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Oscillations of low-current electrical discharges between parallel-plane electrodes. III. Models
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Simple models are developed to describe the results of measurements of the oscillatory and negative
differential resistance properties of low- to moderate-current discharges in parallel-plane geometry. The
time-dependent model assumes that the ion transit time is fixed and is short compared to the times of in-

terest, that electrons are produced at the cathode only by ions, and that space-charge distortion of the
electric field is small but not negligible. Illustrative numerical solutions are given for large voltage and
current changes and analytic solutions for the time dependence of current and voltage are obtained in
the small-signal limit. The small-signal results include the frequency and damping constants for decay-
ing oscillations following a voltage change or following the injection of photoelectrons. The conditions
for underdamped, overdamped, and self-sustained or growing oscillations are obtained. A previously
developed steady-state, nonequilibrium model for low-pressure hydrogen discharges that includes the
effects of space-charge distortion of the electric field on the yield of electrons at the cathode is used to
obtain the negative differential resistance. Analytic expressions for the differential resistance and capaci-
tance are developed using the steady-state, local-equilibrium model for electron and ion motion and a
first-order perturbation treatment of space-charge electric fields. These models generally show good
agreement with data from dc and pulsed discharge experiments presented in the accompanying papers.

PACS number(s): 52.80.Dy, 52.80.Hc, 52.40.Hf

I. INTRODUCTION

In this paper we develop simple models of the oscillato-
ry and negative differential resistance behavior of low-
current electrical discharges needed to describe the ex-
perimental results obtained in the previous two papers
[1,2]. A number of authors [3—15] have discussed models
of the response of low-pressure parallel-plate discharges
at low currents and at moderate currents to small alter-
nating voltages superimposed on the dc voltage used to
maintain the discharge. Particularly useful is the exten-
sive unpublished review by Ecker and Miiller [15].

The second topic of this paper is the extension of mod-
els for the effects of space-charge distortion on break-
down [15—19] to the calculation of the differential resis-
tance of low-current discharges [9,18,19]. This negative
resistance plays a crucial role in the theory of the ob-
served instabilities and oscillations [3—5,9, 15]. We show
that the differential capacitance caused by space charge
can be neglected for our conditions.

The ability to model the cathode regions of electrical
discharges in gases has increased dramatically in recent
years because of the availability of high-speed, large-
memory computers capable of handling the equations
and data describing the very complex combination of
physical processes occurring in these discharges
[6,8,20,21]. Motivation for such modeling has been pro-
vided by the application of low-pressure discharges to
plasma processing [20—22], switches [23], and lasers [24].

We first develop a model of transient current and volt-
age behavior based on an extension of the conventional
equilibrium model of electron and ion motion. This mod-
el contains three phenomenological constants, i.e., the

effective ion-induced electron emission yield, the effective
ion transit time, and the negative differential resistence.
The model is found to work well for low currents at both
moderate E In, where equilibrium applies to electron and
ion motion, and at very high E/n, where nonequilibrium
effects are dominant (here E/n is the ratio of the electric
field E to the gas density n) Secon. dly, the phenomeno-
logical constants are related to the electron and ion trans-
port coefficients and the ion-induced yield of electrons at
the cathode appropriate to the equilibrium model. The
equilibrium model and the numerical nonequilibrium
model yield current growth coefficients and negative
differential resistances in approximate agreement with ex-
periment.

The experiments to which the models apply are sum-
marized in Sec. II. A simple theory of the discharge os-
cillations is developed and applied in Sec. III. A steady-
state model of space-charge distortion of the electric field
and its effects on the differential resistance and capaci-
tance is presented in Sec. IV. The results of the theory
are also compared with experiment in the accompanying
papers [1,2], hereafter referred to as papers I and II.

II. SUMMARY OF EXPERIMENT

Figure 1 shows a schematic of the discharge tube and
associated circuitry used in measurements of the proper-
ties of low-current, low-pressure discharges in parallel-
plane geometry [1,2]. Dimensions for the parallel-plane
electrodes for the experiments of I and II are 7.8 cm in
diameter (area 50 cm ) with a separation of 1.05 cm. The
gas pressures are from 40 to 400 Pa (0.3 to 3 Torr) and
the discharge current densities range from & 10 to 2
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FIG. 1. Schematic of idealized discharge tube and electrical
circuit modeled in this paper.

mA/cm .
The experimental results to be modeled are (i) the fre-

quencies and damping constants of the decaying oscilla-
tions in current and voltage resulting when either a pulse
of photoelectrons is released from the cathode (paper I)
or a pulse of voltage is applied to a circuit (paper II); (ii)
the limits of self-sustained oscillations as discussed in pa-
per I and growing oscillations appropriate to paper II;
(iii) the transient current following the application of a
voltage pulse to the circuit from paper EI; and (iv) the
negative resistance behavior of the steady-state, voltage-
current characteristic as measured in paper II.

III. MODEL OF TRANSIENTS
IN LOW-CURRENT DISCHARGES

The model developed in this section is intended to de-
scribe the transient current and voltage, including
damped oscillations, resulting when either a pulse of pho-
toelectrons is released from the cathode or a pulse of volt-
age is applied to the discharge circuit. It will also be used
to investigate the circuit and discharge parameters that
determine the limits for self-sustained or growing oscilla-
tions and to calculate the associated current and voltage
wave forms. We assume the following.

(i) Space-charge distortion of the electric field over our
range of currents is small enough so that its effects can be
represented by a negative differential resistance.

(ii) The times for significant changes in the electric field
and current are long compared to the elect."on and ion
transient times.

(iii) Electrons are produced at the cathode only by ions.
Electron production by fast atoms is included in the ion
contribution. Electron production by photon arrival at
the cathode is assumed to be small. Similarly, electron
production by metastables is assumed small.

(iv) The round-trip electron number gain g resulting
from an electron released from the cathode is a unique
function of the nd and V values for the discharge. Here n
is the gas density, d is the separation of the parallel-plane
electrodes, and V is the discharge voltage. The number
gain has been thoroughly discussed for the higher-
pressure discharges [6,8] and is reviewed in Ref. [22] for

where I (0, t + T) is the photoelectric current produced
by irradiation of the cathode, T is the ion transit time and
is the time between successive avalanches, y is the
effective yield of electrons per ion arriving at the cathode,
and 6 is the yield of ions produced by backscattered elec-
trons per electron arriving at the anode. Here y includes
the contribution of fast neutrals. The electron current at
the cathode can also be written as an expansion in time
about the time t. Thus,

dI, (0, r)
I, (0, r + T) =I, (O, t)+ T

dt

Elimination of I, (O, t + T) gives

dI, (O, t) Ip(O, t) [g(r) 1]+ I (0 r),
dt T T

where the electron number gain g is given by

g(t)=y[(1+5)e '" —1] .

(3)

(4)

Beginning with Eq. (3) we have neglected the difFerence
between I (0, r + T) and I (0, t) because we are not wor-
ried about the detailed time dependence of the photo-
current and are only concerned with the integrated effect
of the very short pulse.

The electron current emitted from the cathode is given
by

where I+ is the positive ion current. From

I =I,+I+, (6)

the total current I(t) is related to the electron current
I, (O, t) at the cathode by

low-pressure, high-voltage discharges.
(v) Ionization is by electron impact only, i.e., ionization

by heavy particles is neglected.
(vi) The electron multiplication is an exponential func-

tion of position with a spatial ionization coefficient of
a/n that is a function of Eln. This assumption could be
relaxed for quasi-steady-state low-pressure nonequilibri-
um discharges rather simply by replacing the exponential
growth by an empirical fit to nonequilibrium calculations
of the electron multiplication [25] appropriate to each
E/n and nd. We have not done so.

(vii) The electron and ion currents are assumed to be
uniformly distributed over the surface of the electrodes of
area 3, i.e., I = AJ, where J is the current density for
species x. The evidence regarding discharge constrictions
is reviewed in I. The eff'ects of the small space-charge
electric fields on assumptions (i) and (iii) through (iv) are
discussed in Sec. IV.

With these assumptions, the electron current at the
cathode I, (O, t+T) at the time t+T is related to the
current I, (O, t) at the time t by [4,6, 13]

I, (O, t + T)=I (O, t + T)+@I,(O, t)[e " 1]—
+6@I,(O, t)e '""
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I (1+y)
I, (0, t) y

We will assume that y can be written as

y=y +k~V+klI, (8)

shown in Fig. l is

dV(t) 1
[ V, (r) —V(r) I(—t)(Rs+R )]dt RsC

where the y represents the "potential ejection" of elec-
trons and is small for hydrogen ions [6,8,26], the kv term
is an approximation to the contribution of "kinetic" ejec-
tion of electrons [6,8,26], and the kI term represents the
first-order effects of space charge on the electric field and,
thereby, the electron yield at the cathode. In the second
term of Eq. (8) we have assumed that the yield of elec-
trons is determined by the discharge voltage V, as would
be the case for discharges where the positive ions cross
the discharge under free-fall conditions. Such an assump-
tion is appropriate for low-pressure discharges and ions
that do not have large charge-transfer cross sections, e.g. ,
H in Hz. A near linear variation of yield with Vis typi-
cal of electron yields at ion (and neutral atom) energies of
the order of 100 eV [26]. The term proportional to I was
proposed by Rogowski [16] and assumes that the energy
of the ions striking the cathode is determined by the E/n
at the cathode, as would be appropriate for ions with a
short mean-free path for charge-transfer collisions. This
term is discussed further in Secs. IV A and IV B. Our as-
sumption that ion-induced electron emission is dominant
is not expected to be valid for E/n (500 Td [6,8]. Here
uv photon-induced electron emission dominates and y is
roughly independent of E/n and V [6,8] for the E/n con-
sidered.

We will neglect the variation in 5 with V and I for the
moderately high E /n considered here, although previous
models [25] have shown that for very high E /n
discharges 5 can increase with decreasing electric field at
the anode because of increased numbers of collisions by
the lower-energy backscattered electrons. We approxi-
mate a using the empirical expression for o.'/n versus
E/n given in the Appendix [6,8,27]. For discharges in
atomic gases, such as Ar, where a single ion is present, we
expect the ion transit time to vary as (E/n) ' [28].
However, on the basis of measurements [29] of
photoelectric-induced current transients in Hz, we expect
the effective ion transit time in H2 to vary slowly with V
and E/n for E/n ) 500 Td. Combining Eqs. (3), (5), and
(7), we obtain

where C includes the capacitance of cables and high-
voltage leads as well as that of the electrodes, Rs is the
series resistance, and Vo(t) is the power supply voltage
including any voltage pulse. The monitor resistance R
is used to measure the discharge current. The capaci-
tance of the electrodes [30] is sufficiently small so that we
neglect the resonant circuit formed by the discharge and
the electrodes. For the data of paper II, the use of an
operational amplifier to measure the discharge current re-
sulted in an effective value of R =0. The measured "to-
tal" voltage V is that developed across the circuit ca-
pacitance and is given by V = V(t)+I(t)R

A. Numerical solutions
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Numerical solutions of the transient model represented
by Eqs. (10) and (11) allow for arbitrarily large changes in
current and voltage. Empirical analytical fits to data,
such as ionization coefficients, are used. The numerical
solutions are obtained using a personal computer and a
routine [31] that solves large sets of first-order differential
equations with nonlinear coefficients that are continuous,
piecewise-analytic functions of the dependent variables.
Figure 2 shows representative calculations of the current
and voltage transients. Similar comparisons of experi-
ment and the model are also shown in Fig. 8 of I and Fig.
2 of II. Typical calculation times were several seconds on

dI ( 1+y ) dI
dt y dt

By dV By dI
y2 BV dt dI dt

(9)

Elimination of I, from Eqs. (3) and (9) gives an equation
representing the characteristics of the discharge as

I

0.5
]

1.0

Time (ms)

I

1.5

dI
dt

(1+y)I, (g —1)r Ikv d V

y T T y(1+y) dt

IkI
X 1+

y(1+ y )
(10)

The equation for the discharge voltage V in terms of
the discharge current I and the circuit components

FIG. 2. Representative current transients resulting from the
application of voltage pulses to parallel-plane discharges in Hz.
The curves are from the experiments described in II with
C =250 pF and 3 =50 cm . R~=10 0 and 10 0 for p =0.35
and 1 Torr, respectively. The upper curve is for a sustaining
discharge operating at p = 1 Torr, I(0)= 10 pA, and V& =345
V, while the lower curve is for p =0.35 Torr, I(0)=2 pA, and
V& =1025 V. The points are the results of calculations using
Eqs. (10) and (11).
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a 33-MHz personal computer.
In Fig. 2 the steady-state currents Iss and series resis-

tances RK are chosen by the experimentalist to yield a
damped sine wave response to voltage pulses at the pres-
sures of 0.35 and 1 Torr. Note that we have not plotted
current densities in figures such as Fig. 2 because one
cannot scale the results to other cathode areas without
consideration of whether C and RK are varied. See paper
I and Sec. III C for a discussion of the limits on Iss and
RK. For the calculations of Fig. 2 the amplitude of the
applied voltage pulse is adjusted to produce the measured
currents at late times. The only other adjustable parame-
ter is the current in the sustaining discharge, i.e., the
discharge current prior to the pulse, for the 0.35-Torr
case where this current was not accurately determined.
The other coefficients of the model were taken from the
fits to angular frequency and current normalized induc-
tance as described in paper II and in the Appendix.

It should be pointed out that the calculated delay in
the development of the first current spike, i.e., equivalent
to the "formative time lag" of conventional electrical
breakdown [6,27], is particularly sensitive to parameters
such as the sustaining current and the pulse voltage am-
plitude (see paper II, Sec. VI). Also, the discrepancy in
the angular frequency in the 0.35-Torr case is ( 10% and
is considered reasonable in view of cathode aging effects.
The difference between the apparent damping and that
calculated for p =0.35 Torr is similar to that found in pa-
pers I and II and may be an experimental problem. We
consider the agreement between the model and experi-
mental current transients to be good. Similar agreement
(not shown) is found for the voltage wave forms.

B. Small-signal model

V(t}=Vss+Pv(t),

I (t) =Iss+ fji (t), (13)

g (t) =1+p v (t)+p i (t),Bg Bg .
BV BI (14)

where f3 is the perturbation parameter, Iss and Vss are
the steady-state discharge current and voltage, the lower-
case i and U are the time-dependent components of the
current and voltage, and

Vss Vo Iss(R s+ R ) (15)

We next obtain analytic transient solutions for small
changes in voltage and current about their steady-state
values. Steady-state solutions appropriate for ac im-
pedance measurements have been obtained by several au-
thors [4,5,7, 11,13—15] for high-current experiments and
by Sigmond [9] for low-current experiments, such as
ours. For small fractional changes in current I and volt-
age V

Isskr di Iss Bg Isskv dU1+ U

rss(1+rss) dt T &V r(1+r) dt

and

Issk+ l
T'Vss

(16)

dU U l Rm1+
RKC C RK

dl
m

v (t) =G exp( Irt)sin(—cot +P2), (19)

where

Iss a(Rs+R )

Iss(kI R kv
X 1+

rss(1+rss)
K2 (20)

Iss [kI (Rs+ R }kv ]K— 1+
2RKC r ss(1+r ss }

RK CIss kr gg
T BV3 ss

Iss(kI —R kv)
X 1+

r ss(1+ 'Yss }
(21)

co and K are the angular frequency and damping constant,
and 4, and +2 are phase shifts. Phase shifts have not
been extracted from the experimental wave forms and
will not be considered further. For the conditions of our
experiments and for very small and very large Iss, the
roots are real and there are no oscillations, i.e., the sys-
tem is overdamped. The transitions are discussed in
more detail in Sec. III C. As Iss approaches zero, the de-
cay constant approaches 1/(2RsC). One can also deter-
mine RKC experimentally by measuring the voltage tran-
sient in the absence of a discharge.

We can define an equivalent lumped-parameter circuit
for the discharge. This circuit and the associated circui-
try external to the discharge are shown in Fig. 3. Here
we define the discharge inductance L by

2
Isskr

rss(1+rss}
L= T 1+

Equations (16) and (17) are coupled linear first-order
differential equations and are readily solved for i (t) and
v (t). For our present purposes we need only the roots of
the determinant which occurs, for example, when solving
the equations using the Laplace transform technique.

At intermediate Iss the roots are complex and the
current i ( t ) and voltage v ( t } vary as

i (t) =D exp( ~t)sin(—tot +P, ),
and

Substituting Eqs. (12) to (15) into Eqs. (10) and (11) for
I„(t)=0 and retaining only terms that are first order in f3,
we obtain

I k
X 1+ 1—

rss(1+rss}
v

Xssm ~~V
(22)
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FIG. 3. Equivalent circuit of discharge including the lowest-
order effects of a space-charge distortion of the electric field.
The dashed rectangle encloses the circuit elements derived from
the differential equations used to model the discharge. Note
that according to the model both the discharge resistance RD
and the shunt resistance R,h are negative.

(R +RD)
LC

1+
Rs

(27)

and

"internal" shunt resistance R,h given by our model. A
positive discharge shunt resistance has been discussed by
van Geel [4]. The eff'ect of an "external" shunt resistance
on discharge stability and constriction is discussed by
Emeleus [14],after an experiment by Giintherschulze and
Schnitger [32]. Note that an eff'ect of the negative shunt
resistance is to make the impedance vector for the
discharge lie entirely in the negative real impedance half
plane as the frequency varies in contrast to the usual for-
mulations [4—12] that cross from negative to positive real
impedances as the frequency increases. If one includes
the external resistances Rs and the total capacitance C in
the "discharge" impedance, as appears to be done in
most measurements [7,9,10,12,33,34], the impedance
versus frequency plot for the "discharge" approximates
the conventional form for a resonant circuit. This is be-
cause the net resistance shunting the discharge is
R +RsR,h/(Rs+R, h) and is generally positive.

In the limit of low currents and co ))I~, Eqs. (20) and
(21) can be written in terms of equivalent circuit elements

the resistance in series with the discharge inductance RD
by

(R +RD)+
2RsC 2L

(28)

1+
—k I k

)'ss~«~ I' r ss( I+)'ss)

Issk
X 1+ 1—

)'ss( I+)'ss)
kv

yssag/a V

and a shunt resistance R,h across the discharge by

(23)

C. Oscillation limits

The current at the boundary for the transition from
damped oscillations to underdamped oscillations, i.e.,
self-sustained oscillations in the dc experiment [1] or
growing oscillations in the pulsed experiment [2], is ob-
tained by setting ~=0 in Eq. (21) to obtain

R sh

'Vss(1+'Vss) +
Isskv kv

(24)
Itr

ss
ASS

RsC k

T
Bg
av

L= T
(25)

In the limit of small steady-state currents Eqs. (22) and
(23) become [(Rs+R )k~ —kI ]+

)'ss(1+)'ss)
(29)

kIRD=-
yss~g/OV

(26)

and R,h becomes infinite and can be neglected. The
discharge voltage V is that developed across the
discharge inductance L and resistance RD, or equivalent-
ly, across R,h.

The equivalent circuit concept has been discussed by
many authors [4—16]. In particular, Sigmond [9] has as-
sociated the negative resistance labeled RD in Fig. 3 with
the negative slope of the volt-ampere characteristic of the
discharge and discharge stability. See Sec. IV A for our
derivation of the differential negative resistance. We
have not found a published discussion of the negative

TXss R 7 ss Qg
s RsckI kI 0V

(30)

The dashed line of Fig. 4 shows the application of Eq.
(29) to the evaluation of Is's versus Rs for pd =1.05
Torr cm. As in Fig. 2, we have not plotted current densi-
ty since the implied scaling fails because the total circuit
capacitance C does not vary significantly with the elec-
trode area 2 in most experiments. Thus, the data of Fig.
4 apply only for C =250 pF. The solid circles are data
from paper I for the transition from damped to under-
damped oscillations. Maicing use of Eqs. (25) and (26)
and noting that for a typically large value of RsC/T only
the first term in Eq. (29) is significant, we obtain
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FIG. 4. Stability diagram of current vs series resistance for
H, discharge. The curves indicate theoretical lower and upper
limits for self-sustained or underdamped oscillations and for
overdamped oscillations. A region that is inaccessible with our
circuitry is also shown. The points are experimental data for
the lower limits (~) and upper limits (f) for oscillations for Hz
discharges with pd =1.05 Torr cm from paper I. This diagram
is valid only for C =250 pF.

of

R"= L
(
—RD)C

R1—
(
—RD)

(31)

4R C(R +R +R ) t)g/t)V
(32)

or

1.Rs(Rs+R +RD)=
4C

The theoretically predicted values of Is's as a function of

The predictions of Eq. (30) and (31) are almost indistin-
guishable from those of Eq. (29) for the parameters of
Fig. 4. For R =0, Eq. (32) yields the upper limit of
Rs (R~"=L/( —RDC) for a stable discharge given by
Sigmond [9]. It should be kept in mind that the small-
signal theory developed here to predict these limits yields
the discharge parameters for which the oscillation ampli-
tude grows in time and does not describe the large ampli-
tude oscillations.

The two sets of conditions for a transition from
damped oscillations to overdamped oscillations are ob-
tained by setting co=0 in Eq. (20). We will express the re-
sults in terms of the values of the steady-state current at
the lower current Is's and upper current Iss. In the limit
of small dc discharge currents Iss, this condition reduces
to

Rz for constant R are shown by the lower solid curve in
Fig. 4 for values of RD, T, and dg/d V appropriate to the
data of paper I for p = 1 Torr. See the Appendix for fur-
ther discussion of the discharge parameters used. We
have observed this transition in the experiments of II, but
have not tested this limit quantitatively against experi-
ment. It may be possible to do so by extrapolating mea-
sured frequencies versus current to zero co [35]. This lim-
it does not appear to have been discussed in the litera-
ture, although the region between the limits given by Eqs.
(29) and (32) have often been examined by measuring the
discharge impedance as a function of frequency
[7,9, 10,12,33,34].

The high-current solution obtained from Eq. (20) for
co=0 gives a transition from self-sustained oscillations to
the decay of current governed by two exponentials. The
current calculated for this transition Iss is shown by the
upper solid curve of Fig. 4, while the experimental values
from I are shown by the diamonds. The large discrepan-
cy between theory and experiment shows that the theory
is only qualitative at these currents, presumably because
of large space-charge effects that violate the assumptions
of the first-order model. A further discrepancy between
this theory and experiment is observed in paper II. These
data show a high-current transition from self-sustained
oscillations to damped oscillations, as in the two highest-
current data sets in Figs. 4—6 of II, and then to over-
damped oscillations at still higher currents. A model of
the ac behavior of discharges with well-developed
cathode-fall regions, such as found in paper II for H2
discharges at pressures above 266 Pa (2 Torr), has been
given by Ecker and co-workers [13,15]. We have not at-
tempted to apply their model to the experiments of pa-
pers I and II.

The left-hand portion of Fig. 4 is marked "inaccessi-
ble" because the constant negative differential resistance
model says we cannot make measurements in this region
with our electrical circuit. Because of the negative resis-
tance behavior represented in the equivalent circuit by
RD and R» the application of voltages Vo ) Vz through
a series resistor Rs smaller than RDR,h/(Rz+R, h) re-
sults in an increase of discharge current to values such
that our models are no longer valid. This behavior is
thoroughly discussed in the literature [3—16]. Note that
the constant negative resistance assumption fails at the
higher discharge currents and limits the inaccessible re-
gion as illustrated in Figs. 3 and 4 of paper I and Fig. 3 of
paper II.

According to Eq. (21) or Eq. (28) when R )RD the
damping constant ~ is positive for all currents so that
spontaneous or undamped oscillations do not occur. This
means that by the use of a sufficiently large value of R
in the experimental apparatus of papers I and II, we
should be able to measure the oscillation-free, voltage-
current characteristic for the complete range of currents.
For example, such experiments would determine the
range of currents for which RD is a negative constant.
Recent pulsed experiments [29] verify the predicted
suppression of undamped and growing oscillations over a
much wider range of discharge currents than shown in
Fig. 4 and in Fig. 3 of papers I and II.
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D. Current growth coefBcient I I I I I I II] I I I I I I I I

0.3

g 1 Vag
nT nT g BV

(34)

It is convenient to express the discharge parameter
describing the rate of change of gain with voltage Bg /8 V
and the effective ion transit time in terms of a "current
growth" coefficient defined by

~ W

) p-15

r

t6

1 Torr cm

0.35

This coefficient is normalized to the gas density to make
it dependent only on Eln and nd (or V and nd) for a
given gas and electrode combination. Note that since
this parameter is evaluated for a steady-state, self-
sustained discharge, g = 1 in the denominator of Eq. (34).
The discharge parameter describing the effects of space
charge, i.e., the negative differential resistance, will be
discussed in Sec. IV.

A source of growth coefficient data is the measured
growth of current following the application of a voltage
pulse to the circuit of Fig. 1. Because of the relatively
large external capacitance C across the discharge, the
voltage across the discharge begins to approach the
steady-state exponentially with time with a time constant
R&C. Initially the voltage increases linearly with time.
In the absence of photoelectrons, for low currents, and
for t & ) T, Eq. (10) becomes

dI (g —1 )I 1 t)g

dt T T t)V
(35)

g 1 V
nT n~ AV

(36)

The experiments of Graf and Schmitz [37] yield values of
~A V/V that are approximately constant for a given E/n
and pd. These data are used to calculate the open circles
of Fig. 5.

The dashed and dot-dashed lines in Fig. 5 show ap-
proximate lower and upper limits, respectively, to the
growth constant for E/n (300 Td. The lower limit is
calculated using the ionization coefficient and ion-

The solution of Eq. (35) for AV(t) =at is given in Eq. (6)
of II and is fitted to measurements for initial currents Io
of 5 and 100 pA and final currents up to 10mA in Fig. 10
of II. The fit yields a value of g/nT of 5. 1X10
V 's ' for pd=1. 05 Torr cm and V=350 V. This re-
sult is shown by the cross-in-diamond symbol in Fig. 5.

A second source of current growth data is from values
of a~ or (LIss) '. According to Eqs. (25) and (27) ginT
can be obtained from I Iss determinations, such as shown
in Fig. 8 of II, or from the angular frequency measure-
ments shown in Fig. 9 of I and Fig. 5 of II. The results of
such determinations from paper II are shown as a func-
tion of E/n in Fig. 5. In this figure the solid line con-
nects data points from paper II.

Current growth coefficient data for H2 are also avail-
able from published measurements of the formative time
lag [36] and from the e-folding time r characteristic of
the exponential growth of current predicted by Eq. (35)
when a step function of voltage is applied to the
discharge [36,37]. Thus, in Eq. (35) we define
r= T/(g —1) and find

CO
4 ~
C3

CD
C)

O 0
0

) p-16

) 0-17
10 10

I I I I I I III
&0'

E/9 (Tci)

FIG. 5. Current growth coefficient g /nT vs E!n. The points
are from data such as shown in Fig. 8 of II:,0.3 Torr; (&, 0.35
Torr; V, 0.5 Torr; 6, 1 Torr, and from current growth measure-
ments: o, Ref. [37]. The cross-in-diamond point is from the fit

shown in Fig. 10 of II. The solid line connects the lower-
pressure data of paper II. The results of the analytical equilibri-
um model are shown by the dashed and dot-dashed lines. The
numbers give the pd values associated with the nearby data
points.

E. Variation with cathode condition

Figure 6 shows the variation of the current growth
coefficient with the breakdown voltage Vz and its equal,

induced electron yield data discussed in the Appendix to
calculate g and Bg/BV and using ion drift velocity data
for H3 [38] to calculate T for Eln below that for H3+
runaway and breakup [38]. The dot-dashed curve is an
estimate of the growth coefficient for photon-induced
electron emission as calculated using a typical radiative
lifetime of 10 ns for T in Eq. (34). The value of g =1 was
used so that the dot-dashed curve is an upper limit to the
growth constant. The use of more realistic values of g
taking into account the distributed source of uv radiation
would significantly lower this upper limit. Several au-
thors [36,37] have used formative time lag and current
growth time constant data for hydrogen to estimate the
contributions of photon-induced electron emission and of
ion-induced electron emission to y.

At the higher E/n of Fig. 5 a smooth solid curve is
drawn through the growth constant data chosen in pa-
pers I and II to represent the oscillation results. We do
not shaw a theoretical curve for g/nT at high E/n be-
cause we have no independent measurement of the values
of the effective ion transit time T. The high value of
g /nT for p = 1 Torr is the result of our choice of data for
low currents and aged cathodes.
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FIG. 6. Plot of current growth coefficient g /nT, photoelec-
tric threshold energy cp, normalized discharge negative resis-
tance —Rz vs breakdown voltage showing the eAects of
changes in the cathode condition. The points are experimental
results from II for p =0.5 Torr. The solid curve is calculated
from the model of Sec. III D. The dashed lines are arbitrary
curves through the data.

IV. DIFFERENTIAI. RESISTANCE
AND CAPACITANCE

In this section we will calculate the negative
differential resistance of the discharge RD and the
differential capacitance CD caused by space-charge dis-
tortion of the electric field. The exact calculation of the
effects of space charge on the electric field in a moderate
and high current electric discharge is very difficult.

the low-current limit of the maintenance voltage, as the
cathode is aged at 0.525 Torrcm. Here the breakdown
voltage is our day-to-day experimental measure of the
cathode condition [1,2]. The solid circles are g /n T
values calculated from the LIss data from paper II. The
solid line shows the results of the application of the equi-
librium model to the evaluation of g jnT versus V. See
the Appendix for details. At the high E/n (=4000 Td)
of these experiments, g/nT increases with voltage be-
cause the ion transit time T decreases more rapidly with
increasing voltage than the normalized change in loop
gain g decreases with increasing voltage.

Also shown in Fig. 6 are the values of the photoelectric
threshold (solid squares) as measured in paper II. We see
that the increase in photoelectric threshold and the in-
crease in breakdown voltage are consistent with a re-
duced escape probability of electrons from the cathode
surface as the work function increases [36,39].

It should be kept in mind that the very large range of
steady-state, 'ow-current discharge voltages shown in
Fig. 6 is unusual. This condition results from the slow
variation of the elfective a/n and, therefore, g with E jn
and the resulting high sensitivity of the discharge voltage
V to changes in y with cathode aging.

Several treatments [8,15,21,40] of discharges in parallel-
plane geometry have dealt with the limit of a well-
developed cathode fall. These models either use an as-
sumed electric-field variation with position or calculate
the self-consistent electric field. Here we calculate the
self-consistent electric field, but limit the discharge
current so that the perturbation of the applied electric
field is small. We first present an analytic model applic-
able when the behaviors of the electrons and of a single
type of ion are determined by the local electric field, as in
the case of discharges at moderate E/n in Ar [25,41,42]
or in Hz at E/n ~ 300 Td [43]. We then present the re-
sults of a numerical model applicable to hydrogen at high
E!n, when the electrons and ion motion may not be in
equilibrium with the local electric field and when several
ions may be present. A summary of our model for Hz
discharges involving nonequilibrium motion of electrons,
hydrogen ions, and hydrogen neutrals appears in Ref.
[44]

A. Local-equilibrium model of differential resistance

J ao(z —d)
(n n—, )= — [1—e ' ],

dZ ep ~ '
ep ~+ (37)

and the relation between electric field and voltage change
nV, , i.e.,

d5Vs
Es(z) . —

dz
(38)

Here n+ and n, are the positive ion and electron densi-
ties, ep is the permittivity of free space, J is the total
current density, 8'+ is the positive ion drift velocity, o;p
is the value appropriate to the unperturbed electric field,
and the positive electric field is directed from anode to
cathode. The resultant difference in electric field is

J ao(z —d) —aodE [aoz —e ' +e '],
ep8'+ ap

(39)

where E~ is the electric field at the cathode. This same

Experiments have shown that in H2 discharges at low
currents for both low pressures [2,9,16,19] and high pres-
sures [18] the discharge voltage decreases linearly with
increasing current for small voltage changes. This behav-
ior corresponds to a constant negative differential resis-
tance. We have not found any quantitative predictions of
this effect or any comparisons with experiment, although
there are several models of the closely related measure-
ments of the lowering of the breakdown potential by
large photocurrents emitted from the cathode [16—19].

We will therefore limit our model to a first-order per-
turbation from the low-current limit of discharge operat-
ing voltage or breakdown voltage. This means that we
can calculate the space charge to first order using the
steady-state ion and electron current densities from Sec.
III appropriate to a spatially uniform electric field. This
is done through Poisson's equation and the assumption
that the electron density is small compared to the positive
ion density. The space-charge-induced electric field E~ is
found by solving the one-dimensional space-charge equa-
tion
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result is obtained using the more general calculation of
the electric field of Crowe, Bragg, and Thomas [17] and
then expanding their result in terms of small changes in
the electric field from Ec. The corresponding change in
voltage between the cathode and anode 6 Vs is then

d
5V, = f—(E,—E, )sz

and

(Ec /n )

0 (Ec/n)

(E/n) d(a/n)
(a/n) d (E/n)

(45)

(46)

Jg2 l 0—+'
ep 8'+ 2 (gpss

(1—e ')
(aod )

(40)

The difference in electric field Es —E& and potential
change 6Vs caused by the space charge must next be re-
lated to the changes in electric field at an electrode. Note
that in Eq. (40) W+ and a/n are dependent on E/n

The second part of the derivation is the evaluation of
the change in the electric field at the cathode E& from the
unperturbed field Ep. This is accomplished using the
condition that the electric field at the cathode must be
such that the round-trip electron number gain is unity,
i.e., that g in Eq. (4) equals 1. Since this calculation is for
moderate E/n, we assume 5=0, although its effect could
be considered [25]. We first expand a and y in terms of
small changes in the electric field from the unperturbed
field, i.e.,

and

8cxa(z) =ao — [Es(z)—Eo]
d/E

(41)

(42)

Q 'Y

y
— ' (E E)+—0 g[E[ c 0

Apd aod 0O,'

X e ' —1 —e ' (Es —Eo )dz+

(43)

Utilizing the unperturbed discharge maintenance con-
dition that 1/yo= exp(aod) —1 and keeping only terms to
first order in Ec —Ep, we obtain

5V:——f ( Es Eo )dz =5 Vs
—

( Ec Eo )—d—
where

Vs
y+yo. de "a (44)

where the signs are chosen to make a and y increase
when da/d~E~ and dy/d E~ are positive and the magni-
tudes of the negative electric fields increase. Here

d y/d ~E is appropriate for ion-induced electron emission
from the cathode when the ion energy is determined by
the E /n at the cathode. Note that in Eq. (42)

yo =y„+k v Vs, as calculated from Eq. (8) for
V= V~ = ~Eood and I =0, i.e. , for the unperturbed elec-
tric field. Substitution of Eqs. (41) and (42) into the
maintenance condition gives

1 =y [exp( f a dz) —1]

Note that y and o. are the slopes of log-log plots of y and
a/n versus E/n and are evaluated at Eo/n. For scaling
purposes it is convenient to define a normalized negative
differential resistance given R& in terms of the differential
resistance RD of Sec. III by

RN—
A5V ARD yf (ag)
Id ~ ep8 +g

(47)

where A is the electrode area and f (ad) is equal to the
square bracket in Eq. (40). We have dropped the sub-
script 0 on a and used the fact that from Eq. (4) one can
write g=y+yad exp(ad)a. Equation (47) shows that
the normalized negative differential resistance R& caused
by changes in the electron yield at the cathode goes to
zero as y goes to zero and so is consistent with previous
proofs of no linear change in V with current caused by
space-charge-induced changes in a [6,8, 16,17,27]. This
equation also shows that for a given set of electrode and
gas parameters, R& is a function of the variables
W+(E/n), a/n (E/n), and y and so is a function of the
usual low-current discharge variables, i.e., pd (or nd) and
V or one of these and E/n Equa. tions (47) and (26) can
be used to evaluate k~ as

d f (ad)yy df (ad) dy
A Voto W+ A eo W+ dlE

where dy/dE is evaluated at Ep/71.
We obtain the same results if y is assumed to depend

on Vz rather than on E/n at the cathode provided that
y = ( Vii /yo)d y /d V. This assumption would be ap-
propriate for ions undergoing free-fall motion across the
gap, as expected at the higher E/n. Note that it would
be essential to include the change in 6 with V for very
high E /n [25]. We have not derived the negative
differential resistance for the case of photon-induced elec-
tron emission appropriate to the lower E/n, where the
change in photon Aux reaching the cathode is dependent
on changes in field throughout the gap [6,8, 16—18,27,36].

Note that RD is proportional to the proper variable
Jd or the combination (J/n )(nd), where J is the
discharge current density. This variable, along with the
V and nd (or E/n and nd) variables used for very low-
current discharges, completes the set obtained from most
models of moderate-current discharges that do not in-
clude processes such as electron-ion recombination or
ionization of excited states [6,8].

The predictions of our model of the normalized nega-
tive differential resistance are compared with published
experimental data [9,18,19] and data from papers I and II
in Fig. 7 for low-current hydrogen discharges. The pd
values vary from 800 to 0.3 Torr cm as the E/n increases
from 64 Td to 4.2 kTd. The choice of ion transit times
used to calculate the effective 8'+ is critical at very high
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FIG. 7. Normalized negative differential resistance vs E/n.
The solid points are from experiment: A, paper I; ~, paper II;
4, Ref. [9];~, Ref. [18];~, Ref. [19]. The result of our numeri-
cal calculation is shown by the X and that of Ref. [18] by the
o. The dashed line shows results of the analytic model using
ion transit times T calculated from the H3+ drift velocity, while
the solid line shows model results using T values from fits to
damped oscillation measurements.

E/n, where the equilibrium model begins to fail because
of runaway ion motion [28]. We see from the solid curve
of Fig. 7 that the use of transit times obtained from fits of
the model of Sec. III and the coefficients of the Appendix
results in good agreement of the theory and experiment
for R~ at E/n )700 Td. R~ varies rapidly for E/n be-
tween 200 and 300 Td. This is the region of rapidly in-
creasing y with increasing E/n because of the transition
from photon-induced to the more efficient ion-induced
electron emission at the cathode [18,19,36]. At low E/n
we have calculated R& using the relation 8 + =30E/n,
based on the data for H3+ in Ref. [28], and have assumed
y=1 in order to get some estimate as to R& values. A
slow variation of R& with E/n is calculated for both low
E/n and high E/n, because of the small changes in
effective ion transit times within these limiting E/n re-
gions. The surprising thing to us is that the experimental
R~ values at E/n &200 Td are larger than calculated,
even with the seemingly extreme assumption of y= l.
Experiment suggests y is approximately constant so that
y is small [29,36,37].

The negative differential resistance calculated for Hz
discharges at intermediate E/n by Ward and Jones [18] is
shown by the open circle in Fig. 7. These calculations as-
sume equilibrium ionization and includes the rapid varia-
tion of y with E/n extracted from breakdown data. The
calculated value agrees with their experiment to within
the experimental uncertainties. An effective differential
resistance can also be estimated from the calculations of
the effects of space charge on the breakdown of H2 at low
EIn by DeBitetto, Fisher, and Ward [18]. Since these
authors assume y=0, their mechanism appears to be

B. Nonequilibrium calculations
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FIG. 8. Electric fields and normalized electron currents
caused by positive ion and electron space charge. The solid
curves are for a current density of 200 pA/cm' discharge in H2
for a pressure of 67 Pa (0.5 Torr) and a breakdown voltage of
600 V. This corresponds to Iss=10 mA for our 50 cm . The
dashed lines are the essentially unperturbed electric field and
electron current for a current density of 2X10 A/cm . The
loop gain g is equal to 1 in both cases.

These calculations are carried out with the numerical
model of low-current nonequilibrium hydrogen
discharges used to analyze Doppler broadened emission
from H2 discharges at very high E/n [44]. The calcula-
tions are rather tedious since it is necessary to iterate on
the assumed value of the electron energy and the assumed
value of the electric field at the anode so as to obtain a
reasonable initial energy for the electrons leaving the
cathode (0.5 eV), while at the same time satisfying the
maintenance condition that 1/y at the E In at the
cathode must equal the ion production per electron leav-
ing the cathode.

The electric field and normalized electron Aux distribu-
tions resulting from the space charge for an H2 discharge
operating at a current density of 2 A/m or a current of
10 mA for our 50 cm are shown by the solid curves in
Fig. 8. Here J, is the electron current density normalized
to the total current density. The calculated decrease in
voltage necessary to keep g =1 is 48 V for an initial
discharge voltage of 600 V. These results are to be com-
pared with the results of calculations shown by the
dashed curves for a discharge current density that is
small enough so that space-charge effects can be neglect-
ed, i.e., for 2 X 10 A/m or 10 A for our discharge.
Note that the small increase in J, (0) at the cathode is
equal to the increase in y /(1+ y ) caused by the increased
magnitude of the electric field at the cathode, while the



47 OSCILLATIONS OF LOW-CURRENT. . . . III. 2835

decrease in I/J, (0) gives the decrease in electron multi-
plication per avalanche. Also note that at the high E/n
of this calculation, nonequilibrium electron behavior
causes the increase in electron current with distance from
the cathode to be more nearly linear [25] than in the con-
ventional exponential growth for electrons in equilibrium
with the field [6]. As shown in Fig. 4 of II the calculated
voltage changes versus current are from 1.5 to 2 times the
experimental values. Considering the number of assump-
tions of the model, this is rather good agreement. If we
force the ion-induced electron yield to remain constant as
the current and space charge are increased, the voltage
changes are much smaller, e.g., about 20% of the values
cited, and correspond to a negative resistance of about
1000 Q.

One concern regarding the application of the steady-
state model derived in this section to the oscillation prob-
lems discussed earlier is that we have assumed that the
time delay characteristic of space-charge buildup is short
compared to the times characteristic of changes in
current and voltage. An assessment of the error resulting
from this approximation will have to await more detailed
models.

The measured values of RD reported in II are subject
to wide variations as the discharge tube is processed,
presumably caused by changes in the cathode condition.
The sensitivity to the cathode condition follows from Eq.
(26) where RD is directly proportional to the rate of
change in the electron yield with current, i.e., with the
change in electric field at the cathode caused by space-
charge distortion. The value of RD may be more sensi-
tive to surface conditions than is (I /T)(Bg/BV) because
the partial cancellation of changes in y through opposite
changes in the effective value of exp(ad) in Eq. (4). See
Refs. [17]and [25].

C. Equilibrium model of differential capacitance

6C
CD

gg A eo(EC Eo )

VOCD VoCD

jd adye "a f( d)
so~+ Vo g

(49)

where CD=Boo/d is the capacitance of the discharge
electrodes and Vo = V~ = —Eod. Note that the fractional
change in discharge voltage calculated from the negative
differential resistance R~ relative to 5C/CD increases as
[ad y exp(ad )a ]/y, i.e., 5C/CD increases when the

In this section we calculate the change in discharge ca-
pacitance with discharge current density, i.e., the
differential capacitance resulting from the first-order
space distortion obtained using the equilibrium ionization
model of Sec. III and Sec. IVA. Although several au-
thors have published calculations of the change in
discharge capacitance for well-developed cathode falls
[13,15], we have not found such calculations for low
discharge current densities.

The first-order change in discharge capacitance is ob-
tained from the change in charge on the cathode using
the relation

space-charge field causes a large change in the collisional
ionization. The contribution of the differential capaci-
tance to the oscillatory behavior of the discharges dis-
cussed in papers I and II is limited by the shunted effect
of the large capacitance of the leads to the discharge [30]
and is neglected throughout this paper.

V. DISCUSSION

We have developed models of the cathode regions of
low-current, low-pressure (=0.3 to 3 Torr) discharges in
hydrogen that are useful over a wide range of discharge
operating modes and parameters. The steady-state model
includes electron- and ion-induced ionization, ion-
induced electron production at the cathode, ion-molecule
reactions, and space-charge distortion of the electric field.
These and the simplified time-dependent differential
equations are solved with a nonlinear equation program.

The transient model has only three adjustable parame-
ters determined from experiment for each pressure. The
ion-induced electron emission yield (1) and the discharge
negative diff'erential resistance (2) are evaluated by fitting
the model to dc voltage-current data at low currents so as
to allow for changes in the cathode surface with aging.
The common time scale (3) is set by the positive-ion tran-
sit time and can be obtained by fitting the oscillation
model to one of the damped oscillation wave forms or to
an average of the oscillation frequencies. All other com-
mon parameters, e.g. , ionization coeScients, are obtained
from published data. Since the magnitude of the applied
voltage pulse was not measured for each wave form in II,
it is set to fit the model to the experimental current at
some convenient instant of time, e.g. , the quasi-steady-
state current at the end of the pulse. The magnitude of
the photoelectron current pulse in the transient data of I
is adjusted to fit the initial peak of the oscillating current.

The time-dependent model gives quantitative agree-
ment with experiment with no additional fitting for five
discharge modes: the transition from stable discharge
operation to spontaneous oscillations shown in Figs. 3 —5

of I and Fig. 3 of II; oscillations following a laser-induced
photoelectron pulse from cathode as in Fig. 8 of I; oscil-
lations produced by a voltage pulse applied to discharge
shown in Fig. 2 of II and Fig. 2 of III; current growth im-
mediately following the application of voltage to gap as
in Fig. 10 of II; and spontaneous oscillation voltage and
current wave forms shown in Fig. 6 of I. The equilibrium
and nonequilibrium steady-state models give approximate
agreement with experimental negative differential resis-
tance data over a wide range of discharge pressures, as in
Fig. 4 of II and Fig. 7 of III.

The low-frequency damped and self-sustained oscilla-
tions observed and analyzed in this series of papers are
characteristic of ion transit times. These oscillations
occur because of the large resistance and the capacitance
of the external circuit. With only the inherent electrode
capacitance the frequency of the oscillations would be so
high that our model may not apply. For unknown
reasons, the wave forms obtained in papers I and II did
not show the high-frequency oscillations found by
Mitchell et al. [20]. Possibly the high frequencies of
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these oscillations are determined by the photon-feedback
process and could be analyzed by a model similar to that
used here for ion feedback.

The effect of the space-charge field on the dc discharge
voltage for small currents can be described as that of a
negative differential resistance. At high E/n the magni-
tude of this negative resistance and its variation with
E/n are consistent with a model in which the ion-
induced electron yield y varies with the electric field at
the cathode, as suggested by Rogowski [16]. Our very
approximate extension of the model to low E/n where
photon-induced electron emission is dominant suggests
that this approach should be examined further.

It should be kept in mind when more than one ion
form is present, e.g. , H+, H2+, and H3+ in hydrogen
discharges, the efFective ion transit time d/W+ appear-
ing in the space-charge equations of Sec. IV is to be
weighted by the density of the ion species present. On
the other hand, in the model of charged particle tran-
sients of Sec. III, the effective d/8'+ is weighted by
product of the ion-induced electron emission yields and
the ion fiuxes. This means that H2+ and H3 tend to
dominate in the space-charge model, while H+ (and H)
tend to dominate in the oscillation model. Also, when
the model of Sec. III is extended to approximate photon-
induced electron emission conditions by replacing d /8'+
by the excited-state lifetime, the transit time d/8'+ of
the space-charge relations of Sec. IV remains that of the
ions.

Our recent work [29,45] is concerned with discharge
current densities up to about 1 mA/cm, where space-
charge distortion of the electric field is large. As the
current increases above the range of the present paper,
the differential discharge resistance departs from a nega-
tive constant and eventually becomes positive.

Note added in proof It has rec.ently come to our atten-
tion that Melekhin and Naumov have previously present-
ed a perturbation analysis of the low-current difFuse
discharge. These authors derive the negative differential
voltage versus current characteristic through second or-
der in current and find the discharge current for the onset
of self-sustained oscillations. They obtain consistency
with a set of experimental data for neon. Their analytical
results for low currents agree with ours for the small y
and large exp(ad) appropriate to our higher-pressure
discharges, but are not applicable for the large y and
exp(ad) near unity characteristic of our lower-pressure
discharges. Our extension of the theory to describe tran-
sient experiments leads to tests of the model over a much
wider range of discharge parameters and allows the
determination of additional discharge characteristics
such as the effective ion transit time. See V. N. Melekhin
and N. Yu. Naumov, Zh. Tekh. Fiz. 54, 1521 (1984) [Sov.
Phys. Tech. Phys. 29, 888 (1984)].
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FIG. 9. Low-current maintenance and breakdown voltages
V& vs pressure-electrode separation product pd for H2 and the
d =1.05 cm parallel-plate discharge tube used in the experi-
ments analyzed in this paper. The smooth curves are the ap-
proxirnate limits of the observed voltages shown by the points.
The higher voltages generalIy result from longer aging of the
cathode.

Laboratories, and the U.S.-Yugoslavia Joint Board, Pro-
ject 926.

APPENDIX: DISCHARGE PARAMETERS

1.4X10 exp[ 405/(E/n)]—
[ ( 10—4E / )

1.5 + 1 ]0.s
(A 1)

The low-current maintenance voltage or breakdown
voltage used in the experiments of papers I and II are
shown in Fig. 9 as a function of the pressure-electrode
separation product pd. They are shown to illustrate the
wide range of discharge operating conditions encountered
and to emphasize the need for a technique to determine
the parameters, such as the effective electron yield per
ion, applicable for each set of voltage and current tran-
sients analyzed. Note especially the 2:1 range of operat-
ing voltage for pd =0.5 Torrcm for our gold-plated
copper cathode and a graphite anode. The procedure for
determination of the parameters discussed in this appen-
dix is to use published ionization coe%cient data to deter-
mine y from the measured breakdown voltages Vz. The
yields are then approximated by an algebraic formula and
used in the differential equations and analytic relations of
Secs. III and IV for comparison with experiment.

The spatial ionization coefricient for electrons used is
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where a /n is in m and E /n is in Td. This coefficient is
strictly valid only for low enough E/n, e.g. , ~ 1000 Td
for Hz, so that the electrons are in equilibrium with the
local electric field [6,25]. We use this relation at the
higher E/n shown in Fig. 9 since experiment [43] shows
that the deviations from exponential growth are accept-
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TABLE I. Parameters used in models of low-current parallel-plane H, discharges with C =250 pF, A =50 cm', d = 1.05 cm.

p (Torr)

v, (v)
Expt. RD (0)
E/n (kTd)
Bq/B V (V-')
By/BI (A ')

y

Bg/B V (V-')
a/n (m )

T/(Bg/BV) (s V)'
T (ps)

0.3

2050
—830'

20.5
3.5 X 10
0.16
0.71
1

0.000 32
6.9X 10
1.2x10-4
0.02

0.35

1025
—2500'

9.1

4.2x10-'
0.86
0.43
1

0.000 64
9.8X10 "
7.6x10-'
0.06

0.5

390
—1500

2.4
4.8 x10-"
0.83
0.19
1

0.0031
1.12X10 2o

3.5 X 10
0.11

0.5

700
—3700

44
2.6X 10
0.86
0.18
1

0.0014
1.13 X 10-'o
5.3 x10-'
0.07

1.0

350
—4500'

0.97
1.3 x10-'
1.23
0.056
1

0.0072
9.5 X 10
1.45 X 10
0.08

3.0

410
—10000'

0.41
1.3 x10-'
0.81
0.0054
1

0.015
5.2X 10

'Average values for all V&.
From smooth curves through data of Fig. 8 of paper II.

'Reference [29].
Averages from experiment.

'Insufficient data available.

able at our E/n and pd and since we have not yet
developed analytical expressions appropriate to this
nonequilibrium situation [25]. Limited calculations using
the numerical nonequilibrium model for H2 yield values
for the ions reaching the cathode per electron leaving,
i.e., the effective value of g, that are 1.5 times those calcu-
lated using Eq. (Al) for p =0.5 Torr and the highest
measured discharge voltage of 700 V.

Note that the particularly wide range of breakdown
voltages observed for pd =0.5 Torrcm corresponds to
E/n =3 kTd and the maximum of the a/n versus E/n
values given by Eq. (Al). From Eq. (4) we see that small
changes in the magnitude of y caused by changes in the
cathode condition, shown by the photoelectric threshold
in Fig. 6, will require relatively large changes in V and
E /n.

The ion-induced electron yield at the cathode is ap-
proximated by rewriting Eq. (8) as

y =0.001+ V+ I,B B

BV
(A2)

where k~=By/BV and kI=By/BI from Sec. III and y~
has been given inconsequential value of 0.001. The values
of By/BV are adjusted to give the observed breakdown
voltage V~ when using Eq. (Al) for the ionization. The
values of t)y/r)I are adjusted to give the observed nega-
tive differential resistances using Eq. (26). The results of

these adjustments are given in Table I.
The effective ion transit time at a given pressure is as-

sumed to vary as V, where m =0.8. Such a variation is
intermediate between the I=0.5 expected for- free fall of
the ions and m = 1 expected for constant ion mobility [6]
and fixed pressure.

Our choice of the ion yield per electron arriving at the
anode 6 is so small, i.e., 6=0.1, that it is almost negligi-
ble. The experimental yields of backscattered electrons
[46], i.e., electrons with energies greater than 25 eV, for
graphite are quite variable, but are typically 0.2 for 500
eV incident electrons, so that the yield of ions will be
smaller. For heavy metal targets the yields are generally
higher than for graphite. For E/n higher than con-
sidered here 5 will become increasingly important [25].

In summary, the procedure used in fitting the model to
the damped oscillation data is to use y results with Eqs.
(25) and (27) to estimate T. After several iterations using
the more exact formulas, one arrives at a consistent set of
values of kz, kt, T, and t)g/t) V for use in generating the
small-signal model results for a particular pressure. For
the numerical calculations of Sec. IIIA, formulas for
a/n (E/n), y(V), and T( V) and average values of RD
and Vz for a given pressure and cathode history are used
along with a run-specific value of the quasi-steady-state
current or the peak value of the photoelectric current
pulse.
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