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Associating-polymer efFects in a Hele-Shaw experiment
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Pattern formation is studied by injecting water into a radial Hele-Shaw cell filled with an aqueous
solution of hydrophobically terminated polyoxyethylene, which forms a reversible associating network
in water. A crossover from fingering pattern to fracturing pattern is demonstrated as the injection
rate exceeds a threshold value. The fingering-fracturing transition is sufficiently abrupt that no
gradual crossover has been observed within our limits of experimental control, and it is found to
be consistent with a Deborah-number scaling, except for homopolymers (where the hydrophobic
end caps are replaced by hydroxyl groups) for which the fingering-fracturing transition was never
observed.
PACS number(s): 47.50.+d, 47.20.—k, 46.30.Nz

Pattern formation in nonequilibrium growth systems
has attracted great attention in the past decade. The
simplest of the many pattern-forming systems is a fluid-
fluid displacement in a Hele-Shaw cell wherein a less vis-
cous fluid invades a more viscous one [1,2]. The viscous-
fingering (VF) pattern formed at the unstable interface
provides a rich subject for nonlinear dynamics study.
The Hele-Shaw VF problem for simple Newtonian flu-
ids is reasonably well understood now, whereas for non-
Newtonian fluids our understanding is far from complete.
Earlier work of Nittman, Daccord, and Stanley [3, 4)
has shown that the patterns become much more rami-
fied, resembling those of the diffusion-limited-aggregation
(DLA) model [5] when a homopolymer solution is used.
Recent experimental results [6] showed that the pattern-
formation dynamics of non-Newtonian homopolymer so-
lutions are much richer than that of simple Newtonian
fluids with DLA-like clusters only one of a wide range
of attainable patterns. Experiments using clay suspen-
sions instead of polymer solutions have also shown a great
richness of patterns [7]. In addition, a transition from a
viscous-angering pattern to a viscoelastic-fracturing pat-
tern was observed in the clay system [8].

While it is well known that solutions of associating
polymers can exhibit exotic viscoelastic properties, very
little is known about their effects on nonequilibrium
growth phenomena like pattern formation in a Hele-Shaw
cell. In this paper we report the results of an experi-
ment using associating polymers in a radial Hele-Shaw
cell. Our associating polymer is composed of a long,
water-soluble backbone terminated with water-insoluble
end groups. Due to the hydrophobic end groups, as-
sociating polymers dissolving in water form a reversible
network Our experiment compares the patterns formed
in associating-polymer solutions with those formed in ho-
mopolymer solutions and permits us to comment on how
the associating effects change the pattern-formation dy-
namics in Hele-Shaw experiments.

The model polymers we used in our experiment
were provided by D. R. Bassett and R. D. Jenkins of
Union Carbide [10] and have the following structure:
R—0—(DI—PEO) i —DI—0—R, where R is a terminal group,

DI isophorone diisocyanate, PEO is polyethylene oxide,
and Y denotes the number of PEO units in the polymer
backbone. The terminal group R can be either a hex-
adecyl end cap which is hydrophobic or a hydroxyl end
cap (in which case the polymer is essentially a homopoly-
mer). This allows us to compare the pattern-formation
dynamics associated with the associating network and
chain entanglement. For the hexadecyl —end-capped poly-
mers, two molecular weights were used in the experiment:
17400 and 50700. For the hydroxyl —end-capped poly-
mer, we used the molecular weight 100400. The polymers
were dissolved in distilled water. The concentrations
of the hexadecyl —end-capped polymers were 2.5% and
2.0'%%uo by weight. The concentration of the hydroxyl —end-
capped polymer was 20%. A 1.5'%%uo solution of polyethy-
lene oxide of molecular weight 5 x 10 was also used. The
experiment was performed in a radial Hele-Shaw cell con-
sisting of two circular Pyrex glass plates of radius 20 cm
and thickness 1.3 cm separated by a small gap (which was
0.4 mm for most flow realizations). Dyed water was in-
jected from the center into the Hele-Shaw cell filled with
a polymer solution. The injection rate was kept constant
during each flow realization by a syringe pump. The two
plates were clamped together firmly through two circular
aluminum frames and the gap between the plates was set
by precision wires. The deformation of the plate near
its center during a flow run of high injection rate and
high-viscosity solution was found to be much less than
3% of the gap thickness (using a displacement indica-
tor). The intermolecular difFusion at the interface was
negligible since the injection rate was suKciently high
that during the time of a flow realization the interface
remained sharp. The evolution of patterns was recorded
on a videotape using a CCD camera and an enhanced
super-VHS recorder and later digitized for analysis using
an eight-bit frame grabber with 640 x 480 pixels .

The rheological properties of these associating poly-
mers have been studied by Jenkins [11]. One example
of the peculiar features of solutions of these associat-
ing polymers is that their shear viscosity is very much
higher at a given concentration than would be the case
if the polymers were homopolymers of the same molecu-
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lar weight. Another special feature of these associating
polymers is that viscosity increases rapidly with decreas-
ing chain length (i.e. , as the relative importance of the
associating end groups in these associating-polymer so-
lutions increases). In addition to shear thinning (viscos-
ity decreases with increasing shear rate), a phenomenon
observed in most polymer solutions, shear thickening is
present in a small range of shear rates for these associ-
ating polymers; but for the concentrations used in our
experiment, the shear-thickening effect is negligible [11].
The polymer network relaxation time can be estimated
from the inverse of the onset shear rate of the shear-
thinning regime of the viscosity-shear-rate relation. For
each solution used in this experiment, we measured the
steady-shear viscosity at low shear rates (typically from
10 sec up to the shear-thinning shear rate presented
below) with a Brookfield Model DV-III programmable
rheometer and found good agreement with the values re-
ported by Jenkins, Silebi, and El-Aasser [11]. Similarly,
whenever our rheometer could attain the shear-thinning
shear rate for a given solution, our measurements agreed
with the published values. Thus in the discussion and
analysis below we have used the values reported by Jen-
kins, Silebi, and El-Aasser for the shear-thinning shear
rate, the shear rate above which the solution's viscosity
drops steeply, eventually attaining very low values.

For each solution, we performed many flow realizations
at diferent injection rates from 0.2 to 77 ml/min. We
found that the pattern was typically viscous fingering,
characterized by a tip-splitting instability with splitting
angles usually smaller than 45, as long as the injection
rate was sufficiently low. But for each solution of the as-
sociating polymer, there exists a threshold injection rate
(which, as is discussed below, depends on the particu-
lar solution) beyond which the patterns resemble frac-
ture patterns observed in brittle materials [12],character-
ized by a side-branching instability with branching angles
close to 90 . The difference between a fingering pattern
and a "fracture" pattern is very drastic and no ambi-
guity exists in distinguishing one from the other (this is
normally true for individual patterns since branching an-
gles alone allow the determination to be made, but the
determination becomes especially easy when the video-
recording is reviewed to allow side branching to be clearly
distinguished from tip splitting). Exact measurement of
the threshold injection rate was experimentally difficult
because the system was so sensitive to initial conditions.
There was always a narrow range of injection rates (but
wide compared to the control achievable by our syringe
pump) in which it was not possible to predict before
a measurement whether the observed pattern would be
viscous fingering or "fracture. " However, the transition
was sharper than our apparatus could measure in the
sense that we never observed a pattern intermediate be-
tween fingering and fracture. We cannot comment on
whether this apparent sharpness arises from the limits
of our apparatus or from the nature of the transition
itself (like a critical point in a second-order phase tran-
sition). Figure 1 shows four typical patterns of a 2.5%
solution of hexadecyl —end-capped polymer of molecular
weight 50700 at several injection rates: (a) Q = 1.0

(a)

rg

(b)

{c)

FIG. 1. Four typical patterns of a 2.5% solution of
hexadecyl —end-capped polymer of molecular weight 50 700 at
injection rates (a) Q = 1.0 ml/min, (b) Q = 1.0 ml/min, (c)
Q = 5.0 ml/min, and (d) Q = 20 ml/min. The crossover from
the viscous-fingering pattern to the fracturing pattern is seen
in (a) and (b).

ml/min, (b) Q = 1.0 ml/min, (c) Q = 5.0 ml/min, and
(d) Q = 20 ml/min. For this solution, the pattern was
always of the viscous-fingering type if the injection rate
was smaller than 0.6 ml/min and always of the fractur-
ing type if the injection rate was greater than 1.0 ml/min.
For injection rates between 0.6 and 1.0 ml/min, either a
viscous-fingering pattern (observed three times), statisti-
cally very similar to the one shown in Fig. 1(a), or a frac-
turing pattern (observed five times), like the one shown
in Fig. 1(b) with only two or three straight branches, is
observed. Although we do not have enough flow runs in
the crossover region to obtain a statistical probability of
being in the fingering regime and fracturing regime, we
did find that the occurrence of fracturing patterns was
higher than that of fingering patterns (roughly two to one
for many experimental configurations). We also found
that, in the crossover region, the probability of observing
a viscous-fingering pattern is higher when the injection
rate is low and close to the viscous-fingering region and
vice versa. The number of main branches of a fracturing
pattern in the crossover region varies with a tendency to
have fewer branches (can be as low as only one) when
the injection rate is low. Leaving the crossover region in
the fingering regime, the pattern morphology does not
change significantly over the entire range of the injection
rate tested in the experiment. Away from the threshold
in the fracture regime, the pattern morphology changes
dramatically with the injection rate (becoming more and
more ramified and complicated with increasing injection
rate) but never returns to viscous fingering.

To our knowledge, the fingering-fracturing transition
has not been observed in homopolymer solutions. We
have performed experiments with a 20/~ solution of
a hydroxyl —end-capped polymer of molecular weight
100400 at injection rates up to 77 ml/min and we never
observed fracture patterns. Due to the absence of the
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FIG. 2. Four typical patterns of a 1.5% homopolymer
solution of molecular weight 5000000 at injection rates (a)
Q = 0.2 ml/min, (b) Q = 1.0 ml/min, (c) Q = 20 ml/min,
and (d) Q = 77 ml/min. The fingering-fracturing transition
was not observed in the range of injection rates tested in the
experiment.

associating network in this solution, the shear viscos-
ity of this polymer solution at any given concentration
is much lower than that of the associating-polymer so-
lutions [11]. (We cannot specify this difference quan-
titatively in terms of the shear rate for the onset of
shear thinning because the solution of the hydroxyl —end-
capped polymer behaves like a Newtonian Huid over the
entire range of shear rates achievable with our viscome-
ter. However, at a low shear rate the 20%%uo hydroxyl —end-
capped polymer solution has viscosity 3000 cP while for
the hexadecyl —end-capped polymers, the 2.5% molecular
weight 50 700 solution has low-shear-rate viscosity 12 000
cP, the 2.5'%%uo molecular weight 17400 solution has low-
shear-rate viscosity 43000 cP, and the 2.0'%%uo molecular
weight 17400 solution has low-shear-rate viscosity 32000
cP.) In order to further check whether fracture patterns
occur in homopolymer solutions, we have performed sev-
eral flow realizations at difFerent injection rates from 0.2
to 77 ml/min using a strong viscoelastic solution of a high
molecular weight (5 million) polyethylene oxide at con-
centration 1.5'Fo by weight. This solution has viscosity
50000 cp at low shear rate and a shear-thinning onset at
shear rate below 0.1 sec i. Figure 2 shows four examples
of patterns obtained at injection rates (a) 0.2 ml/min, (b)
1.0 ml/min, (c) 20 min ml/min, and (d) 77 ml/min. We
can see clearly that patterns at all injection rates have
the same viscous-fingering characteristics, changing only
in the local finger profiles with injection rate. This obser-
vation suggests that the fingering-fracturing transition is
either a direct result of associating-network eKects or at
least a manifestation of them. Further work is needed
to understand why the highly entangled networks char-
acteristic of concentrated homopolymer solutions do not
lead to the fingering-fracturing transition.

It is interesting to note that the fingering-fracturing
transition was also observed in a clay experiment by

Lemaire et at. [8]. While it is generally true that a poly-
mer solution is better understood rheologically than clay,
the associating polymer is obviously very di6'erent from
both of them. Although we do not understand the dif-
ference between the clay of Lemaire et al. and our asso-
ciating polymer, we did notice a difference in the pattern
morphologies: the transition is smooth and gradual for
the clay experiment (see Fig. 1(b) of Ref. [8]) and the
transition is abrupt for the associating polymer experi-
ment.

Although Lemaire et at. [8] showed that the fingering-
fracturing transition can be generated by plate deforma-
tion during the flow, we believe that this is probably not
the case in our experiment for the following reasons: (1)
The thickness of our plates (13 mm) is somewhat higher
than their low-deformability cell (12 mm) and the size of
our cell (20 cm in diameter) is much smaller than their
cell (45 cm). Since the deformation is proportional to
the size of the cell to the fourth power [8], the defor-
mation of our cell should be much smaller than their
low-deformability cell. (2) Most significantly, we have
repeated our measurement for one of our solutions (2.0'%%uo

molecular weight 17400 hexadecyl —end-capped polymer)
in a cell with thicker plates (22 mm) and find the frac-
ture transition appearing in the same narrow range of
injection rates. (3) We made a measurement (using a
pressure transducer in the inlet tubing near the injection
hole of the cell) of our injection pressure and found it
to be at all times lower than 7 x 10s Pa for a How run
of high injection rate and a solution of high viscosity at
low shear rate. This pressure must be measured rather
than just estimated because the solution's shear viscos-
ity is so strongly dependent on the local shear rate. The
low value of measured pressure indicates unsurprisingly
that the system is driven above its shear-thinning point.
The measured pressure is too low to significantly bend a
glass plate of this thickness and size [at 7 x 10s Pa pres-
sure, the largest amplitude Hexing of the plate should be
1.7% of the cell gap (0.4 mm) if the pressure difference
is very pessimistically assumed to be applied across an
area of radius 3 cm]. Actual measurement of the defor-
mation showed that it was much smaller than 3'%%uo (which
is the lower limit that our displacement indicator can
detect) of the gap thickness for even the highest injec-
tion rate. As the discussion of Table I below indicates,
the fracture transition has been observed for some solu-
tions at injection rates 40 times lower than the value
for which these conservative estimates of plate flexing
are calculated, suggesting a plate flexing upper limit of

0.04%. (4) With the same deformability of our cell,
the fingering-fracturing transition was not observed with
the highly viscous homopolymer solutions at even the
highest injection rates.

In addition to visually distinguishing the patterns, we
have tried to formulate a quantitative classification of the
patterns, as we did in our previous work on homopolymer
solution patterns [6]. One very simple pattern measure
which shows the fingering-fracuring transition involves
calculating the mass fractal dimension for each of our
patterns using the box-counting method [13]. In Fig. 3
we plot, in logarithmic scales, the area of invading water
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TABLE I. Deborah-number scaling of the fingering-fracturing transition. MW denotes molec-
ular weight and C denotes polymer concentration.

End group

hexadecyl
hexadecyl
hexad ecyl
hex adecyl
hydr oxyl
hydroxyl

MW
(g/mol)

50700
50700
17400
17400
100400

5000000

C
('%%uo wt)

2.5
2.5
2.5
2.0
20
1.5

Qo

(1/sec)

20
20
7s
10

& 20
& 0.1

b

(rnm)

0.4
0.8
04
0.4
04
0.4

Expected Q~
(ml/min)

2.4—4.0
0.2—0.4
0.3—0.5
& 1.0

& 0.005

Observed Qc
(ml/min)

0.6-1.0
3.0—4.5
0.3-0.5
0.2—0.6

not observed
not observed

Extracted from Ref. [11].
"Up to the maximum accessible injection rate 77 ml/min.

enclosed by a circle centered at the orifice of the cell ver-
sus the radius of the circle for a few patterns obtained
with the 2.5% solution of hexadecyl —end-capped polymer
of molecular weight 50700 at several different injection
rates. The slope of the linear part of the data points of
each injection rate gives the value of the fractal dimen-
sion of the corresponding pattern. A dramatic change of
the fractal dimension near the 6ngering-fracturing tran-
sition is obvious. We can even more clearly see the
abrupt change of the fractal dimension near the transi-
tion threshold when we plot the the fractal dimension as
a function of the volumetric injection rate, as is shown in
Fig. 4. Below the threshold, the patterns are of viscous-
fingering type and the fractal dimensions are approxi-
mately 1.7. Above the threshold in the fracture regime,
the fractal dimension suddenly drops to 1.0 and then

gradually recovers to 1.7 as the injection rate increases.
Since fracturing is a quick process of releasing excessive
stress built up in a material by external force which can
not otherwise be released via other means, e.g. , viscous
dissipation, it is reasonable to expect the medium to re-
spond to increasing injection rate with a rapid ramifi-
cation of cracks which in turn results in an increase in
the fractal dimension of the crack pattern. On the other
hand, the fractal dimensions of the patterns shown in
Fig. 2 for the homopolymer solution all fall onto the
same value (approximately 1.5), even though the local
structures of the patterns are slightly difFerent from each
other. This is seen in Fig. 5 where we plot the same
variables as in Fig. 3 for the four homopolymer solu-
tion patterns. The above results suggest that the fractal-
dimension analysis can be used as another quantitative
characterization of the fingering-fracturing transition.

A useful method to characterize the flow of a viscoelas-
tic material, like a polymer solution, is to define a Debo-
rah number, the ratio of the polymer relaxation time ~„
to the characteristic time of the fluid flow 7y [14]. The
characteristic time for the Hele-Shaw How is expected to
be proportional to rb2/Q, where b is the gap of the Hele-
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FIG. 3. Area of the invading water enclosed by a circle

centered at the orifice of the Hele-Shaw cell vs the radius of
the circle R for a few patterns obtained with a 2.5% solution of
a hexadecyl —end-capped polymer of molecular weight 50700
at different injection rates as shown in the legend. The fractal
dimension of a pattern is calculated from the slope of the
linear part of the data points. Two straight lines of slopes 1.0
and 1.7 are also shown in the figure for reference.

Q (rnl/min)

FIG. 4. The mass fractal dimension dy vs the injec-
tion rate Q for the patterns obtained with a 2.5'%%uo solu-
tion of hexadecyl —end-capped polymer of molecular weight
50700. The fingering-fracturing transition is associated with
an abrupt decrease in the pattern's fractal dimension.
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FIG. 5. Area of the invading water enclosed by a circle
centered at the orifice of the Hele-Shaw cell vs the radius
of the circle R for the patterns obtained with a homopolymer
solution (1.5'%%uo PEO of molecular weight 5 000 000) at different
injection rates as shown in the legend. A straight line of slope
1.5 is also shown in the figure for reference.

Shaw cell and r is a length scale, e.g. , the radius of the
Hele-Shaw cell. So the Deborah number scales as

Q~„Q
(1)

g2 g2pf
Here in the last equation we have used the inverse of
the onset shear rate (j,) of the shear-thinning regime as
our approximation for the polymer relaxation time [15].
We could change the Deborah number by changing the
polymer molecular weight, the polymer concentration,
the Hele-Shaw cell gap, and the injection rate. Since
the fingering-fracturing transition is a crossover of na-
tures from viscous fluid to elastic solid, one might ex-
pect the transition to happen at the same Deborah num-
ber for difFerent flow configurations. We have repeated
the experiment both by doubling the Hele-Shaw cell gap
6 and by varying j~ via changing the solution. We
find that we can roughly predict the crossover injec-
tion rate by assuming that the transition always oc-
curs at the same Deborah number. Our results are
listed in Table I: the onset shear rates for the shear-
thinning regime of the associating-polymer solutions were

extracted from Ref. [11]. The expected threshold in-
jection rates are based on the Deborah-number scaling
of Eq. (1), using the observed value of the 2.5% solu-
tion of the hexadecyl —end-capped polymer of molecular
weight 50700 at 6 = 0.4 mm (first row). The observed
threshold injection rates for the fingering-fracturing tran-
sition in double gap (second row), low molecular weight
17400 (third row), and difFerent concentration (fourth
row) flows are in agreement with the expected values,
indicating that the fingering-fracturing transition in the
associating-polymer solution does follow the Deborah-
number scaling.

The last two rows of the table give estimates of the
injection rates to achieve a similarly defined transition
Deborah number for the homopolymer flows (hydroxyl-
end-capped) discussed above. These rows indicate that
our observations took these systems far above the Deb-
orah number which would be required for the transition
if the entanglement relaxations in these solutions were
dynamically equivalent to the relaxation of the associ-
ating network. Polymer solutions can show a variety of
relaxation times [16], so it is perhaps not surprising that
using the inverse of the shear-thinning shear rate alone
to describe the polymer solution's relaxation works for
only a limited class of samples. Further work is needed
to determine which property (or properties) contributes
to making the fracture of the associating polymer solu-
tion depend so closely on the shear-thinning shear rate
when this is not the case for the homopolymer.

In summary, we have performed Hele-Shaw exper-
iments using polymer solutions and demonstrated a
fingering-fracturing transition which is present when the
polymer forms an associating network in solution and is
absent if the polymer dynamics was mainly controlled by
chain entanglement. This transition is very abrupt (al-
though sensitivity to initial conditions makes it diKcult
to determine the exact threshold) as the injection rate
is increased and it is associated with an abrupt decrease
in the pattern's mass fractal dimension. As the injection
rate is further increased above the threshold region, the
patterns retain their fracturelike character but become
more and more ramified and complicated with the frac-
tal dimension gradually recovering to the one observed
below the crossover.
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