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The Boltzmann equation for reacting charged-particle swarms in neutral gases in the presence of both
electric and magnetic fields is decomposed into a hierarchy of kinetic equations by expanding the veloci-
ty dependence of the phase-space distribution function in terms of spherical harmonics. No limit is set
on the number of spherical harmonics and no approximation is made concerning the mass of the charged
particles related to that of the neutrals species. The space-time dependence is treated by making the hy-
drodynamic assumption which is taken to second order in density gradients. Spherical tensors are used
throughout. The resulting heirarchy of equations has universal validity and is amenable to a range of
numerical solutions. The structure of these equations is discussed and the inadequacies of a Legendre-
polynomial expansion are pointed out. The special configurations of the magnetic field parallel and per-

pendicular to the electric field are discussed in detail.

PACS number(s): 51.10.+y, 52.25.Dg, 51.50.+v, 51.60.+a

L. INTRODUCTION

Since the mid to late 1970s the theoretical analysis of
charged-particle transport through neutral gases under
the influence of a uniform electrostatic field has advanced
considerably. A general overview of this can be obtained
from the reviews of Kumar, Skullerud, and Robson [1]
and Kumar [2]. It will suffice here to make a few general
comments and cite key references. In the case of ions,
this advancement followed the introduction of the “two-
temperature” moment method by Viehland and Mason
[3], before which the theory was in general restricted to
weak fields only. Since then, there has been much excel-
lent work on the theory of ion swarms carried out by
Viehland and co-workers [4] and Skullerud’s group [5].
This situation is comprehensively reviewed in the book
by Mason and McDaniel [6]. For electron swarms, the
advancement was fueled by the desire to overcome the
limitations of the “two-term” approximation which had
dominated the theory of electron transport through gases
since the time of Holstein [7]. The first systematic mul-
titerm analysis for electron swarms was given by Lin,
Robson, and Mason [8] and since then a considerable
number of multiterm theories have been published in a
relatively short time [9-17]. The situation up to 1986 is
discussed by Robson and Ness [17]. Monte Carlo simula-
tions have also played, and continue to play, an impor-
tant role in swarm physics—for example, in testing the
validity of the two-term approximation [18,19] and
checking on the accuracy of multiterm solutions [20].
For a discussion of Monte Carlo techniques in swarm
physics, the reader is referred to Refs. [21-23].

In contrast, comparatively little work beyond the two-
term approximation has been done on transport in the
presence of both electric and magnetic fields. This may
in part be due to the lack of a systematic approach in
solving Boltzmann’s equation under these conditions. In
the case of electrons, two-term analysis and references to
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early work are given in the books by Huxley and Cromp-
ton [24] and Holt and Haskel [25]. For the Maxwell-
Lorentz model, Braglia and Ferrari [26] have discussed
the solution of the spatially homogeneous Boltzmann
equation for an arbitrary angle between the electric and
magnetic fields. More recently, Ikuta and Sugai [27] have
applied the “flight time integral” method to investigate
electron transport in a model gas for the magnetic field
both parallel and perpendicular to the electric field. This
theory is, however, only suitable to their particular ap-
proach. Biagi [28] claims to have a multiterm Boltzmann
analysis for the Lorentz approximation valid for any an-
gle between the electric and magnetic field. However, a
Legendre-polynomial expansion is used [29]. In the
present work it is shown that such an expansion is strictly
valid only in the spatially homogeneous situation for the
case of parallel fields. Using a Monte Carlo technique,
Brennen, Garvie, and Kelly [30] investigated electron
transport in nitrogen for perpendicular fields. Both com-
ponents of drift and the four components of the diffusion
tensor were calculated. In a kinetic theory investigation
of ion-cyclotron-resonance collision broadening, Vieh-
land, Mason, and Whealton [31] used the two-
temperature moment method to solve the spatially homo-
geneous Boltzmann equation for ions in the presence of
both electric and magnetic fields. Solutions were taken to
the second approximation in their truncation scheme
[3,31]. Early work on the motion of electron and ion
swarms in gases under the influence of electric and mag-
netic fields, carried out by Allis, is summarized in Ref.
[32].

The knowledge of charged-particle transport in the
presence of both electric and magnetic fields has a num-
ber of practical applications—for example, in high-
precision tracking detectors used in high-energy physics,
where the configurations of both parallel and perpendicu-
lar fields are used in detectors designed to determine both
the energy and the momentum of high-energy particles
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[33,34]. Application is also found in devices such as
high-current switches, cold-cathode rectifiers, and plasma
preparation [30]. The configuration of perpendicular
fields is discussed from an engineering perspective in the
review by Heylen [35], where the effects of the magnetic
field on gas breakdown and its applications are con-
sidered in some detail. It is believed, however, that the
investigation of charged-particle transport in electric and
magnetic fields has more fundamental implications. Solu-
tion of Boltzmann’s equation in conjunction with
charged-particle experiments is a well-established pro-
cedure for verification or determination of low-energy
electron (ion) -molecule cross sections (potentials) [6,36].
The essence of the technique is the comparison of
theoretical and experimental transport coefficients. Start-
ing with some initial set of cross sections (or potential), a
theoretical calculation is made of the transport
coefficients and a comparison is made with experimental
values. If the comparison is unsatisfactory, the cross-
section set (or potential) is adjusted in a controlled
manner and the transport coefficients are recalculated
and the comparison is made again. This iterative process
is continued until satisfactory agreement between the
theory and experiment is obtained. So far, this process
has been carried out only when an electric field is present.
When, for example, a magnetic field is applied perpendic-
ular to the electric field, there are additional transport
coefficients, which could in principle be used to provide
additional tests for a cross-section set [37]. This may be
of value when questions of uniqueness concerning the
cross-section set arise.

The aim of the present work is to develop a systematic
approach to the multiterm solution of Boltzmann’s equa-
tion for “reacting” charged-particle transport in gases in
the presence of both electric and magnetic fields to the
point where a range of numerical techniques can be im-
plemented. Working with the irreducible-tensor formal-
ism introduced into kinetic theory by Kumar [38], this is
done by decomposing the Boltzmann equation into a
hierarchy of kinetic equations using spherical harmonics
and the gradient expansion. It is found that although the
addition of the magnetic field itself is relatively straight-
forward, the effect it has on the structure of the equations
is a significant factor. With regard to the nature of the
interactions between the charged particles and the neu-
tral molecules, only the assumption of central forces is
made. No assumptions are made concerning the isotropy
of the scattering or the mass ratio of the colliding parti-
cles. The two configurations of parallel and perpendicu-
lar fields are considered in detail. We discuss, however,
how the present approach can be applied to an arbitrary
configuration of the fields. In the case of perpendicular
fields, we compare with the earlier ‘“two-term” theory
and point out shortcomings resulting from the use of a
Legendre-polynomial expansion. The situation of paral-
lel fields leads to complex equations when considering
transport perpendicular to the fields.

II. THEORY

In an earlier paper Robson and Ness [17] (hereafter re-
ferred as I) formulated a multiterm spherical-harmonics

representation of the phase-space distribution function of
“reacting” charged-particle swarms in a gaseous medium
under the influence of a uniform electrostatic field in
terms of spherical tensors. In the present work we extend
this formalism to include a magnetic field. Our starting
point is the Boltzmann equation describing the evolution
of the phase-space distribution function f(r,c,?) of the
charged particles

[0, +c-9,+(a+cXQ)3,]f(r,c,t)=—J(f), (1)
where
a=e¢E/m (2)

is the acceleration due to a uniform electric field of
strength E and

Q=eB/m (3)

is the charged-particle cyclotron frequency in a uniform
magnetic field of flux density B. The charge and mass of
the charged particles are denoted by e and m, respective-
ly, while r and c denote the position and velocity, respec-
tively, at some time t. We note the identity

(cXQ)d,=—QL, @)
where
L=cXad, (5)

is an operator similar to the angular momentum operator
of quantum mechanics. This connection is useful in con-
nection with calculation of the matrix elements, as dis-
cussed below.

The spherical-harmonic decomposition of f(r,c,?) is
written as

© 1
flre,t)=3 3 fPr,e,t)YA@), (6)

I1=0m=—1

where € denotes the angles of c. The irreducible-tensor
notation used in the present work is discussed in I. Sub-
stituting expansion (6) into Eq. (1), multiplying on the left
by Y P(€), and integrating over all € yields

> (Im|d,+c-3,+a-3,—Q-L|I'm’') f{)(r,c,t)

T
lI'm

=— 3 {m|J|I'm") fi(xr,c,t), (D
I'm'

where we have used identity (4) and set
(Im|O|I'm"y= [ YP@)OY[H (@)de

with O denoting any of the above operators. The explicit
representation of the first three terms on the left-hand
side (lhs) of Eq. (7) are given in I, where the collision ma-
trix is also discussed. Here, as in I, we do not require the
explicit representation of the collision matrix; only the
assumption of central forces has been made. The matrix
elements of the magnetic-field term are

1
(Im|Q-L|I'm")= ZIQ;})(lmILL‘]Il’m’), ®)
Pl
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where

L= "3 (Im 1m,|1p)c[1al!] )
my,m, 1 m,
is Eq. (5) in spherical notation [39]. Here, (1m1m,|1u)

is a Clebsch-Gordan coefficient, and we have used the
tensor coupling rule [17,38]

1 1
(@b W= (ymLm,lim)a,, b, . (10)

my,m,

The Wigner-Eckart theorem [17,38] implies that

1
(m|Q-LII'm")="3 QP 'm 1ulim){HILM)17)
pu=-—1

(11

where (I||L1||I’) is a reduced matrix element, given
below. Substitution of Eq. (11) along with Egs. (I-18) to
(I-21) into Eq. (7) gives the spherical-harmonics represen-
tation of the Boltzmann equation as

3+ X (Um tpltm 1| GV FL)
U',m',u

—ia 12 (I'm10[Im){1||3M || 1) £ 410

= 3 QPWm plim)HL)) £
U',m',p

==—JIifr (12

where the system of coordinates is chosen such that the z
axis lies along the electric-field vector E. The gradient
operator G if’“ and the collision operator J/ are defined by
J

=333

s=0A=0A'=0A"=0A"=0

Eqgs. (I-11) [40] and (I-18), respectively. Explicit expres-
sions for the reduced-matrix elements (I||3l!)||/’) and
(1||ct||7”) are given by Egs. (I-23) and (I-24), respective-
ly. The reduced-matrix elements of the angular momen-
tum operator are

(LYY= —vVIT+1)8; (13)

so that the magnetic-field term is diagonal in the / index,
independent of the configuration of E and B. Note that
the Clebsch-Gordan coefficient in Eq. (11) ensures that in
the /=0 member of Eq. (12) the magnetic-field term is
not present, a reflection of the fact that the acceleration
of the charged particles due to the magnetic field does not
add energy to the particle. The magnetic field is present
for all higher-/ members of (12) and therefore influences
£V in the I=0 equation. This reflects the fact that al-
though the magnetic field itself does not directly change
the energy of a particle, it can do so indirectly. For ex-
ample, if between collisions the magnetic field turns a
charged particle against the electric field, the particle, as
a result of the action of the magnetic field, will lose ener-

gy-

A. Gradient expansion of £

In the presence of both an electric and a magnetic field,
there are three independent directions in any swarm ex-
periment, determined by the electric-field strength E, the
magnetic-flux density B, and spatial gradients Van. Ten-
sors of any rank can be formed from these vectors, either
individually or by coupling them together. Thus, any
tensor f'? can be represented quite generally by a sum
over all possible coupling of tensors formed from E, B,
and Vn, which produce a tensor of rank /:

i i f(l’sk)\,’}\.”)\.”')[[Y()\"“)(/E\), Y(l")(ﬁ)](”)’G(S)\.)]("Il)n s 14)

where f(I|sAA'A""A""") are scalar coefficients which vanish unless

I+A+A"=even,

(15)

a result of parity considerations and independent of the configuration of E and B. The order of the coupling of the ten-

sors in (14) is arbitrary. For E along the z axis, we have

172
y R w20+ 1
M) (B )= ( — )M
Y (E)=(—i) o 8o - (16)
Employing the tensor coupling rule (10) in Eq. (14) and using expression (16), we find
o s A
=33 3 fUm|sau)GiMn , (17)
s=0A=0p=—2
where
172
— - - - S\A 20" +1 ra 1y 01y 10 ’
flmlsap)=3 3 3 (=i |=—=—— SFUISAAMA A" WA m —udullm)
A'=0A"=0A"=0 4
X(k”’O?&”m——ull’m—y)Y,(,,}‘i)#(ﬁ)=O if |m|>1 or |u|>A. (18)

For vanishing magnetic field we have the extra conditions A'’=0 and u=m, and Egs. (17) and (18) above reduce to Egs.
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(I-13) and the equation following it in I.
Substituting expansion (17) into expansion (6) and taking terms up to s =2, the phase-space distribution function may
be written in the form
© 1 1 © !
flret)=n(r,) 3 3 fUmlooo)Y @)+ 3 3 3 fUmN1p)Y @G n(x,1)

I=0m=-—1 p=—11=0m=-—1
2

I1=0m=—1 =-2

o 1 © ]
+ 3 3 fUm200Y@)GFn(r,t)+ 3 3 3 fUm|220)Y@)G P n(x,1) . (19)
m I=0m=—1

Note that, in general, even for the spatially homogeneous case, an expansion in terms of Legendre polynomials is inade-
quate as m is no longer restricted to zero, but free to range from —/ to /. In the special case of the two-term approxi-
mation where the sums are truncated at / = 1, if the polar axis is chosen to lie along the vector f\!, then Legendre poly-
nomials may be used. It is, however, incorrect to take such an expansion beyond /=1: this point is discussed further
later. Also, in the special case of parallel fields where there is a single axis of symmetry, terms to first order in the spa-
tial gradients in Eq. (19) can be reduced to expansions in terms of Legendre and associated Legendre polynomials, as in

the case when only an electric field is present [17] [see Eq. (83) below].

B. Equation of continuity

Equation (17) applies to any tensor and the scalar quantity d,s can be expressed in the form

© s A
n=> 3 3 w(s)»y)G,(jMn , (20a)
s=0A=0u=—A
i.e.,
1 2
3,n=0(000)n+ 3 o(11p)G"n+w(2000G7"n+ 3 o(22u)GP'n , (20b)
p=—1 p=-2
(sA)

up to s =2. Using the explicit expressions for G,J*’ given in Table I of I, Eq. (20b) can be written as

©

3,n =w(000)n +—‘/L§—[co(111)—w(11—1)]6xn +—=[o(11D)+e(11—1)13,n —io(110)3,n

1
V2

@(200) | ©(220)  @(222)+w(22—2) |., ©(200) | ©(220) | ©(222)+w(22—2) |.,
+ el = =
V3 Ve > o n—+ V3 + Ve + ) ayn
ﬂj%ﬁ—x/z_/iw(zzo) Fn+i[0(222)— w(22—2)18%,n
+[w(221)—w(22—1)]3%,n —i[w(221) —w(22—1)3%,n . 1)
[
In the usual notation the continuity equation is D, =[w(200)/V 3+w(220)/V6
dn=—an—W,d,.n—W,3,n—W,3,n+D,din+D,3n —(0(222)+0(22-2))/2], 23)
D, =[(200)/V'3+a(220)/V'6
+D,32n+D,d%,n+D,3%,n+D;3%n , 22)

+(0(222)+w(22—-2)) /2],

where « is the loss rate coefficient, W,, W,, and W, are D,=[w(200)/V3—V20(220)/V3],
the three components of the drift velocity; D,, D,, and . _ _
D, are the diagonal components of the diffusion tensor; D, =i[w(222)=w(22—-2)],

and Dl :ny +Dyx’ D2=sz +sz7 and D3 :Dyz +Dzy D2=[w(221 )—w(22—1 )] s

denote the off-diagonal elements of the diffusion tensor. ]

Comparing Egs. (21) and (22), we identify D;=—i[w(22])tw(22—1)] .
a=—w(000) , C. The hierarchy of equations

W,=—ilo(11)~a(11=-1]/V2, Substitution of expansion (17) into Eq. (12) and making

W,=—[o(111)+o(11—1 1/V2, use of Eq. (13) and the continui.ty Eq. (20), we generate a
hierarchy of coupled equations for the functions

W,=iw(110) , fUm|sAu). After equating coefficients of G*'n, we find
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[J'+w(000)]f (Im|sAp)—ia 2(1 m 10|Im ) (LB 1) f(I'm [sAp) +VI(T+1)

2 QW (Im —viv|im)f(Im —v|sip)

v=—1

=X, (sAu) , (24)

where
X,,,(000)=0 , (25a)
X, (1) =—(11p) £ (Im|000)— 3 (I'm —plu|lm){I||cM)|1') £ (I'm —p|000) , p=0,%*1 (25b)
<
X,,,(200)= —w(200) f (Im |000) — 2 — ) Yo(11v)f(Im|11—v)
v=-—1
1
‘/3 2 2 (=)' U'm —v1v|Im) )| DY fF(I'm —v]11—v) (25¢)
1
X, (22p)=—0(22u)f(Im]000)— 3 (1p—v1v|2u)o(11v)f(Im|11p—v)
v=-—1
1
-3 3 (p—vivi2p)'m —viv|im)1|| M) f('m —v|1lp—v), p=0,£1,+2. (25d)

' v=—1

Equation (24) comprises a set of ten coupled equations,
corresponding to the ten values of (sAu), up to s =2. For
a given value of (sAu) the rhs of Eq. (24) is specified by
the member of Egs. (25) corresponding to that value of
(sAp). Equation (24) with (25a) is the lowest member of
the set. Equation (24) with (25b) contains the next three
members, corresponding to p=—1,0,1. Equation (24)
with (25c¢) is the fifth member, while Eq. (24) with (25d)
contains the last five members, corresponding to
pu=—2,—1,0,1,2. Members with the same value of s do
not couple with each other; they only couple to lower-
order s members—thus the ordering of equations within
a given s ‘“set” is arbitrary. The first member of this
chain is an eigenvalue equation for »(000), while all
remaining members are inhomogeneous equations in
which, apart from the quantity w(sAu), (sAu)7<(000), the
right-hand side (rhs) is determined from the solution of
lower-order equations in the chain. For (sAu)7(000),
the quantity w(sAu) on the rhs of the equation for
f(Im|sAu) must be solved for in a self-consistent manner,
as discussed below. The discussion given on page 2074 of
J

I concerning the eigenvalue problem also applies to the
above set and there is no need to repeat it here. We note,
however, that in applying it to the above hierarchy of
equations, the following extensions are necessary:

©;(00)—;(000) ,
w;(sA)—w;(sAu) ,
fillm|sA)— f;(Im|shp) ,
G (sA) G(S)u)

GBSM ___)GLSM

and include a summation over u from —A to A in Egs.
(I-33), (I-34), and (I-36).

D. Normalization and determination of the w(sAu)

The normalization condition and the procedure for
determining the w(sAu) parallel that given in Sec. II C of
I; we find

v fo F(00[sAp)c2de =8,68108,0 » (26)
©(000)=—V47 fo“’Jg[ £(00]000)Jc2dc , (27a)
4 1/2
_ T © ASA 2
o(1lw)= |5~ fo ¢3f(11]000)dc 1/47rf0 JO[(00|11p)]c2dc , (27b)
172
»(200)=— 531’— J'e S Flvii de—V4x [ “JR[(00]200)]c%dc , (27c)
v=—1
172 - -
w(22p)=— 47” f“’ 3 2 (— D' ™(p—vivi2u)f l——v|11,u—v)dc—\/4ﬂ'f0 JR[f(00[22u)]c%dc , (27d)
v=—1
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where J; denotes the nonconservative part of the col-
lision operator. Consider Eq. (24) with (25b), and Eq.
(27b) which, for a given value of u, are solved for the
quantity o(11u) and the function £(Im|11u). We see that
the last term on the rhs of (27b) contains the unknown
function f(00|11u), which is found by solving Eq. (24)
with (25b), but this equation in turn contains the un-
known quantity w(11u). Hence, the pair of Egs. (24) with
(25b) and (27b) must be solved in a self-consistent
manner. The same is true for the pair (24) with (25¢) and
(27¢) and the pair (24) with (25d) and (27d). This, of
course, does not hold for Eq. (24) with (25a) and Eq.
(27a), as Eq. (24) with (25a) is a “true” eigenvalue equa-
tion and must be solved as one. Equations (27) may be
used in Egs. (23) to express the transport coefficients in
terms of the functions f(Im|sAu).

In the absence of nonconservative interactions, w(000)
and J; vanish, and three significant simplifications then
follow immediately from Egs. (27). Firstly, the first
member of the chain reduces to a homogeneous equation
for the function f(Im|000). Secondly, the last term on
the rhs of Egs. (27b) to (27d) vanishes and the quantities
w(sAu) are then completely specified by lower-order
members of the chain; hence, all higher-order members
reduce to ordinary inhomogeneous equations and there is
no longer the need for self-consistent solutions. Finally,
we see that the remaining nine quantities wo(sAu),
(sAu)7(000), given by Egs. (27b) to (27d) can be deter-
mined by solving the hierarchy up to s =1, i.e., in the ab-
sence of reactions, it is sufficient to consider the first four
equations in order to determine transport up to diffusion.

With regard to the structure of the matrix of
coefficients on the lhs of Eq. (24), we note that (1) the col-
lision term is diagonal in both the / and m indices; (2) the
electric-field term is both subdiagonal and superdiagonal
in the / index [as I’=[%1; see Eq. (I-24)] and diagonal in
the m index; and (3) the magnetic-field term is diagonal in
the / index and tridiagonal in m in general; for particular
configurations the m structure can simplify, as we will
see. In principle, one can exploit this “block” structure
to optimize numerical solution of the set (24). This is dis-
cussed in more detail in a subsequent paper [41] where we
implement numerical solution. In the absence of a mag-

A+ DA — |l

netic field, m =pu, and the set of equations (24) and (25)
reduce to equations (I-28) to (I-31). This greatly
simplifies matters for two reasons: First, to second order
in spatial gradients we only require solution of the equa-
tions for two values of u, ©=0 (transport parallel to E)
and u=1 (transport perpendicular to E). Secondly, the
fact that m =p means that the m dependence separates
into the different equations of the hierarchy, so that in
effect there is no m index to consider in solving a particu-
lar equation. That is to say, for any given equation, there
is only the / index to be concerned with. However, when
B is present, there is in general no simple relationship be-
tween m and u. Thus, if we truncate expansion (6) at
=1 .« say, then for any member of the set of equations
(24) and (25), m will range from —/_,, to [ . . It may of
course be sufficient to truncate m at some value
m . <l... to obtain convergence of the transport
coefficients, as indeed we have found to be the case [41].
Nevertheless, in general, when both E and B are present,
for any given member of equations (24) and (25) one has
both the / and m indices to consider instead of just the /
index, in the implementation of numerical solution. This
significantly increases the size of the matrices and CPU
time required for solution, when compared to the E-only
situation. We now consider the special configurations of
perpendicular and parallel fields.

I11. SPECIAL CONFIGURATIONS OF THE FIELDS
A. Magnetic field perpendicular to electric field

Choosing B along the y axis, we have
=0, oj=0/v2, (28)
and the magnetic-field term in Eq. (24) becomes

VIU+1)S QV(Um —viv|Iim)f(Im —v|sAu)

=)

=-—2—[\/(l—m)(l+m +1)f(Im+1|sAp)

—V({I+m)I—m+1)f(Im—1]sAn)] . (29

We also have

172

M) (RyY= VA (RY=—( — 7\ — 1) +lphr2
YO, B)=Y(B)=(—i—DrFk

4m(A+|ul )

PF(0)e™™/2=0 unless A+p=even . (30)

Hence, with this configuration we have the additional constraint in Eq. (18) that

A"+u+m=even .

(31)

This constraint reflects the invariants of the physical system (and therefore the Boltzmann equation) under a rotation of
7 about the z axis. The Clebsch-Gordan coefficients in Eq. (18) plus constraints (15) and (31) then require

fU—m|sA—p)=(—1)"TFf(Im|siu) ,
which in turn implies
o(sA—u)=(—1YolsAu) .
Substituting (29) into Eq. (24), we have

(32)

(33)
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[J'+(000)]f (Im|shp)—ia 3 (I'm10|Im ){1||0L||1") £ (I'm |sAw)
S

+—\9—§[\/(1 =)+ m FDf(Um +1sh)—VT Fm)d —m FDf(Um —1sAu)]=X,, (shw) ,  (34)

where the rhs of (34) as given by Egs. (25) may be
simplified by making use of relationships (32) and (33).
With condition (33), Egs. (23) become

W,=D,=D,=0,

a=—w(000) ,
W,.=—iV2w(111),
W,=iw(110)

_ _ (35)
D, =w(200)/V'3+w(220)/V 6—w(222) ,

D, =w(200)/V3+w(220)/V'6+w(222) ,
D, =w(200)/V3—V20(220)/V3 ,
D,=D,=2w(221),

where W, is the EXB component of drift, W, is the E
component of drift, D, denotes diffusion along EXB, D,
diffusion along B, D, diffusion along E, and the off-
diagonal diffusion coefficient D, is analogous to the Hall
conductivity in plasmas [30]. Relationships (35) can also
be expressed as

o(111)=iW, /V2,

®(200)=(D,+D,+D,)/V3, (36)
»(220)=(D,+D,—2D,)/V’6 ,

o(221)=D, /2,

©(222)=(D,—D,)/2 .

Relationship (32) implies that one need only consider
positive values of the u index in solving Egs. (34) in order
to obtain all the information up to second order in the
gradient expansion. That is, for B perpendicular to E, we
have seven equations to solve, corresponding to the num-
ber of quantities on the lhs of Egs. (36). In the absence of
reactions, we require the solution of three equations in
order to obtain both the drift and the diffusion
coefficients. In addition, in the case of p=0, (32) be-
comes

fU—m|sA0)=(—1)"f(Im|sA0) ,

and the equations for which =0 need only be solved for
positive values of the m index. In the case of u>0, we
must solve Egs. (34) with both positive and negative
values of the m index.

(000)=—a, Using (32) in Egs. (27), we find that the transport
0(110)= —iW coefficients given by Eq. (35) can be written in terms of
z? l the functions f(Im |sAu) as
a=Vir fong [£(00]000)]c2dc , (37a)
172
_. |47 ® 3 A [ 70 2
w=i|5 fo ¢3£(10/000)dc n/4ﬂf0 JO[£(00]110)]c%dc , (37b)
3 172
_ .| 8 ® 3 2 70 2
W,=—i —3—] fo c f(llIOOO)dc+z\/81Tfo J[£(00]111)]c%dc , (37¢)
172
D.=— 531 e atin—ra—11nlde + [ “J% | £(00[200)+ (O‘O/l_;m)—\/§f(00|222) e |,
37d)
ar |17 £(00[220)
_ T © . *® 20 2 2
D,=— |5 fo SALFUID+£(1 1|111)]a'c+f0 Jr | £(00]200)+ =72 +V/3£(001222) fede
(37e)
172
D,=— 47” f0°°c3f(1o|110)dc+fong[f(00t200)—w/2f<oo|zzo>]c2dcJ, (370
172
D, = §3’i [fowc3[f(llI110)+f(10|111)]dc—\/_6f0w12[f(00|221)]c2dcl ) (37g)




334

B. Transformation

We make the following transformation of Egs. (34) in
order to present a form that is more amenable to compu-
tation and more suitable for comparison with early two-
term approximation work; we define

172
Fihu=ilth 221+ 1)1 —|m )
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where F;, F{P, F{D, F{*1, and F{*") are defined by Egs.
(I-46) [40]. From Egs. (32) and (38) it follows that

FS}"'—#.:

(—1)mHrEsh (41)

Applying the above transformation to Egs. (34) and (25),
making use of relationship (41), and writing out explicitly

47+ m|) (lmlskp) (38) all summations, Clebsch-Gordan coefficients, and
reduced-matrix elements, we find after some algebra
and for the sake of convenience we set J _a)FSk#+a[dlmFI—lm+blmFI+1m]
Fy, =F)X°
" +-2-[g,mFiﬁ."+1—gz_mFii“#_lJ=Hf,2“, (42)
Fip'=F°, (39)
FiD=Fl1 where
s . (I—|m]) | d (I1—1)
Fo h tic field, d,, = - , 4
r vanishing magnetic fie Im 2I—1) |de p (43)
Fl —)FI I’y
o p = U *l+lml) | d  (1+2) a8
Fim —F T I3) |de T e |7
F{DFD (40) Lo
FiX—FfT, g""=[(l-—m)(l+1+m), m=0. 43)
FA20_, —F*D | The HjM are
H,,=H>*=0, (46a)
_ (I—m) (I +1+m)
HI(,ﬁ):HII,,l,OI_WzFlm+C mFl—l’m+W I+1,m |» 0<m=<lI (46b)
k
_ i I
HDP=H\'=w_ F, +c ——(21zl)F,_lymﬂl-—?y—_{"_'”F,H,m_l], —1<m<I (46¢)
HZOO*——‘—/%(DX+Dy+D2)F,m——‘/1—§- W, FL 2" [(=1)"FD, +FD]
1 (1-38,,0) (1+3,,0)
+7§|(2—1—T) 1(1—m)F;£>1,m———2'"—~—(—1)'"F,‘Z’1,,m——~2’" (I=m)I—1—m)FD, |
1 (1-8 0) m
oy (U EmIFE = (S OTF
(148,,0) (7)
ST U2 m) I+ 1+ m)F(D, i | | 0Sm S (46d)
Hj0= ‘/lg (D, +D,—2D,)F,, —\/IW,Fj)— 2‘/"3 [(—D"F{D,, +Fi]
—~ (1-3,,0) (1+86,,,)
+cv§[(—ﬁ [(l—m) )+ =~ DPEDy b (U= m )= 1=m)F{D
(1—38,,0)
+(—27-1:3—) [(1+1+m)p;£’1 " ——4ﬂ(—1)’"F,‘I’1,,_,,,
(1+38,,0)
——4—"'0(1+2+m)(1+1+m)F,‘1>,_erl ] 0<m <l (46€)
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D,
lenzllzTFlm_‘/z T)+WFIL)+__ (21 [(l"[ml) I(Z)lm_'_hlmFl(l—‘)l,mHl]
+(2—11+3—)[(1+1+|ml>F,‘£>1,,,+k,mF,‘¢>l,,,_1] , —I1<m<l1 (46f)
HP= (T) ch, (1) Ckim (7 < <
(D D )Flm+WF +mFl—lm—l (21+3)FI+‘M_1 5 —I<mZ=<l (46g)
where
I
In the absence of a magnetic field,
i = [UF2+ImDU+1+]m]), m=0
m 1, m>o0 @D F,=FD=F7 =FR=F0=FD=FR=0,
] — I—1— , <0 as m¥u and the above expressions reduce to Egs. (I-53),
hy, = ‘(1 Im| )(0 mb, m (48) bearing in mind (40). We now consider a quasi-Lorentz
, m>0. gas.

Notice that Egs. (46c) and (46g) contain negative m
values of the function F;,, while (46f) contains negative
m values of the functions F,, and FjL', although from
(42) and (46a), and (42) and (46b) we only solve for the
positive m values of F,,, and Fj%. Here we make use of
relationship (41). The normalization condition is

ar [ O“Fggﬂc 2de =8,0808 0 » (49)

and from Eqgs. (37) and (38) the transport coefficients are
given by

=4x [ J[Fy]c2de , 50
a ﬂ'fo R [Foo Je*dc (50a)
w,=-T f “¢’Frode —an [ “IRIF Jede (50b)
Wx=~8T’Tf0°°c3pndc+4wfo°°13[ﬂ)g’ le2de ,  (50c)
4 w
DX:TWfo c3[F(171")—F(,,Tl,]dc
- FZO() F(ZXZ)O F&Z)Z
—4 J9 =+ 2
7rf ® |5 Ve > € dc , (50d)
47 [
D, == [ “F{D +F{TL, Jde
- 200 F220 F222
—4 0 02 _ i 2
TSR\ TA e T, e, (500)
D, =4 [ “cFipac— 2T [ IR VIR R e,
(50f)
_ 87 f°° 3P 4+ Fig’ d
C
+4mv2 [ TJQ[FZ'c%dc . (50g)
0 R 00

C. Quasi-Lorentz gas

For a quasi-Lorentz gas we make the approximation

(1]

J[®(c)]=v(c)P(c) ,

where ®(c) denotes any function of the charged-particle
speed and v is the momentum-transfer collision frequen-
cy. We do not require the explicit form of J/ for I541. In
the absence of reactions, the first three members of Egs.
(42) and (46a) are

0 al|d 2 _
2= += |Fp=0
J°Fpo+ 3 dc+c 10 ,
d 2 d 3
vFiota—-Fo+sa|—-+= |Fpo+20F, =0, (5D
3 d 3 Q
VF“+?0 z"‘? F21—7F10=0;

the first three members of Eqgs. (42) and (46b) are

ald 2 4
J°F5’5)+? P F‘,’6’=——WZFOO+?F20,
d 2 |4 .3
VFiG +a— Fo5'+Sa 2e 7o |[Fi H20Fy
2
=—W.Fiotc|Foo+tSFyp |, (52)
3 |d 3 Q 3
VF(IIf)+§'a E—c-—*-?}F(le‘)—-?F(I{)‘)=—WzFll+CEF21;

and the first four members of Egs. (42) and (46¢) are
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From Egs. (51), Fi, and F,; can be written in the form
al|d 2 » £10 11
TP +3 | 5o+ [Fi6' =WeFoo+icFyy
va d 2| d 3
F,=— —Fpt= |—+—=|F
vF(T)—}—a:id?Fg)-l-%a Ed?J’% FY+Q[FP—F{T ] o vr? [dc ©'5lde |
6Q | d | 3
=WXF10“‘%CF21 ’ —"57' Eg"": ]le ) (54a)
vF‘llT)+%a di+% Fg{)—%Fgg’ (53)
c
_ Qa d 21d |3
c F11__2( 21 0?) EC‘Foo g Z“'? Fa
=W,.F +cFOO-—?F20 , v
3 av d 3
3 d | 3 Q —— = |+ = |Fy . (54b)
TS e e [P 5T 5 (407 |de e l i
=—W,F—%cFy . In a similar fashion we find from Egs. (52) and (53) that
J
v 2Q d 2 2 d | 3
F{§ gz | e [Fo— 5, Fu +cF00—a7c—F},’5)+ch20 S9l e ts F§
6Q 6Q d 3
——57cF21+§a Z - FS$E 4 (55a)
(N L (1 — € 3a | d (T) _ p(T) c
Fi +F1—1_;F00 5v | de [Fy _Fz,-x]_E;[on—quz], (55b)
v Q aQ) d 60
FP—FT, = o !W ~ Flot2Fy | +eFoo—="= —~Fog' =5 |Fyo+ = =Fy +12Fy
_a |20 1d 3 |nn 4 3| pn g
3 vl s + Fy' +3 2 + (Fy' —=Fy ) ¢ (55c¢)
10 v Q Q 1 Qd d
(L) — _ Ly _ e 1 _ 22 4 puy L 8 pn
Fiy'+ 2 2102 W, F11+2VF10 W, VFn 2F10 > | choo+choo
30 6Q a|Qid 3 d | 3
+=cFyt——cFp—— |— |5+ |F'+ | - += |F3}
10v 0T 5, TS | dc + c Fas dc ¢ |
3 d 3 30 d | 3
P = 4= (L)+_ = 4= F(T)_ (T)_ .
57 de ¢ Fai IOva dc ¢ (Far = Fy =) (55d)
r
Making the /=1 approximation, we see from the last © d
member of Eq. (51) that W,=——a fo _Tﬂz) de Fyydc , (58a)
Q 3
Fu=5 Fu (56) W—4— ¢ _dpog 58b
2v a0 J e de Fwde (580)
Egs. (54
and Egs. (54) reduce to Apart from the lack of a negative sign in the expression
F.o=— va iF (57a) for W, Eqs. (58) are the same as the equations (8.16) of
10 (v +0Q2) de ® Huxley and Crompton [24]. The difference in sign for
Qa d W, arises because we have chosen B along the y axis,
Fll - (57b)

—=___“F
202+ Q?) dec” ®

Substitution of Egs. (57) into Egs. (50b) and (50c) with
Jr =0 then gives

whereas Huxley and Crompton choose B along the nega-
tive y axis [42]. In a similar fashion, we find that making
the /=1 approximation in Egs. (55) and substituting the
result into Egs. (50d)-(50g) with J set to zero yields
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47 ro vl 2Q
D, =— —F W, —F F
X 3 0 (V2+Q2) x ]0+C 00
Q d
—(17%}‘7&7;) dc , (59a)
Am =< g d (59b)
D,= 3 Jo 00%¢
47 o vl (Q%2—+?)
D,=— F,o+cF
z 3 0 (V2+02) z 2 10 TCl o
d
—anggﬁ’ dc , (59¢)
47 o vl
D="F [T
"3 Yo (P02
2.2
x 2WZ—Q+W,‘@—2V—) Fio
v v
Q d o, 4o
2 A pwy Cpih | de
ta v choo de ® ¢
(59d)

In writing down Egs. (59) we have used expression (56),
which is valid only for the /=1 approximation, to com-
bine the first two terms of (55a), (55¢), and (55d). Apart
from the first term under the integral in Egs. (59a), (59c¢),
and (59d), the above expressions for the diffusion
coefficients agree [42] with those given by Egs. (8.45) of
Huxley and Crompton [24]. The term in F, is absent in
the treatment of Huxley and Crompton because the time
derivative of the “vector” function (the equivalent of £’
in the present work) is set to zero. This is equivalent to a
zeroth-order truncation in the density-gradient expansion
of the vector function [43]. Note that it is not possible in
general to extend the Legendre-polymonial expansion of

J

e (A + 1A +1)]12

flm|sh)= 3 (—i)

A 41

Huxley and Crompton beyond the / =1 approximation as
terms in F,,,, F5), and FS), m >0, present in Egs. (54)
and (55) cannot be calculated by this theory. Moreover,
these functions depend upon higher / and m members

through the coupling of the kinetic equations.

D. Magnetic field parallel to electric field
For B along the z axis,
QV=—-i0s,,, (60)
and the magnetic-field term in Eq. (24) becomes

VII+1) S QP Um —viv|im)f (Im —v|sip)

=—iQmf(Im|siu) . (61)

Thus, the magnetic-field term is now diagonal in both !/
and m, and we have
172

20 +1
HE ] b, (62)

M)YRY=( — iV
Y B)= (=i |22

which when substituted into (18) leads to the constraints

m=pu (63)
and

A +A"+A"" =even . (64)
Condition (63) implies

f(lm|s7»,u)=f(lm|s7»)8/‘m , (65)

o(sAp)=w(sA)8,, , (66)
and expansion (17) reduces to
W= 3 fUm|sMGSM (67
s=0A=0

where

(A""OA"O|A'0)A'OAm |Im ) f(1|sAM'A A" )=0,

m >min(/,A) . (68)

Equation (67) above is the same as Eq. (I-13); however, condition (I-14a) does not apply here. Instead, constraints (15)

and (64) require
fU=m|sA)=(—1)T*f*(Im|sA) ,
o(sA)=(—1)w*(sA) ,

(69)
(70)

where “*” denotes the complex conjugate. For vanishing magnetic field, A”’=0 and (64) and (15) combine to give
[+ A+ A'=even, and condition (I-14a) is recovered. Condition (70) required (00), »(20), and w(22) to be real numbers

and w(11) to be imaginary.

In spherical notation the continuity equation now has the form

qn=73 3T osAMG"n ,

s=0A=0
where

©(000)—>w(00)= —x/ErfO“’J,? [£(00]00)]c%dc ,

(71)

(72a)
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172
47 © ~— [
@(110)—>o(11)= | == fo c’f(loloomrc—x/mrf0 JRL(00[11)]c%dc (72b)
m(200)——>w(20)=—% O°°c3[f(1o|11)+f(11[11)+f(1—1|11)]dc-VZTfO“J,%[f(omzm]czdc , (72¢)
w<220)_>w(22)=—%f0°°c3[—f(10111)+f‘”'“”{“”“” de—Vaz [ “R}(£(00122) )%, (724)
f
172
and all other o quantities in Eqgs. (27) vanish. Hence, —_ |4 ® 3
Egs. (23) reduce to Dy 3 {fo ¢’f10]11)de
®r0
Wx=Wy=D1=D2:D3:0 > +f0 JR[f(OOlZO)
a=—w(00) , —\/_2f(00122)]c2dc] , (T4c)
(1) 4r | ’
W=W,=io(11), —_ |A7 e’ _
. =iw D, 3 lf° S LD +£(1-1[11)1de
=p =p.=220)  o(22) "
D,=D,=Dr="=72"+=2%, +f0 J2 |£(00]20)
D,=p, =229 _ 573,22 (73) +L—f(00|22> c’dc
z L ‘/3 . '\/2 .
(74d)
Hence, For B parallel to E, the hierarchy of equations (24) and
(25) becomes
- —ia 3 (I'm 10[Im )00 1) f(I'm |sA)
. 4 ®© 3 U
w=i|=F J “c*r(10/00)dc
0 —iQmf(Im|sA)=X,(m|sA), (75
—Var fO”Jg [£(00[11)]c3de , (745)  where
|
X,(0/00)=0, (76a)
X, (m|11)=—38§,,,0(11)£(10[00)— 3, (I'Olm |Im ) £(1'0[00){I||c||I") , m=0,+1 (76b)
<

X,(0[20)= —w(zo)f(lolm)—%m(11)f(10[11)

—‘% > {—'010/10) ('Ol 1)+ (' 11— 1[IO)[ F(' 11D+ £’ — 11D} T2y (76¢)
&
X;(m|22)=—38,,00(22)£(10/00)— (1m 10|2m ) (11) f (Im |11)
— 3 {('0lm |Im)(101m [2m) £(I'0| 1 1)+ ('11m — 1|Im)(111m —1|2m ) £ (11]11)
<

+('=11m +1[lm)(1—11m +12m) U =11} M"Y, m=0,+1 ,+2 . (76d)

Here we have denoted the rhs by X,(m|sA) rather than X, (sA) to emphasize the fact that due to condition (63), the m
dependence separates into the different equations in the hierarchy. Equation (75) with (76a) and (75) with (76b) (m =0)
are exactly the same as Egs. (I-28) and (I-29) (m =0), respectively. That is, to first order in the spatial gradients, the
magnetic field has no effect upon transport parallel to the fields. Equation (75) with (76b) (m =+1) differ from Eq.
(I-31) (m ==1) by the addition of the term +iQf(/+1|11) on the lhs. Equation (75) with (76c) and (75) with (76d)
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(m =0) differ from Egs. I(-30) and I(-31) (m =0) on the rhs only, as relationship (69) applies instead of (I-14a). As in the
E-only situation, the solution of (75) with (76d) is required for only m =0, in order to determine the quantity «(22) in

the presence of reactive processes.
Defining the functions

=it | 2L VU= |m )

ar+mD) Sm|si) an
analogous to (38), condition (69) becomes
Fit =Fp*, (78)
and the hierarchy of Egs. (75) and (76) can be expressed in the form
(J'—a)Fjy+ald,, Fit, , +b,,Fiky 1 +iQmFir=H (m|s\) , (79)
where
H,(0]00)=0 (80a)
l (I+1)
11)=— +
H,(0]11) WF,+c (ZI_I)F,V1 (21+3)F,+1 , (80b)
F_, Fi
—11D)=H,(1]11)= — >
H;(—1||1)=H|(1|11)=¢ 2= Gl +3) =1 (80c)
1 w c /
H(0|20)=——=(2Ds+D, )F;+ —=FP+ —= | ——— —(I—
,(0[20) ‘/3( D;+D,)F, 5 b +‘/3[(21_1)[ D —(I—1)Re(FD))]
(I+1)
+ (2l+3)[F + (I +2)Re(FiT )]] (80d)
H,(O|22)=\/—%(DT—DL)F,—x/_%WF,‘L)+\/—§c1(211_1)[F,‘£’1+ (7~ 5 U=D pe(r F{P))]
MU+ o U+2) (7)
(21 +3) 2 RelFia) s (80e)

with Re(F|T) denoting the real part of the function F} 7,
and we have set

=FY , FP=F} , FP=F} (81)

When m = 0 Eq. (79) is real and condition (78) ensures
that the A are real. For m+0, Eq. (79) is complex, and
the F3* are complex. The functions F, and F{X are in-
dependent of B and exactly the same as in I, i.e., as in the
E-only situation [see Egs. (I-48), (I-49a) and (I-49b)]. The
function F|T is complex and is found by solving the com-
plex equation (79) with (80c) (m =1). For vanishing mag-
netic field the imaginary part of F{”) vanishes and Eq.
(79) with (80c) reduces to (I-50). Equation (79) with (80c),
(m = —1) is the complex conjugate of Eq. (79) with (80c),
(m =1). Equations (79) with (80d) and (79) with (80e)
differ from Eqgs. (I-48) with (I-49¢) and (I-48) with (I 49d)
respectlvely, only on the rhs, where rather than F{T 1+1’ we
have Re(F,ﬂ) For vanishing magnetic field FZ — F/*"
and FZ — —F{*1), where F{?T and F{*" are deﬁned by
(I-46d) and (I-46e), respectively [40].

[

In terms of the functions defined by Egs. (77) and (81),
the transport coefficients can be expressed as

a=47 [ 0°°J,‘3 [Fyle2dc , (82a)

_47 r= 3 _ © 01 (L) 1.2
w== fo ¢3Fdc 47Tf0 JO[FP Jede (82b)

47 o ©
D= c3F‘,L’dc— = [ TR +V2Fg Ic%de

(82c)
4T
Dp==r fo ¢*Re(F{)dc
_Am oo g0 1 g0l o
e fo TR|FR— 5 F& |cde . (82d)

From Egs. (19), (65), (77), (78), and (81), the distribution
function expressed in Cartesian notation to first order in
spatial gradients has the form
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(c)P;(cosB)— 2 F{t

i ¢)P;(cosB8)d,n
=0 =0
AR

f(r,c,t)=n

F{T)P}(cosf)[cosgd, +singd, In + 2 Im(F
i=1

where Im(F|T) denotes the imaginary part of F{ 7

In the absence of reactive effects, we require the solu-
tion of the first three members of Eq. (79) in order to
determine both drift and diffusion. Explicitly, these are

J'F,+aldoF, —+byoF;,]1=0, (84)
T'FP +aldioFY) +boFY, 1=H,011) (83)
JIF(T)"'(Z[d“F]-—] +b11 I+1 ]_"Q’Fl

Fiy
21 —1

_ Fiq
2143

I . (86)

As noted above, Eqgs. (84) and (85), which determine W
and D;, respectively, are exactly the same as in the E-
only situation and will not be considered further here
(see, for example, Refs. [17] and [43] where these equa-
tions are discussed). Taking the complex conjugate of
Eq. (86) and adding and subtracting it in turn from Eq.
(86) yields the following pair of coupled equations for the
real and imaginary parts of F{ T’

J'Re(F{T)+a[d;Re(F{D +b, Re(F{T)]

F_, Fii
(My—¢ |zl ZIFL 7
+QIm(F,")=c =1 21+3 (87a)
JIm(F{D)+a[dIm(F{D))+ b, Im(F{D))]
—QRe(F{7)=0. (87b)

Making the /=1 approximation for a quasi-Lorentz gas
equations (87) can be solved to yield

e(F{D)=—Y_cF,, (88a)
! v+ QO? 0
Q
(T) )y —
Im(F{)=—"=7cFy . (88b)
Hence, from Eq. (82d),
_ ® v 4 .
Dp==7f ¢ Fode ; (89)

this result is consistent with Refs. [24] and [25] and, for
vanishing , reduces to the usual / =1 approximation ex-
pression for D;. Note that, as F, is independent of (,
Eq. (89) shows that as Q increases, D, will decrease, a
well-known fact [44]. For constant collision frequency,
Eq. (89) predicts that

Dy _ 1
D, (Q=0) 14+Q9%/?

(90)

TP} (cosH)[singd, —cos¢d, |n , (83)

=

IV. DISCUSSION

For an arbitrary configuration of electric and magnetic
fields, the Boltzmann equation for charged-particle trans-
port in neutral gases has been decomposed into a hierar-
chy of kinetic equations. This decomposition was done in
irreducible-tensor formalism and achieved by performing
both a spherical-harmonics and a gradient expansion of
the charged-particle phase-space distribution function.
The gradient expansion of the number density was taken
to second order and no limit was set on the number of
spherical-harmonic terms. For the special configurations
of the magnetic field perpendicular and parallel to the
electric field, the hierarchy of equations has been present-
ed in a form suitable for the implementation of numerical
solution. We also demonstrated, for these two
configurations of the fields, that for the quasi-Lorentz
model in the /=1 approximation, the present approach
gives results in agreement with earlier work [24,25].

In a subsequent paper, for the case of perpendicular
fields, we numerically solve the set of equations (42) for
electron swarms by further expanding the energy depen-
dence of the functions Fi* in terms of Sonine polynomi-
als. Some results of these calculations, for real gases,
have already been presented, and they agree well with ex-
periment [45]. This particular method, however, is only
one of a number of techniques that could be used to effect
numerical solution. For the case of parallel fields, it was
shown that to first order in spatial gradients, transport
parallel to the fields is independent of B and that to
second order in spatial gradients, the transport equations
are only implicitly dependent upon B through its effect
on the rhs (see Sec. III). The same, however, is not true
for transport perpendicular to the fields, where B enters
explicitly into the matrix of coefficients, and the present
formalism presents us with a complex equation to solve in
order to determine the diffusion coefficient perpendicular
to the fields. Application of numerical solution to Eq.
(79) when m =1 will then result in a complex-matrix
equation to solve. For a general configuration of E and
B, the present formalism will result in complex equations
to solve whenever B has a component parallel to E. This
is now discussed in more detail.

Combining expansions (6) and (17), the phase-space
distribution function may be expressed as

I © s

S A
fre,t) =3 3 3 3 3 fumlsapyRe@)

I=0m=—1s=0A=0pu=—21
XGMn(r,t) . O
If we insist on f(r,c,?) being real, as it is essentially a

probability density in u space, then taking the complex
conjugate of (91) and using the properties
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YP@)=(—1' Yyl (@) (92)
and

GM=(—1)}rrGsh) (93)
it follows that

fU—m|sA—p)=(—1)TmTAtur*(Im |siu) (94)
and

o(sA—p)=(—1)* THo*(sAu) . (95)

Relationships (94) and (95) are independent of the
configurations of E and B and also follow from the expli-
cit expression (18) for f(Im|sAuw), if the F(I|sAA'A"A"")
are assumed to be real. Condition (95) ensures that the
transport coefficients as expressed by Eq. (23) are all real
quantities. In terms of the functions defined by Eq. (38),
condition (94) is

Fib = (— 1) rEpsh (96)

For any general configuration of fields, the magnetic
field may be decomposed into components parallel and
perpendicular to the electric field. The component of B
perpendicular to E may be used to define the y axis in the
same manner as we have chosen E to define the z axis.
Thus, without loss of generality, we may consider B to lie
in the y-z plane for some general configuration of fields.
In the case of perpendicular fields, Egs. (94) and (32) re-
quire

fUm|saw)=(— 1" *(Im|shu) , 97)

which in turn implies that the f(Im |sAu) are real if / +A
is even and imaginary if / +A is odd. Transformation (38)
then ensures that the functions F f,ﬁ“ are all real, as must
be the case if both (96) and (41) are to be satisfied. In gen-
eral, however, this will not be the case, as the f(Im |sAu)
are complex and application of transformation (38) will
lead to complex Fj,*. Only when both m and u are zero
will the Fi™ be real. For the case of parallel fields, we
have already seen that transport perpendicular to the
fields leads to a complex equation to solve. It follows

from Egs. (94), (95), and (24) that the equation for
f(I—m|sA—p) is the complex conjugate of the equation
for f(Im|sAu) and that in order to determine all the
w(sAp) quantities, it is both sufficient and necessary to
solve only the positive u members of the hierarchy (24).
To second order in spatial gradients, this will require the
solution of seven complex equations, with both / and m
index dependence. To first order in spatial gradients,
however, it is sufficient to solve the lowest three of these
in order to determine both drift and diffusion when reac-
tive processes are absent or insignificant.

For B lying in the y-z plane, Eq. (24) written in terms
of the functions defined by Eq. (38) is

(Jl_a)FlSn};u_*-a[dlmeﬁ“l,m +bImFIx-]+wl,m ]

QO sin(y)
+_'2__¢—'[g1mFlf¢nH+l _gl,—mFIf)r;l#~l ]

—iQcos(Y)mFM=H, (shu), (98)

where 1 denotes the angle between B and E and
72

Ll iy |
2WQI+ 1)1 —|m|) X, (sA).

41+ |m|)

H,, (shu)=i't?*

(99)

In deriving explicit expressions for the H,, (sAu) from
Egs. (25), one should make use of relationships (95) and
(96) after application of (38). Numerically speaking, the
major effect of the complex nature of Eq. (98) will be the
doubling of the dimensions of arrays. Apart from this,
however, application of numerical solution, although
tedious, should be straightforward.
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