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Nonlinear short-pulse propagation in a free-electron laser
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With one-dimensional time-dependent Maxwell-Lorentz equations, we have numerically investi-
gated the nonlinear short-pulse propagation in a free-electron laser (FEL). Considering the pulsed
electron beam and the cavity detuning, we describe a spiking behavior and the dissipative dynamics
in a FEL oscillator. We show that the spiking behavior is well understood by superradiant pulse
propagation and its dynamical regimes are closely related to a bifurcation and the chaotic transition
in the nonlinear dissipative dynamics. The scaled synchrotron slippage distance (L,s„/L, ), where L,
is the slippage length and L,~„ is the slippage distance in a synchrotron period, plays an important
role in determining the dynamical regimes. Using dimensionless branching parameters, which are
the cavity detuning parameter D, the slippage parameter S, and the superradiant parameter K, we
describe the bifurcation and the chaotic transitions via a period-doubling cascade, an intermittency,
and a quasiperiodicity. The real-time signal, the phase-space plot, and the corresponding power
spectrum are used to confirm our results.

PACS number(s): 41.60.Cr, 52.75.Ms

I. INTRODUCTION

In this paper we numerically investigate nonlinear evo-
lution of radiation pulses in a free-electron laser (FEL)
which is driven by the periodically injected short-pulse
electron beam. Using the nonlinear pulse propagation
equations, we describe the spiking behavior in both
single-pass amplifier and oscillator. We also describe the
dissipative dynamics of the FEL oscillator by investigat-
ing the bifurcation and the chaotic transitions.

Since the first FEL was operated at Stanford [1], the
FEL has become a very useful device in wide-ranged. sci-
entific applications, because of the potentiality of high-
power and short-pulse radiation and tunable operations.
In most FEL s operating in the infrared and visible spec-
tral range, the electron beam is supplied by a rf accelera-
tor and consists of a train of short micropulses. Because
the short-pulse FEL has the possibility of achieving the
picosecond time-scale radiation, which has many scien-
tific applications, the subject of short-pulse propagation
in the FEL has been experimentally and theoretically in-
vestigated.

For a long-pulse FEL, where the electron beam can be
regarded as continuous, each section of electron beam
evolves identically as it passes through the wiggler.
Hence the relative slippage between electrons and radia-
tion is neglected; this is known as the steady-state regime
of the FEL [2]. If the electron pulses are sufficiently short,
slippage makes each section of the electron pulse evolve
not identically any more. Especially, in the high-gain
regime, the short-pulse FEL propagation reveals several
important and interesting issues of FEL physics. One
is the spiking behavior in a free-electron laser, which is
demonstrated in the experiments [3—5] and the simula-
tions [6—10]. In a sufficiently saturated regime, the ra-
diation pulse does not experience the usual steady-state
saturation process, but breaks up into a series of narrow

and high-intensity spikes. The spiking behavior is usu-
ally related to the low-frequency sidebands in the optical
spectrum.

Recently, on the premise that the spiking behavior is
basically related to the superradiant process, i.e. , the
amplification of spontaneous emission from noise, sev-
eral investigators [8—10] have described the experimental
optical spikes in terms of the superradiant pulse prop-
agation in a single-pass FEL amplifier. Our previous
work [10] shows that the evolution of radiation pulse in
a high-gain FEL has two distinct dynamical regimes, de-
fined by the two characteristic lengths; slippage length
(L,) and synchrotron slippage distance (L,r„), which is
the slippage distance in a synchrotron period (T,z„), i.e. ,

L,~„= cT,&„(v~~ is the average axial velocity of the

electron beam). For a superradiant regime, where L,~„
is always greater than L„ the spontaneous emission is
generated in the trailing slippage region of the electron
pulses. As the FEL interaction between electrons and
radiation is enhanced, the synchrotron period shortens.
When L,~„ is equal to L„ the pulse modulation starts
and the narrow spikes are generated. For a spiking regime
(L,r„(I,) the spikes continue to evolve to narrower and
more intense ones. According to the recent work of Caloi
[ll], the spiking regime corresponds to the one where the
superradiant instability [12—14] and the sideband insta-
bility [15] are seen to occur together. In this regime the
low-&equency sidebands are clearly observed in its spec-
trum. In this paper, we will describe the spiking behavior
in the FEL by the numerical simulation and the analog-
ical interpretation of the superradiant pulse evolution in
the high-gain single-pass FEL amplifier.

Another important issue is the nonlinear dissipative
dynamics in the FEL oscillator. In a FEL oscillator, the
radiation pulse bounces back and forth between cavity
mirrors, gaining power while interacting with the electron
pulse and losing power due to output coupling and losses.
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Due to its open nature the FEL oscillator is treated as a
nonlinear dissipative system as opposed to a Hamiltonian
system of the FEL amplifier.

In a Hamiltonian FEL system, the e6'ect of the self-
electric and self-magnetic fields of the electron beam in-
duces chaos in the single-particle trajectories in the vicin-
ity of the gyroresonance in the presence of an axial mag-
netic field [16]. On the other hand, the dissipative FEL
system, which concerns the self-consistent action and re-
action of the electrons and the radiation, provides the
various dynamical features. Since the study of bifurca-
tion and chaos in a FEL is useful in understanding the
characteristics of the radiation pulse and which operating
regimes to avoid, it has become an important topic in the
FEL physics [16—21]. The spiking regiiiie in the nonlinear
pulse propagation is closely related to the chaotic regime,
where the irregular and strong sidebands are clearly ob-
served; thus knowledge of the dissipative dynamics can
also provide information about the spiking behavior.

In this paper, by considering the pulsed electron beam
and the cavity detuning in the FEL oscillator, we will de-
scribe the bifurcations and the chaotic transitions; period
doubling, intermittency, and quasiperiodicity [22,23].

This paper is organized as follows. In Sec. II we de-
scribe the nonlinear pulse propagation to describe the
spiking behaviors. By considering the slippage and the
cavity detuning, we also describe the optical spikes in a
FEL oscillator. In Sec. III the bifurcation and chaotic
transition in the dissipative oscillator system is consid-
ered in the parameter space of the relevant physical pa-
rameters. The paper concludes with a general d.iscussion
in Sec. IV.

II. THE SPIKING BEHAVIOR
IN A FREE-ELECTRON LASER

peak intensity proportional to n, (where n, is the elec-
tron beam density). In the long-pulse regime (K « 1;I )) L,), the steady-state process is dominant except
for the trailing region. However, in the high-gain regime,
the radiation in the trailing slippage region exhibits the
superradiant spiking behavior with radiation intensities
much greater than the steady-state saturated values.

To understand the superradiant process more qualita-
tively, we review the radiation damping model [12], which
considers the slippage effect simply by introducing an ex-
ponential loss term of the radiation field, proportional to
e ', in the steady-state equations [24]. In this damping
model, the damping constant (n) for the field amplitude
corresponds to the spatial decay rate, i.e. , the reciprocal
of the interaction length (L;„t) in the laboratory frame
(a = L,„t = L,P~~/1 —

P~~, and P~~
——v~~/c), which becomes

the superradiant parameter K in the scaled coordinate
z = (4ap/A )z [13]. Figure 1 shows the instability do-
mains obtained from the linear dispersion relation of the
damping model. As shown in Fig. 1, when the energy de-
tuning h [= (1/2p)(po —p, )/p„, where p„ is the resonance
energy and po is the initial injection energy] is greater
than the steady-state threshold hT = (3/2) ~ 1.89
[2], the superradiant solution solely exists and becomes
rather larger as K increases. This reflects the intrinsic
property of superradiance, i.e. , the superradiant pulse
evolution is just due to the ampliGcation of spontaneous
emission (ASE) [25], which is resonant with the initial
injection energy, po.

To describe the self-consistent nonlinear interaction of
the radiation pulse with the electron pulse, we use the
usual one-dimensional coupled Maxwell-Lorentz equa-
tions [10,13] for the electron phase 0 = (k, + k )z —w, t
and the complex radiation field a = a, exp(iP, ).

(2.1)

A. The ampli6er con6guration

In this section, we will describe the spiking behavior in
the FEL ampliGer using the nonlinear pulse propagation
equations. Because of the Gnite slippage between elec-
trons and radiation pulses, the spatio-temporal interac-
tion of the FEL is classified into three difI'erent processes.
They are the steady-state process in the body of electron
pulse, the radiation-decay process in the leading edge,
and the superradiant process in the trailing edge. In the
superradiant region (i.e. , the trailing slippage region), the
Geld is space-time dependent and the electrons do not
evolve identically any more; this is basically related to
the reduced radiation reabsorption due to the continuous
radiation escape, which would inhibit any steady-state
saturation process and make the superradiant scaling.
According to the previous works on the superradiance
[6,8,12,13], by introducing a dimensionless parameter K,
two difFerent regimes are defined [K = L,/L, where L, is
the electron pulse length, L, = A/4np is the cooperation
length, and p = 1/p(a w„/4ck ) ~ is the fundamen-
tal FEL parameter; w„ is the plasma frequency]. In the
short-pulse regime (K ) 1; L, & L,), the superradiant
process is dominant (no steady-state process exists), with

0 (1 + a2 ) (2.2)

(2.3)

where j = 1, . . . , N; a„k, and a, k are the normal-
ized Geld amplitudes and the wave numbers of the radi-
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FIG. 1. Linear dispersion theory. (a) Growth rate vs en-
ergy detuning (b) for several values of K. (b) Growth rate vs
K for several values of b. p = 0.01.
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TABLE I. Fundamental parameters used in the simulations.

Facility
PALADIN (Ref. [7])
FELIX (Ref. [27])
LANL (Ref. [3])

111
49.02

45

1.21
1.20

0.7874

A (cm) A (pm)
10 10.0
6.5 33.0
2.5 10.0

I, (A) L, (A) L, (A)
200 300 8.3
38 30 21 1
40 800 26.4

R (%)b

5.0
7.0

They correspond to 2000, 70, and 70 A, respectively.
Total cavity loss.

100

10

(a)
Le= 30 (1.54)

.01

ation field and the undulator, respectively. In Eq. (2.3),
x = v~[(ct —z)/(c —

v[~) and y = c(z —v~~t)/(c —
v~~), which

are proportional to the retarded times at the speed of
the electrons v~~ and the speed of light c, respectively;
iI = iv„/2k, c is the coupling strength, I" (y) is the macro-
scopic axial electron beam profile function [0 & F(y) & 1
inside the electron pulse] and the symbol () denotes an
ensemble average over electrons.

In this simulation study, the nominal PALADIN pa-
rameters [7] are used (see Table I). For the typical run, we
use the top-hat profile of the electron pulse, i.e. , I" (y)=
1 inside the pulse and assume that the initial excita-
tion is distributed over the entire electron pulse. The
calculations &om the nonlinear pulse propagation equa-
tions (2.1)—(2.3) are compared with those of the damping
model. As shown in Fig. 2, the results from the damping

model are very consistent with those of nonlinear pulse
propagation equations except for the high current regime
(which corresponds to the strong superradiant regime
in Refs. [6,13], where K && 1). As the electron pulse
length decreases (i.e. , K increases), the scaling of the
peak power (P) and the efficiency (ri) tends to reach the
superradiant scaling; P Ix I and q oc ~I [9]. Because of
the continuous energy extraction from the electron pulse,
the superradiant process results in the dramatic increase
of the efficiency rI for the short-pulse regime (K ) 1).
However, the considerable portion of the extracted en-
ergy is contained in the escaping leading part of the ra-
diation, so that the efFective efficiency (i7,a), which is the
net eKciency excluding the contribution of the lost power
(i.e. , q,s = q —

rI& „),is always less than that of steady-
state theory [see Fig. 2(b)]. According to this study, it is
shown that the superradiant scaling comes from the rel-
atively low coupling in the low current regime (i.e. , small
p and large K), not from the enhanced mechanism as in
the laser physics.

To describe the superradiant pulse evolution only, we
consider the positive detuning regime (b ) 8T) where the
steady-state solution does not exist. As shown in Fig. 3,
the evolution of the superradiant pulse is characterized by
the scaled synchrotron slippage distance (L,r„/L, ) and
the spike velocity (in this paper, it means the velocity of
the main peak of the pulse). In the superradiant regime
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FIG. 2. Peak power intensity (P) (a) and extraction eiii-
ciency (b) vs beam current (I) for L, = 30A, 100A, and 300A.
All lines represent the results calculated from the damping
model. The numerical values in the parentheses are the slopes
of the linear fitting (steady-state regime: P oc I, superradi-
ant regime: P oc I ). The symboled points are our simulation
results using Eqs. (2.1)—(2.3).
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(L,~„&L, ; around point a in Fig. 3), the initial sponta-
neous emission keeps growing with the shape unchanged
(slightly distorted Gaussian-like shape due to the laser
lethargy) and the frequency modulation is clearly ob-
served. The spike velocity is always less than the speed of
light because the peak position of the pulse falls back, and
the pulse width [full width at half maximum (FWHM)]
is approximately half of the slippage length ( 2 L, ) .
When L,~„ is equal to I, (near the point fi in Fig. 3), the
pulse modulation by the synchrotron oscillation starts.
As the synchrotron period decreases the trailing edge of
the pulse erodes by the absorption process, so that the
spike velocity becomes greater than c. The pulse width
becomes approximately half of the synchrotron slippage
distance ( zL,~„). This is the spiking regime (around
point c in Fig. 3) where the long-wavelength sidebands
are clearly observed. As the spike intensity continues
to grow, the strong pulse modulation continues and the
main spike with the trailing small-intensity spikes be-
comes narrower. In this high-spiking regime (near point
d in Fig. 3) the spike velocity comes down to the light
velocity due to the diminishing lethargy effect and the
spectrum becomes broad and chaotic.

B. The oscillator configuration

In this section, we investigate the optical spikes [3—5]
in the FEL oscillator through the superradiant spiking
model and the multipass simulation using Eqs. (2.1)—
(2.3). Considering the effects of the slippage and the cav-
ity detuning, we describe the various features of the non-
linear pulse propagation in the FEL oscillator for both
short-pulse (L I,) and long-pulse (I, )) L,) cases.

1. The short pulse case: S-~ 1 (L, L,)

In the FEL oscillator driven by the pulsed electron
beams, the emerging radiation has a temporal structure
which also consists of pulses. In such a system the radia-
tion and the electron pulse overlap within the interaction
region. Hence it is necessary to synchronize the radiation
with the successive beam micropulses, thus providing for
spatio-temporal overlap between radiation and electron
pulses. If the electron pulse length is comparable with
the slippage (L, L, ), because of the well-known laser
lethargy effect [26] the radiation slows down compared
to the vacuum speed of light t-. To compensate for this
lethargy, it is necessary to slightly advance the radiation
pulse by reducing the cavity length by a distance bL.

For the simulation of the short-pulse case (L,
L,), we use free-electron laser for infrared experiments
(FELIX) parameters [27]; the electron pulse length (L )
is approximately 30A and the slippage length (L,) is 38A
(all parameters used are listed in Table I). To compare
with the experimental results we use the realistic cur-
rent distributions, I" (y) (Gaussian, Lorentzian-like, and
top hat). Figure 4 shows the radiation pulse profiles at
the entrance of the wiggler. As shown in Fig. 4, the
temporal evolution of the radiation pulse is very similar
to that of the amplifier configuration (see Fig. 3). This
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FIG 4.. Short-pulse case (L, L, ) Radi.ation pulse pro-
files at pass 50 (a), 100 (b), and 200 (c).

L,
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(2.4)

similarity refj.ects the fact that the spiking behavior in
the FEL oscillator can be described by the superradiant
spiking model in the single-pass amplifier. As Bonifacio,
Piovella, and McNeil [8] first proposed, the multipass in-
teraction in the oscillator can be considered qualitatively
equivalent to a single-pass FEL with a long wiggler in
which an initial short radiation pulse (L„) propagates
over a long electron pulse (I, & L„), starting from its
trailing edge. The situation of the periodically injected
fresh (i.e. , unperturbed) electron micropulse in the oscil-
lator is simply replaced by that of the long unperturbed
electron pulse in the amplifier. The electron pulse length
is chosen to be greater than the sum of the radiation
pulse length and the slippage length (L & L„+I,) such
that the electron pulse is regarded as effectively infinite.
The equivalent situation is also made such that the ini-
tial radiation pulse excited over the entire electron pulse
(L„= L,) propagates through the electron pulse with
the detuned energy (b & 8z ), which is just the case of
Fig. 3.

Up to now, we have treated the case of the perfect
synchronism (8L = 0). If we consider the cavity de-
tuning, the full system undergoes the dramatic change
in its characteristics, which may be the inherent prop-
erty of the short-pulse FEL oscillator. Figure 5 shows
the radiation pulse profiles and their power spectra at
pass 400 for the different cavity detunings; bL = —0.5A,
—1.0A, and —2.0A. According to the previous study on
the cavity detuning in the FEL oscillator [21] the cases of
bL = —1.0 and —2.0A correspond to the periodic oscilla-
tion regime (in view of the nonlinear dynamics, it relates
the limit cycle [22] in the phase space, thus it is also called
limit-cycle oscillation) and the case of bL = —0.5A corre-
sponds to the chaotic regime. The pulse profiles in Fig.
5 consist of several narrow pulses which are modulated
by L,~„, not by L, . The pulse separations in the radia-
tion pulse profiles nearly correspond to the synchrotron
slippage distance (L,~„) and the fundamental frequency
in the power spectrum, which has its regular harmonics
in Figs. 5(b) and 5(c), is proportional to L,„„/~hL~.

As shown in Fig. 6 the limit-cycle oscillation (LCO) is
clearly observed and the period decreases as the detuning
increases. Recently, Jaroszynski et al. [28] first observed
the limit-cycle oscillation of the radiation power in the
FELIX experiment. By considering the slippage and the
cavity detuning, they proposed a simple formula of the
LCO period as follows:
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As shown in Fig. 7, the revised formula is very consistent
with the experimental data [21,28].
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FIG. 6. Time history of the extraction efficiency and the
scaled synchrotron slippage length (L,~„/L, ) for bL = —0.5A

(a), —1.0A (b), and —2.0A (c).

where w, is the time for a radiation pulse to bounce back
and forth inside the cavity. However, as mentioned be-
fore, the role of L, should be replaced by that of L y„
because the dynamics in the FEI is governed by L,»,
not by L„so that

In the long-pulse case such as the ones operating at
Los Alarnos [3] the periodic spikes were observed at high
saturated power, and the spiking period stayed approx-
imately fixed, equal to the slippage length (L,). The
superradiant pulse propagation may also explain the pe-
riodic spiking behavior by considering such a long pulse
as consecutive subdivision, each of length equal to the
slippage length, and each developing a single optical spike
[8—10]. In this simulation we use the parameters of the
Los Alamos National Laboratory (LANL) FEL [3] (see
Table I); the electron pulse length is taken to be approx-
imately 20 times the slippage distance (L,= 800A and
L,= 40A). Throughout the simulation study the periodic
multispike is observed as shown in Fig. 8 and the usual
sidebands are clearly observed in its spectrum. Since only
the leading part of the radiation sees completely freshly
injected electrons, the initial spikes are generated first at
the leading edge of the radiation pulse. As the interaction
is enhanced, at the highly saturated power the radiation
pulse becomes modulated by the envelope of the electron
pulse (in this study we use the Gaussian electron pulse).

The multispiking behavior in the long-pulse case may
also be understood by the superradiant pulse propagation
in a single-pass FEI . As shown in Fig. 9, we consider the
amplifier simulation such that the initial radiation pulse
length L„ is much larger than L, (L = 100A and L,=
8.3A) for the resonant and the detuned cases. Clearly, in
the resonant case, the usual trailing edge spike is over-
whelmed by the strong leading edge spike. This reflects
the fact that better amplification of the superradiant
pulse occurs when it interacts with the unperturbed elec-
trons. On the other hand, for the detuned case (b ) bT,
b = 6.10), twin spikes are observed at the initial spik-
ing stage and at a later stage the trailing spike intensity
becomes less than that of the leading edge spike. This
is because the electron pulse is perturbed by the leading
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FIG. 8. Long-pulse case (L )) L,). Radiation pulse pro-
files and spectral power distributions at pass 150 (a), 250 (b),
and 400 (c).

imately 10A, which corresponds to 0.3 ps. Our result
is very close to the experimental [3] and the analytical
values [29], which are 0.25 and 0.24 ps, respectively.

In the long-pulse case, the laser lethargy efFect is very
small compared with the short-pulse case, thus the power
level rather decreases in presence of the detuning (nat
shown here). Figure 10 shows the radiation pulse pro-
files for bL = —0.5A, —1.0A, and —2.0A. In addition to
the leading ed.ge spike, there exists another spiking re-
gion, which corresponds to the strong-coupling region in
the electron pulse (i.e. , high density region). The pulse
separation between spikes is nearly fixed to L, irrespec-
tive of the cavity detuning.

As shown in Fig. 11 the radiation power intensity and
its characteristics are insensitive to the energy detun-
ing for both cases of short- and long-pulse FEL oscil-
lators, which reveals the property of the superradiant
pulse evolution (the shart-pulse case is not shown here
but the similar results are observed). According to the
previous study on the superradiant spiking [8,10,13], the
peak power intensity af the detuning case (8 ) bT) is
rather greater than that of the resonant case. However,
in the oscillator simulations, the reverse situation is ob-
served. This is simply because of the relatively short
slippage length (L,) compared to the cooperation length
L, which can be interpreted as a measure of the mini-
mum distance between which electrons may interact co-
operatively via the radiation field [the amplifier case:
L, = 200A, L = 8.3A; the oscillator case: I, = 38A,
L, = 21.1A (FELIX) and L, = 40A, L, = 26.4A (LANI )].

edge spike. The first notable result in this simulation is
that the separation between two spikes is approximately
fixed, equal to L„, which may be relevant to the multi-
spiking behavior with the fixed separation of L, . The
second notable result is that when L, becomes greater
than or comparable to L„(i.e. , low-coupling regime, low

p), the leading and the trailing spike cannot resolve each
other. This situation is quite analogous to the spiking be-
havior of the FEL oscillator when L is greater than L, .
The Stanford FEL [4], though L, is much greater than
L„does not show the usual well-defined high-intensity
multispiking behavior, which is due to the relatively large
L, compared with L, (for the Stanford FEL, L, 250A,
I, = 47A, L 1320A, and p = 6.0 x 10 ).

The measured FWHM of the spike in Fig. 8 is approx-
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FIG. 9. Amplifier simulation. Radiation pulse profiles
at the exit of the wiggler (z =' 20 m): (a) resonant case
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FIG. 10. Radiation pulse profiles and spectral power dis-

tributions at pass 400 for 6L = —0.5A (a), —1.0A (b), and
—2.0A (c).
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(a)
ties in the diferent dynamical regimes were shown to be
correlated with the superradiant spiking model.
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FIG. 11. Radiation pulse profiles and spectral power dis-
tributions at pass 400 for h = 2.26 (a) and 7.40 (b).

III. THE DISSIPATIVE DYNAMICS
IN A FEL OSCILLATOR

In this section, we describe the nonlinear dissipative
dynamics of the FEL oscillator. As mentioned in the pre-
ceding section, due to the inherent open nature of the os-
cillator, the self-consistent action and reaction of the elec-
trons and the radiation provides the nonlinear dynamical
problems [17—21]. According to the previous studies on
the FEL oscillator [17,18,20], it is shown that as the beam
current increases (three or four times the threshold cur-
rent) the single-frequency equilibrium solution becomes
unstable and then quasiperiodic and chaotic. Using the
self-consistent set of equations, Bogomolov et al. [17] in-

vestigated the stationary and the pulsed injection regime.
They showed that as the beam current increases there ex-
ists the bifurcative transition from the stationary single-
mode generation to the stochastic self-modulation and
that the self-modulation of the radiation pulse is due to
the overbunching instability (i.e. , sideband instability).
In the recent work of Antonsen [20], he showed that there
exists the chaotic route via the period-doubling cascade
in the FEL oscillator system, which is driven by the con-
tinuous beam. By using a one-dimensional simple return
map equation he has demonstrated the chaotic transition
through the bifurcation diagram and the Lyapunov ex-
ponent [22]. He also showed that as the beam current in-
creases, the radiation field changes from single frequency
to broadband and chaotic. However, since all previous
works were restricted to the simple case of the continuous
beam or the perfect synchronism, the bifurcation and the
specific chaotic routes in the full system, where the pulsed
electron beam and the cavity detuning are concerned,
could not be described. Very recently, Hahn and Lee
[21], considering the pulsed electron beam and the cav-
ity detuning, described the bifurcation and the chaotic
transition using the self-consistent nonlinear pulse prop-
agation equations (2.1)—(2.3). The chaotic transition via
period-doubling cascade was found and the characteris-

In this paper, to see the spatio-temporal evolution
of the radiation pulse and to investigate the bifurca-
tions, the following branching parameters are used: D
(= bL/A), S (= I,/L ), and K (= L /L, ) Th.ese pa-
rameters are closely related to the real physical parame-
ters such as the electron beam current (I), the electron
pulse length (L,), and the wiggler length (I ). Figure
12 shows a phase diagram for D = —0.5, —1.0, and —2.0.
As shown in Fig. 12, the chaotic region is made in the
high current, long wiggler, long-pulse, and small cavity
detuning regimes, which correspond to the higher non-
linear coupling regime, and the stable focus region (i.e. ,
stationary single-mode region) is made in the opposite
situation. The bifurcative transition from the stable fo-
cus to chaos is made via well-known Hopf bifurcation and
period-doubling cascade [22,23].

For the description of the dissipative dynamics in the
FEL oscillator, we define the fundamental branching pa-
rameter p as the reciprocal of the scaled synchrotron slip-
page distance (p:—L, /L, ~„), which has a role similar
to that of the Rayleigh number in the Rayleigh-Bernard
convection system [22]. The parameter p is a complicated
function of S, K, and D and represents the strength of
nonlinear coupling between electrons and radiation. In
the stable focus region (p, ( 0.8) the radiation pulse be-
comes quasicontinuous (i.e. , no subpulses develop) be-
cause of the low gain and the large damping. Its power
spectrum has a single peak which corresponds to the in-
verse of the LCO period of Eq. (2.4). This stationary
single-mode region is closely related to the superradiant

0.5

FIG. 12. Phase diagram. Symboled points are determined
by the simulation. The curves are made by simple data Bt-
tings. Filled symbols represent Hopf bifurcation points and
open symbols represent period-doubling bifurcation points.
Rectangle, D = —0 5; circle, D = —1 0; and triangle,
D = —2.0.
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regime in the superradiant spiking model. In the limit-
cycle region (0.8 & p & 1.5), the single-mode equilibrium
becomes unstable, the radiation amplitude varies period-
ically. The distinct subpulses develop and the spectrum
shows narrow sidebands separated by A/pN~, where X~
is the total number of the wiggler period (see Fig. 5). In
this study, the values of p at the lower and upper bounds
of the bifurcative dynamical region are roughly estimated
through the self-consistent simulations.

In the period-doubling region (1.5 & p, & 2.0), as the
sequential period doubling occurs, the sidebands in the
spectrum are also sequentially doubled. In the chaotic
region (IM ) 2.0), the radiation pulse becomes irregular
in its shape and the power spectrum becomes broad and
chaotic. This region corresponds to the spiking regime,
where the usual sideband instability is dominant.

I

CV

I

C4

+ +

I

I

+ +

Co
o

ca
O

0. 1 0.2

Frequency
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FIG. 14. Power spectrum S(f) for I = 500 A [in the case
of (c)]. fi, f2, and fs are the fundamental frequencies and the
specified peak positions are determined by the least-squares
fit tings.

B. Quasiperiodicity and intermittency

In this study, in addition to the period-doubling
chaotic transition, we have found new chaotic transition
routes via quasiperiodicity and intermittency [22,23]. In
the range of p = 1.2—1.8, the quasiperiodicity and the
intermittency are clearly observed. Quasiperiodicity is
associated with the Hopf bifurcation [22], which intro-
duces a new frequency into the system. According to the
theoretical work of Ruelle, Takens, and Newhouse (cited
in [23]), after two or three sequences of Hopf bifurcation,
the regular motion becomes highly unstable in favor of
motion on a strange attractor. Figure 13 shows the time
history of the extraction eKciency, phase-space plot, and
the power spectrum for three difFerent p, 's. Three fig-
ures represent the chaotic, three-frequency quasiperiodic
and two-frequency quasiperiodic phases, respectively. As
shown in Fig. 13, there exists the chaotic phase in the
smaller p regime, which reveals the fact that there exist
many other routes to chaos in a complicatedly combined
way of the three main routes to chaos; period doubling,

quasiperiodicity, and intermittency.
To confirm the existence of the three-frequency

quasiperiodicity, we analyze the power spectrum of
Fig. 13(b). As shown in Fig. 14 the three-frequency
quasiperiodic spectrum can be represented as the linear
combinations of the three fundamental frequencies; fi,
f2, and fs In th. is case, the ratios between the funda-
mental frequencies are all incommensurate as expected
(f2/fi 0.269, fs/fi 0.174, and fs/f2 0.645).

Intermittency means the occurrence of a signal that al-
ternates randomly between long regular phases and rel-
atively short irregular bursts. This chaotic route via in-
termittency is associated with a "saddle-node bifurca-
tion" (inverse tangent bifurcation), i.e. , the collision of
a stable and unstable fixed point which then both dis-
appear [22,23]. Figure 15 shows the first simulational
observation in a FEL of the typical transition from the
regular LCO phase to the chaotic phase via "type-I" in-
termittency [22,23]. As shown in Fig. 15(b), there exists
the two-frequency quasiperiodic phase as an intermediate
phase. Though not shown here, after the chaotic phase,
the regular LCO or two-frequency quasiperiodic phase is
returned. Since the type-I intermittency is closely related
to the 1/f noise [22], whose power spectra diverge at low

(c) (c)

Pass
0. 1 0.2

Frequency

0.3

Pass
0.0

Frequency

FIG. 13. Quasiperiodic route to chaos. The extraction ef-
ficiency, phase-space plot, and power spectrum S(f) for three
difFerent beam currents; I = 400, 460, and 500 A, which
correspond to p, = 1.41, 1.45, and 1.50, respectively. The fre-
quency f in the figure corresponds to T (T = f w, ) in the
time domain. D = —2.0 and S = 1.0.

FIG. 15. Intermittent route to chaos. The extraction efE-

ciency, phase-space plot, and power spectrum S(f) for three
difFerent beam currents; I = 660, 665, and 695 A, which cor-
respond to p = 1.15, 1.16, and 1.26, respectively. D = —2.0
and S = 0.8.
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FIG. 16. Low-frequency spectral noise power dependence
on frequency. The data are the same as presented in Fig. 15(c)
for I = 695 A but are replotted on a log-log plot.

IV. DISCUSSION

In this paper we have investigated the spiking behavior
and the dissipative dynamics in the free-electron lasers.
Throughout this study, it is shown that the scaled syn-
chrotron slippage distance (L,z„/L, ) plays a crucial role
in determining the dynamical regimes. In the superra-
diant spiking model, when L,~„)L„ the superradiant
instability is dominant and when L,~„( L, the usual
sideband instability is dominant.

In the dissipative dynamics of the FEL oscillator, the
principle branching parameter p is the reciprocal of the
scaled synchrotron slippage distance (p, = L, /L, z„). The
transition point (L, = L,„„,p = 1) between the superra-
diant regime and the spiking regime nearly corresponds
to the Hopf bifurcation point [21]. When y, ) 1, the
sideband instability becomes d.ominant which makes the
power spectrum broad and chaotic through a sequence
of period doublings and/or a sequence of frequency split-
tings involving quasiperiodic frequencies.

In the amplifier configuration, the superradiant spik-
ing shows the dramatic increase of the peak radiation
power which is much greater than the steady-state satu-

frequencies with a power law 1/f (0.8 & h & 1.4), we
analyze the low-frequency noise as displayed on a log-log
plot in Fig. 16. At the onset of chaos, a power-law spec-
trum is observed with a scaling relationship of f 2 s+o 4

This scaling agrees with results from numerical simula-
tions [30] and the experiment [31]of type-I intermittency,
where their spectra with f scaling were observed. Be-
low f 0.1, the noise power is almost constant with fre-
quency, which is due to perturbation by inherent white
noise. With the discovery of the quasiperiodic and inter-
mittent chaotic routes, our study notes that the bifurca-
tion and the chaotic transition in the FEL dynamics has
the complicated structure.

rated values. This is due to the relatively long interac-
tion length (i.e. , L, )) L ) and the strong coupling in the
trailing slippage region in the case of the top-hat profile.
According to the previous study [10], the intensity of the
superradiant spiking is considerably reduced in the case
of realistic beam profiles, which does not obey the super-
radiant scaling any more. In the oscillator configuration,
since the usual operation regime corresponds to the short—
interaction-length regime (i.e., I, L ), the superradi-
ant spiking such as in the FEL amplifier does not grow
and thus the profile efFect of the electron pulse is negligi-
ble. According to the work of Graham and Isermann [32],
the superradiant spiking may be caused by the spatial in-
homogeneity introduced at the trailing edge of the elec-
tron pulse. By taking into account the shot noise, they
showed that instead of the high-intensity spikes, there
exist rather smaller intensity pulses appearing from shot
noise throughout the electron pulse. Similar results were
also observed in our previous work [10], but the effect of
shot noise was negligible. In addition to the shot-noise
effect, the effects of energy spread and space-charge Geld
are expected to be important in the nonlinear spiking be-
havior. As a further study, based on our formulation of
the space-charge field [33], we will investigate the space-
charge effect on the spiking behavior.

In this paper, using the self-consistent pulse propaga-
tion equations, we describe the bifurcation and chaotic
transition in terms of the relevant branching parameters;
S, K, and D. In the parameter space of S, K, and D we
specify the dynamical regimes which show the different
characteristics in the nonlinear pulse propagation. To
show the difference of the dynamics at the different spa-
tial locations, we measure the radiation amplitude and
phase at several speciGc positions of the electron pulse in
the electron rest frame. Since only the leading part is af-
fected by the fresh electron pulse, it is expected that the
leading part of the radiation pulse evolves faster than the
trailing part. However, the diKerence of dynamics turns
out to be negligible in the short-pulse FEL.

Throughout this study we found that there may ex-
ist many other substructures in the well-deGned phase
diagram in Fig. 12. These substructures may consist of
the periodicity, the two-frequency quasiperiodicity, the
three-frequency quasiperiodicity, the intermittency, and
the chaos. Though the full system is controlled by the
fundamental parameter p, because of the inherent com-
plexity of p, the overall dynamical features must be de-
scribed in terms of S, K, and D. The work on this topic
is progressing with the detailed discussion and results
planned to appear in a forthcoming paper.
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