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Hydrodynamic friction of arbitrarily shaped Brownian particles
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We present a simple and accurate method of estimating the translational hydrodynamic friction on

rigid Brownian particles of arbitrary shape.

The Brownian friction coefficient f takes the form

f=6mnCq, where C, is mathematically equivalent to the electrostatic capacitance of the particle  in
units where the capacity of a sphere equals its radius. This formula is particularly useful for particles
consisting of a few globular subunits, for which slender body approximations are not very accurate.

PACS number(s): 51.10.+y

A classical problem of surprising difficulty in low-
Reynolds-number hydrodynamics, and one that has be-
come increasingly important in chemical engineering, po-
lymer science, and biophysics, is the determination of the
viscous drag on bodies of arbitrary shape [1]. Analytical
calculations of the friction coefficient can be performed
for only a limited number of shapes (see below) and calcu-
lations for bodies of complex shape have required ap-
proximation. Such calculations are greatly facilitated by
an angular averaging of the Oseen tensor [2,3], and this
approximation, along with others [3], was introduced by
Kirkwood and Riseman (KR) in their classical treatment
of dilute polymer solutions [2]. A stochastically tumbling
Brownian particle experiences all orientations giving rise
to an averaged translational scalar friction coefficient.
The angular average approximation [1] involved in the
KR calculation of the particle friction presumes that all
orientations are equally probable. This approximation
also arises in Ferrel’s ‘““mode-coupling” theory of critical
slowing down in binary mixtures and de Gennes’s theory
of the cooperative diffusion coefficient of semidilute poly-
mer solutions, and the reader is referred to these papers
for a discussion of this averaging [2]. We adopt this
idealized average for the description of the scalar transla-
tional friction and we follow the logical consequences of
this assumption in relation to exactly known theoretical
results and available experimental data for bodies of vari-
ous shapes. We emphasize that our calculations strictly
avoid the slender body and configurational preaveraging
approximations, which are also implicit in the general
“preaveraging” approximation of KR [1].

We start by considering the Oseen tensor [1] describing

a point hydrodynamic source,
1 1 (r—ro)r—rgq)
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where r and r( are two points in the fluid, 5 is the fluid
viscosity, and I is the identity tensor. Now imagine form-
ing a rigid, closed “hull” by stretching a piecewise
smooth skin over the fluid-accessible surface of the
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Brownian particle. Choose the origin inside this hull,
take r(, as a point on the hull, and construct the isotropic
angular average (AA) of T, corresponding heuristically
to the physical averaging of the Brownian motion process,

1 1

To)= — 1.
{Ta) 6mn |r—rql

(2)
We then observe that (T ) is the free-space Green’s
function for the Laplacian operator. Based on this obser-

vation we introduce a “momentum flux tensor” U (r,ry)
by

UQ(rQ)<TQ>=UQ(r,rQ), (3)

where o, is a scalar function specified below. The sur-
face integral of U, defines a “stress potential” ¢:

1
#nUﬂ(r,rQ)=H¢(r)I =@ ooara)(Ty), @

which also satisfies Laplace’s equation by linear superpo-
sition, and this implies that o is constrained to be a
“surface charge density” or in the hydrodynamic analog
a “momentum flux density.”

The crucial step is the construction of the AA hydro-
dynamic stress tensor S from the symmetrized product of
the gradient of the stress potential and the AA rigid-body
velocity u. This procedure must ensure not only that
linear and angular momentum are conserved, but that the
associated drag force is collinear to the average velocity
uq (Brownian symmetry). These conditions are satisfied
if S takes the form

S=6mn{(Vé)ug)+(ugVe)—(Ve)-(ug)l} . (5)
The Navier-Stokes equation for steady flow then becomes

V-S =(6mn)ugV¢=0,
@ (6)
1 on Q,

¢:0atoo,

where the fluid is assumed to be undisturbed at infinity,
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and the AA flow field is simply u (r)=¢(r)u,. Equation
(6) implicitly assumes a hydrodynamic “‘stick” boundary
condition and that the particle is perfectly rigid. It
should be noted that the AA approximation is expected
to yield accurate values only for the scalar friction. The
actual stress tensor and flow field are much more complex
functions than those considered in this paper.
The drag force F may now be obtained as

F=6m$o{(V)uqg-ng)+ug(Véngy)
_(V¢)'(un)nﬂ} N (7)

where ng is a unit normal on Q pointing into the fluid.
Since

_V¢1r:rQ=UQnﬂ ’ (8)
Eq. (7) reduces to the simple form
F=_67T7]uﬂ#00'ﬂ(rn) s (9)

where uq is the velocity of a rigid Brownian particle
averaged over all equally probable orientations with
respect to a given driving force ( —F).

Equations (6), (8), and (9) define an AA translational
friction coefficient f:

f=6mnCy , (10)

where C(, is mathematically equivalent to the electrostat-
ic capacitance of Q; i.e., the total charge on the conduct-
ing “hull” Q, which is maintained at unit potential with
respect to infinity. The main point is that C, is generally
much easier to calculate than the components of the fric-
tion tensor for bodies of arbitrary shape. Consider, for
instance, the following examples.

Case (1). The capacity of an ellipsoid is well known
(4],

© -1
Co=2 | [ "l(a*+O)Nb>+0)>+0)] %0 |, (1)

where a, b, and c are the lengths of the three semi-axes.
Combination of Eq. (11) with Eq. (10) gives an estimate of
the friction on an ellipsoid. For the degenerate case in
which two semi-axes are identical, Eqs. (10) and (11)
reduce to the exact Perrin formulas for the average
translational friction on prolate and oblate ellipsoids, and
Eq. (11) holds more generally for triaxial ellipsoids [5].

Case (2). Two identical spheres separated by a fixed
distance (see Table I) [6-8] can be likewise treated. Ana-
lytic calculation of the capacitance of two spheres at arbi-
trary separation is a classical but nontrivial mathematical
problem, and tables of the capacity of two spheres are
available [6]. A combination of these results with Eq.
(10) is given in Table I, and good agreement is exhibited
at all separations.

For comparison we note that the original KR approxi-
mation for “touching” spheres leads to an error of over
4%, and only slight improvement (error remains larger
than 4%) is obtained by including the Rotne-Prager
correction to the leading point-source Oseen-tensor hy-
drodynamic interaction [9]. These errors for arrays of
spheres apparently accumulate at a rate of about 2.5%
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TABLE 1. Ratio of the AA friction on a pair of identical
spheres to twice the friction on an isolated sphere, where a is
the radius and / is the separation distance. The third column
presents this same ratio for the capacitances. An experimental
value of 0.691 has been observed for the dimensionless friction
of touching spheres / /a =2-[8,9].

l/a flO---0)/2f(0) C(0---0)/2C(0)P
2 0.6961 0.6931...=In2
4 0.8027 0.8026
6 0.8578 0.8577

10 0.9092 0.9093

) 1.000 1.000

“References [7,9].
®Reference [6].

per pair of touching particles in the array [9], so it is evi-
dent that the point-source approximation can lead to
rather appreciable errors. Swanson, Teller, and de Haén
have conjectured that the friction of an arbitrarily shaped
body can be calculated by covering the body with an
infinite array of hydrodynamic sources interacting
through the Rotne-Prager tensor [9]. Numerical calcula-
tions for these hydrodynamic source arrays distributed
on two spheres support their conjecture. However, these
“shell-model” calculations ‘“‘require so much computer
time that the method is not generally practical” [9]. Our
calculation scheme avoids the point-source approxima-
tion altogether and the advantage of this approach is
demonstrated by the results of Table 1.

Case (3). Analytic calculations of the friction for right
circular cylinders (“rods”) and circular tori (‘“rings”)
based on the KR slender body approximation lead to
rather inaccurate estimates of the friction for short rods
or small rings. This point has been made before by
Goren and O’Neill [10], in a comparison of their exact
hydrodynamic calculations for a ring of finite cross sec-
tion to the slender body calculations for a ring [11]. Tira-
do and de la Torre [12] compare numerical *“shell-model”
calculations and experimental data for rods to slender
body calculations for rods. There is still no exact analytic
calculation for the friction on a rod. The worst case for
the slender body theory corresponds to a ring whose
inner radius vanishes (““doughnut”) [10]. The capacity of
a ring and the special case of doughnut are well known
[13], so that the prediction of Eq. (10) can be compared to
the analytic results of Goren and O’Neill for the friction
of a doughnut [10],

C (doughnut)/C(0*)=0.871 ,
f (doughnut)/f(0*)=0.872,

(12)

where O* refers to the smallest sphere that encloses the
doughnut. The exact calculation of the doughnut friction
involves an infinite series of transcendental functions
whose numerical determination could be responsible for
the small discrepancy in Eq. (12). At any rate, the capa-
city estimate of the friction [Eq. (10)] is very accurate. It
is also a simple matter to estimate the friction on a short
rod based on Eq. (10) to compare with the best numerical
[9] and experimental estimates [14] of the friction. The
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Smythe approximation for the capacity of a rod equals
(15]

C(rod)/C(0)=(2*337173 /m)A~1/3(140.8691°76) |
0<A<8 (13)

where C(O) denotes the capacity of a sphere whose
volume is the same as the cylinder and the rod aspect ra-
tio A is defined in Table II. Equation (10) gives excellent
agreement with previous estimates of the rod friction in
Table IT and Eq. (13) is exact in the disk limit A—0. This
disk limit result is well known as a limit of the ellipsoid.

Case (4). The friction on a cube [16,17], tetrahedron
[17,18], and octahedron [16,17], for which there are no
previous analytic estimates of the friction, is also readily
estimated from Eq. (10),

C(cube)/C(0)=1.06, f(cube)/f(0)=1.08(expt),
C(tet)/C(0)=1.17, f(tet)/f(0O)=1.18(expt), (14)
C(oct)/C(0)=1.06, f(oct)/f(0)=1.07(expt) ,

where O refers to the equal volume sphere and where the
scalar friction coefficients were determined from experi-
ments with macroscopic models. The capacities of many
other shaped bodies (lens, spindle, inverted prolate ellip-
soid, and inverted oblate spheroid) are known exactly,
but hydrodynamic data and theoretical calculations for
these cases are lacking for comparison.

Case (5). The friction f| associated with the motion of
flat bodies of arbitrary shape normal to their surface is
given by [19]

f1=8mCq . (15)

From Egs. (10) and (15), the two principal components of
the friction in the plane of Q are related in the AA ap-
proximated by

1 1ty v, 1
6mnCq 3 f fa 8mnCq .

For symmetric (f,=f,) and highly asymmetric bodies
(f,>>f), we can solve Eq. (16) for the components of
the friction tensor.

Case (6). A useful estimate for the capacitance, and by

(16)

TABLE II. Ratios of capacitances and friction coefficients of
short circular cylinders to those of equal volume spheres, where
A is the ratio of cylinder length to cross-section diameter. Ca-
pacitance ratios were calculated from Eq. (13).

A Clcyl)/C(0) fleyl,expt)/f(O)? fleyl,num)/f (0)®
L 1.15 1.16

—;- 1.06 1.08 1.07

1 1.04 1.05 1.05

2 1.09 1.10 1.10

3 1.16 1.17

4 1.22 1.23 1.23

#Reference [14].
YReference [9].
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Eq. (10), the hydrodynamic friction of convex but

nonslender “globular” bodies is given by Russel’s approx-
imation [6]

Co=(A4gq/4m)?, (17)

where A, is the surface area of (2. The estimate of fric-
tion based on Egs. (10) and (17) was introduced phenome-
nologically by Pastor and Karplus [20,21].

Case (7). Generalization of the AA friction to d di-
mensions is straightforward and f for a sphere of radius

R is obtained as
fO)=[d/(d —1)]H(d)R? ?y , 18
H(d)=47YT(d/2—1)]", d>2

where I' is the gamma function. This agrees with
Brenner’s exact result for d dimensions [22]. For a d -
dimensional flat disk of radius R embedded in d-
dimensional space (d >2) we have the new result

f(disk)=[d /(d —1)]4(d,d)H (d)R* ™,
A(d,,d)=T(d,/2)/[T(e)[(d/2)],
e=(2+d;—d)/2, €>0.

(19)

Observe that 4 —0 at the critical dimension at which
€—0-+. For random coils d| corresponds to a fractal di-
mension of 2 and thus the critical dimension is d =4.
The capacitance of any bounded plane set or set of Haus-
dorff dimension dy =2 vanishes above four dimensions.
For rods (d,=1) the critical dimension is d =3 and we
obtain the usual log corrections from the Perrin formula
in the limit of long rods. Calculation of the capacitance
of a random coil leads to the same integral equation en-
countered in the Kirkwood-Riseman theory of polymeric
friction. This important case will be discussed elsewhere.

The connection between hydrodynamic friction and ca-
pacitance is easily extended to collections of bodies of ar-
bitrary shape. Consider, for instance, the Brownian
motion of a body £ in the presence of fixed obstacles.
The AA f is then determined by C, in the presence of
grounded (¢=0) conductors. Note that f, which
defines a scalar diffusion coefficient obtained by averaging
over all directions of motion with equal probability, now
depends on the position and orientation of  with respect
to the fixed obstacles.

As a final point, we note that C can be determined by
the average volume V, of the “Wiener sausage” (a region
of space in which the center moves along a fixed Wiener
trajectory) swept out at time ¢ by  as it undergoes
Brownian motion, where it is understood that self-
intersections do not contribute to the volume [23]:

v,
lim —-=C}% +4(2m) 2CHt 24,

t— oo

Ci=27Cq .

(20)

Thus, the AA momentum flux from () is analogous to a
course-grained collision frequency in the kinetic theory of
gases, the difference between the two models residing in
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the assumptions of Brownian versus piecewise rectilinear
motion. Note that if Q is not a sphere, the cross-
sectional area of the Wiener sausage fluctuates along its
length. In particular, for needle-shaped bodies the shape
fluctuations vary from thin tubes to flat ribbons and self-
intersections are negligible. This disappearance of self-
intersections reflects the absence of hydrodynamic
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screening in highly extended bodies. Shape fluctuations
should tend to be less extreme for bodies of high symme-
try and in fact the capacity of a body of a given volume is
minimized for a sphere [24]. Distortion of a body away
from a more symmetric shape should generally increase
the friction [17]. An investigation of which symmetry
elements most affect friction would be interesting.

[1]1J. Garcia de la Torre and V. M. Bloomfield, Q. Rev.
Biophys. 14, 81 (1991); M. Tirell and J. Torkelson, J.
Rheology 23, 751 (1979); V. M. Bloomfield, Ann. Rev.
Phys. Chem. 28, 233 (1977); R. M. Venable and R. W. Pas-
tor, Biopolymers 27, 1001 (1988); see also Refs. [10], [15],
and [18] for further applications.

[2]J. Kirkwood and J. Riseman, J. Chem. Phys. 16, 565
(1948); B. H. Zimm, ibid. 24, 269 (1956); S. Q. Wang, J. F.
Douglas, and K. F. Freed, ibid. 85, 3674 (1986); 87, 1346
(1987); F. Brochard and P. G. de Gennes, Macromolecules
10, 1157 (1977); R. A. Ferrell, Phys. Rev. Lett. 24, 1169
(1970); T. Tanaka in Dynamic Light Scattering, edited by
R. Pecora (Plenum, New York, 1985), Chap. 9.

[3]1J. M. Deutch and B. U. Felderhof, J. Chem. Phys. 62,
2398 (1975).

[4] L. D. Landau and E. M. Lifshitz, Electrodynamics of Con-
tinuous Media (Pergamon, New York, 1960), p. 24; P. A.
Moran, London Math. Soc. Lect. Notes 79, 192 (1983).

[5] E. Perrin, J. Phys. Radium 5, 33 (1934); 7, 1 (1936).

[6] A. Russel, Eighth Kelvin Lecture, J. Inst. of Elect. Engr.
55,1 (1916); Y. L. Chow and M. M. Yovanovich, J. Appl.
Phys. 53, 8470 (1982).

[7] The average friction of two spheres is calculated from the
components of the friction tensor obtained in the follow-
ing series of papers: M. Stimson and G. B. Jeffrey, Proc.
R. Soc. London Ser. A 111, 110 (1926); A. J. Goldman, R.
G. Cox, and H. Breenner, Chem. Engr. Sci. 21, 1151
(1966); M. E. O’Neill, Proc. Cambridge Philos. Soc. 65,
543 (1969).

[8] G. F. Eveson, E. W. Hall, and S. G. Ward, Br. J. Appl.
Phys. 10, 43 (1959).

[9] E. Swanson, D. C. Teller, and C. de Haén, J. Chem. Phys.
72, 1623 (1980); 68, 5097 (1978); J. Garcia de la Torre and
V. Rodes, ibid. 79, 2454 (1983). This work includes an es-
timate of the friction of two “touching” spheres using the
original Kirkwood-Riseman point hydrodynamic source
approximation and demonstrates that slender body theory,
which neglects the finite size of the polymer beads, can
lead to very serious errors in certain cases, especially in
the calculation of the rotational friction coefficient and re-
lated properties (intrinsic viscosity) where errors on the
order 100% can be obtained. Neglect of finite bead size
can also lead to unphysical singularities in hydrodynamic

model equations for polymers for certain strengths of the
Oseen hydrodynamic interaction. See R. Zwanzig, J.
Keifer, and G. H. Weiss, Proc. Natl. Acad. Sci. U.S.A. 60,

381 (1968).

[10] S. L. Goren and M. E. O’Neill, J. Fluid. Mech. 101, 97
(1980).

[11] H. Yamakawa and J. I. Yamaki, J. Chem. Phys. 58, 2049
(1973).

[12] M. M. Tirado and J. Garcia de la Torre, J. Chem. Phys.
71, 2581 (1979).

[13]J. Bouwkamp, Physica 24, 538 (1958); V. Belovitch and J.
Boersma, Phillips J. Res. 38, 79 (1983).

[14] J. F. Heiss and J. Coull, Chem. Eng. Progr. 48, 133 (1952).

[15] W. R. Smythe, J. Appl. Phys. 33, 2966 (1962).

[16] G. D. Cochran, Ph.D. thesis, University of Michigan,
1967. Numerical calculation of the capacity of a cube in-
dicates C =0.6596a, where a is the length of a cube side.
We conjecture that the exact value of the capacity of a
unit cube equals (327°/V/6)/I'(1/24)I(5/24)1(7/
24)I'(11/24)=0.659463... . Numerical estimates for
selected n-gons are given by C. S. Brown [Comm. Appl.
Math 20, 43 (1990)].

[17] E. S. Pettyjohn and E. B. Christiansen, Chem. Eng. Progr.
44, 159 (1948); W. B. Kunkel, J. Appl. Phys. 19, 1057
(1948).

[18] H. J. Wintle, J. Electrostatics 26, 115 (1991).

[19] R. Roscoe, Philos. Mag. 40, 338 (1949).

[20] R. W. Pastor and M. Karplus, J. Phys. Chem. 92, 2636
(1988).

[21] Perturbative calculations of capacitance and friction about
the spherical limit are considered by (a) K. Aichi, Phys.
Math. Soc. Tokyo 4, 243 (1908); (b) H. Brenner, Chem.
Engr. Sci. 19, 519 (1964); (c) S. F. Edwards and G. J. Papa-
dopoulas, J. Phys. A 1, 173 (1968). The leading-order cal-
culations recover Eq. (17) for the capacity and Egs. (17)
and (10) for the friction.

[22] H. Brenner, J. Fluid Mech. 111, 197 (1981).

[23] F. Spitzer, Z. Wahr. Verw. Geb. 3, 10 (1964); J. Le Gall,
Ann. Prob. 16, 991 (1988).

[24] H. Poincaré, C. R. Acad. Sci. 104, 622 (1887); G. Polya
and G. Szeg0, Isoperimetric Inequalities in Mathematical
Physics, Annals of Math Studies (Princeton University
Press, Princeton, 1951), p. 159.



