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Dynamics of Ostwald ripening in the presence of surfactants
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We show that the efFect of surfactants on Ostwald ripening can be reduced to the problem of
Ostwald ripening with a time-dependent surface tension. Since the latter can be mapped onto a
constant-surface-tension case with a nonlinear time transformation, we can systematically study the
effect of surfactants without much difFiculty. As a result, we find that the scaled distribution function
of droplet size remains the same, but the average domain size no longer obeys the power-law growth
t . Furthermore, we show that the average domain size and the total number of droplets saturate
at very late times. The former is inversely proportional to the surfactant density at the interfaces,
while the latter is proportional to the square (cube) of the surfactant density at the interfaces in two
dimensions (three dimensions). We also find that different growths for different surfactant densities
at the interface can be written in a crossover scaling form. These results qualitatively confirm the
recent results of Laradji et al [J. P. hys. A 44, L629 (1991)].
PACS number(s): 82.70.Kj, 64.60.My

I. INTRODUCTION

When a binary mixture is quenched from the disor-
dered phase into the two-phase metastable region (where
the volume fraction of the minority component is quite
small), the minority component condenses into small
spherical droplets. The average droplet radius R(t) grows
with time, but the total number of the droplets de-
creases with time due to the fact that the system tries
to reduce its total interfacial free energy. This phe-
nomenon is known as Ostwald ripening. In the limit
of zero volume fraction of the minority phase, Lifshitz
and Slyozov [1, 2] obtained the following results: the av-
erage domain size grows as R = (Kt)i~s and the distri-
bution function of droplet sizes obeys the scaling form

f(R, t) oc F(R/R)/R at late times, where K is the di-
mensionless coarsening rate. These two features, power-
law growth and scaling, are considered to be generic in
the kinetics of first-order phase transitions [3].

Extensions of the theory of Lifshitz and Slyozov to
nonzero volume fractions and two-dimensional systems,
using both analytical and numerical methods, have been
proposed by many groups [4—10]. A larger coarsening
rate and a broad distribution function have been ob-
tained for nonzero volume fractions. Furthermore, Yao
et at. [11] recently developed a nonlinear approach to
Ostwald ripening, which treats both two and three di-
mensions in the same manner. The two- and three-
dimensional results of this approach are in agreement
with numerical simulations and experiments [11].

The goal of the present paper is to apply that Ost-
wald ripening theory [11]to systems which consist of two
immiscible components and surfactants. When surfac-
tants are mixed with two immiscible components, such
as water and oil, the dynamics are difFerent from that of
a pure binary mixture due to the fact that the head of

a surfactant interacts attractively with one component,
while its tail interacts attractively with the second com-
ponent. As a result, surfactants preferably adsorb at the
interfaces. During coarsening, the total interfacial area
decreases; therefore, the concentration of surfactants at
the interfaces increases, leading to a decrease of the sur-
face tension between the segregating domains.

Consequently, the effects of surfactants can be reduced
to that of a time-dependent surface tension. However,
for difFerent values of constant surface tension, growth
follows with scaling and a ti~s growth law, but the pref-
actor K changes. Thus for a time-dependent surface ten-
sion (where its time variation is sufficiently slow so that
interfaces are always well defined), we anticipate that the
growth law should change due to the induced time depen-
dence of K, but that the scaling function should not. Fur-
thermore, all that is required to map the time-dependent
surface tension Ostwald ripening problem onto the con-
stant surface tension one is the appropriate time trans-
formation. This is what we shall show below, where we
give explicit forms for R(t) and f(R, t).

Both theoretical and experimental work have shown
that ternary mixtures containing surfactants undergo
microphase separation into small segregated domains
of two immiscible components, stabilized by surfactant
Alms such as in emulsions, microemulsions, colloids,
and foams [12—18]. Typical surfactants are amphiphilic
molecules. Because these molecules have hydrophilic
heads and hydrophobic tails, they produce emulsions
or microemulsions when mixed with water and oil, and
they can also produce foams when mixed with water and
air. A-B diblock copolymers also behave like surfactants
when mixed with a blend of A and B homopolymers, and
produce stable emulsions [19,20].

Recently, Laradji et at. [21] have studied these dy-
namics by means of a time-dependent Ginzburg-I andau
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model for equal volume fractions of the two immiscible
components and found a slow and nonalgebraic growth
for nonzero volume fractions of surfactants. Moreover,
they found that the growth becomes even slower for
higher surfactant volume fractions. The domain growth
saturated at late times to a value inversely proportional
to the surfactant volume fraction [21]. These results are
qualitatively con6rmed by Kawakatsu and Kawasaki us-
ing a "hybrid model" [22].

The organization of this paper is as follows. In Sec. II,
we briefly summarize the theory of Ostwald ripening [11]
and present our modified equations for the case in which
surfactants are present. In Sec. III, we present the gen-
eral solutions for systems with a time-dependent surface
tension, and then focus on surfactant systems. We close
this article with a short conclusion in Sec. IV.

II. BASIC EQUATIGNS

The fundamental equation is the many-particle diBu-
sion equation in the quasistationary approximation de-
scribing Ostwald ripening [11],

N
'DV' 8(r) = a) B,b(r —r, ),

where a = 27r+~z/I'(D/2), D is the spatial dimension,
8(r) = [C(r) —C ]/C, C(r) is the local concentration
6.eld of the minority component outside the droplets, and
C~ is the equilibrium concentration at a flat interface. N
is the number of droplets in the system, D is the diffusion
coeKcient, r, gives the location of the ith droplet, and B,
gives the strength of the source of diffusion current. This
is the multiparticle diffusion equation in the quasistation-
ary approximation, where 08/Bt is neglected because the
concentration changes very slowly at late times. The b
functions on the right-hand side of Eq. (1) result from the
assumption that droplet locations remain fixed in space
and the distances between droplets are much larger than
the average droplet size. This is a very good description
for systems with small volume fractions. 8(r) satisfies
the Gibbs-Thomson boundary condition at the curved
surface of each droplet:

8(r)~~„,
~

~ =p/R, , ~=1, . . . , ~; (2)

and the growth law is given by

lim„8(r) = 8,where 8 is the average concentra-
tion outside the droplets, and p = (D —l)poV /RT. po,
B~, T, and V represent the surface tension, the gas con-
stant, the temperature, and the molar volume in D = 3
(molar area in D = 2), respectively. Here we consider a
conserved system in which the volume fractions of the two
separating components are conserved during the phase
separation process. Consequently, the conservation law
obeys

N

) B, =O,

dR, B,
dt

Since Eq. (3) resembles charge neutrality and Eq. (1) is
analogous to the Coulomb interaction in an electron gas,
a Thomas-Fermi-type approximation can reduce Eq. (1)
to a one-body problem [11]:

7' 8 —( 8+( 8, =aBb(r —r ) (5)

dR 'DpRi [RV(R/( R)] i 1
dt V(R/(, R) [V(R/( R)]-i R

where the bar is defined as

Af(R, t)dR

f(R, t)dR

Furthermore, the continuity equation is given by

0f(R, t) 8+ [Rf(R t)] = o, (10)

and the conservation law Eq. (3) can be rewritten as
OO

U' R f(R, t)dR = P,

where v = sr+~ /I'(D/2+ 1), and P is the volume (area
in D = 2) fraction of the droplets. Equations (6), (8),
(10), and (11) are the basic equations describing Ostwald
ripening in the absence of surfactants.

We now consider the effects of surfactants on the dy-
namics of Ostwald ripening. During the coarsening, the
total area of the interface (total length of the interface
for D = 2) decreases with time as a jo R f(R, t)dR.
At late times, the local density of surfactants inside the
droplets or in the bulk reaches a steady-state value that is
usually very small. However, surfactants can disuse from
the interfaces of the shrinking droplets to those of the
growing ones in a similar manner as the minority compo-
nent does without changing its concentration in the bulk.
In fact, this is a quasistationary approximation. As a re-
sult, the total number of surfactants at the interfaces is
conserved, and the interfacial density of surfactants in-

in the vicinity of the tth droplet, where the screening
length ( is given by

f(R, t)
V(R/( R)dR

Here V' is the system volume, and V(R/(, R) is the
Green's function of Eq. (5). In D = 3, V(R/(, R)
exp( —R/()/R; in D = 2, V(R/(, R) = Ko(R/(), where
Ko is the zeroth-order modified Bessel function. Apply-
ing the solution of Eq. (5) at the boundaries of droplets
gives us

~/R, = 8..—B,V(R, /g, R, )

for i = 1, . . . , ¹ By substituting the solution I3, and
8 of Eqs. (3) and (7) into Eq. (4), we obtain
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creases with time. A higher density of surfactants at the
interface corresponds to a reduced surface tension due
to the screening effect of surfactants at the boundaries.
These effects have been observed in a previous numerical
study [21]. With the simplest assumption that surfac-
tants uniformly distribute at the interfaces, the surface
tension should decrease proportionally to the interfacial
density of surfactants, i.e. , p(t) = pos(t) and

so long as ~(t) does not depend on individual droplet
radius R, where z = R/u(r). Here g(z) is a scaled, nor-
malized droplet distribution function satisfying

—AD
exp AD ~ '(z', A)dz'

~ui z, A

g(z) = & if 0 & z & zo

, 0 otherwise

e(t) = 1—
R 'f(R, t)dR

(12) where

~(z, A) = z (g —z )/V(z/il, z) —Az,

where n' is a surfactant screening coefficient proportional
to the total number of surfactants at the interface. Re-
placing po by p(t), we obtain

(z)
zV(z/il, z)

g(z)
V(z/il, z)

dR e(t)R' D [RV(R/(, R)]—' 1

dt V(R/(, R) [V(R/(, R)]—i R (13)
z~g(z)dz

(z)
V(z/g, z)

E(t )dt

This transformation leads us to rewrite Eqs. (10)
and (13) as follows:

Br OR
(15)

dR R' ~ [RV(R/(, R)]—' 1

dr V(R/g, R) [V(R/g R)]-i R (16)

where now R = dR/dr.
These equations are of exactly the same form as the

Ostwald ripening problem with a constant surface ten-
sion with a new time variable r [11]. Thus we can now
"read off" the results for R(t) and f(R, t) via the trans-
formation r = r(t). We speculate that this is generally
true, although we have shown it here only within our
mean-Beld approximation.

III. SOLUTIONS AND DISCUSSION

In this section, we present the solution of our equations
for the case of an arbitrary time-dependent surface ten-
sion and then treat the effects of surfactants as a special
case For P & 0..06 in D = 3 or P & 0.085 in D = 2,
Eqs. (6), (11), (15), and (16) have the following scaling
solution [11]:

g(z)f(R, r) oc

where we have made the following transformations: R' =
R/p, t' = tDC /p2, ( = ('/p, and f'(R, t) = @sf(R,t),
and then R', t', (', and f '(R, t) were replaced by R, t, g,
and f(R, t), respectively.

The problem of Ostwald ripening with a time-
dependent surface tension can be straightforwardly
mapped onto the usual constant surface tension problem
by introducing the following nonlinear time transforma-
tion

dui(z, A)

z
Z Zo

=0,

and u(r) obeys

u (r) —u (0) = 3Ar . (19)

/'t —tp ) (tor = t —6r'1n coshj,
~

cosh~ —,r' ) (r' (21)

In the limit 7' ~ 0, i.e. , the surface tension changes
abruptly from 1+6 to 1 —6 at t = to, the above equation
reduces to

Prom the definition Eq. (9), the average droplet radius
then follows

R'(r) —R'(0) = Z(y)r, (20)

where K(P) = 3Az~s [23], and z = J zg(z)dz [11].
Equation (18) indicates that the scaled distribution func-
tion is entirely independent of the surface tension e(t),
while Eq. (20) shows that for any time-dependent sur-
face tension, the average droplet radius grows in the same
manner in the new time frame 7.. This solution is of
course acceptable as long as B is much larger than the
small length scales in the system.

In general, if limq ~r/t = oo, the growth is faster
than t ~ . On the other hand, if lim& ~r/t = 0 but
limq ~ r = oo, the growth is slower than t ~, but the
system undergoes a complete phase separation even if
the surface tension vanishes; i.e. , if limq ~ e(t) = 0. In
contrast, if limi ~ r converges, r does not approach in-
Bnity even if t does. In this case, the system experiences
an incomplete (or micro-) phase separation. These are
the general features of Ostwald ripening with a time-
dependent surface tension.

In order to describe quantitatively the effects of the
time dependence of the surface tension, we now focus on
concrete forms of e(t). We, first of all, study a simple case
in which e(t) decreases from one constant to another one:
e(t) = 1 —6 tanh[(t —to)/r']. In this case, r follows
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~ = t[1 —6 sgn(t —tp)] . (22)

In this case, the growth crosses over from [K(P)(l +
tI)t]i~s to [K(P)(l —6)t]i~s, as demonstrated in Fig. 1.

Another simple and interesting case is where e(t) de-
creases (or increases) in time as e(t) = [(t + to)/~']
After integrating Eq. (14), we obtain

30
' ~' ln(l + t/t&)

(to& '
v I T

if v=1

[(1 + t/to) —1] otherwise .

(23)

~ = v'[I —exp( —t/~')) . (24)

In this case, the phase separation stops after a small z'.
For the two cases studied above, the growth law is illus-
trated systematically in Fig. 2.

Finally, we study a more interesting and realistic prob-
lern: surfactant systems, in which e(t) = [1 —Pu(t)],
P = nv fo z g(z)dz/P fo z g(z)dz, and a = cr'/V'
according to Eqs. (12) and (17). Thus u(t) satisfies the
following implicit form:

2P P2
[u'(o) —u'(t)) + —[u(0) —u(t)]

+ —ln = At, (25)
1 1 —Pu(0)

1 — ut

This result implies that the system undergoes a com-
plete phase separation unless v & 1. The marginal case
of v = 1 shows clearly that even if the surface tension
vanishes at t —+ oo, the system undergoes a complete but
extremely slow phase separation. We can also consider
the case where the surface tension decays exponentially,
i.e. , e(t) = exp( —t/r'). i then satisfies

50

FIG. 2. Effect of the time dependence of the surface ten-
sion on the droplet growth. The solid line, long-dashed line,
and dashed line present Eq. {23) for v = 0, 1, and 2, respec-
tively, where 7' = 20 and to ——20; the dotted line corresponds
to Eq. (24) with 7' = 10. P and K(P) are the same as in Fig.
1.

factant densities with p = 0.05 in D = 3. This figure
clearly shows that for a given P, as the surfactant screen-
ing coefficient a increases, the coarsening procedure slows
down, and the final average droplet size becomes smaller.
Similarly, Fig. 4 shows, for a given surfactant screening

. coefficient a, that as p decreases, the density of surfac-
tants at the interfaces increases; therefore, the coarsening
procedure slows down, and the final average droplet size
becomes smaller as well [24]. Apparently, there are no
essential differences between two and three dimensions.

It can be shown that at late times, the average radius of
droplets can be written in the following crossover scaling
form:

and R(t) = z „u(t). The average droplet radius is shown
in Fig. 3 for different values of P, i.e. , for different sur-

&(t) = t'i'h(p't) (26)

0..8 I I I ~

I
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I

I I I ~

I
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45
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50

FIG. 1. Time evolution of Eq. {21):This figure demon-
strates the prefactor of the average droplet radius crosses over
from one constant to another. Here b = 0.5, to = 50, P = 0.05,
and K(0.05) = 0.856769 (Ref. [11]).

FIG. 3. Evolution of the average droplet radius R(t) as a
function of time t for the volume fraction P = 0.05 in three di-
mensions [R(t) = z u(t) and u(t) satisfies Eq. (25)]. Curves
correspond to P = 1, 2, 3, 4, and 5 (n = 2.2 x 10,4.4 x
10,6.6 x 10,8.8 x 10, and 1.1 x 10 in D = 3) from
top to bottom, respectively.
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respectively. The shape of this crossover scaling function
and its asymptotic behavior is quite similar to the one
observed by Laradji et aL [21], though they studied the
effects of surfactants on a phase separating bicontinuous
system with P = 0.5, its largest possible value.

It is easy to see that when the screening effect of sur-
factants is negligible (i.e. , a. , P ~ 0), Eq. (25) reduces to
us(t) —u (0) = 3At and becomes

0..0 I I I l I l I I l I ~ ~ ~ l I ~ ~ ~ ~ I ~

0.0 0.2 0.4 0.6 0.8 1.0
B (t) —~R(0) = K(P)t, (30)

assuming u(0) « u(t). In Fig. 5, h(x) is displayed as a
function of 2: in D = 2 and P = 0.05, essentially consis-
tent with numerical simulations [21,25]. More explicitly,
at late times u(t) actually satisfies

u(t) = —(1 —e "~ '), (27)

FIG. 4. Average droplet radius R(t) evolving with time t
for a fixed surfactant screening coefficient o. = 0.011 in two
dimensions, and o; = 0.014 in three dimensions with volume
fractions P = 0.01 and 0.05, where R(t) = z, u(t) and u(t)
satisfies Eq. (25).

which is the usual growth law observed in Ostwald ripen-
ing as predicted by the novel Ostwald ripening theory
[11]. To compare the difFerences between the dynamics
of Ostwald ripening in the absence and in the presence of—3 ~3
surfactants, R (t) —R (0) versus time is plotted in Fig.
6 for both cases. This figure shows clearly the drastic ef-
fects of surfactants on deviating the growth from simple
power law. In fact, these effects can be easily understood
by examining the time evolution of the surface tension
Eq. (12), which asymptotically shows e(t) exp( —P t).
Thus, as time approaches infinity, e(t) exponentially de-
cays in time, and the growth practically stops after a few

P s times as we have seen previously.
Another important quantity is the time evolution of

the total number of droplets. According to the definition,
at time t, this number obeys

where we have ignored u(0) and the first two terms in
Eq. (25) due the fact that u(t) & I/p, and u(0) « 1jp.
Consquently, R(t) and h(P t) obey

N(0) A (0)

R (t)
(31)

and

y(t) z@v
(1

—Ap i)

0.4 l ~ l l
I

~ I I ~

I

'I l gl ~

I

~ l l l
I

l ~ l l

which is displayed in Fig. 7 as a function of time for dif-
ferent surfactant screening coefficients p with p = 0.05
in D = 3. From this figure, we observe that N(t) ini-
tially decays very fast, then slows down, and eventually
saturates. The saturation constant is proportional to PP

80

i i

-0.9— 4O

-1.6
6

FIG. 5. Log-log plot of crossover scaling function h(P t)
vs P t. The solid line is our two-dimensional result, Eq. (26),
for P = 0.05. The symbols are the simulation results [21],
where the different symbols correspond to different average
surfactant densities. The dotted line has a slope of —3.

FIG. 6. Comparison of the growth R (t) —R (0) vs t ~

between P = 0, i.e. , n = 0 (dashed line), and P = 0.1, i.e.,

n = 2.8 x 10 (solid line), in D = 2.
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FIG. 7. Decay of the total number of droplets with time
in D = 3. From bottom to top the values of P are 1, 2, 3, 4,
and 5 ( o. = 2.2 x 10,4.4 x 10,6.6 x 10,8.8 x 10, and
1.1 x 10 ), respectively, in D = 3.

f(+ t) ~ ~+i(t) g I (32)

which is plotted in Fig. 8 for P = 1 with P = 0.05 in
D = 3. The area under f(R, t) in Fig. 8 is proportional
to the total number of the droplets. At early times,

12

t=0.6
t= 1.0

/
/

/
/

/
/

/
/

/
/

/
/

/

a

/
/

0
0

FIG. 8. The evolution of the distribution function f(R, t)
of droplet size R for different times in D = 3, p = 0.05, and

= 1.

as expected due to the fact that as the average surfac-
tant concentration increases, more interfaces are needed
to locate them. Note that if P = 0, N(t) will decay as
g,
—D /3

The evolution of the average radius and number of
droplets as a function of time can also be observed from
the evolution of the droplet size distribution function.
Substituting Eq. (18) into (17) gives us the distribution
function for the droplet size:

FIG. 9. The equilibrium (t ~ oo) distribution function
f(R) of droplet size R for P = 0.05, but different P in D = 2.

this area decays, whereas the maximum droplet radius
and the average droplet radius increase. At very late
times, the area, the maximum radius, and the average
radius no longer vary with time, and the system reaches
equilibrium. In contrast, in the absence of surfactants,
the area under f(R, t) becomes vanishingly small when
time approaches infinity [ll]. In Fig. 9, we compare the
equilibrium behavior (i.e. , as t —+ oo) of the distribution
functions for different values of P in two dimensions. We
observe, as expected, that as the amount of surfactants
is increased, the position of the maximum of f(R) de-
creases, whereas its maximum value increases. Similar
behavior is also observed in three dimensions.

IV. CONCLUSION

In conclusion, we have applied the theory of Ostwald
ripening [11]to systems consisting of two immiscible com-
ponents and a small amount of surfactants by introducing
an effective time-dependent surface tension. We predict
that any time-dependent surface-tension problem can be
mapped onto a constant-surface-tension case, and that
the time dependence of the surface tension has no ef-
fect on the scaled distribution function, even though the
growth no longer obeys a t ~ law. Of course, our theory
is only valid for systems in which the concentration field
reaches a steady state and the droplets have spherical
shapes with sharp interfaces; some cases we studied in
this article might not satisfy these conditions.

Although our theory is applicable in small volume frac-
tion (P & 6%%uo in D = 3 or 8.5% in D = 2) systems [ll],
its results, we believe, are not essentially diferent from
systems with higher volume fraction. Nevertheless, we
do not know of any experimental results on the effects of
surfactants on the dynamics of phase separation in the
literature. Thus, we have not been able to compare our
predictions with experiments. We think that the present
theory and the previous numerical simulations [21, 22]
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need to be examined by experiments. We propose that a
mixture of two incompatible homopolymers and diblock
copolymers would be a good candidate for such experi-
ments.
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