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Relativistic self-focusing of ultraintense laser pulses in inhomogeneous umiertlense plasmas
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We investigate the propagation of high-intensity short laser pulses in a plasma. A two-parameter per-
turbation expansion is used to consistently treat the nonlinear mass variation and ponderomotive contri-
bution to self-focusing, including plasma inhomogeneity. An analytical expression for the critical power
is given and it is found that it greatly depends on the plasma inhomogeneity. A tailoring of the pre-
formed plasma is suggested in order to obtain a strong reduction of the critical power. The temporal
evolution of the pulse and plasma dynamics are also considered.
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New laser technology currently permits the achieve-
ment of focused intensities as high as 10' W/cm and
short pulses of 100 fs to 1 ps, with associated powers in
the range of 1 to 50 TW [1—3]. This development has
strongly motivated the investigation of physical effects in
laser-matter interaction in the relativistic electron energy
range [4j. Of special interest is the study of the self-
focusing of a short laser pulse in a relativistic plasma.
This mechanism is very important as it would produce ul-
trahigh laser intensity (10' —10 W/cm ) over large dis-
tances compared to the usual Rayleigh length determined
by the natural diffraction. As a result, relativistic self-
focusing would make easier the observation of expected
physical effects such as harmonic generation by relativis-
tic electrons, huge magnetic fields generated by circularly
polarized laser pulses in a plasma, and frequency up-
shifting of laser pulses in a plasma.

In this Brief Report, we highlight the relativistic self-
focusing of an intense short laser pulse in a cold under-
dense plasma self-generated by the leading edge of the
laser pulse in a gas. The plasma is generated by multi-
photon or tunnel ionization of the gas. Thermal effects
are neglected. Most of the previous theoretical calcula-
tions have considered homogeneous plasmas. This Brief
Report emphasizes the importance of plasma inhomo-
geneity on the laser critical power in relativistic self-
focusing. We study the modifications of the plasma re-
fractive index due to two mechanisms: the relativistic
variation of the electron mass and, second, the pondero-
motive force, under the presence of an ultra intense laser
field. The first mechanism has the effect of increasing the
refractive index by decreasing the electron plasma fre-
quency (co =4nq, n, lm, =co~ /y; m, =ymo, mo being
the electron rest mass, y the Lorentz relativistic factor,
and n, the electronic density through the relativistic mass
correction). The ponderomotive force is responsible for
the expulsion of the electrons from the laser channel
which lowers the local electronic density n„and there-
fore enhances the former effect.

We have developed a two-parameter perturbation ap-
proach, valid in principle for arbitrary values of the elec-
tromagnetic field amplitude, which has been shown to be

adequate to consistently treat the relativistic self-focusing
of an intense laser pulse by an underdense (co & to; co be-
ing the laser frequency) inhomogeneous plasma.

In the following discussion, we restrict our analysis to
a pulse duration r such that r»co '= r /2v—r, consider

Pp

underdense plasma 5=co /co & 1, and also r « r, , i.e., the
ions are considered immobile. ~,. is the ion characteristic
period. This allows the introduction of two small tem-
poral parameters 5 and 5'=co v. that are related to the

1O

different time scales (r »r~ && T=2rrlco). Similarly,
spatial scale lengths are defined by the parameters
a, =A/2~L, .and a„=A,/2nL„, as the ratio of the laser
wavelength (A, ) to the field (L, ) and electronic density
(L„) gradient lengths, respectively. A consistent expan-
sion of the full nonlinear current in the parameters a and
5 is thus made possible. The different space-time scales
of the problem allow a special treatment of both the
Maxwell equations and the Quid equations. The latter are
the momentum and continuity equations given by

Bp (moyV)=q, E+ moV V(y—V)+q,.—XBV

Bn +V (nV)=0,
Bt

(2)

where y=(l+q )', with q =E (r, t)/E„E,
=(moto, /q, ) being the Compton field. This expression
for y can be shown to be exact to order a q . Equations
(1) and (2) combined with Maxwell's equations (with
charge and current densities being p=q, n and j=q, nV,
respectively) lead to the E field propagation equation,

V'E — —V(V.E)=-
c Bt

(3)

An approximate solution of the combined set of Eqs. (1),
(2), and (3) may be obtained by the multiple-scale-
expansion method which is a perturbative expansion in a
and 5 in the form a =QJ" oal, where a stands for the
quantities n, E, 8, p, V, y.

The Quid ponderomotive force is given in our case by
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or

f~ =( —mo(V V)(yV)+q, V/c XB) (4) COp

2ik + E=V E+
Bz V Bt g2 y

f~ = —moc V(y —1), (4')

where V is the fluid velocity and ( ) is the time average
over an optical period T.

From Eqs. (1) and (2) we have

2
Bj qe n dn

Bt mo y dt

P

nay U+q n

c)t me

and to third order the current is

j'"=q,n, V, ;

j' '=q, (n, V, +noVz);

j' '=q, (n2U, +n&U2+noV3

In Eqs. (5) and (6) the first term is the leading term up
to corrections of order 5 (or higher). Hence, a scalar
treatment of the dielectric constant is adequate for under-
dense plasmas. The electronic density perturbation n2 is
evolving in the time scale of r (slow),

2
~p, nof

, + n, =V- +C.
Qtz y moy

(7)

On the right-hand side (rhs) of Eq. (7), C is a term
which is zero for the quasistatic approximation (QSA)
(8/Bt =0 on the rz scale), and it is 5 smaller than the first
term otherwise. Therefore the QSA solution of Eq. (7) is

nz(r)

no(0)

P T

no(r) z (Vy )2 Vy Vno
CXp Vy — +

no(0) y no(0)

(8)

where a =A, /L, and A, =c/co is the classical plasma
Pp

skin depth.
In Eq. (8) the first term on the rhs is the same as de-

scribed in Refs. [5, 6, 7]; it is related to V f . The third
term is the coupling of the ponderomotive force with the
gradient of the electronic density. Calculations show that
the first term is dominant over the second for E ~2E,
(Gaussian pulses). The contribution of each term to the
nonlinear current may be estimated from the following
values:

~ V, ~
=E/yE, co; max~ Vz/V, ~

=a,E/5yE, ;
( Vz( = )q, Ez+fz (/moyen& (in the static approximation,
V2 =0 since the induced self-consistent electrostatic force
q, E2 balances the ponderomotive force f~);
~n&/no~ =a„(E/E, ); )n2/no~ &&(a ) . The nonlinear
current given by Eq. (6) is j=j'"+j ' with j' '=q, n V&2.

This is the equivalent of the nonperturbative Eq. (5) with
n =no+n2.

An approximation of Eq. (3) is given by the classical
longitudinal approximation for the envelope equation [8]

2
Q)p

2
E+V(V.E) .

C
(9)

2

E (r,z, g)=EOO(g) exp
r()f (q, z)

(10)

Eoo(g) =Eoo(0) exp

with ri= t —z/V . All quantities of y, E, g are expanded
to order r /rg «1, with ro being the initial beam ra-
dius.

We also consider a parabolic model for the electronic
density,

7g
2

no(r ) =no(0) 1 cr-
n

(12)

(a)

(c)

(b)

Ln

FIG. 1. Parabolic radial profile of the electronic density,
no(r ) =no(0) [1 o(r /L„)] for (a)—a concave profile (a = —1)
leading to focusing, and (b} a convex profile (o.=+1}leading to
defocusing, and (c) a homogeneous profile.

In Eq. (9) the group velocity V is taken as p' =c, the
term V(V E) is of order 5 smaller than the others and
may be neglected. The third term on the rhs appears
from the cancellation in the left-hand side of the linear
contribution of the dielectric constant c., = 1
—(co /co ) =(k c /co ), for an assumed preformed plas-

ma prior to the pulse arrival. For 5«1, y is given by
the QSA and so does n2 on the r scale. We thus take the
value of n2, given by Eq. (8), into Eq. (9) to describe the
temporal evolution of the pulse.

The experimental situation where intense lasers are fo-
cused in a plasma requires a realistic description of the
central part of the beam where the main contribution to
self-focusing occurs. This region is well described by the
paraxial approximation, where the field is written as
E=E(r,z, t)e' '""'e, with S:—[(1/f )df/dz]r +y(z),
where f represents the change of the beam radius where e
is the polarization direction. For the calculations, we as-
sume an initial Gaussian (space-time) pulse
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0

with cr =+1 (
—1) for a plasma acting as a defocusing

s (Fi . 1). The diff'erential equations
hase ( ) aresatisfied by the focusing radius (f ) and the p ase q& are

1 d J e 0'

f' » ) f'
4 E (g) 1 ~g~ 4a, ED(g2 4

)0'e 0

f' f' 1'f'

P /P~

m
-01 0

efocusing
——------ ——-P„rP"„
ocUsing

I I I

0.1 0.2 0.3 o'B

(13)

a g~ 1 aEo(q)
(14)f2 2 y 2$2f4

E /2E dwhere L, =ra,' 8 =L, /L„;—Eo(rt =Eoo g /2E, , and z is
given in units of ro.

ated to theIn Eq. (13) the first term on the rhs is related to t e
vacuum diffraction, and the second is related to the zero-

o eneit . This term mayorder electronic density inhomogenei y.
be either focusing (cr = —1) or defocusing, = . h(o.=+1). The
third term is the focusing effect due o eue to the relativistic

se. The fourth has two contributions of the
onderomotive mechanism, one re ate o e

P f =P and the other from the coupling of the pon-
deromotive force wi no'th V (which can be focusing or de-
ocusin, depen ing on cr .~ ~

) The last term comes from t e
co

' ' / lus a further contri-contributions of V' y and Vy y, p u
bution from the mass increase which is the same as that

From E . (13), we obtain a very simple expression forFrom Eq. , we o a'

a 5) at the entrancethe critical power, valid to order a, a e
of the plasma (f= 1),

'2

=PH 1+cr 8n (0)
AnCX

/4, =q /m c is the classical elec-where hn =1/4mr, ro, r, =.q, mo
tron radius, an 0 is ed P' '

the critical power for the homo-
s* =10' (co/co ) 8'. The experimen-geneous plasma.

lasma parameters (favorable to self-tal aser an p
f ) lead to values in the range a=
5=0. 1 —0.25. Equation (15) shows that i p

ocusing
if the lasma

behaves as a defocusing lens 0—= + 1) a variation of a
the degree of the plasma homogeneity mayfew percent in e

reatly increase the value of the critica power.
=2. 8 X 10' electrons/cm, foreasily verified since n =

3r =10 pm and = pm, anr = p d A,=l, and n(0)) 10 electrons/cm .
This strong defocusing effect has bee pis s

'
n ex erimentally ob-

served by Auguste et al. [9].
Figure 2(a s ows eh th behavior of the critical power as

a function o ef the plasma inhornogeneity. e straig
dashed line represents the initial beam power I c

P~ The defocusing (focusing) situation,to be below H. e e
I and II*( 1 (P /P* & 1), is represented by points I and

'
s. 2b I and 2(b)(III, IV, and V) which correspond to Figs.

II Figs. 2(b) III, 2(b) IV, and 2(b) V], respectively.

100 200
1

300 z

FIG. 2. (a) Behavior of the critical power (P /
~ ~ .*/P*) as a func-

B ) a/6=0. 1. The chosen initialtion of the inhomogeneity (o ); a
II IVP =0.75P* (straight dashed line). (b) I, II, III, Ilaser power

V. The beam radius ~J as a ud' (J ) function of the axial coordinate z
for o.B=0. 1; 0; —0.05; —0. 1; —0. 1, respective-( o p)

l . P =0.75PH except for 2(b) V where PL-= . H. uy I. . H

wer P less than theI an sII d IV how that in spite of a laser powero, - in be-critical power ~ or a oP* f homogeneous plasma, self-focus' g
e when the radial profile of the electron densitygins to take place w en era '

n in Fi ~ 1(a). More-h
'

imum on the laser axis as shown in Fig. a. ore-has a minimum
'

i n whereover, curve, w ic cV, h' h orresponds to another condition
e

' P* ives rise to a stronger focus-the laser power is larger than P~, g'

ing behavior.
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The striking effect of tailoring the plasma into a con-
vergent lens (o = —1) is shown in Figs. 2(b) III—2(b) V
which correspond, respectively, to the onset of the beam
capture, to the quasisoliton propagation, and to the guid-
ed propagation at PL =7.5PH. The condition for guided
propagation B

=An�/no

=8'=0 is similar to that ob-
tained by Sprangle and Esarey [10].

Figure 3 shows the electronic density and the variation
of the beam radius as a function of z. There is a
significant depletion of the electronic density only at the
minimum values of f. If f «1, we may have
a,Eof ))I and the perturbative expansion on ct, is no
longer valid. To account for strong density depletion
(cavitation) one has to compute higher-order term in a,"
for 5n, .

Figure 4 clearly shows that the capture of the laser
beam depends on its angle of incidence on the plasma.
The beam which is focused in Fig. 4(b) is defocused in
4(a). This same behavior is observed for E =10E, for
which we will have a,Eo /f ( 1, which validates the per-
turbative approach at these field values.

In conclusion our main results are the following:
(i) Plasma inhomogeneity plays a major role in self-

focusing. Analytical results show that a variation of a
few percent of the degree of homogeneity of the plasma
in its central region may greatly modify the value of the
critical power with respect to the homogeneous case. For
the present, the preformed plasmas are produced by laser
atomic ionization and behave as a defocusing lens. We
suggest a tailoring of the preformed plasma into a focus-
ing lens in order to achieve the conditions favorable to
the experimental observation of the effect. This can be
obtained by electronic densities which are minimized at
the beam axis, leading also to optical guiding of a Gauss-
ian pulse in a parabolic density profile.

(ii) The capture of the light beam depends on its angle
of incidence in the plasma.

(iii) The diffractional erosion of the leading and trailing
edge of the pulse is observed.

(iv) The mechanisms responsible for self-focusing are
the electron-mass increase and the plasma inhomogenei-
ty. The ponderomotive force plays a secondary role in
this process.

(v) Some previous models [5—7] may be regarded as
special cases of this perturbative scheme. Even though a
first attempt has been recently made [11]new experimen-
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FIG. 4. The beam radius as a function of the axial coordinate
(z in units of ro). ED=0. 1; 0.=0.03; 6 =0.05; 8=0. (a)
df/dz= —0.04 represents the strong convergent angle of in-
cidence at the entrance in the plasma, and (b) df/dz= —0.02
represents the weak convergent angle of incidence.
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tal studies of relativistic self-focusing are urgently re-
quired in order to confirm the promising theoretical cal-
culations.

Very recently two important publications concerning
short pulse propagation in relativistic plasmas have ap-
peared. The first is a numerical two-dimensional deter-
mination of propagation and guiding of intense pulses in-
cluding wake-field effects [12], and the second deals with
a study of the dynamical coupling of density n2 with the
electric-field envelope E in the weak relativistic regime
[13].
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