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Locating the nonergodicity-parameter anomaly near the liquid-to-glass
crossover temperature in CaKNO3 by Brillouin scattering
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A Brillouin-scattering experiment was performed on the ionic glass former CaKNO3 to determine
the temperature dependence of the nonergodicity parameter f(T) of mode-coupling theory. The
spectra were analyzed using a generalized hydrodynamics formulation with most of the parameters
fixed by previously reported experimental results. A conventional Cole-Davidson model for the
memory function was found to be inadequate due to the neglect of P relaxation. An empirical
memory function including both n and P relaxation was therefore constructed, based on a previous
depolarized-light-scattering study. It was found to provide good fits to the spectra for the whole
temperature range studied. The resulting nonergodicity parameter exhibits a cusp anomaly as
predicted by mode coupling theory at T 102 C, in good agreement with the crossover temperature
T, found from previous neutron-scattering and depolarized-light-scattering studies. Our results also
suggest that fits of data for supercooled liquids to phenomenological n-relaxation-only models may
generally tend to underestimate the relaxation time.

PACS number(s): 64.70.Pf, 78.35.+c, 83.50.Fc

I. INT ROD U CTION

When a liquid is cooled below its bulk melting tem-
perature T, crystallization usually begins rapidly. For
materials with sufhcient anisotropy or complexity to frus-
trate nucleation, however, if the temperature is lowered
fast enough the liquid can be supercooled indefinitely un-
til all liquidlike properties disappear and it then responds
to external probes as an amorphous solid or glass. In
the supercooled-liquid region between T and the glass-
transition temperature Tg (usually defined as the temper-
ature at which the viscosity reaches 10 P), the viscosity
g and the characteristic relaxation time w increase by at
least 14 orders of magnitude.

The resulting viscoelastic behavior of supercooled liq-
uids approaching the liquid-glass transition has been
investigated extensively by many difFerent techniques
for over 100 years. But the origin of this strongly
temperature-dependent slow-relaxation behavior, and its
relation to the glass transition itself, remains unre-
solved. Since the pioneering work of Maxwell, it has been
customary to represent structural relaxation by simple
parametrized phenomenological functions, and to deter-
mine the parameters by Gtting to experimental data.

Recently, a new theoretical approach to supercooled-
liquid dynamics and the liquid-glass transition known as
the mode-coupling theory (MCT) has been developed in
which structural relaxation results from retarded non-
linear interactions among density-fluctuation modes (for
recent reviews, see Refs. [1] and [2]). MCT provides de-
tailed predictions for many experimentally accessible as-
pects of the liquid-glass-transition dynamics and has mo-
tivated many of the recent experimental investigations of
the liquid-glass transition.

A central prediction of the MCT in its original ideal-
ized form is the occurrence of an ergodic-to-nonergodic

transition at a crossover temperature T where the non-
linear interactions, which become stronger with decreas-
ing temperature, induce a structural arrest with sev-
eral characteristics of experimentally observed liquid-
glass transitions. For any given material, MCT predicts
that anomalies occur at T for all variables that couple to
density fluctuations [3]. Therefore, the same T, should be
found for a given material from any appropriate experi-
ment, e.g. , neutron scattering, light scattering, ultrason-
ics, etc. In particular, it should show up in the dynamic
structure factor S(q, io) no matter whether one chooses a
small wave vector q as in light scattering or a large q as
in neutron scattering.

The idealized MCT also predicts that for T above
but close to T, the normalized correlation function of
a density-fluctuation mode will relax (following an initial
microscopic phononlike transient) via a two-step process:
an initial power-law critical decay towards a plateau f,
followed by a second power-law decay which is the be-
ginning of the primary o,-relaxation process. This o. pro-
cess, which determines the viscoelastic relaxation time,
is the usual relaxation observed in most experiments
and represented by phenomenolgical models. The faster
P-relaxation process, which preceeds it in time, occurs
in the relaxation spectrum at higher frequencies above
the o.-relaxation peak and is not easily observed. As
T + T +, the critical decay region extends to longer
and longer times until, at T = T, the o.-relaxation pro-
cess arrests. The correlation function then develops a
t -+ oo ayrnptotic value of f, designated as the nonergod-
icity parameter or Debye-Wailer factor. As T is further
decreased, f (T) is predicted to increase as gT, —T.

The principle experimental evidence supporting MCT
came from neutron-scattering observations of this pre-
dicted square-root cusp in f (T) Mezei, Knaak, . and
Farago [4] estimated T for CaKNOs (CKN, an ionic glass
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former) 35'C above the calorimetric glass-transition
temperature T~ 60 C; Frick, Farago, and Richter
[5] found T for polybutadiene (a polymer glass former)

35 C above T~; Borjesson, Elmroth, and Torell [6]
found T, for propylene carbonate (PC, a molecular glass
former) 50' above T~; and Petry et al. [7] reported
a wave-vector-independent T, for orthoterphenyl (also
a molecular glass former) 50' above Tq. Recently,
we have reported depolarized-light-scattering studies of
CKN [8] and Salol [9] (another molecular glass former)
which gave T T~ + 45 C and T = T~ + 38'C, re-
spectively. The agreement of our CKN result with the
neutron result [4] supports the MCT prediction that T,
should be independent of the specific experimental tech-
nique employed.

Fuchs, Gotze, and Latz [10] pointed out that for long-
wavelength density-fluctuation modes, f(T) could be de-
termined from the high- and low-&equency sound veloci-
ties measured in ultrasonic or Brillouin-scattering exper-
iments, opening the way for a test of the theory in a pre-
viously inaccessible wave-vector region. The first experi-
ment to pursue this approach was a Brillouin-scattering
study of PC by Elmoth, Borjesson, and Torell [11] who
employed a generalized hydrodynamics approach with
a Cole-Davidson (CD) function for the relaxing mem-
ory function. Their data analysis revealed a square-root
cusp in f (T) at 270 K, implying a value of T, at least
60 C higher than the neutron-scattering result [6, 12]
(and 50'C above the melting temperature T ), chal-
lenging the applicability of the MCT as an appropri-
ate description of supercooled-liquid dynamics. A sub-
sequent study of Salol [13], which combined Brillouin-
scattering and ultrasonic measurements, also modeled
the structural relaxation by a CD function, and found
that T, T~+ 57 C, in reasonable agreement with, but
slightly higher than, the result of the depolarized light-
scattering study [9].

Gotze [14] suggested that discrepancies between the
T values obtained &om neutron-scattering experiments
and Brillouin-scattering experiments may result in part
from ignoring the P-relaxation contribution to the mem-
ory function. Indeed, as can be seen clearly in the
depolarized-light-scattering spectra in Refs. [8, 9], for
temperatures near T the Brillouin components are
within the P-relaxation region, which suggests that an
analysis based on o,-relaxation-only models is likely to
produce unreliable results.

To explore the importance of P relaxation in the de-
termination of T by this method, we have undertaken
another Brillouin-scattering study of CKN. As we shall
show, an analysis using the CD memory function is
clearly inadequate for CKN. We have therefore devel-
oped an alternative approach in which an empirical mem-
ory function is reconstructed from the depolarized-light-
scattering spectra. This procedure, which takes full ac-
count of P-relaxation effects, leads to a consistent inter-
pretation of the Brillouin spectra and results in a value
of T in good agreement with values determined by other
methods. Our analysis shows that data analysis based on
o.-relaxation-only memory-function models tends to pro-
duce artificial values for the structural relaxation time 7

which are smaller than values determined by direct mea-
surement.

In Sec. II we briefly review the mode-coupling the-
ory, the generalized hydrodynamics approach to inter-
preting Brillouin-scattering spectra, and the determina-
tion of f(T) and T from Brillouin spectra. The experi-
ment and experimental results are described in Sec. III,
with details of the analysis given in Sec. IV. In Sec. V
we briefly describe an alternative experimental approach
to finding f (T) and T, from Brillouin-scattering spectra.
Our summary and conclusions are presented in Sec. VI.

II. THEORY

A. Mode-coupling theory and the nonergodicity
parameter

The mode-coupling theory of the liquid-glass transi-
tion is primarily concerned with the normalized density
correlation function

C' (t) = (~ (0)~,(t))/~ (2.1)

where bpq is the time-dependent pth Fourier component
of the density fluctuation Sp and Sq = (~bpq(0) [ ) is the
static structure factor. @q(t) can be shown to obey the
equation of motion

Cq(t) + PqQ Cq+ 0 4q(t)

mq(t) = ) Vi l(q, qi)Cq, (t)
ql

+ ) V (&, &i, &z)c' (tq)4q, (t) + .
q1,q2

(2.3)

where the V~'~ are coupling constants which can be ex-
pressed in terms of the static structure factor Sq [15].
Complete self-consistent solutions of Eqs. (2.2) and (2.3)
can be obtained by restricting both the range of q val-
ues and the number of coupling coeKcients. Solutions to
these schematic models exhibit the general behavior il-
lustrated in Fig. 1 for the Fi2 model [1]. As the strength
of the coupling constant V~ l increases (with Ul = 2.0),
structural arrest occurs at V~ ~ = 0.8284, and the non-
ergodicity parameter fq(T) [the t ~ oo intercept of
4q(t)] increases discontinuously from 0 to f . Since in
a neutron-scattering experiment a nonzero Cq(t -+ oo)
would produce elastic scattering, fq(T) is also called the
Debye-Wailer factor.

In practice, neutron-scattering experiments do not
measure elastic scattering, but instead determine the in-
tegrated intensity of the quasielastic line within some

t

+0,' dt'm, (t —t') e, (t') = 0, (2.2)
0

where pq is a regular damping constant, Oq is the mi-
croscopic frequency, and mq(t) is the memory function.
Within the idealized MCT, which does not include acti-
vated hopping processes, the memory function (or kernel)
is expressed as
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simple fluids [19] and fluids exhibiting relaxation effects
[20], following the procedure described by Mountain.

A simplified version of Mountain's approach can be
used if the very-low-frequency spectral region, which con-
tains the noncritical thermal diffusion mode (Rayleigh
line) is ignored. This approach, and its relation to Moun-
tain's equations, was discussed by Montrose, Solovyev,
and Litovitz [21] and by Tao, Li, and Cummins [22]. It
leads to an equation of motion for 4(t) = [@q(t)]q~o,

0.0

log, t

+(h) + ~C(h) + ~'~(h) + dh'm(t —t')C(t') = 0 .

(2.5)

narrow energy window AE. fq(T) therefore corresponds
to the value @q(t) at a finite time t = h/(27rAE). The
efFective nonergodicity parameter fq(T) is then predicted
to obey

(T) fc hq~n+ O(u) 1
T & Tc

q + o(~), T)Tc (2.4)

where o oc (T, —T)/T, is the separation parameter. For
T & T, fq(T) which is the area under the quasielas-
tic line (presumed to include only the n peak) varies
smoothly with temperature, but for T ( T it varies crit-
ically following a ~o law, i.e. , T, is marked by a square-
root cusp [16]. [MCT predicts that T, should show up
as a cusp in fq(T) for small q at the same T as for large
q.] If the two time scales for decay of @q(t) are well
separated, fq(T) represents the initial plateau value at
the onset of o. relaxation for T ) T, . When activated
hopping effects are included, the extended MCT predicts
restoring of ergodicity below T . Since in the extended
theory, @q(h -+ oo) = 0 even for T & T, an efFective

nonergodicity parameter f (T) was defined as the value
of @q(t) at the inflection point, the long-time limit of
the critical relaxation, and the short-time limit of the o.
relaxation [17]. With this definition the effective noner-
godicity parameter essentially follows the same behavior
as Eq. (2.4) but some smearing out of the cusp may occur
due to hopping effects [18].

B. Generalized hydrodynamic equations
for Brillouin scattering

Polarized Brillouin-scattering spectra primarily deter-
mine S(q, ur) of small-q longitudinal density fluctuations

6 pq (t). A theoretical expression for S(q, cu) can be derived
&om the linearized equations of hydrodynamics both for

FIG. 1. Cq(t) vs logis(tAq) from the MCT schematic Fi2
model [1] with mq(t) = V 4q(t) + V C'q(t) in Eq. (2.2).

5, Vi l = 2.0, V~ l = 0.8284 + 0.4/2". Liquid (—):
n = 0 (A), 2 (H), 4 (C), 6 (D), 8 (E); critical correlator
(E); glass (+): n = 8 (G), 6 (H), 4 (I), '2 (K). (Computed
by M. Fuchs. ) For (F) through (I) the t ~ oo intercept
is the nonergodicity parameter f(T) The di.amond on (E)
indicates the "plateau" corresponding approximately to the
efFective nonergodicity parameter of Eq. (2.4).

With the Laplace transform convention

E[f(t)] = i exp(izt) f (t)dh = f (z),
p

the normalized spectrum

(2 6)

where wp ——Cpq is the adiabatic sound velocity and p
is the damping constant. (In practice, wo and p will be
determined experimentally. )

Note that Eq. (2.5) has the same structure as the MCT
equation (2.2) (except for different conventions for factor-
ization by 0 or wo in the second and fourth terms) so
that, in principle, the q ~ 0 memory function m(t), ex-
pressed in terms of the appropriate coupling constants
V~'~, could be calculated within MCT.

C. Determining f (T) and T from Brillouin spectra

Debye v elazation

The simplest approximation for the memory function
m(t) of Eq. (2.5) is the Debye single-relaxation approx-
imation m(t) = 6 e ~ or m(z) = iA q/(1 —ized),
which leads to the following well-known results. (i) The
Brillouin peak occurs at u~ ——up if (dpi' (( 1, and at

gwo + A2 = w~ if aoq )) 1. (ii) The Brillouin
linewidth is a maximum (as a function of q-) at xiii = 1.
A third result, noted by Mountain [20], follows from the
complex form of Eq. (2.7) with the Debye m(z), when
the denominator is factored to (z —zi)(z —z2)(z —zs). If
the three roots are well separated, then the central peak
(the "Mountain mode") is a narrow Lorentzian function
of integrated intensity A /(ufo + A2).

Since the central peak intensity is just f(T) of the
MCT [the long-wavelength (q -+ 0) limit of fq(T)], by
identifying wp ——Cpq and u = C q we obtain the re-
sult of Fuchs, Gotze, and Latz [10],

(2.8)

S(q, ~) /S(q) = (1/vr) Im[C (z)],

becomes

S(q, (u) [p + m" (~)]~o2/vr

S(q) [(u2 —cuo2 + ~m'(~)]2 + ((u[p + m" ((u)])2
'

(2.7)



48 LOCATING THE NONERGODICITY-PARAMETER ANOMALY. . . 1195

where Co and C correspond, respectively, to the sound
velocity measured below and above the o. relaxation. Ac-
tually, Eq. (2.8) is far more general than the particular
choice of the Debye form for m(t). It can be shown that
any spectral shape for the central peak gives the same
result, as long as it is sufBciently narrow to be clearly
separated &om the Brillouin peaks. This requires that
wp2 —wm'(u) in Eq. (2.7) should increase from wp at low
frequencies to a "plateau" wo + 4 at high frequencies
where wm" (w) is zero. As previously pointed out by
Fuchs, Gotze, and Latz [10], if no such plateau exists,
then w is not well defined, and Eq. (2.8) cannot reli-
ably determine f(T).

in reanalyzing previously published Brillouin-scattering
data where they found that the analysis was unstable
with parameter variations, particularly for the tempera-
ture dependence of the stretching coefficient P. It seems
clear that in order to deduce meaningful results from such
fits, it is necessary to draw on independent characteriza-
tion of the relaxation function, reducing the number of
fitting parameters to a minimum. This problem is fur-
ther exacerbated if one also attempts to include P relax-
ation which is not taken into account in these conven-
tional models.

8. Empirical memor y function

2. Kohlrausch and Cole-Davidson models

Since experimental evidence indicates that relaxation
processes in supercooled liquids are generally stretched,
more realistic o.-relaxation models than the Debye model
are usually used, such as the stretched exponential
(Kohlrausch) function

m(t) = 4 exp[ —(t/~)~], (2.9)

which was used, e.g. , for analyzing CKN Brillouin data
[23] or the CD function

wm(w) = 4 [(1 —in&CD) —1], (2.10)

which was employed in the analysis of Brillouin data for
PC [6] and Salol [13]. (Approximate relations between
the CD coefficients LCD and PcD and the Kohlrausch co-
efficients r and P have been determined by Lindsey and
Patterson [24].)

The position of the Brillouin peaks wt3 in Eq. (2.7)
is given, to a good approximation, by the roots of ~
up+rum'(w) = 0 . For the models of Eqs. (2.9) and (2.10),
just as for the Debye model, one finds that for ldpr (or
~p&cD) « 1

I I I I I I I I
'

I I I I I I I I
i

I I I I I I I I
'

I I I I I I I I
'

I I I I I I I I 10

103

Previous Brillouin-scattering studies of the liquid-glass
transition have all been analyzed with models for the
memory function m(w) which contain only the n relax-
ation, such as the single- or stretched-exponential relax-
ation model Eq. (2.9) or the CD function Eq. (2.10).
However, neutron-scattering [25—27] and light-scattering
[28, 8, 9] experiments have demonstrated the existence of
intermediate-frequency P relaxation located between the
low-frequency o. relaxation and the high-frequency micro-
scopic excitation band as predicted by the MCT, which
may influence the spectrum of Eq. (2.7).

Figure 2, from Ref. [8], shows CKN depolarized-light-
scattering spectra IvH(w) (a) and corresponding suscep-
tibility spectra y" (cu) (b) [a small longitudinal-acoustic
(LA) leakage signal appears at 20 GHz. ] It can be
seen that the n-relaxation peak in y" (w) moves rapidly
to lower frequencies with decreasing temperature, and
disappears from the spectral window (0.3—10 GHz) by

2 2 2 2(d~ = Ca)0 C~ —C()

while for (dpi' (or (dp7cD) )) 1,

(2.11)

(2.12)

10

.m

I
10

10

where C~ ——u~q. Therefore, by fitting experimental
Brillouin spectra to Eq. (2.7) with the memory-function
model of Eq. (2.9) or (2.10), one can in principle obtain
~0 and L which will provide Co and C, and thus de-
termine f (T) via Eq. (2.8).

This procedure is far from straightforward, however,
because the frequency range available in the Brillouin-
scattering experiment is typically just over one decade,
while the relaxation function covers many decades. As
noted 25 years ago by Montrose, Solovyev, and Litovitz
[21], for liquids exhibiting a distribution of relaxation
times, extracting useful information from such fits is
hampered by the fact that the experimental data can
often provide acceptable fits within a rather wide varia-
tion of the adjustable parameters. More recently, Fuchs,
Gotze, and Latz [10] have reached similar conclusions

10 10

10

10 10 10 10 10

Frequency ( GHz )

Ia I I I I IIIII I I I IIIIII I I I I IIIII I I I I IIIII I I I I IIII

10 10 10 10 10 10

Frequency ( GHz )

FIG. 2. CKN depolarized 8 = 173 light-scat tering
spectra IvH(u) (a) and susceptibility spectra 3|"(w)
I (cuv)/H[n(w) + 1] (b) obtained from depolarized-light-
scattering spectra [8]. Note that for temperatures below
130'C the frequency of the (leakage) LA mode is above the
position of the susceptibility minimum, and is therefore in the
critical-decay part of the P-relaxation region to the left of the
plateau in Fig. 1.
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T —120 C. For T ( 140 C the Brillouin peak is lo-
cated in the P-relaxation region at a frequency well above
the susceptibility minimum [which corresponds approxi-
mately to the time at which 4(t) crosses the plateau]. In
this situation, as we shall show below, the P-relaxation
contribution causes the Brillouin peak to occur at a fre-
quency above &u due to the n relaxation, so Eq. (2.8)
will give too large a result for f if sr~ is assumed to be
&oo-

The depolarized-light-scattering spectra of Fig. 2(a),
IvH (w) = R'(w), are related to R(t), the correlation func-
tion of the scattered optical field E,(t) by the Wiener-
Khintchine relation,

IvH (u) = R'(w) = (1/m)Re R(t) e' dt . (2.13)
0

From R'(u), one can find R"(w) by a Kramers-Kronig
(KK) transform to complete the complex function
R((u) = R'(u)) + iR"((u).

We now postulate that for CKN the complex func-
tion R(w) is proportional to the complex memory func-
tion m(w). Noting the difference between the Fourier
transform convention Eq. (2.13) and the Laplace trans-
forin convention Eq. (2.6) for m(w), we take m(u)
m'(w) + im" (u), where

m'(cu) = BR"((u—),
(2.i4)

m" (~) = BR'((u),

where B is an unknown proportionality constant. Thus
m" (w) will be determined directly (apart from the con-
stant B) from the IvH (w) spectra of Fig. 2(a), and m'(w)
will be found from m" (w) by the KK transformation:

(2.i5)

To justify this ansatz, we note that the scattered light
signal, represented by R(t) in Eq. (2.13), arises primar-
ily from second- (or higher-) order dipole-induced-dipole
(DID) scattering processes plus some orientational fluc-
tuations of the anisotropic NOs ions. In the P-relaxation
region, the MCT predicts a universal P-correlation func-
tion for all dynamical variables of the supercooled liquid.
Thus, in the P regime (which includes the high-frequency
wing of the n peak), the ansatz of Eq. (2.14) is fully jus-
tified by MCT.

To justify its extension to the o.-relaxation regime,
we have previously proposed that R(t) is dominated by
second-order scattering from pairs of density-fluctuation
modes near qo, the first peak of the static structure
factor S(q), so that R(t) oc P2 (t) which is also the
dominant term in Eq. (2.3). We have tested this rela-
tion for CKN by comparing the o. peaks of the depo-
larized light-scattering spectra with the results of neu-
tron spin-echo experiments which determine P~, (t) di-
rectly (Ref. [8], Fig. 15). Also, the identification of R(u)
with m(u) is supported for CKN by the fact that the
Brillouin linewidth p~ of the LA mode shows a maxi-
mum at T 230'C [24] (see Fig. 5) where the n peak of

the y" (w) curve w [8] crosses the frequency of the LA
mode wii (see Fig. 2). Such a coincidence is expected
from Eq. (2.7) if Eq. (2.14) is valid.

III. EXPERIMENTAL METHODS AND RESULTS

The CKN sample used in this experiment was
prepared from Alfa products KNOs (99.999%) and
Ca(NOs)2. 4HO2 (99.9995%%up). The detailed sample prepa-
ration procedure has been described in Ref. [8]. No crys-
tallization occured in the sample during the experiments.

Brillouin-scattering measurements were performed in
the temperature range from 341 to —197 C. The cool-
ing rate between runs was 0.5 C/min. For the mea-
surements above room temperature, the CKN sample,
contained in a glass tube of diameter 1.5 cm, was
placed in an Oxford high-temperature furnace [8]. For
low-temperature measurements, the sample, contained
in a glass cell of 1.5 cm in both height and diame-
ter, was installed in an Oxford ND1754 cryostat, with
the temperature controlled by an Oxford ITC4 temper-
ature controller. Although the solidified sample cracked
at low temperatures, we were always able to find a clear
crack-free region for the measurements.

Our Brillouin-scattering spectrometer is based on a six-
pass (3+3) Sandercock tandem Fabry-Perot interferom-
eter which has also been described in a previous publica-
tion [33]. To avoid the influence of Brillouin scattering
from transverse-acoustic modes in the low-temperature
measurements, we selected a large-angle (0 = 173 ) scat-
tering geometry. The mirror separation used was d = 0.5
cm. The Spectra Physics model 165 argon-ion laser was
operated at 4880 A. with a typical power of 30 mW. A
typical collection time for each spectrum was 15 min.

To study the dynamics of the longitudinal sound wave
which is associated with the density fluctuation hp~(w),
it is important to obtain Brillouin spectra which contain
only the contribution from the LA mode. The vertical-
vertical (VV) Brillouin spectrum of a liquid contains not
only the contribution from the first-order scattering of
the LA mode, but also the anisotropic-scattering contri-
butions from molecular orientational motion and second-
(and higher-) order DID scattering.

To eliminate the anisotropic-scattering contributions,
we first measured the depolarization ratio in the fre-
quency range of 40 to 260 GHz, which is far outside
the LA-mode Brillouin range. Presumably, the VV and
vertical-horizonal (VH) spectra in this frequency range
both come predominantly from the anisotropic contribu-
tions. Using a mirror separation of d = 0.5 mm and
a scattering angle of 0 = 173, we obtained VV and
VH spectra at temperatures T = 341, 122, and 45 C.
Figure 3(a) displays the VV spectrum for 122'C, and
Fig. 3(b) shows the corresponding inverse depolarization
ratio Ivv(tu)/IvH(cu) We found Ivv.(w)/IvH(u) = 1.28.
(With correction for the instrumental polarization de-
pendence, the depolarization ratio is IvH/Ivv = 0.64.)
The same result was obtained for T = 341 and 45 C,
suggesting that the depolarization ratio is frequency and
temperature independent. Assuming that this result is
also true for lower frequencies, we can then identify the
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contribution of anisotropic scattering to a normal VV
Brillouin spectrum in the LA-mode frequency range by
using the corresponding VH spectrum multiplied by 1.28.

Figure 4 shows a comparison of these contributions at
T = 211 'C. The upper spectrum in Fig. 4(a) is the ex-
perimental VV Brillouin spectrum; the lower spectrum,
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FIG. 3. (a) VV Brillouin spectrum (8 = 173') of CKN
at T = 122'C; (b) the corresponding ratio Ivv(u)/IvH(~).
A frequency-independent ratio Ivv(ur)/IvH(~) = 1.28 was
found for T = 341, 122, and 45 'C. (With the correction for
instrumental polarization dependence, the depolarization ra-
tio is IvH/Ivv = 0.64.)
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shows only a central peak, is the VH spectrum. By
subtracting 1.28IvH(~) &om Ivv(ur), we obtain the cor-
rected VV spectrum shown in Fig. 4(b) which, presum-
ably, is the pure isotropic Brillouin spectrum of the LA
mode, Ii A (w). Comparing the VV spectrum in Fig. 4(a)
and the corrected LA spectrum in Fig. 4(b), one can see
that almost half of the central-peak intensity in the ex-
perimental VV spectrum (a) comes from the anisotropic
contribution, which seriously aKects the spectral shape.
Therefore we conclude that the anisotropic contribution
to the VV Brillouin spectrum is important for CKN and
must be taken into account before performing the theo-
retical fits. (A similar result was found for Salol [13].)

Following the procedure illustrated in Fig. 4, we then
obtained a set of pure LA-mode Brillouin spectra Ii,A(w)
for difFerent temperatures. In obtaining Ivv (tu) and
IvH(u) spectra, the background due to dark counts and
stray light has been eliminated by using reference spectra
collected with the reference beam of the laser as the only
input signal. Therefore the corrected Ii,A(u) spectra do
not contain a background.

Note that in Refs. [23, 13], the anisotropic contribu-
tion has also been taken into account in the Brillouin-
scattering studies of CKN and Salol, but the amplitude
was treated as an additional adjustable parameter in the
analyses. With Ii,~ (w) spectra obtained by the procedure
shown in Fig. 4, this parameter is eliminated.

In Fig. 5, we show the temperature dependence of
the Brillouin-peak frequency w& (circles) and the damp-
ing constant p~ (full width of the Brillouin peaks at
half maximum, squares) obtained by fitting the main
Brillouin peaks of the Ii,A(w) spectra with the imagi-
nary part of a damped-harmonic-oscillator response func-
tion multiplied by a Bose factor and convoluted with
the instrumental function. (These u~ and p~ values
are also listed in Table I.) The solid line in Fig. 5 is

&o = Coq calculated from published ultrasonic results
[29,32]: Co(cm/s) = 2.01x10 —83.33T ( C), and a linear
fit to refractive index data: n(T) = 1.51 —1.60 x 10 T

0
I

300—

E- 200—

C&

s 100—

-200 -100

~ ~

~g

~ ~

J'
8

100 200

s

300

—20 0—10 10

Frequency shift (GHz)

FIG. 4. (a) VV and VH Brillouin spectra (0 = 173') of
CKN at T = 211 'C. (b) Pure LA-mode Brillouin spectrum
Ina(cu) = Ivv (cu) —1.28IvH (a)

FIG. 5. Temperature dependence of the LA-mode Bril-
louin frequency cuz (circles) and the damping constant uzi

(squares) of CKN obtained from 173' scattering. The value
of uo (solid line) was calculated from extrapolated ultrasonic
results [29, 32] and refractive index measurements [30].
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( C) [30]. Note that the ultrasonic results can only pro-
vide Co for T ) 130 C. When the temperature decreases
towards Tg, the structural relaxation time becomes so
long that even low-frequency ultrasonic measurements
detect C rather than Co. Lacking any experimen-
tal data for the low-temperature Co, we assumed that
the high-temperature Co can be linearly extrapolated to
lower temperatures.

In agreement with a previous Brillouin-scattering
study of CKN by Torell [31], w~ shows a continuous
decrease with increasing temperature and finally joins
with uo at high temperatures. p~ shows a maximum at
T 230'C (as also found in [31]) which coincides with
the temperature at which the n peak of the depolarized

light-scattering y" (w) curve moves through the frequency
of the LA Brillouin peak. This coincidence provides sup-
port for the empirical model discussed in the previous
section.

IV. DATA ANALYSIS

While early Brillouin-scattering studies of the liquid-
glass transition were usually limited to determining the
Brillouin frequency and linewidth as functions of temper-
ature, recent experiments have employed data analyses in
which the full spectral shape is fit to a theoretical func-
tion [34, 22, 35, 23, 6, 36, 11, 13]. However, whether the
physical parameters obtained from these analyses are re-

TABLE I. Values of uz, pz, r, C, and f(T) obtained from experimental data and analyses.

T(C)
341
300
285
264
257
235
228
216
211
199
180
174
163
153
146
140
133
125
122
117
112
106
100
96
91
85
80
74
69
64
59
53
45
35
23
-8

-43
-78
-118
-158
-193

(GHz)

10.32
10.85
11.17
11.73
11.98
12.79
13.01
13.54
13.67
14.17
14.98
15 ~ 20
15.67
16.14
16.45
16.67
17.05
17.39
17.52
17.74
17.99
18.17
18.46
18.64
18.86
19.08
19.30
19.55
19.77
19.86
19.93
19.95
20.02
20.08
20.11
20.39
20.61
20.83
21.05
21.18
21.27

QB
(GHz)

2.29
3.11
3.37
3.81
3.98
4.06
4.03
3.82
3.70
3.43
2.83
2.65
2.34
2.00
1.79
1.66
1.45
1.20
1.14
1.05
0.91
0.85
0.75
0.71
0.64
0.55
0.49
0.43
0.39
0.35
0.33
0.34
0.33
0.30
0.29

0.24

P = 0.40
r (ns)

4.57x 10
1.14x 10
1.35 x 10-

2.24x 10
2.83 x 10
3.94 x 10
4.80 x 10
6.63 x 10
7.52 x 10
1.07x 10
2.05 x 10
2.79 x 10
4.76 x 10
8.68 x 10
1.38 x 10
1.90x 10
4.23 x 10
8.03 x 10

1.23
2.35
3.52
4.79
8.35
9.85

2.98 x 10
6.60 x 10
1.49 x 10
4.10x 10
6.36 x 10
2.78 x 10
1.95 x 10
1.44 x 10
2.67x 10
5.46 x 10
7.14x 10

CD model

r (ns)

9.84 x 10
2.41 x 10
2.86x 10
4.61x 10
5.72 x 10
7.69 x 10
9.14x 10
1.21 x 10
1.33x 10
1.80 x 10
3.13x 10
4.08 x 10
6.29 x 10
9.99x 10
1.44 x 10
1.78 x 10
3.25 x 10
4.92 x 10
6.88 x 10

1.10
1.44
1.73
2.42
2.61
5.75
9.60

1.63x 10
3.06 x 10
3.80 x 10
9.69x 10
7.09x 10
5.65 x 10
8.74 x 10
1.31x 102

1.47x 10

C (m/s)

3511
3043
2941
2882
2839
2847
2866
2880
2831
2871
2891
2892
2907
2934
2951
2961
2979
3003
3009
3022
3049
3066
3105
3131
3143
3168
3199
3216
3251
3256
3258
3269
3272
3277
3274

0.55
C (m/s)

3100
2741
2659
2628
2660
2620
2642
2666
2634
2679
2721
2733
2766
2811
2839
2859
2894
2931
2943
2966
2998
3019
3063
3092
3113
3143
3179
3201
3238
3247
3248
3258
3263
3270
3267

Empirical
model

C (m/s)

2726

2738
2728
2743
2765
2791

2824
2801

2846

2853

2943

3034

3135

3212

3230

3247

0.583

0.546
0.535
0.538
0.540
0.545

0.551
0.540

0.551

0.549

0.571

0.594

0.616

0.630

0.631

0.626
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diKculty in establishing the validity of the CD model for
the relaxation function.

B. Empirical memory-function analysis

Since the analysis described above shows that o.-
relaxation-only models for the memory function m(w)
are inadequate for CKN, we next tried to exploit the
depolarized-light-scattering data of Ref. [8] shown in Fig.
2 to construct a complete empirical memory function for
CKN as described in Sec. IIC3.

The depolarized-light-scat tering spectra determine
B'(u1), so that m" (u) will be completely determined by
the data of Fig. 2 (apart &om a multiplicative constant)
in the full range of the Brillouin spectra. To find m'(w),
we performed the KK transformation [Eq. (2.15)]. For
comparison, note that the o.-relaxation-only model shown
in Fig. 10(a) exhibits only an ce peak in the whole fre-
quency range whereas the experimental y" (u) spectra
shown in Fig. 2 contain not only the o. peak at low fre-
quency, but also the intermediate P-relaxation structure
(and the microscopic peak) which is not contained in the

o.-relaxation-only model.
In order to compute m'(u) for the Brillouin spectral

range (1.6 to 25 GHz) with the KK transform, it is neces-
sary to extend m" (ur) on the low-&equency side to ur = 0.
For T & 120 C, since the major part of the o. peaks are
included in the experimental spectra, we extend the spec-
tra to low frequencies by using the Fourier transform of
the Kohlrausch function [Eq. (2.9)] which we fit to the a
peaks T.he extended wm" (w)/BT and m" (u)/B spectra
obtained with this procedure are shown in Figs. 11(a)
and 11(b), respectively. For the high-temperature spec-
tra extended this way (305 to 120'C), the KK transfor-
mation procedure gave m'(w)/B spectra f'rom which the

wm'(—w)/BT spectra shown in Fig. 11(c) were then com-
puted. [The small "glitches" in the spectra of Figs. 11(c)
and ll(d) result from the weak leakage of I A Brillouin
components in the original intensity spectra. Although
they could have been removed, their presence did not
appreciably affect the results of the fits. ]

For T ( 120 C, the n peaks have moved below the
lower edge of the spectral window at wL, ——0.3 GHz,
so a diferent strategy is required to complete the KK
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FIG. 11. (a) y" (~) = um"(u)/BT susceptibility spectra obtained from the depolarized-light-scattering spectra of Ref. [8].
The spectra for T ) 120'C were extended below 0.3 GHz by Fourier transformation of a Kohlrausch function Eq. (2.9) with
the P and z values from Ref. [8]. The temperatures are (from top to bottom) 305, 195, 180 to 60 (with 10'C per step), 45,
and 23'C. (b) The corresponding m"(u)/B spectra. (c) The um'(ur)/BT spectra —for T ) 120'C and ~mar/BT spectra-
for T ( 120'C obtained by KK transformation of the m" (e)/B spectra shown in (b). (d) The —um'(ur) spectra (solid curves)
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z = 1.66 ns, approximating —um' (u) at T = 100'C.
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transformation procedure.
We note that Eq. (2.15) cq. . can be rewritten as
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m (d —7G X

2cu m" (cu) —m" (x)
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neutron-scattering [4] and depolarized light-scattering [8]
studies. Also, the f(T) data shown in Fig. 15 closely
resemble the results presented in Ref. [10].

V. DIRECT DETERMINATION OF f(T)

S(q ~)/S(q) —= [S-(~) + S~(~)]/S(q) (5.1)

where S (u) and S~(cu) represent the spectra of the n
and Brillouin components. Since the integrated Bril-
louin intensity is I~(T) oc jS~(~)dm while f(T)jS (~)d~/S(q) and S(q) oc T, Eq. (5.1) yields

We have also attempted an alternative approach to
the determination of f(T) in the small-q regime probed
by Brillouin scattering which does not involve Eq. (2.8)
and therefore does not require a determination of C . In
analogy with the neutron-scattering approach, one could,
in principle, measure the fraction of the scattered inten-
sity within a narrow energy window centered at u = 0
and thus determine f (T) directly. In practice, however,
there are two serious problems with this approach. First,
it is extremely diKcult to avoid parasitic elastic scatter-
ing which adds an uncontrollable signal at u = 0; second,
because the Brillouin peak [which is the microscopic peak
in the ILA(u) spectrum] overlaps the frequency range
of the o. spectrum when the o. peak broadens with in-
creasing temperature (when T & 120'C for CKN), the
frequency window set to exclude the Brillouin lines at
low temperatures will not be wide enough to contain
the whole n peak at high temperatures. Finally, the
anisotropic contributions of second-order and rotational
scattering must be removed.

The erst problem may be avoided by reversing the
usual procedure, excluding the signal inside of the se-
lected window around ~ = 0 and measuring the inte-
grated signal outside the window. For low temperatures,
when the o, peak is well separated from the Brillouin
peaks, Eq. (2.7) can be approximated as
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FIG. 16. Ii,~(u) spectrum at T = 134'C illustrating the
separation of Eq. 5.1. The shaded area represents I~, the line
at 3.3 GHz indicates the selected window.

Farago, and Richter, a similar result was obtained before
invoking a special correction procedure (see Fig. 3 of Ref.
[5]).

Although the separation indicated by Eq. (5.1) be-
comes ambiguous once the o; peak broadens suKciently
to overlap the Brillouin peaks, we attempted an ad hoc
separation of the two parts of S(q, ur) by drawing a base-
line under the Brillouin component and determining the
integrated area indicated by the shaded region in Fig.
16. This area was taken to be I~(T) in Eq. (5.2). The
constant A was arbitrarily fixed to inake f(T = 70 C)
= 0.65, to agree with the result of the analysis of Sec.
IVB. The resulting f(T) values are shown in Fig. 17 by
open symbols; the five diferent symbols represent five

f(T) = 1 —AI~(T)/T (5.2)
0.6

where A is a temperature-independent constant. There-
fore, by measuring I&(T), one may determine f(T) di-
rectly (up to the unknown constant A) by using Eq. (5.2).

Figure 16 illustrates the separation procedure of Eq.
(5.1) where the selected window (0 to 3.3 GHz) is indi-
cated by the line at 3.3 GHz which corresponds approx-
imately to the minimum of wIi, A(u) at 134'C. The Ii,~
spectrum was obtained by subtracting the background
and depolarized-scattering contribution from a VV spec-
trum following the procedure discussed in Sec. III. The
resulting f(T), computed via Eq. (5.2) from the inte-
grated intensity outside of the window, is shown by the
solid circles in Fig. 17. Although the anticipated de-
crease of f (T) with increasing temperature is observed
on approaching T„J'(T) continues to decrease with in-
creasing T above T, rather than exhibiting a cusp. This
is a consequence of the broadening of the o. peak so that
an increasing part of its total intensity falls outside of the
selected 3.3 GHz window as T increases. We note that in
the neutron-scattering study of polybutadiene by Prick,

40 60

T ('c)

100 120 140

FIG. 17. f(T) deduced from Eq. (5.2). The solid circles
are the result of integrating the intensity between 3.3 and 25
GHz. The open symbols are the result of Eq. (5.2) where IJ3
is the area of the shaded region in Fig. 15. The five diferent
symbols represent five separate sets of experiments. The solid
curve is the fit to Eq. (2.4).
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different sets of experiments. This procedure resulted in
a weak cusp in f(T) at T 105'C, in agreement with
the other determinations of T .

As noted by Gotze [14], since the dynamic part of Sz
is proportional to T/Co, the coefficient A in Eq. (5.2) is
more accurately given by A oc 1/Co. We have reanalyzed
the data shown in Fig. 17 using the Co values shown in
Fig. 8. The result is essentially unchanged, except that
the constant level of f(T) above T, is slightly higher,
closer to the result shown in Fig. 15.

VI. SUMMARY AND CONCLUSIONS

A Brillouin-scattering study of CKN was carried out in
order to test the MCT prediction of the q independence of
T . The anisotropic and background contributions were
subtracted in order to obtain pure LA-mode Brillouin
spectra for the analysis.

An analysis employing a conventional Cole-Davidson
memory function produced good fits to the spectra as
found in previous publications. However, the relaxation
times resulting &om the fits do not increase sufBciently
fast as T decreases towards Tg. Furthermore, while fits
of equal quality can be found with different values of
the stretching exponent P, the form of f(T) and the re-
sulting value of T were found to depend strongly on
the P used in the analysis. We therefore concluded
that while Cole-Davidson or stretched-exponential o.-
relaxation-only models can provide good fits to the spec-
tra, the parameters w and C produced by the fits are
not meaningful due to the neglect of P-relaxation effects,
and the fits cannot reliably locate T, .

A second analysis was therefore carried out in which
an empirical memory function was constructed, start-
ing &om previously reported depolarized-light-scattering
spectra, which includes both a and P relaxation. Al-
though this approach was motivated by the insights of
MCT, the construction of the memory function does not
depend on any MCT results. This analysis revealed the
origin of the inadequacy of o,-relaxation-only models and
demonstrated the importance of including P relaxation
in the analysis. By extrapolating the o.-relaxation con-
tribution to the memory function and determining C
which only corresponds to the o. relaxation, the analysis
produced a nonergodicity parameter f (T) which exhibits
a cusp anomaly as predicted by MCT at T 102 C,
in good agreement with the T values obtained Rom
neutron-scattering [4] and depolarized-light-scattering [8]
studies. This result demonstrates that for CKN there
is no contradiction between the small-q results of nor-
mal Brillouin scattering (i.e., the q -+ 0 limit) and the

neutron- (q qo) or depolarized-light-scattering results,
in agreement with the MCT.

It is important to note that the o.- and P-relaxation
processes in supercooled liquids are stretched, and a large
&equency window is required to accurately reveal their
structure. Normal Brillouin scattering covers a spectral
range of just over one decade and is not able to determine
the structure of the relaxation dynamics unambiguously.
As we have discussed here and in Ref. [23], and as Mon-
trose, Solovyev, and Litovitz [21] and Fuchs, Gotze, and
Latz [10]have also noted, Brillouin-scattering data can be
fit quite accurately with Q.-relaxation-only models, even
with quite different values of the streteching parameter P.
However, the results of such fits are not likely to be physi-
cally meaningful once the temperature is low enough that
the P relaxation enters the experimental frequency win-
dow. Only when a comp/etc memory function is used can
the analysis of Brillouin-scattering data provide reliable
and meaningful results, particularly for v and C, and
this requires that the memory function be independently
determined.

We also suggest that the results of the present inves-
tigation rqyy have implications of much greater gener-
ality than the controversy concerning the question of
identifying T in S(q, ~. ) for different values of q which
motivated our study. For many years the results of ex-
perimental studies of supercooled liquids have been ana-
lyzed with stretched-exponential or Cole-Davidson mod-
els. Ou| results suggest that the relaxation times found
in such analyses may have been affected by the neglect
of P-relaxation processes whenever the frequency of the
experimental probe was above the Q.-relaxation peak.

Finally, we note that the somewhat arbitrary proce-
dures we have used in extending m" (ur) to lower frequen-
cies might be avoided by extending the measurements
to lower frequencies or combining our depolarized-light-
scattering data with photon correlation, ultrasonic, di-
electric, or other experimentally determined m" (~) data.
The feasibility of this approach is currently under study.
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