendicular to

p (mg/ml)
FIG. 10. The inverse specific susceptibility (p/KcM ) is

shown as a function of weight concentration (p) for two samples
of the mutant TMV species U2 of different degrees of po-
lydispersity. The symbols are as follows: A, U2 in 5 mM potas-
sium phosphate (KP) buffer, pH 7.2, aggregated; and 0, U2 in 5

mM KP buffer, fragmented. The initial slopes, coexistence con-
centrations, and characterization of the particle size distribu-
tion are contained in Tables III and IV. The theory [Eq. {24)]
predicts the initial slopes of p/KCM vs p should be independent
of the particle size distribution. The highest concentration for
each sample is in coexistence with the nematic phase.



2832 SETH FRADEN, GEORG MARET, AND D. L. D. CASPAR

of the specific magnetic susceptibility versus concentra-
tion for one partially fragmented and one partially aggre-
gated sample of the U2 strain of TMV, and Table III con-
tains the results of fitting the low concentration data to
Eq. (13). Several features of Fig. 10 are notable. First,
p/A CM at p =0 varies with the degree of polydispersity of
the sample. Second, the initial slopes of the curves for
samples of different degree of polydispersity but the same
ionic strength are equal, as predicted by theory [Eq. (24)].
Third, the p/KcM data of the aggregated sample is linear
in concentration, indicating that only the second virial
coefficient is important. This is in contrast to the frag-
mented sample for which the p/KCM data are nonlinear
functions of p. Fourth, the transition concentrations for
samples of identical ionic strength are larger for the frag-
mented samples than for the aggregated ones. Fifth,
there is a plateau in p/KcM for the aggregated sample
near the I-X transition. This effect will be discussed in
the next section.

K. Segregation and characterization of polydisperse samples

An important feature of polydisperse samples is the
preferential segregation of longer particles into the
nematic phase when in coexistence with an isotropic
phase [7,39,65]. Characterization of the particle size dis-
tribution in each phase was performed for the fragmented
sample of Fig. 10 using two techniques in addition to
magnetic birefringence: electron microscopy and analyti-
cal sedimentation. Each of these techniques have their
limitations, which we will attempt to indicate.

Electronmicrographs were made by Rob Ruigrok of

the European Molecular Biology Laboratory, Grenoble,
France of material taken from the coexisting isotropic
and nematic phases of the fragmented U2 sample dis-
cussed in Sec. VI J above. Material was extracted from
the isotropic and nematic phases with a pipet. Because
the nematic phase is denser than the isotropic, the pipet
first passed through the isotropic phase before reaching
the nematic phase. Care was taken not to bring along
any isotropic material into the nematic material and pi-
peting was done while observing the sample through
crossed polarizers. The virus was placed on freshly
cleaved mica at concentrations ranging between 0.03 and
0.3 mg/ml and then stained with uranyl acetate. The
length distribution was measured from photographs and
over 200 particles were measured for each distribution.
Large velocity gradients and surface tension forces are
present in the thin Quid film during the drying process,
and this is thought to break the virus. Large aggregates
are more probable to be present in clumps and are also
more fragile, so we expect that length distributions mea-
sured with the electromicrograph (EM) will be biased to-
wards smaller lengths. An example of EM photographs
of material taken from the two coexisting phases, and the
accompanying length histograms, are presented in Fig. 11
from the fragmented sample discussed in the previous
section. These are the same samples for which the mag-
netic birefringence data was shown in Fig. 10. The mass
averages obtained from the length histograms are given
in Table IV. The width and appearance of virus in the
two photographs is different because Fig. 11(a) is nega-
tively stained while Fig. 11(c) is positively stained. How-
ever, this has little effect on the length measurement of

TABLE IV. Characterization of the particle-length distributions of a polydisperse U2 suspension in

the coexisting isotropic and nematic phases using electron microscopy, analytical sedimentation, and
magnetic birefringence. The sample used was the U2 virus identified as fragmented and discussed in
Sec. VI K and Figs. 10, 11, and 13. The entries "ratio n/i" refer to the ratio of the mass average rnea-

sured in the nematic phase (n) to the isotropic (i) phase using the following techniques: analytical sedi-
rnentation, electron microscopy, and magnetic birefringence. The specific magnetic birefringence

EcM /p, is measured in the limit of zero concentration and by Eq. (24) is proportional to the mass aver-

age of the suspension. The explanation for the symbols of the other rows is the same as for Table II.
Fractionation of the heavier particles into the nematic phase is evident because the normalized mass
average (p/p) of the nematic is greater than the isotropic phase.

U2 5 mM (fragmented)

Isotropic Nematic

Ss„d (10 ' sec)

q

p/p
ratio n/i

p/p

ratio n/i

&CM (T rng 'cm }
P

p/p
ratio n/i

Analytical sedimentation
167, 177
0.9, 1.1
22, 78
1.0

Electron microscopy
0.8

Magnetic birefringence

9.1 X 10

1.2

2.0

1.7

177, 182, 196
1.1, 1.2, 1.4
20, 50, 30
1.2

1.6

1.5X 10

1.8
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FIG. 11. Electronmicrographs of material
taken from each of the coexisting isotropic and
nematic phases showed segregation of the
longer particles into the nernatic phase. The
photographs are from the U2 5 rr~ fragment-
ed sample of Fig. 10. (a) Isotropic phase, (b)
length histogram obtained from (a} in units of
the monomer length (3000 A), (c) nematic
phase, and (d) length histogram of (c).

the virus. Not all the particles in these photographs were
measured and a subjective decision to reject the ones in
"clumps" was made.

The second technique used in characterizing the parti-
cle distribution was analytical sedimentation [46,66,67].
In this technique, a colloidal suspension is caused to sedi-
ment by application of a centrifugal force. The mass dis-
tribution of the suspension perpendicular to the rotation
axis is measured as a function of time. Initially, before
the centrifuge spins, the mass distribution is uniform.
After centrifugation begins, the suspension sediments
leaving behind a region devoid of particles. The rate of
propagation of the depletion zone in the limit of zero-
particle concentration is proportional to Ss„d,given by
the Svedburg equation [67]

(25)

with M the molecular weight, D the diffusion constant, R
the universal gas constant, V, the specific volume (0.73
cm g

' for TMV), and g the density of the solvent. Ss„,d
is expressed in units of 10 ' s. The three quantities,
Ss„d,M, and D, have been measured independently of
each other at 20 'C with the respective values of
186X10 ' sec [46], 4X10 g/mol [46], and 4.2X10
cm /s [68] and are consistent with the Svedburg equa-
tion.

To extract the mass distribution from analytical centri-
fugation measurements of the Svedburg constant of po-
lydisperse samples, it is necessary to know how both the
mass and the diffusion constant depend on aggregation.
We only observe end-to-end aggregation of TMV in the
EM photographs, so we assume the mass of the aggregat-
ed TMV particles is proportional to the length of the par-
ticle. If the length is q times the monomer length, then
the mass will be Mq. The diffusion constant of long rods
as a function of aspect ratio been derived theoretically by
several authors. We use the formulas of Broersma [69]
given by

300

C)
200

(I)

100 I I

2 3 5
Length i 3000 A

FIG. 12. The Svedburg constant for rods of the diameter of
TMV, but of length 0.5 —5.0 times that of TMV is calculated us-
ing Eqs. (25) and (26).

0

kTD= (2o —
1

~~

—
1 ~)6~qL, q

with o- =ln(2qL /D), and
y~~

and yt are a series in powers
of 1/o. . Thus for the case of rods the Svedburg constant
[Eq. (25)] Ss„d,is only logarithmically dependent on the
ratio q =L/D. The calculated Svedburg constant as a
function of q is shown in Fig. 12. Equation 26 predicts
the Svedburg constant of TMV to be 176X 10 ' s.

At finite concentrations, deviations from the Svedburg
equation are observed, which arise from several factors.
Perhaps most important is the hydrodynamic interaction
between particles. The flow of solvent from the sediment-
ing particles retards the descent of particles upstream, re-
sulting in lower values of Ss„das the concentration is in-
creased. A second independent contribution is the con-
centration dependence of the diffusion constant, which
decreases as the concentration is increased. The concen-
tration dependence of Ss„dfor monodisperse TMV has
been measured [46] and for concentrations below 5
mg/ml is



2834 SETH FRADEN, GEORG MARET, AND D. L. D. CASPAR 48

1000
0 18+5 32

(27)
(a) Isotropic (b) Nematic

aggregate

with p the TMV concentration in mg/ml. However, the
correction term describing finite concentration effects on
Ss„dhas not been measured for TMV particles of arbi-
trary length, nor is there any theory to describe the
length dependence of this coefficient. This restricts
meaningful measurements of the particle size distribution
to low concentrations. Centrifugation measurements of
all the samples were made at either concentrations of 0.3
or 3.0 mg/ml. The low concentration measurements
were made using ultraviolet absorption. The logarithm
of the ratio of transmitted to incident light intensity is
the optical density and is proportional to the mass con-
centration. The higher concentration measurements used
a Schlieren technique which gives a signal proportional to
the rate of change of mass concentration with distance
(dp/dx).

Analytical centrifugation is not without its limitations.
From Fig. 12 one sees that the Svedburg constant in-
creases very slowly with q. This results in the inability to
separate aggregates higher than dimers from the suspen-
sion in the time that it takes for the heavy particles to
traverse the length of the cell. Another distortion of the
size distributions that occurs in polydisperse samples
arises from the concentration dependence of the sedimen-
tation rate. If a centrifuging sample contains material
with different sedimentation rates, then after spinning for
some time there will be a region containing slow (small)
particles but depleted of the fast (large) ones and a region
containing both the slow and fast particles. The region
containing only slow particles has a lower particle con-
centration than the region which has both species. The
sedimentation rate of the slow particles will be greater in
the low concentration zone due to the concentration
dependence of Ss„dwhich causes a pile-up of the slow
particles at the boundary between the two zones. This is
known as the "Johnston-Ogston eff'ect" [67] and results in
the distortion of the mass distribution of polydisperse
samples. If there are small amounts of fragments (aggre-
gates) then these components are overweighted (under-
weighted) in the mass distribution.

Two uv analytical centrifuge scans of the fragmented
sample whose length distribution was obtained with elec-
tron microscopy and shown in Fig. 11 is shown in Figs.
13(a) and 13(b). The material in Fig. 13(a) came from the
isotropic phase in coexistence with the nematic phase,
and in Fig. 13(b) the material came from the coexisting
nematic phase. The family of traces are taken at succes-
sive times beginning from the left. The vertical bar at the
right edge of each trace is the cell bottom. Each step in
the absorbance traces indicates the boundary of one of
the sedimenting species. The isotropic sample contains
some fragments and monomers of TMV while the nemat-
ic sample shows three steps corresponding to fragments,
monomers, and aggregates.

The magnetic birefringence measurement itself offers a
method of characterizing polydispersity. The low con-
centration limit of KCM/p is predicted to be proportional
to the mass average of the distribution. Therefore the ra-

monomer
Q)
O
CU
O

fragment
O

fragment

direction of sedimentation

FIG. 13. Ultraviolet absorbence scans through sedimenting
samples of material taken from coexisting isotropic and nematic
phases of the U2 5 mM fragmented sample (same as in Figs. 10
and 11). The traces in (a) are from material taken from the iso-
tropic phase and in (b) the material is from the nematic phase.
The ordinate (optical density at 280 nrn) is proportional to the
total material in the cell and the abscissa is proportional to the
distance perpendicular from the centrifuge rotation axis. Scans
from left to right are at progressively later times, and show the
material sedimenting towards the bottom of the cell. Each step
in a scan is caused by a species of material that sediments at
different rates. The position of each step is as a function of time
is used to determine the Svedburg constant and is related to the
length of the particles through Eqs. (25) —(27) and summarized
in Fig. 12. The height of each step is proportional to the weight
concentration of each species. The measured Svedburg constant
and weight percentage of the species are presented in Table IV.
In the isotropic phase (a) two steps are seen, corresponding to a
lighter fragment and heavier monomer. In the nematic phase
(b) three steps are observed, the fragments and monomer frac-
tions as in the isotropic phase and additionally a heavier aggre-
gate, which has preferentially segregated to the nematic phase.

L. Magnetic birefringence of coexisting, polydisperse samples

In Fig. 10 the magnetic susceptibility of the aggregated
sample as a function of concentration is well described by
Eq. (24), implying that only two-particle interactions are
significant. In contrast, the fragmented sample in Fig. 10

tio of KcM/p measured in the nematic and isotropic
phases is equal to the ratio of the mass average of the par-
ticle size distribution in these two phases. For the frag-
mented sample discussed earlier, the mass average as
measured by the magnetic birefringence is compared with
the mass average obtained by centrifugation and electron
microscopy in Table IV. The electron microscopy and
Cotton-Mouton measurements are in closer agreement
than the centrifugation measurements, perhaps due to the
difficulty in interpreting centrifuge data from mixtures.
All measurements were performed on coexisting samples
that were approximately 90%%uo isotropic and 10% nemat-
ic.

In summary, a significant segregation of longer rods
into the coexisting nematic phase of a polydisperse sam-
ple is observed. Note that segregation of the fragments
did not occur. Independent measurements of the average
mass of the particle size distribution using electronmi-
croscopy and analytical centrifugation support the inter-
pretation that the specific magnetic birefringence mea-
surements are proportional to the average mass of a po-
lydisperse solution.
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FIG. 14. The magnetic-field-induced birefringence as a func-

tion of field for isotropic samples near the nematic phase transi-
tion which contained small droplets of nematic. Curve (a) is the
first field sweep of the sample. The nematic portion of the sam-

ple produces a large birefringence at low fields due to the align-
ing of the highly birefringent droplets and saturates at about 1

T. There is some residual birefringence after the field has been
rapidly swept back to zero, because the alignment of the drop-
lets persists for some minutes. The time to go up to and down
from 12.3 T was about one minute. A subsequent field sweep
rapidly following the first, shown in curve (b), behaves similarly
to purely isotropic samples (Fig. 3) because the sweep time is
faster than the orientational relaxation time of the nematic. For
clarity of display, curve (b) was displaced to the origin. The
amount of nematic material necessary to account for the residu-
al birefringence seen at the end af the first scan [curve ial] is less
than 1% of the sample.

requires higher-order terms in concentration, as expected
for shorter particles.

The p/KCM data for the aggregated sample in 5 mM
phosphate exhibits strange behavior in the vicinity of the
I-N transition. Over a range of concentration of about
20% of p, there is no change in p/EcM with concentra-
tion. We offer the following possible explanation. As dis-
cussed in the previous section, polydisperse liquid crys-
tals have different length distributions in the coexisting
phases with the longer lengths preferentially segregating
to the nematic phase. We measured the most concen-
trated samples with about 10% nematic in coexistence
with 90% isotropic. In these circumstances there was
significant segregation of the long particles into the
nematic phase. The samples at lower concentrations
were prepared by diluting the biphasic sample to what
appeared to be a uniform isotropic phase. The single-
phase isotropic material thus created has a different parti-
cle size distribution, with a greater mass average length,
than the isotropic phase in coexistence with the nematic
phase. Apparently, the decrease in concentration is com-
pensated for by the increase in average excluded volume.

A typical example of the induced birefringence as a
function of field for a sample of concentration near the I-
N transition is shown in Fig. 14 for the 5 mM aggregated
sample of Fig. 10. These measurements were taken by
sweeping the field from 0 to 12.3 T in about 30 s and back
to 0 T again at the same rate. The first time that the sam-

pie is exposed to the field is shown in Fig. 14(a). The
slope An/H for low values of H is greater than the
slope for high values of H for the first time the field is in-
creased from zero. On reducing the field this slope is a
constant, as expected for an isotropic sample, but after
the field had reached zero there was some residual
birefringence, which slowly decreased with time. In Fig.
14(b) the field is swept from 0 to 12.3 T immediately after
completion of the first sweep shown in Fig. 14(a). An
offset of 5 X 10 in An was subtracted from the data for
clarity of display. The induced birefringence in this case
was as expected for an isotropic sample.

The observation of a birefringence signal at zero field
implies that there is some nematic phase present. The
time constant for the decay of this residual birefringence
at zero field was consistent with the rotational diffusion
of 100-pm-long rods. An examination of the suspension
with optical microscopy showed there were a few
birefringent anisotropic droplets of this size. A small
amount of nematic droplets in suspension contribute a
huge signal to the birefringence since the nematic phase
has an order parameter of 5=0.9 [17]. The magnitude of
the residual birefringence in Fig. 14 is An„,=5 X 10
The concentration of the nematic phase of this sample
was 67.5 mg/ml. The birefringence of the nematic phase
of this sample can be calculated using the value of
b,lV„,=2X10 ml/mg. Given the order parameter and
nematic concentration just mentioned yields
An =1.2X10 . If the residual birefringence of Fig. 14
is due to nematic droplets it follows that only 0.4% of the
sample was nematic. Clearly magnetic birefringence is
very sensitive to detection of the nematic phase.

The order parameter of the nematic phase is only
weakly dependent on the applied field strength. We mea-
sured the increase in birefringence of a nematic sample of
TMV in water at a concentration of 68 mg/ml as a func-
tion of field. The increase in birefringence measured
from 4 to 12 T was linear in field as predicted for the
quenching of thermal Auctuations of the nematic director
[61] and increased by only one part in 10 per 1 T.

The principle effect of the magnetic field on the nemat-
ic droplets is to align them along the field, which occurs
in the range 1 —2 T. Above several tesla, the magnetic
susceptibility of the isotropic portion can be measured
from the response of the birefringence to higher fields, or
from the slope of An vs H for decreasing fields if the rate
of change of field is much faster than the rotation of the
nematic droplets, as in Fig. 14. We found that the sus-
ceptibility determined this way was independent of the
amount of nematic droplets in suspension. Finally, we
also observed that gentle centrifugation of the suspension
removed most of the droplets.

Without centrifugation, the droplets were present even
after waiting 24 h after diluting the macroscopically bi-
phasic sample, and were observed until the concentration
of the sample was about 20% less than the measured
coexistence concentration of the isotropic, p, . Thus the
effect of polydispersity is to create a range of coexistence
concentrations as the volume ratio of the two phases
changes. There is an analogous effect in thermotropics.
Monodisperse single component thermotropics cannot
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have two phases in coexistence (Gibbs phase rule), while
polydisperse thermotropics have coexisting phases for a
range of temperatures which grows with increasing po-
lydispersity.

VII. CONCLUSIONS

Isotropic suspensions of anisotropic molecules build up
both spatial and angular local order with increasing con-
centration and eventually undergo an isotropic-nematic
(I X) ph-ase transition. In this paper, we have measured
the magnetic birefringence of aqueous suspensions of
TMV as a function of temperature, concentration, ionic
strength, and sample polydispersity over the entire isotro-
pic range. The specific magnetic susceptibility, An/p, of
the isotropic phase was calculated using an extension of
the Qnsager theory and related to the magnitude of angu-
lar correlations between particles. The measured values
of the concentration-dependent part of the inverse
specific Cotton-Mouton constant, p/KCM, were in close
agreement to theory with essentially no free parameters.
The number of particles in a correlation volume at the I-
X transition was in the range 3 —6.

The extrapolation temperature T* obtained from
p/%&M measurements of TMV suspensions was observed
to be insensitive to both TMV concentration and ionic
strength. Furthermore, the isotropic to nematic phase
transition was measured to be independent of tempera-
ture. These observations are consistent with an interpar-
ticle potential and angular correlation length that are
temperature independent, and a temperature dependent
Ay of TMV. The athermal nature of these phenomena
are predicted by the Onsager model, which ignores at-
tractive interparticle interactions.

The I-X coexistence region was measured as a function
of ionic strength for monodisperse samples. The nematic
boundary was close to the predictions of the hard sphero-
cylinder theory of Lee, where the effective diameter of
TMV was computed using the Poisson-Boltzmann equa-
tion. The measured isotropic branch was lower than pre-
dicted by theory, and the measured coexistence region
was wider than predicted by the hard spherocylinder
model.

Magnetic birefringence and coexistence concentration
measurements were made for a fragmented and an aggre-
gated sample of the same ionic strength. An expression
for the leading terms of the concentration dependence of
the magnetic birefringence of polydisperse samples was
derived, and compared well with measurements. The
phase behavior of the polydisperse samples was different
than the monodisperse ones. Segregation of aggregated
particles into the nematic phase of' coexisting samples
was observed, but segregation of fragments was not ob-
served, and particle length distributions were determined
using different techniques.
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