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The Monte Carlo method is applied to investigate the asymptotic behavior of self-avoiding polymer-
ized membranes. We use a model described by a local Hamiltonian: repulsive interactions (hard spheres
of diameter o.) act only between atoms whose degree of neighborhood (measured along the membrane)

does not exceed a certain value l. For a particular value o.=o.,(l) the membrane undergoes a crumpling
transition between asymptotically Aat and crumpled states. We find that when I increases, o.,(l) decays
to zero, and conclude that self-avoiding surfaces with purely repulsive interactions are asymptotically
Aat even for very small values of 0..

PACS number(s): 05.70.Fh, 36.20.Ey, 64.60.Fr

I. INTRODUCTION

The tethered membrane, or surface, model was first in-
troduced [1]as a generalization of linear polymers [2] and
was intended to represent the properties of polymerized
two-dimensional membranes [3]. In the past there were
relatively few experimental realizations of the model,
such as the spectrin network (membrane skeleton) [4] or
exfoliated sheets of graphite oxide [5]. Recently, very
large two-dimensional molecules have been produced by
Stupp et al. [6]. From the theoretical point of view such
membranes display richness that is absent from linear po-
lymers: In the absence of excluded-volume interactions
(i.e., when the surface is allowed to self-intersect) the soft
model membrane is crumpled, and its root-mean-squared
size R increases as +lnL, where L is its linear size.
However, as the bending rigidity of the membrane in-
creases it undergoes a second-order transition [7,8] into a
fiat state. Such a (crumpling) transition has no analog in
linear polymers, where the bending rigidity can only
modify the persistence length. Properties of the flat state
have been under intensive study during recent years. In
Sec. II, a brief overview of the current theoretical status
of the problem will be presented.

Introduction of excluded-volume interactions signif-
icantly modifies the behavior of the membranes. The first
study of the problem [1,9] indicated that for self-avoiding
membranes R -L with v=0. 8. This result coincided
with the prediction of a simple generalization [9] of Flory
theory to polymerized membranes. Subsequent numeri-
cal studies, however, failed to recover such behavior
[10—13] and concluded that self-avoiding membranes are
always flat. While originally such a failure was attributed
to technical problems related to details of the models,
gradually a growing body of evidence appeared indicating
that flatness is an inherent property of self-avoiding sur-
faces. Nevertheless, few studies observed the crumpled
state [5,14,15]. In Sec. III we discuss in some detail the
current state of the theory and experiments.

Due to growing experimental importance of the subject
it is imperative to resolve the problem posed by the self-
avoiding surfaces. Monte Carlo and molecular-dynamics
studies of the problem exhibit very slow crossover effects.
Such effects coupled with the difficulties to equilibrate
large two-dimensional surfaces prevent the direct study
of certain extreme situations. In particular, it is impossi-
ble to assess directly the asymptotic behavior of very flex-
ible surfaces with very small excluded-volume interac-
tions thus leaving the possibility to claim that for
sufficiently small excluded-volume interactions the sur-
faces will remain crumpled. In this work we address the
situation when such interactions are weak. Unlike the
previous studies, we can both change the strength of the
excluded volume parameter U, and the range I over which
the excluded volume interactions are active, by restrict-
ing the repulsive interaction to a finite number of neigh-
bors of each atom in the network. Since our Hamiltonian
has interaction acting over a finite range (which can be
gradually modified) we can trace the effect of the intro-
duction of excluded-volume interactions step by step. In
Sec. IV we describe our model and the numerical pro-
cedures. The results of the simulations are presented and
analyzed in Sec. V. We show that for very small U the
surfaces are crumpled. However, when Ul becomes of
order of unity the surface becomes flat. Thus, in the limit
l~~, i.e., for true excluded-volume interactions, even
infinitesimal excluded-volume interactions necessarily
create flat membranes. In Sec. VI we consider the impli-
cations of the results and suggest directions of further
theoretical study of the problem.

II. MEMBRANES —MODELS AND PROPERTIES

A polymerized membrane, or tethered surface, can be
thought of as a two-dimensional network of monomers
("atoms") embedded in a three-dimensional space. Each
atom i of such a network can be labeled by a two-
dimensional index (or vector x) indicating its position in
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the network, and the spatial conformation of the mem-
brane is described by a collection of three-dimensional
vectors r(x) each of which describes the position of some
atom I of the network. For the purposes of theoretical
study it is convenient to generalize the model to a D-
dimensional manifold embedded in a d-dimensional
space. The most important property of such networks is
their axed connectiuity, i.e., the unbreakable bonds be-
tween the nearest neighbors of the network.

A rough measure of the spatial extent of a membrane,
or some other polymeric object, is provided by its shape
tensor

where r, is the Cartesian component of the position vec-
tor of the ith atom. The trace of this tensor is denoted as
the squared radius of gyrations R, and is equal to the
mean-squared distance of the atoms from the center of
mass of the membrane. In statistical-mechanical treat-
ment of the manifolds one considers objects of (internal)
linear extent L, i.e., containing N-L atoms. Usually,
one expects a power-law relation between L and the
thermally averaged R, or the ordered eigenvalues of the
shape tensor denoted k& )A, 2 ) . )A,d. The critical ex-
ponent v can be defined from the relation

R -A, -L
g 1

Other eigenvalues of T & scale with exponents which do
not exceed v. In a particular case of v = 1, when

. -A,D-L, the configuration will be denot-
ed as stretched or flat. In such a case one can introduce
additional exponents describing the power-law scaling of
the remaining eigenvalues A, D+&, . . . , A,d. All the cases
at which v & 1 will be denoted as "crumpled
configurations. " Obviously, the above notation does not
exhaust all the possibilities, but it will suffice for the pur-
poses of this work.

A model membrane in which the fixed connectivity has
been enforced by appropriate nearest-neighbor interac-
tions of the atoms in the network, but without any addi-
tional interactions, will be denoted as a flexible phantom
membrane. (Here, and in the rest of the paper, the term
"neighborhood" refers only to the internal distances
along the network. It is not related to the positions of the
atoms in the embedding space. ) In the theoretical treat-
ment of membranes it is convenient to treat the internal
D-dimensional position vector x as a continuous variable.
It is believed that the long length-scale properties should
not depend on the fact that the microscopic Hamiltonian
describes a system of discrete atoms. The continuous-x
description of the problem therefore eliminates the expli-
cit introduction of the microscopic scale. Such a descrip-
tion can be justified a posteriori, although there are no ex-
act arguments which would allow such a description.

It has been demonstrated both numerically [9,16] and
by an approximate analytical treatment [9] that the long
length-scale properties of a flexible phantom membrane
can be represented by a continuum Hamiltonian

(3)

where (V'r) —=+D,(Br/Bx ), while the "force constant"
E has entropic origin and is approximately equal to the
inverse of the mean squared distance (in the embedding
space) between the (internally) neighboring atoms of the
network. The Hamiltonian (3) is exactly solvable: It can
be shown that for such a membrane R —(I/IC )lnL, and
therefore v =0. Such a model membrane infinitely
overfills the embedding space, and is obviously very re-
mote from any realistic description of membranes.

Physical membranes cannot self-intersect. This prop-
erty of self-avoidance, or excluded volume, is introduced
into model systems via a short-range repulsive potential
acting between any pair of atoms, independently on their
internal distance in the network. The model repulsive
potentials are usually either hard-sphere potentials, or
somewhat "softer" strong inverse power-law potentials.
In the theoretical treatment, the excluded-volume in-
teractions are introduced by adding to (3) a term

k~T 2
=—f f5"(r(x)—r(x'))d xd x' . (4)

This is an obvious generalization of Edwards Hamiltoni-
an [17], which has been extensively used in the descrip
tion of linear (D =1) polymers. It should be noted that
the choice of the range of the repulsive potential can ei-
ther completely prevent the self-crossing of the mem-
brane, or leave it as an energetically costly possibility. A
complete prevention of self-crossing of linear polymers
may somewhat modify their dynamical behavior but has
no influence on the thermodynamic equilibrium. For
ring polymers such differences are more important, but,
again, do not modify the important critical properties.
By analogy with linear polymers, it is believed that the
presence or absence of occasional self-intersections
should not influence the long length-scale properties, al-
though no systematic study of this point has been per-
formed. In particular, the form (4) completely disregards
this issue since it only preserves the correct second virial
coefficient of interactions, and disregards other details of
the microscopic repulsion. The virial coefficient and the

V~kB T dparameter u are proportional B = f (1 —e )d r,
where V is the interaction potential between monomers
of the network. In self-avoiding polymers 8 (and u) are
positive. Negative u in (4) of a system leads to a collapsed
state. In this case, additional terms (such a repulsive
many-point interactions) must be introduced into the
continuum Hamiltonian to produce a realistic description
of the membrane.

Introduction of bending rigidity into the membrane
models may modify their long-range behavior: Rigid
membranes are asymptotically flat [7]. Unusual proper-
ties of the flat phase (length-scale dependence of the in-
plane elastic constants, and transverse fluctuations) have
been extensively investigated during recent years [18]. As
the rigidity of a membrane decreases (or the temperature
increases), a phantom membrane undergoes a second-
order phase transition [8,19] from an asymptotically flat
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to a crumpled state. This transition has been investigated
using renormalization-group methods [20]. Unfortunate-
ly, these methods rely on 1/d expansions, which are un-
able to provide reliable estimates for the a=2, d=3
case. Paczuski, Kardar, and Nelson [21] analyzed the
crumpling transition in the presence of both bending rigi-
dity and excluded-volume interactions within the frame-
work of Landau-Ginzburg Hamiltonian, and concluded
that the excluded-volume interactions are irrelevant at
the flat phase until the transitions point. A numerical
check of the relevance of the excluded-volume interac-
tions at the transition point of a phantom membrane indi-
cates [19] that such interactions should be relevant.
There are no theoretical indications regarding the nature
of the change which excluded-volume interactions can in-
troduce into the crumpling transition

III. EXCLUDED-VOLUME EFFECTS

The first investigation [1,9] of tethered membranes
with excluded-volume interactions was performed for a
small system (%=121) of atoms. The repulsive interac-
tion was a simple hard-sphere repulsion. That study
found v=0. 83. Since for regular (D =2) membranes the
excluded-volume interactions are relevant at any space
dimension d, an e expansion was developed in which both
D and d are used as continuous variables, and the expan-
sion is performed in the D dplane [2-2]. While these ex-
pansions demonstrated the feasibility of the process, they
did not provide an estimate of v, since they have been
performed only to the lowest order in e. Some formal as-
pects of such treatment (such as renormalizability to the
lowest order, and renormalizability of simpler models to
all orders) have been checked [23]. None of these treat-
ments was able to indicate anything pathological happen-
ing to two-dimensional membranes in d =3.

Soon after the first numerical studies of the crumpling
transition in phantom membranes [8,19], an attempt was
made to investigate that transition in the presence of
excluded-volume interactions [10]. Surprisingly, it was
found that the transition had completely disappeared,
and the surfaces were flat for any value of the bending
constant. This study found that A,

&
increases as L', with

v=0. 96, while A, 3 (the smallest eigenvalue of the shape
tensor) increases as L~, with /=0. 65. The natural con-
clusion was that the surface remains asymptotically flat
( v = 1 ) with strong transverse fluctuations. The same re-
sult has been obtained in a large-scale molecular-
dynamics simulation [11] of a system containing
N=4219 atoms. The discrepancy between these results
and Ref. [1] was explained by the fact that the original
study used very small systems, where the crossover effects
were strong, and, in addition, the measurement of
Rg =X&+X2+A,3, instead of separate evaluation of A, s,
enhanced the crossover effects, since Rg is a sum of three
terms, the smallest of which increases slowly with L.
These studies made it clear that the effects of the exclud-
ed volume interactions are more subtle than was thought
before. Since it is impossible to determine numerically
whether the exponent v is exactly unity or somewhat
smaller, the subsequent studies concentrated on checking

the consistency of the concept of fat surface. Boal et al.
[12] have shown that, starting from a folded initial
configuration, the surfaces tend to unfold during the
equilibration. An indirect support of the possibility to
have "stiffness" induced by excluded-volume interactions
is also provided by simulations [24] of certain networks
with fractal [25] connectivity.

An interesting argument has been advanced [15] to ex-
plain the failure of numerical simulations to observe the
crumpled phase of membranes: an excluded-volume in-
teraction between nearest-neighbor atoms locally restricts
the bending of the membrane and therefore acts as a
bending force constant. This effective rigidity is propor-
tional to the temperature, and therefore the change of the
temperature does not modify the strength of the effect.
Thus bending rigidity which had been accidentally intro-
duced into the model systems prevented creation of the
crumpled phase. Indeed, the "diameter" of atoms is usu-
ally not much smaller than the distance between the
neighboring atoms, and therefore the induced effective ri-
gidity is large enough to bring the entire system into the
"usual" flat phase. Such an explanation attributes the
presence of the flat phase to the bending forces, and not
to the excluded-volume interactions, and therefore the
appearance of the fiat phase is an artifact of the computer
model rather than an essential property of excluded-
volume interactions. Bending forces can be reduced by,
e.g., diluting the two-dimensional network. Simulations
of diluted networks [26] failed to recover the crumpled
state.

A different computational method of enforcing self-
avoidance in model systems is using a triangulated sur-
face at which no atom (vertex) can cross a plane of a tri-
angle created by any three neighboring atoms [27]. This
can be represented as a potential which depends on the
positions of four atoms. While this is very different from
the two-atom repulsive potentials, the asymptotic
behavior is expected to be unmodified, since, in the
renormalization-group language, the two-particle poten-
tial will be generated under the rescaling. However, for
such models one may expect severe crossover effects. In
particular, a modification of boundary conditions can
produce very different results [27]. A detailed analysis of
such a model [28] demonstrates that the membranes are
flat, although the crossovers are extremely slow.

Due to the difhculties in reaching a definite conclusion
in d =3 it is important to consider higher-dimensional
cases. Recently, Grest [13] found that v=1 in d=3,
v=0.95+0.05 in d =4 and v=0. 85+0.05 in d =5. The
picture arising from these results is as follows: the ex-
ponent v increases with decreasing d and reaches the
value of v= 1 at (or near) d =di =4. Below this "lower
critical dimension" the two-dimensional membranes are
flat. Not surprisingly, for d &dl the behavior of the
membrane cannot be explained in such a simple manner
as for d )d&. (This resembles the problems of linear poly-
mers with power-law interaction below their lower criti-
cal dimension [29].) Although this explanation does not
contradict the "effective rigidity" argument, it states that
the flat phase is not an artifact of a computer model, but
will always be generated by excluded-volume interac-
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tions. Heuristic arguments regarding the existence of d&

have been advanced by several authors (di=3 in Ref.
[30], di=4 in Ref. [31]). Unfortunately, those conjec-
tures are not based on exact analysis, and cannot deduce
the value of d& with any degree of certainty.

While most of the numerical studies reached the con-
clusion that self-avoiding surfaces are Hat, there are
several important studies with opposite indications: In
an experimental study of graphite oxide sheets in an
aqueous solution [5] Hwa and co-workers succeeded by
changing the contents of acetone in the solution to ob-
serve compact (v =

—,
'

) and crumpled ( v =0.79+0.03 )

phases. Two recent numerical studies [14,15] considered
membranes, which besides the excluded volume interac-
tions contained an interparticle (short-range) attraction
term. In these models Oat, crumpled and compact phases
were seen for various values of temperature. However,
the temperatures at which crumpled and/or compact
phases were observed corresponded to negative B, i.e.,
negative v in (4). Therefore these results are examples of
a more complicated case, which cannot be represented by
the simple Edwards-type Hamiltonian.

IV. MODEL SYSTEM AND
SIMULATION PROCEDURE

While the results in high d indicate that two-
dimensional membranes in d =3 should be Hat, it is
difticult to ascertain this claim directly in d =3 due to
various computational artifacts of the models. The natu-
ral thing would be usage of a model which is described as
closely as possible by the Hamiltonian &0+&, given by
(3) and (4) without any additional terms. It is known [9]
that any simple nearest-neighbor interaction produces (3)
already at length scales of few lattice distances. There-
fore we use a simple potential

r

0 for r(b
(5)

to describe the nearest-neighbor bond. Such a choice
corresponds to (3) with K= 1/b . The excluded-volume
interaction can now be introduced by a hard-sphere
repulsion potential

V„~(r)= . for r &a
0 for r)a . (6)

As long as the parameter a jb is small, the description of
the repulsive part should be close to (4). In what follows,
we measure the spatial distances in units of maximal
nearest neighbor distance, thus setting b = 1, while a be-
comes dimensionless parameter. When a «1 no addi-
tional effective interactions are generated on the length-
scales of several lattice distances.

So far the model does not differ from most of the mod-
els used to describe self-avoiding surfaces. Unfortunate-
ly, when a «1 it is more difficult to establish the long
length-scale behavior. In particular, in Ref. [12] the au-
thors encountered some difficulties in determining wheth-
er the crumpled phase and the crumpling transition exist

for very small a. To overcome those difhculties we con-
sidered a variant of the problem, where the excluded
volume interactions have been enforced only up to a cer-
tain neighborhood level: We considered a two-
dimensional triangular array of atoms embedded in d =3.
In an infinite array every atom has six nearest neighbors
[one (internal) lattice unit away from that atom] six next-
nearest neighbors (+3 units away), etc. Thus all neigh-
bors can be grouped into levels which are a particular dis-
tance away from a given atom. If we restrict the repul-
sive interaction (6) to act only between atoms whose
internal distance along the lattice does not exceed a cer-
tain number, we will have a model with local interactions.
The (internal) range l of the interactions will be defined as
the square root of the number of atoms in the interacting
neighborhood, e.g. , if nearest and next-nearest neighbors
interact then l =1+6+6=13. Obviously, these are not
true excluded-volume interactions, and on length scales
larger than l the system could be represented by a con-
tinuous local Hamiltonian

For any finite I, and a =0, we have the usual crumpled
flexible phantom membrane. As a increases, the effective
rigidity of the system also increases and at some particu-
lar value cr, (l) the surface will undergo a transition into
the Oat state. Since the interactions are local, this will be
the regular [(un)crumpling] transition. Transitions of this
type can be relatively simply detected [19]. The main aim
of this work is to determine the dependence of a, on l as
the range of the interaction grows.

The simulation has been performed on a surface which
was a hexagon excised from a triangular lattice embedded
in three-dimensional space. We used hexagons of two
sizes: 14 and 20 lattice spacings between the opposite
corners, i.e., they were L =15 and 21 atoms across, and
contained the total of N = 169 and 331 atoms, respective-
ly. These are systems of moderate size, which both pro-
vide the ability to see the asymptotic behavior and can be
well equilibrated. Since all the potentials of the model
are either 0 or ~, the Monte Carlo (MC) procedure is in-
dependent of temperature: Every attempted move is ei-
ther permitted, and therefore accepted, or forbidden by
the infinite potential, and therefore rejected.

Usually, an elementary move in a MC procedure con-
sists of random selection of an atom and an attempt to
move it in a random direction by certain amount s. The
equilibration time is determined by the slowest modes
which correspond to large length-scale motions. We
made an attempt to accelerate the equilibration pro-
cedure by making the following "collective" moves: The
procedure begins by a random choice of an atom of the
network. Then a random decision is made regarding how
many shells of neighbors will be moved together with
that atom. All the atoms are moved in the same random-
ly chosen direction. The atom in the center of the mov-
ing block is moved by some amount so, while rest of the
atoms are moved by smaller amounts s determined by
their (internal) distance h from the center of the block:
s =so(1 —h /ho), where ho is the (internal) distance of the
atom just outside the moving block. While this pro-
cedure reminds numerous cluster motion algorithms
which have been recently developed to accelerate the
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equilibration processes, it suffers from a serious draw-
back: As the size of the moving cluster increases, so does
the probability that the move is forbidden because one of
the atoms violates one of the potential restrictions. This
problem was partially mended by making so dependent
on the number of atoms n inside the moving block: We
found that a choice so=s„l&n enabled us to keep the
move acceptance rate almost independent of the size of
the moving block. With s, =0.2 we were able to main-
tain the acceptance rate of at least —,

' for all our simula-

tions.
In standard MC procedures a single atom is moved by

an amount s~, and therefore the center of mass of the ob-
ject moves by amount s~/X. In our procedure an ele-
rnentary move consists of an attempt to move n atoms
leading to a displacement of the center of mass by an
amount s, &n /%. We define the MC time unit as a time
required to perform X elementary moves. In these units
the diffusion constant of the center of mass of the object
will be s~n /X. The extra factor n, which should be tak-
en as an average n used in the procedure, shows that
diffusion process is accelerated, and therefore the relaxa-
tion times (which can be estimated as times needed for
the object to diffuse its own R ) are decreased. Since the
algorithm allows partial vectorization it is indeed advan-
tageous in use on parallel computers. For scalar compu-
tations the advantage of such method is not clear, since
the time consumed by an elementary move also increases.

For each choice of parameters o. and I we performed
equilibration process over times ranging between 8N and
40K MC time units. Since R of the systems in this
simulation did not exceed 4, the equilibration time ex-
ceeded the time ~o required for the system to diffuse its
own R by more than an order of magnitude. We expect
this time to suSce for reaching equilibrium and for col-
lection of reliable statistics (e.g. , measurement of Rg with
at least 10% accuracy). The time ro does not necessarily
provide a good estimate of the equilibration time, e.g. ,
near the crumpling transition we can expect a critical
slowing down of the processes. Therefore we verified the
equilibration by a direct measurement of several auto-
correlation functions. Figure 1 depicts an example of
such measurement for I.=15 surface with interaction
range l =&13. The solid and dotted lines correspond to
the autocorrelation function Az(t) of the largest eigen-
value (AI) of the shape tensor for o =0.35 and o =0.25,
respectively. The autocorrelation function is defined as
A~(t):—((A&(t'+t QI(t') ) —(A (tI') ) )l(A (t'I) ), where
the averaging ( ) is performed over the time t' Both.
values of o. are close to o.„thus representing the worst
situation when the system is in the intermediate shape be-
tween the crumpled and flat conformations. Even in this
case we see equilibration within few times X MC time
units. The dashed and dot-dashed lines in Fig. 1

represent (for the same respective pair of o's) the auto-
correlation function A„(t) of a vector v which connects
to opposite corners of the hexagon. The function is
defined as A„(t)—:(v(r'+t) v(t')) l(v(t') ) and mea-
sures the rotation of the entire surface. It decays to zero
when the original orientation is "forgotten. " Notice that,
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I I I I
]
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I I I I
j

I I I I

~ ~
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0 0.5 1 1.5
t/N

FIG. 1. Time dependence of normalized autocorrelation
functions for L =15 surface with interaction range l 13. Solid
and dotted lines depict Az (see text) for sphere diameters 0.35
and 0.25, respectively. Dashed and dot-dashed lines represent

3, for the same values of diameters, respectively.

for larger o. and therefore flatter conformations, the rota-
tion is slower. Similar behavior was observed in several
additional autocorrelation functions, leading us to the
conclusion that our results represent thermally equilibrat-
ed averages with reasonable accuracy.

V. RESULTS

For hexagon sizes I. =15 and 21 we performed MC
equilibrations for four different ranges I of the repulsive
interactions. We chose I =13, 19, 37, and 55. For fixed
l we performed simulations for a large sequence of values
of the diameter o. of the repulsive potential in order to lo-
cate the transition point from the crumpled to Hat state.
As the parameter o. increases, reasonably sharp transition
can be seen. Figure 2 depicts the dependence of A, ,

's on

5 I I 1 I

]
I I I I

)
I I I I

)
I

oo o
0. 1 0.2 0,3

sphere diameter

I

0.4

FIG. 2. Dependence of largest (triangles), intermediate
(squares), and smallest (hexagons) eigenvalues of the shape ten-

sor on the sphere diameter, for L =15 (open symbols) and
L =21 (solid symbols) for interaction range I'= 37.
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the sphere diameter o. for I =37. The open and solid
symbols represent L =15 and 21 cases, respectively. We
notice that the smallest eigenvalue of the shape tensor A, 3

shows very little dependence on o., while two remaining
eigenvalues increase by a significant factor in the range of
parameters 0. 1&a.&0.2. Within this range, the values
of A,

&
and X2 change from values typical of crumpled

phantom membranes (-lnL) to values typical of Aat
membranes ( —L ). The transition is, obviously, sharper
for larger membranes. Similar behavior is observed for
other values of I. However, the "sharpness" of the transi-
tion does depend on I: for I =13 the transition is very
sharp and can therefore be found with large accuracy,
while for larger I's the finite size effects become more
severe, and it is more dificult to determine the position of
Oe.

The transition from the crumpled to Aat state can be
easily seen by visually inspecting the spatial conforma-
tions of the membranes. Figure 3 depicts such conforma-
tions of the membrane which have been quantitatively de-
scribed in Fig. 2. Figure 3(a) shows the conformation in
the crumpled state for o. =0.1. This picture is visually in-
distinguishable from pictures which we have for cr &0. 1,
i.e., it is strongly crumpled. Figure 3(b) depicts the
o. =0.2 case, which is close to the estimated transition
point. The configuration in Fig. 3(c) corresponds to
o. =0.3, i.e., above the transition point, and well in the
Aat phase.

As can be seen from Fig. 2, the sharpest signature of
the transition point is found in the behavior of the largest
eigenvalue A, ,„=A,

&
of the shape tensor. Since the exact

determination of the transition point is dificult both due
to statistical errors and due to rather strong finite size
effects, we attempted to find proper variable in terms of
which the graphs for different I's collapse to a single line,
at least in the neighborhood of the transition point.
There is no theory describing the buildup of the effective
bending constants from excluded-volume interactions un-
der rescaling. However, we can get a clue by inspecting
the importance of weak excluded-volume interaction on
various length scales. It has been shown [9] that for a
finite membrane of linear size L with small excluded-
volume parameter U, the importance of the interaction
grows with increasing L. In particular, the membrane
can no longer be considered as a phantom membrane (in
d =3) if IC ~ vL exceeds unity.

Since the repulsive interactions of our model are limit-
ed to internal distance l, we will define (in our dimension-
less units) a parameter p —=Ul", where v =cr, which serves
as a natural indicator of the importance of the repulsion
within the range in which it is active. Figure 4 depicts
the dependence of A, ,„on this parameter for all values of
I and for both system sizes L. Plots of this type cannot
collapse the data for two different values of L, since the
small-p end of the graph has a different functional depen-
dence on L from the large-p end. Thus the solid symbols
(L =21) should be inspected separately from the open
symbols (L =15). (The values of A, ,„ for L =21 have
been multiplied by —', to bring them to comparable values
with the results for L = 15.) Although no good collapse is
seen, we can make few observations: (a) the transition re-

gion indeed appears for p of order of unity; (b) the spread
of the data points in the transition region (between
log, op =0 and log, op = 1) is smaller for larger L, i.e., the
collapse somewhat improves with increasing L; (c) if, in-
stead of using p we would use directly the excluded-
volume parameter U, the transition points would spread
out over more than two decades. Statistical errors do not
permit an accurate determination of the "best scaling
variable": The data collapse is almost as good (or, "as
bad") for the combination vl . However, for the choices

FICx. 3. Spatial conformations of membranes with I. =21 and
l =37 for sphere diameters (a) 0.10 (crumpled phase), (b) 0.20
(close to the transition point), and (c) 0.30 (Aat phase). Spheres
represent positions of the atoms; the depicted diameter of the
spheres is not related to the range of the repulsive interactions.
Cylinders represent the bonds between the nearest-neighbor
atoms.
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result to L ~~, since only two values of L are available.
In our (subjective) estimate these errors are smaller than
10%%uo for l =13, and may be as large as 20% for l =55.
Figure 5 depicts the l dependence of such an estimate of
o, Despite the uncertainties in the determination of the
points of this graph the general trait is obvious: o.,~0
for /~ ~.

VI. MSCUSSIQN

l i i i i l i I i I l I & i i l i i i t l

—2 —1 0 1 2
log, vl

FIG. 4. Semilogarithmic plot of the dependence of the maxi-
mal eigenvalue of the shape tensor on the scaling parameter v l
(see text). Triangles, squares, hexagons, and circles correspond
to l =13, 19, 37, and 55, respectively. Open symbols represent
the results for L = 14, while the solid symbols represent L =21.
The values of A, ,„for L =21 have been reduced by a factor of —,

'
to bring them to a similar scale as the results for L = 15.

~ 4 I I I I
l

I I I0.

0 3—
Q
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0

)-4/3
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FIG. 5. Estimated critical sphere diameter as a function of
the interaction range l.

Ul or Ul the quality of the graph deteriorates
significantly. Despite this uncertainty in the value of
power of l it is obvious that the critical value of U for
which the transition from the crumpled to Rat phase ap-
pears decreases with increasing l (as fourth or fifth power
of l ').

Assuming that the transition indeed occurs when
Ul =o. l reaches value of order unity, we may attempt
to plot our estimates of the critical sphere diameter o., as
a function of l . Such a plot suffers from all the un-
certainties evident from Fig. 4. We arbitrarily defined o.,
as the value for which X „reaches —', of its maximal pos-
sible value. This value can be determined only with poor
accuracy, due to statistical fluctuations in the data points
and due to uncertainty regarding the extrapolation of the

In this work we attempted to investigate self-avoiding
surfaces with E = 1, and with very small excluded
volume. In such a model, all other interactions are negli-

gible on the length scales of few lattice spacings. By lim-

iting the range l over which the repulsive interactions are
active we converted the original problem into a sequence
of problems with loca/ interactions which gradually con-
verges to the true excluded-volume interaction case. By
investigating the sequence of crumpling transition points
we have shown that self-avoiding surfaces are Aat even
for very small values of excluded volume U, when the sys-
tem is correctly represented by the generalized Edwards
Hamiltonian. Flatness of the surface therefore is n,ot an
artifact of computer models but an essential property of a
self-avoiding surface.

An approximate picture of surface becoming Hat

emerges: On short length scales excluded-volume in-

teractions are not felt, and the surface is crumpled like a
regular Qexible phantom membrane. At certain length
scales excluded-volume begins to significantly modify the
shape of the phantom object. At that scale excluded-
volume interactions already produce effective rigidity
which su%ces to keep the entire surface Oat. Beyond that
length scale the surface remains Aat because of its rigidi-

ty, and self-avoiding interactions no longer play a role. It
is reasonable that the repulsive interaction will not play a
significant role until p =Ul =1. However, it is far from
being obvious why the crumpling transition should ap-
pear exactly at the same scale. Our results are not sensi-
tive enough to exclude the possibility that the transition
appears for v somewhat larger or smaller than predicted
from the relation p = 1.

These results are specific to d =3, which is probably
below the lower critical dimension of "polymerlike"
behavior of the surfaces. We should keep in mind, how-

ever, that these results do not exclude existence of crum-
pled configurations of surfaces with attractive interac-
tions. Such crumpled states are not analogous to the usu-
al (crumpled) state of self-avoiding linear polymers, and
cannot be simply investigated using an Edwards-type
Hamiltonian. Since existence of nonfat states has been
demonstrated both experimentally, and numerically it
would be interesting to build a proper theoretical descrip-
tion of those phenomena. However, these phenomena
probably cannot be described in the language familiar
from linear polymer physics (8 point and similar con-
cepts), i.e., real self-avoiding surfaces require a more
complicated theoretical description.

Despite recent progress in the investigation of self-

avoiding surfaces, a wide gap seems to have opened be-
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tween the theory and numerical simulations. Several im-
portant problems have to be addressed by the theory: (a)
We need to find a way to determine the lower critical di-
mension of the (polymerlike) self-avoiding membrane
problem, and (b) below the critical dimension we need to
find a proper way to describe the buildup of bending
forces by the excluded volume interactions.
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