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Optically induced chaotic behavior in nematic liquid-crystal films
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In this paper we report the dynamical behavior occurring in a nematic liquid-crystal film during the
optically induced molecular reorientation. The system at first undergoes an incomplete period-doubling
cascade, then a biperiodic regime appears, and finally a transition to a chaotic regime occurs. This se-

quence is experimental evidence of a physical system that mixes two different routes for the transition to
a chaotic regime.

PACS number(s): 05.45.+b, 42.65.—k, 61.30.—v

The optical Freedericks transition occurring in nemat-
ic liquid crystals NLC's is due to the molecular director
reorientation induced by the light field above a threshold,
which is typical of the used material. Several authors [1]
have observed and studied different features of this effect.
A comprehensive description, however, which includes
all the possible geometries, i.e., NLC orientation with
respect to light polarization, and any kind of light polar-
ization is not yet available. Among the different phenom-
ena, the light self-pulsing which can be observed in the
spatial pattern of the beam transmitted by the NLC film
under particular geometries [2—4] is of great interest.
Indeed, above the threshold, a precise (even if, generally,
very complicated) dependence on the molecular director
n exists for intensity and polarization in different points
in this pattern [3]. Therefore, the time evolution of the
transmitted intensity, detected for example in the center
of the outcoming beam, is an evidence of the time behav-
ior of the director reorientation. This self-pulsing effect
has been studied in the case of circular and elliptical po-
larization of the light impinging normally on the NLC
film [4]; although in these cases the authors did not re-
port the transition of the system to a chaotic regime. A
similar behavior is also observed when the linearly polar-
ized light beam impinges on a homeotropically aligned
NLC film and two conditions are fulfilled: the beam po-
larization is perpendicular to the incidence plane and the
incidence angle is small but different from zero. Under
these circumstances the typical ring pattern, due to self-
phase modulation, appearing in the transmitted beam un-
dergoes periodic oscillations giving rise to a limit cycle in
the phase space [2]. The period of these oscillations de-
pends on the impinging intensity and is in the range of
seconds. Up to now no satisfactory theory has been
worked out to describe this phenomenon even if it can be
understood in the framework of the elliptically polarized
radiation studied by Santamato et al. [4]. Under the
above-mentioned geometry the linearly polarized beam
will become elliptically polarized inside the NLC. For
this reason we believe that a kind of rotation and nuta-
tion of the molecular director may occur in this case as
well.

In this Brief Report we report a study of the pulsation
effect showing that the above-mentioned limit cycle be-
comes unstable and the system takes a very peculiar route
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FIG. 1. (a) Geometry of the experiment for the case of ob-
lique incidence of the light and vertical polarization. (b) Sketch
of the experimental setup. L, Ar+ laser; BS, beam splitter; PW,
power meter; P, polarizer; LS, lens; S, sample; A, analyzer; IR,
iris; D, detector; DA, data analyzer; PC, personal computer.

towards a chaotic regime. The peculiar characteristic of
the transition to chaos which occurs in our system makes
our experimental results very interesting in the frame-
work of the ergodic theory of chaos. As the incident
power is increased the system at first undergoes a period-
doubling cascade which is stopped by the noise. Then
through a phenomenon of "self-organization" a biperiod-
ic regime appears and finally the universal transition
from a quasiperiodic to a chaotic regime [5] occurs.

In our experiment, a light beam from an Ar+ laser
(A, =5145 A) is linearly polarized and focused (focal
length l&=150 mm) on a homeotropically aligned NLC
film (compound E7 from the British Drug House, thick-
ness d=50 pm). At normal incidence (k~~n, where k
denotes the wave vector) and above a threshold value for
the impinging light power, the formation of the well-
known self-phase-modulation rings is observed on a
screen placed after the sample. If the angle a between k
and n is increased (in particular in the range 2 & a & 15')
and if the electric vector E of the light is normal to the
plane of incidence, we observe that, above a power
threshold that depends on o. and on temperature T, the
ring formation follows a pulsing behavior. Since the imp-
inging linear polarization becomes elliptical in the medi-
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the noise destroys eth occurrence of further subharmon-
ics and one can find a noisy power spectrum. Neverthe-
less when t e va ueh 1 P is reached a particular feature ap-

ears: we can observe that two frequencies grow up from

kind of3 c . We think that this behavior can be due to a kind o
"self-organization [ ] o" [6] f the system, which allows the
system to give rise o at biperiodic motion again. Since
h effect is observed also in III, obviously we arguet e same e ec

f m a nonlinearthat this "self-organization" can arise irom a non
'

cou ling betweeg I d I: in fact they oscillate at theP g
same two frequencies f and f / . e2. When P is further in-

for I (say f ) becomes a little bit different from fi an
II

we observe a phase locking off
II

and fi.f . The locking ra-
tio JII jy is esf /f '

timated (within the experimental accuracy

to be c ose to1 26/27. At this stage, a number of sharp fre-
quenciesies appear in the spectrum of I~ ig. , e

the ratio be-va ue o eacl f h frequency being expressed as the ra io e-
tween two rational numbers. Finally, or ig er

come shallower [Fig. 3(e)]. This last trend is typica of
the universal transition from a quasiperiodic regime,
characterize y wo

'
d b t o incommensurable frequencies, to a

regime which exhibits, in the phase space, a chaotic
motion on a strange attractor [5,7].

Therefore we observe the following sequence: i a
period-doubling cascade stopped by the noise; (ii the on-

' d' regime (iii) a transition from a
' iv nal-perio ic to quasi e

'' d' to uasii eriodic (mode-locked) regime; iv na-
't' from a quasiperiodic to chaotic regime.

We emphasize that this sequence (i)—(iv) is expenmenta-
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ly observed in the same physical system, in which only
the control parameter is varied while all the other physi-
cal parameters remain unchanged. In fact interesting ex-
perimental observations and detailed quantitative charac-
terizations show that when only the control parameter is
varied, the system can follow either of two different
routes; (a) a transition periodic ~quasiperiodic (mode-
locked) ~chaotic regime [8], or (b) a transition
periodic ~period-doubling cascade —+ chaotic regime [9]
(in some papers [10,11] it is reported that this route is
stopped at the period-doubling cascade stage by the noise
which does not allow the process of the cascade towards
the chaotic regime). The sequence (i)—(iv) that we ob-
serve shows the two routes (a) and (b) mixed together.

In order to study the dynamical properties of the signal
in the chaotic regime, two main steps can be performed
[7]: the determination of the fractal dimension of the at-
tractor and the determination of, at least, the largest
Lyapunov exponent of the trajectory embedded in the
phase space. In order to get several data points, we car-
ried out a new set of measurements in which we detected
the total output intensity I,„,=I~~+I~ whose power spec-
trum shows the same behavior as I~. This procedure is
chosen because of limitations of the data acquisition and
storage capability of our equipment. In fact, in this way
we can double the number of available data points. The
storage time of each experiment is 5000 sec, with a sam-
pling time constant At =0.3052 sec, so that we obtain a
time series of %=16384 points. The orbit on the attrac-
tor in an embedding phase space of dimension dz [7] is
reconstructed by forming the dz-tuples X(t) = [I,„,(t),
I,„„(t+ ),r. . . , I,„,[t+(dE —1)r]), where r is a suitably
chosen lag time (we have used r=1.8 sec which is the
value of the first zero of the autocorrelation function of
the data).

Using the N points of the vector X, we have comput-
ed the correlation sum, C(r) =(1/lV )g; e(r —

~
X,—

Xl ~~), where 8 is the Heaviside function and ~X,
—X

~~

is the usual norm in the embedding phase space R
Then the information dimension v of the attractor can be
found from the relation C(r) =r [12].

If the embedding dimension dE is large enough, the
slope of the plots ln[C (r) ] vs ln(r) settles down to a value
independent of dz. In our case, the slope, for dz 9,
converges to the value v=3. 35 which represents the in-
formation dimension of our attractor. As is well known,
the chaoticity of the attractor is unambiguously proved if

at least the largest Lyapunov exponent, say k, is larger
than zero. Since the value of k is affected by the noise
present in the experimental data [5,7], the system should
be characterized by numbers that are the Lyapunov ex-
ponents for the noise-free system, averaged over the
range of noise-induced states [13]. As a matter of fact, in
the present analysis, the precise value of A, is not neces-
sary: we need only know if A, )0. Therefore we have es-
timated k, using an algorithm similar to that developed
by Wolf et al. [14]. The estimate has been carried out
from experimental data obtained at different values of P;„
in the chaotic regime. In all cases, we found that k in-
creases with P;„, and converges towards positive values:
A, ~0.08. This is well above the value X=10 that we
have calculated for the case of an experimental periodic
signal and that represents our real zero value. The con-
vergence of k for different lag times and different embed-
ding dimensions has also been tested.

A more detailed analysis of the phenomenon requires
the evaluation of the entire spectrum of the Lyapunov ex-
ponents as well as the precise determination of the criti-
cal orbit above which the chaos grows up. Furthermore,
a deeper insight could be given by performing measure-
ments at different temperatures and at different a. These
are in progress and will be reported in a forthcoming pa-
per.

In conclusion we have reported an experiment carried
out on a dissipative nonlinear NLC system which was not
purposely set up to observe a particular route to chaos.
In this system, above a power threshold, two (at present
not clear) competitive mechanisms try to reorient the
director, causing a periodic behavior in its dissipative re-
orientation motion and therefore a pulsation in the self-
phase-modulation ring formation. When further increas-
ing the power, an instability and then a transition to
chaos arises; as it evolves towards the chaotic state, the
system shows a very peculiar behavior. This behavior
could be explained as a kind of intermittence effect in
which the period-doubling cascade is stopped by the
noise and the quasiperiodic-to-chaotic transition occurs.
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