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Fast sound in liquid water
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Both inelastic-neutron-scattering experiments and computer simulations have established that liquid
water can support a longitudinal mode propagating with a velocity much larger than the ordinary speed
of sound. The physics behind this peculiar behavior is studied by a comprehensive microscopic ap-
proach. The effect is found to be a rather extreme case of a well-known phenomenon occurring even in
monatomic liquids. To make the analogies and the differences more transparent, simulation data in wa-

ter and in a simple alkali metal (liquid Cs near melting) are also reported. Finally, we discuss the ulti-
mate microscopic origin of fast-sound effect in liquid water.

PACS number(s): 61.20.Lc, 61.25.Em, 61.20.Ja

I. INTRODUCTION

The occurrence of strongly directional intermolecular
correlations ("hydrogen bonds" ) is believed to be largely
responsible for many unusual properties of water at the
thermodynamic and structural level. These peculiarities
have a counterpart in many time-dependent features and
are expected to be particularly evident in those short-
time (or high-frequency) properties which are dominantly
associated with the hydrogen dynamics.

It is somehow more surprising to find that substantial
"anomalies" in the dynamics are present even at the
center-of-mass level. In the present work we shall explic-
itly consider the dynamics of density fluctuations of the
centers of mass in liquid water. The peculiarities occur
just outside the ordinary hydrodynamic regime, namely,
for wave vectors k of some 10 cm '. In this range,
inelastic-neutron-scattering data have been reported for
heavy water at room temperature [l]. The presence of
well-defined propagating "modes" at these k becomes
questionable because of their strongly damped character,
and a better insight into the underlying dynamics is pro-
vided by looking at longitudinal density currents. As a
matter of fact, the neutron spectra do not show any ap-
parent inelastic peak at the explored wave vectors; how-
ever, striking results are obtained in the analysis of the
frequency "tails" (a procedure basically equivalent to the
consideration of the longitudinal current spectra). More
precisely, the analysis of the neutron data at the various
wave vectors still yields an approximately linear disper-
sion law as in the hydrodynamic regime, but the associat-
ed "sound" velocity is found to be more than tm&ce higher
than the ordinary sound speed. This experimental result
is consistent with the findings of a previous simulation

study [2].
Apparently, this unexpected feature has no quantita-

tive parallel in the corresponding situation met in simple
liquids, and this circumstance led to the speculation [l]
that together with the "slow" sound ruled by the ordi-
nary hydrodynamic laws, some specific mechanism typi-
cal of water may give rise to the additional presence of
this fast sound.

On the other hand, the existence of a second sound
mode has been cast in doubt by Wojcik and Clementi [3]
on the basis of further simulation results obtained with an
intermolecular potential model (usually referred to as
MCY from the names of the proponents Matsuoka,
Clementi, and Yoshimine) diff'erent from the one of Ref.
[2]. The analysis of these data confirmed the existence
and the magnitude of the fast-sound anomaly; however,
no evidence of the simultaneous presence of two sound
modes was found. As a consequence of these results, in
Ref. [3] a possible alternative explanation of the anomaly
was proposed in terms of a generalized hydrodynamical
picture.

More recently, another computer experiment was per-
formed in room-temperature water, modeled in terms of
the transferable interaction potential with four points
(TIP4P) intermolecular potential [4]. The data indicated
the absence of two separate acoustic modes, thus
confirming the findings of Ref. [3]. Moreover, additional
pieces of information were provided by considering both
the oxygen and the hydrogen density fluctuations. In
particular, the latter (claimed in Ref. [2] to be directly as-
sociated with fast sound) were indeed found to support a
collective high-frequency mode. However, rather than
soundlike the dispersion of this mode has a clear "opti-
cal" character, with frequencies co higher than 150 ps
at small wave vectors. These values are typical of libra-
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tional modes, and are at least a factor 4 larger than the
frequencies explored in Ref. [1]. Qn the other hand, over
the ~ range probed by the neutron experiment the hydro-
gen density spectra were found to be identical with those
associated with oxygen atoms and/or with the molecular
centers of mass. Qualitatively, these simulation findings
are accounted for by an approximate Mori-Zwanzig
analysis of the density fluctuations of the two species, ex-
pressed in terms of a two-component variable.

While ruling out any direct connection between the
fast-sound anomaly and the hydrogen dynamics, the
findings of Refs. [3,4] pave the way for a comprehensive
microscopic interpretation of the peculiarity. This is the
main purpose of the present work; as we shall see, the
final result is that in this respect water does not need an
approach qualitatively different from the one adopted in
simple monatomic liquids. Albeit somehow less spectac-
ular than the original speculation of Ref. [1], this "con-
ventional" interpretation clarifies on a consistent physical
basis the role of the quantities really relevant in the prob-
lem, as well as their microscopic origin. Within this
framework and on a purely quantitative basis, we shall
find that water indeed exhibits some unusual features
when compared with typical simple liquids and that this
circumstance is ultimately responsible for the "surpris-
ing" magnitude of the anomalous propagation effect.

The present paper is organized as follows. In Sec. II
we review the basic concepts underlying the dynamics of
density fluctuations in a monatomic liquid; to make a
closer contact with a specific system, we shall report
several results obtained in a recent computer simulation
of liquid cesium near the melting point. The framework
is subsequently applied to liquid water (Sec. III); in par-
ticular, in this system it is shown how such a rephrasing
may yield results quantitatively different from the ones
typical of simple liquids. Finally, in Sec. IV the ultimate
origin of such a behavior is related to the microscopic
structural properties of water.

II. DYNAMICS OF DENSITY FLUCTUATIONS
IN MONATOMIC SYSTEMS

Before embarking on a discussion of the peculiarities of
water, it is worthwhile to recall the approaches usually
employed to investigate the dynamics of density and
current fluctuations in a "simple" monatomic fluid. This
offers the opportunity to discuss some typical results ob-
tained in these systems by means of well-defined approxi-
mations, such as the viscoelastic model.

In a monatomic fluid characterized by N classical par-
ticles of mass M enclosed in a volume V and interacting
through a pair potential u(r), the dynamics of density
fluctuations around the average value n =X/V depends
on the length scale actually sampled, i.e., on the associat-
ed wave vector k. Denoting by r (t) the position of the
jth particle at time t and introducing k-dependent density
fiuctuations n(k, t)=g exp[ik. r (t)]—8' n6(k), the
main dynamical quantity of interest is the intermediate
scattering function F(k, t)=(n*(k, )n0(k, t)) along with
its Fourier transform, the dynamic structure factor
S(k, co). With these definitions, the initial value F(k, O)

If F(k, s) is known, the dynamic structure factor fol-
lows from S(k, co) =(1/m. )ReF(k, s =ice) I.n Eq. (1),
(coi, ) = [k~ T/MS(k)]k, where T is the temperature of
the system; clearly, as k —+0 (coi, ) ~cz.k, where cr is
the isothermal sound velocity. Finally, M(k, s) is the La-
place transform of a memory function M(k, t), a quantity
which in a sense probes the dynamics at a more micro-
scopic level than F(k, t) itself. The exact details of this
k-dependent dynamics are unknown, but the initial value
reads M(k, t =0)—= b, & =cur (k) —(co„),where [5]

cui(k) =3[k' T/M]k +I'D Ai, —

and

O„=(n/M) f dr exp(ikz)g(r) .2= 8 u(r)
az2

(3)

Here g(r) is the pair distribution function, and the exter-
nal wave vector k has been taken along the z axis. In
simple liquids one may approximately write [6]

coi (k)=3[king T/M]k +ala[1 —ja(kR )+2jz(kR )], (4)

where the length R is of the order of o. , the minimum
separation where u(r) =0. The first "kinetic" term on the
right-hand side is usually negligible, except at high wave
vectors where the free-particle aspects take over. Thus
the dominant contribution is provided by the term pro-
portional to

00=(4~n/3M) f dr r [u "(r)+2[u'(r)/r]]g(r) . (5)

In a simple liquid, the inverse of the "Einstein frequency"
Qp is a measure of the time scale associated with the "rat-
tling" motion of an atom in the cage of its neighbors.
Typically, the potential u(r) comprises both an attractive
and a repulsive part, modeled as being, respectively, pro-
portional to r ~ and r ~ with p (q. With this schemati-
zation, in simple liquids the quantity Qp is approximately
proportional to pq [5,7]. Thus a softer potential implies a
smaller value of the Einstein frequency. Letting R =o.,
for small k one finds

a)i (k~O)—:c k =3[(k T/sM)+(Q o. D/10)]k (6)

where the physical meaning of the "velocity" c will be
clarified later on. Note that

(c„/c, )'= —,', S{0)r, (7)

where the dimensionless parameter I =MA, po. /kz T is a
measure of the relative importance of potential versus ki-
netic energy contributions.

A simple approximation for the time dependence of
M(k, t) is provided by the "viscoelastic" model [5,6]

M(k, t ) = 6& e px(
—t /r& ) . (8)

Equation (8) accounts for the elastic (solidlike) properties

coincides with the static structure factor S(k). The
Mori-Zwanzig formalism provides the following exact
representation of the Laplace transform of F(k, t):

F(k,s)/S(k)= {s+(cui, ) /[s+M(k, s)]]
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of the system at short times (lumped in the quantity b, &),
as well as for its overall liquidlike response at low fre-
quencies [embodied in the quantity M(k, z=O)=Akron,
essentially a wave-vector-dependent longitudinal viscosity
coefficient]. Note that for k~0 the simple ansatz (8)
does not take into proper account the presence of temper-
ature fluctuations. In the Brillouin peak, the latter are
responsible for the "renormalization" of the velocity of
sound from its isothermal to the correct adiabatic value.
The ansatz (8) can easily be improved in this respect, but
this is hardly necessary in liquids having a ratio of the
specific heats =1 (liquid alkali metals, water), in which
the role of temperature Auctuations is virtually negligible.

The consequences of the viscoelastic model (8) on the
dynamic structure factor follow straightforwardly from
Eq. (1). In particular, comparing for k~0 this "viscoe-
lastic" S(k, co) with the correct hydrodynamic result un-
der isothermal conditions, the quantity 6k ~I, can be
identified with the damping of the sound mode, yielding

2 2

(wk 0) =nM (9)—', q+g~

where g and g~ are the shear and the bulk viscosity
coefficients, respectively. Since c is always found to be
larger than cT, the time ~I, o

=—~o is found to be perfectly
defined and finite in this k~O limit. Even beyond the
hydrodynamic regime, S(k, co) may show two inelastic
peaks, symmetrical around co =0 and located at [6]

(cok ) „„=—,
'

I coL (k) —2(1/~k ) [2coL (k) —3 ( cok ) ]

+(I/rk) j' + —,'[2coL(k) —(I/rk) ] . (10)

A sufficient criterion for the presence of these peaks is
given by the condition 3(co„)~ coL (k), irrespective of the
value of ~k. The inequality is not satisfied for large k
[where (cok)~(k&T/M)k and coL(k)~3(k&T/M)k
+IIo], even if in this nearly free-particle regime the
viscoelastic model is increasingly unable to reproduce the
detailed shape of S(k, co), which should eventually be-
come a Gaussian centered at co=0. On the other hand,
for small wave vectors the criterion implies that
—,', S(0}I ~ 1; thus, in systems with a larger value of I
(e.g., with increasing Einstein frequencies), it becomes
more and more difficult to observe well-defined peaks in
S(k, co). For example, liquid alkali metals (which have a
relatively soft repulsive potential, i.e. , a low I") are known
to support well-defined density modes over a wave-vector
range which is noticeably larger than in liquid argon,
where the harsh, Lennard-Jones-like repulsion increases
the value of Qo and consequently of I . As a result,
whereas a large value of the produce S(0)I" makes the
density modes virtually unobservable beyond the hydro-
dynamic regime, it increases the difference between the
two velocities cT and c

In addition to S(k, co), it is convenient to consider the
spectrum associated with the longitudinal current corre-
lation function, defined by CL (k, co)=co S(k, co). Being
zero at co=0, CL (k, co) always has a maximum at finite
frequencies; often, the physics behind this peak is "trivi-
al" in the sense that no additional information beyond

the one directly evident from S(k, co) can be gained.
However, some otherwise undiscernible effects can in fact
be detected from CL (k, co) in the k range where the in-
elastic peaks in S(k, co) are ill defined. The prediction of
the viscoelastic model for CL (k, co) reads

Ct (k, co)

k k~T/M

(1/vr )co'&k (1/rp )

co [co —
coL (k)] +(1/rl, ) [co' —(co'„) ]

coc(k) =coL(k) —
—,'( I/rg ) (13)

The validity of Eq. (13) worsens if (I/rk) becomes com-
parable with cot (k); slightly better approximations may
be found in such a circumstance. In any case, as k in-
creases there is always a clear tendency of the peak fre-
quency of CL(k, co) to move from the hydrodynamic re-
sult (co& )' upwards to a steeper dispersion law, which
approaches coL(k) in the case of a relatively long relaxa-
tion time ~&. As a matter of fact, if the frequencies under
consideration are much larger than the relaxation rate
I/rk the system responds with the frequency coL (k), and
with the associated velocity c (k) =coL (k)/k —a typical
"instantaneous" solidlike response. Consequently, as k
increases the "sound velocity" uc(k):—coc(k)/k pertinent
to the density current mode is intermediate between
cT(k) and c„(k). The actual values of uc(k), as well as
the wave-vector range where the transition occurs, de-
pend on the efficiency of the relaxation process of M(k, t),
often referred to as "shear relaxation" [5] because of the
aforementioned connection of the memory function with
the onset of viscous effects.

There are several "recipes" to evaluate the time con-
stant ~I„based on interpolation procedures between the
hydrodynamic value (9) and the free-particle situation
which prevails at large wave vectors (see Ref. [6]). We
shall not discuss these schemes, which often introduce
additional assumptions and/or parameters which are
difficult to justify a priori. Broadly speaking, one expects
a substantial decrease of the time ~I, at increasing wave
vectors, where the dynamics is explored at an increasing-
ly microscopic level. An empirical determination of 1 /r&
is readily obtained exploiting the fact that the line shape
predicted by the viscoelastic model can be fitted rather
successfully to the experimental or simulation data. This

The peak frequencies coc(k) of CL(k, co) follow from the
physical solutions of the following cubic equation in ~:
2(co ) [co —coL(k)]+(I/wl, ) [(co ) —(coq ) ]=0 . (12)

Two limiting solutions of this equation are of particular
interest. For very small wave vectors, noting that both
coL(k) and (co& ) vanish as k whereas (I/wl, ) stays
finite, Eq. (11) has the approximate solution
coc(k) = (col, ) +O(k ), namely, the result of ordinary
(isothermal) hydrodynamics. On the other hand, at
larger wave vectors (namely, higher frequencies) all the
quantities in Eq. (12) are finite and one may exploit the
fact that col (k} is often distinctly larger than (cok ), ob-
taining the simple analytic result
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is particularly true for all the liquid alkali metals, which
in the present context are also interesting because they
share with water a nearly isothermal hydrodynamic be-
havior. In the finite wave-vector region of interest for the
"anomalous" sound, the relaxation rate in these simple
liquids is indeed found to increase rather strongly from
its hydrodynamic value 1/7O This increase is approxi-
mately linear, a trend similar to the k dependence of
coL (k) in the same wave-vector range; combining these
two circumstances with Eq. (13) for coc(k), we easily see
how a "soundlike" linear dispersion law may indeed be
observed even at these nonhydrodynamic wave vectors.

To give an example of this situation in a specific case,
we report in Fig. 1 the quantities (co& ) and col (k) as
evaluated for liquid Cs near the melting point using our
computer simulation data in this system [8]. Like all al-
kali metals, liquid Cs is characterized by a relatively soft
potential; in the simulations a convenient modeling of
v(r) is provided by an eff'ective pair potential implement-
ed by Price, Singwi, and Tosi [9]. The softness of v(r)
and the large mass of Cs imply a small value of
Go=19.22 s (to be compared, e.g., with Do=59. 3
ps found for Lennard-Jones liquid Ar). Like water,
liquid alkali metals have a specific heat ratio @=1: for
Cs (y= l. 1), the isothermal sound velocity cT =900 m/s
is not very different from the experimental value 965 m/s.
At increasing wave vectors, the criterion for the propaga-
tion of well-defined "sound modes" is easily satisfied in
liquid Cs, where —,

' S(0)I =0.546(1. As a matter of
fact, recent neutron-scattering experiments [10] have re-
ported the presence of inelastic peaks in S(k, co) even at
wave vectors as high as 1.2 A '. On the other hand, this
situation implies that the ratio c„/cT is not large [from
Eq. (7), c„/cT=1.28 for Cs, to be, e.g. , compared with
c„/cT =2. 16 for liquid Ar]. As a consequence, the
values of the "velocity" vz(k) are not expected to be
much higher than cT. The observed increase of the
"sound velocity" in liquid Cs is indeed found to be rather
small, with a maximum magnitude of about 20% in the
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FIG. 2. The shear relaxation rate 1/~A in liquid Cs as ob-
tained by a fitting of the viscoelastic S(k, m) to the spectral
shapes observed at different wave vectors.

2000

range k =0.35 A ' [10].
Our simulation data for S(k, co) are found to agree with

the neutron spectra over all the explored wave-vector
range [8]. Moreover, the spectral shapes are satisfactori-
ly reproduced by the viscoelastic model where the param-
eter (1/~k) is determined by a fitting procedure. The
values deduced for (1/~k) are reported in Fig. 2; note that
although for k =0.3—0.4 A ' the relaxation rate is sub-
stantially larger than 1/so=0. 4 ps ', (1/wk ) is still
much smaller than coL(k) so that the velocity vc(k) de-
duced from Eq. (12) nearly coincides with
c (k)=coI (k)/k. The results for these k-dependent ve-
locities are summarized in Fig. 3, which shows a good
overall agreement between vc(k) and the simulation
and/or the neutron data. The maximum vc(k) is =1150
m/s near k =0.3 A ', where c„(k) is =1180m/s.
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FIG. 3. Wave-vector dependence of the different "velocities"
in liquid Cs. The dashed line is the k-dependent isothermal
sound velocity cT(k) = (col, ) '~ /k. The long-dashed line is
c (k)=coL(k)/k, and the full line is U~(k)=roc(k)/k with
cue(k) obtained from Eq. (12). The data are the values of U&(k)
deduced from the peaks of CL(k, co) as observed in the simula-
tion of Ref. [8] (open circles) and in the real experiment of Ref.
[10] (triangles).
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III. COLLECTIVE DYNAMICS IN LIQUID WATER v(r";Q„Q2)= gv &(r, z&),
a,p

(16)

We shall now discuss the consequences of a formally
similar analysis when applied to the more intriguing case
of liquid water. Most of the previous considerations can
be repeated for a system made of rigid molecules, provid, -
ed that we focus our attention on the molecular centers of
mass. In water, the latter may be taken as approximately
coincident with the positions of the oxygen atoms, since
the small corrections (of the order mH/M, where rnH is
the hydrogen mass and M the molecular mass) are entire-
ly negligible on the scale of the phenomenon to be ex-
plained (the huge "anomaly" in the sound propagation).
Denoting by r"(t) the position of the center of mass of
the jth molecule at time t, one introduces an intermediate
scattering function for the centers of mass

F'"(k, t)=(l/N) g (exp[ —ik [r,"(0)—rj."(t)]])
I,J

—Svr n5(k), (14)

0k =(n/M) fdr'"exp(ikzI')

8 v(r'I;Q„Q2)
X

t ~z
g(r", Q„Qz!)„,

z

(15)

where r"=r',"—rI2', and ( )„denotes an average over
the molecular orientations Qi and 02. Equation (15) can
be simplified if the potential is written in terms of site-site
contributions

with initial value F"(k,0)=S"(k)=Soo(k), the oxygen
partial structure factor. The dynamics of F"(k,t) at very
short times is again ruled by the quantity
(cok )"=[kti T/MS "(k)]k In analo. gy with the previ-
ous treatment for monatomic systems, we introduce the
quantity rvL(k) which is directly affected by the inter-
molecular potential. Writing the latter in terms of pair-
wise contributions v(r", —r2", Q„Qz), cvL(k) can again
be formally written as in Eq. (2) with the quantity IIk
defined by

:—(1/M) g A ti(0), (17)

where g &(r) are the site-site pair distribution functions.
At finite (yet relatively small) wave vectors, one may ap-
proximately write Al, in a form similar to Eq. (3), namely,

g3 v &(r)
Q& (n--/M) g fdr exp(ikz) g &(r)

a,p Bz

—:(1/M) gA t3(k) .
a, p

(18)

As a result

coL (k)=3[k')T/M]k +(1/M) +[A t3(0) —A p(k)] .
a, p

(19)

To evaluate the quantities A p(k) we need a model for
the site-site potentials v &(r). In the case of water, the
simplest model is provided by the three-site simple point
charge (SPC) potential [11], in which the sites coincide
with the positions of the atoms in the H20 molecule. The
more refined four-site TIP4P potential [12] is found to
yield nearly the same results for the partial structure fac-
tors S t)(k), the slight difFerences being due to the small
distance of the additional site from the oxygen atom (or
from the molecular center of mass). The quantities
A ti(k) are conveniently split into Coulombic (C) and
Lennard-Jones (LJ) intermolecular contributions, the
latter being only associated with the oxygen-oxygen in-
teractions. Then

where the summation runs over all the interaction sites
considered over the molecule. In such a case the analog
of the Einstein frequency for the molecular system can be
written as

Qo=(4mn/'3M) g f dr r Iv &(r)+2[v'&(r)/r]]
a,p

Xg &(r)

coL(k) =3[kti T/M ]k + (1/M ) I [ A oo(0) —A oo(k)]+ [4A HH(0)+4A oH(0)+ A oo(0)]

[4A HH(k)+4A oH(k)+ A oo(k)]] (20)

This result can be simplified for the Coulombic part,
which involves the potential v &(r)=q q&/r where q
and q& are effective charges. Using the definition (16) of
A &(0), it is readily found that the quantity
[4A HH(0)+4AoH(0)+ A oo(0)] is proportional to
(2qH+qo) =0 because of the electrical neutrality of the
molecule. Finally, for the explicit evaluation of a)L (k) it
is convenient to extract any dimensional quantity by
defining A oo(k) =4'(s/3o )no aoo(k) and A &(k)
=SrrnZ Z&e a &(k), where e and cr are the usual
Lennard-Jones parameters for the oxygen atoms and
q &=Z &~e~ with Zo= —2ZH. In such a way we find

cvL (k) =3[k~ T/M ]k

+(4m/M)I(s/3o )ncr [aoo(0)—aoLo(k)]
—87rnZHe [a HH(k) —2aoH(k)

+aoo(k))] . (21)
The result (21) has been numerically evaluated in the
TIP4P ease by using the pair distribution functions g &(r)
provided by the computer simulations of Frattini et al.
[13] which satisfactorily account for the observed
structural properties of water at room temperature. The
values obtained in this way for coL (k) are reported in Fig.
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FIG. 4. The quantities (co& )'" (dashed line) and coL(kl (full
0 3

line) for water at T=310 K (number density n =0.0333 A ).

IV. DISCUSSION AND CONCLUDING REMARKS

Having in mind the considerations previously dis-
cussed for the monatomic liquid, it is now straightfor-
ward to make the following "predictions" for the features

4 together with those for the quantity (col, )".
Comparing with the corresponding results for liquid Cs

(Fig. 1), the difference between coL(k) and (cok )" ap-
pears to be much larger in the case of water. The effect is
essentially due to a quite dramatic increase of col (k) with
respect to the liquid metal through all the explored
wave-vector range. In turn, this increase is largely due to
the much higher Einstein frequency in H20: from Eq.
(18) it is found that 00=1210 ps, almost 65 times the
value obtained for liquid Cs. Although this huge
difference is partly due to "trivial" factors like the small-
er values of the mass M and the length o., an important
contribution is also provided by the intermolecular repul-
sion, which is considerably harder in water than in the
liquid metal. An unambiguous measure of this feature is
provided by the dimensionless parameter
I =MQpo. /kz T, which is still four times larger in water
(I =850) than in liquid Cs (I =220). In this respect,
liquid Ar with I =385 appears to be an intermediate
case, which will be discussed in detail in the following
section.

For our purposes, another noteworthy difference be-
tween the two limiting cases of water and the liquid metal
concerns the isothermal compressibility, proportional to
the k =0 value of the structure factor S(k). Whereas
S(0)=0.023 for all the liquid alkali metals near the melt-
ing point, S(0)=0.065 for water at room temperature.
In this case the physical origin of the difference is more
subtle than for Qo, since S(0) depends on the character of
the intermolecular potential at large distances [an aver-
age attractive tail leading to a larger value of S(0), and
vice versa]. In contrast with water, liquid metals are
known to have an oscillatory potential at large r, thus
making their S(0) not very different from the hard-sphere
value (=0.018 at comparable densities).

to be expected for the dynamics of the centers of mass in
HqO.

(i) First of all, in water the quantity —,
' S(0)I is =5.5,

making virtually impossible the observation of inelastic
peaks (or well-defined density modes) in S(k, co) outside
the hydrodynamic regime. Indeed, no clear evidence of
these peaks is provided by both inelastic neutron scatter-
ing [1] and simulation experiments [4] even at the small-
est wave vectors which have been probed by these tech-

0
niques (a few tenths of A ). This situation is qualitative-
ly analogous to the one found for liquid Ar near the triple
point, for which the quantity —,', S(0)I = l. 56, albeit much
smaller than in H20, is considerably larger than 1 [14].

(ii) The subtle aspects of the dynamics in this wave-
vector range are more apparent if one considers the longi-
tudinal current spectrum CI (k, co), as indeed is done in
most simulation work (and indirectly even in the analysis
of the neutron data in Ref. [1]).

(iii) As discussed previously, the ill-defined nature of
density modes at finity k has as a counterpart a large
value of the ratio (c„/cT ) . As a matter of fact, in water
the aforementioned numerical results yield cT = 1450
m/s, c =5000 m/s, and c /cT =3.45. The latter result
is substantially larger than the values 1.28 for liquid Cs
and 2.16 for liquid Ar.

(iv) As in the case of liquid Cs, the peak frequency
roc(k) of CL (k, co) can exhibit even in water a linear
dispersion outside the proper hydrodynamic regime, with
a velocity vc(k) =cue(k)/k. The latter is likely to be con-
siderably higher than cT, in view of the large value of c
The actual magnitude of Uc(k) depends on the efficiency
of shear relaxation processes, as measured by 1/~k. This
decay rate can in principle be determined by a fitting pro-
cedure analogous to the one previously adopted for liquid
Cs, even if the relatively few wave vectors explored in the
available data prevent an accurate determination of the k
dependence. In any case, 1/~I, is found to be =26 ps
in the wave-vector range where the anomalous dispersion
was reported. Such a short relaxation time is of the same
order of 1/Ap namely, of the initial decay time of the ve-
locity autocorrelation function for the molecular centers
of mass. On the basis of the approximate result (13),
toe(k) can now be expected to be noticeably smaller than
coL(k); indeed, for k=0.425 A ' [where coL(k)=484
ps ] the exact solution of Eq. (12) yields roc(k)=153
ps, which is still much larger than (cok )('=37 ps
As a result, at these wave vectors the effective velocity
Uc(k) can be much higher than its hydrodynamic value
cT =1450 m/s; in particular, for k =0.425 A one finds

UC =2915 m/s, in good agreement with the value =3000
m/s deduced from the data of Ref. [1]. The overall situa-
tion encompassing the available data is summarized in
Fig. 5, which is to be compared with the previous results
reported for the liquid metal (Fig. 3). In water, the pre-
liminary results of a simulation which we performed with
a larger system (500 molecules) appear to indicate a sub-
stantial decrease of Uc(k) at smallest wave vectors
k=0.25 A; this trend is expected, but all the spectral
features in this interesting transition region need to be ex-
plored with a considerably higher accuracy than the one
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FIG. 5. %'ave-vector dependence of the different "velocities"
in liquid water at room temperature. The dashed lines have the
same meaning as in Fig. 3. The asterisks denote the theoretical
values of Uc(k) with the relaxation rates deduced from a fitting
procedure to the F(k, t) data of Ref. [4]; the full straight lines
are a guide for the eye. Symbols: neutron data from Ref. [1]
(triangles) and values deduced from the peaks of C&(k, ~) in the
simulation of Ref. [4] (open circles).

the Einstein frequency probes the derivatives of u(r) eval-
uated at separations r =R =o..

In contrast, in H2O the principal peak of the oxygen-
oxygen pair distribution function is located at a distance
considerably shorter than the Lennard-Jones o. =3.15 A
appropriate for the oxygen atoms [see Fig. 6(b)] [15].
This circumstance is due to the infiuence on goo(r) of the
intermolecular interactions other than the "direct" LJ
one. In particular, in the previous potential models the
effect is due to the electrostatic interactions, whose mag-
nitude is chosen in such a way that the simulation repro-
duces several structural features typical of liquid water,
as the tetrahedral arrangement around a molecule and
the collinear O—H—0 bond. As a result, the position of
the main peak of goo(r) is now such that Qo effectively
probes the derivatives of Uoo(r) for separations distinctly
smaller than 0., i.e., in a range where the LJ potential is
very steep. The consequent high value of the derivatives
leads to the "unusually" large Einstein frequency, and ul-
timately to the striking magnitude of the anomalous
dispersion in liquid water.

of our present data. In this respect, the availability of
new neutron data at wave vectors smaller than the ones
explored in Ref. [1]would also be quite useful.

In conclusion, the peculiar dispersion law of liquid wa-
ter stems from an unusually high value of coL(k) in the
wave-vector region where the fast sound has been ob-
served. In terms of site-site potentials, throughout this k
range col (k) is essentially determined by the oxygen-
oxygen intermolecular interaction, approximated by a
Lennard- Jones potential both in the SPC and in the
TIP4P potential models. In turn, for these wave vectors
the magnitude of col (k) is controlled by the huge values
of the squared Einstein frequency

Qo=(1/M)doo(0)—:(4m/3)(E/Mo )no aoo(0) . (22)

As already remarked, the harsh repulsive part of the LJ
potential provides an important contribution in the in-
crease of the Einstein frequency in water (or even in ar-
gon) with respect to liquid Cs. However, this factor alone
would not be suScient to justify the high value of the
quantity aoo(0) in water. For example, Qo in HzO is a
factor =20 larger than the corresponding quantity in LJ
Ar; taking into account the "trivial" dimensional factor
(E/Mo)ncr we a.re still left with a ratio =10 between
the dimensionless "Einstein frequencies" a (0) in the
two systems (=770 in water and 81.2 in liquid Ar). This
difference cannot be accounted for by the potential shape,
the latter being the same in both cases.

The solution lies in the different ranges of separations
effectively relevant in the two systems. In a simple mona-
tomic liquid like Ar or Cs [Fig. 6(a)] the pair distribution
function g (r) has a main peak at a separation R which is
slightly larger than o. and more or less coincident with
the position of the first minimum of U(r). In such a case,

(b) H~0

FICs. 6. Simulation data for the pair distribution functions:
(a) g(r) in liquid Cs at 308 K (Ref. [8]); (b) goo(r) in water at
310 K (Ref. [13]). The arrows indicate the values of o in the
two systems.
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As a final evidence of the correctness of these argu-
ments, let us consider another molecular liquid, namely,
H2S. In this case the molecular geometry is known to be
rather similar to the one of water. Moreover, for H2S
Forester, McDonald, and Klein [16] have proposed a
convenient site-site potential model whose form is ap-
parently analogous to the TIP4P model for water: elec-
trostatic interactions among four charged sites, plus a LJ
interaction between the sulfur atoms. This intermolecu-
lar potential was adopted in the computer experiment of
Ref. [13] to simulate H2S at a temperature T=208 K.
The data of the velocity autocorrelation function for the
centers of mass indicate that in this case the Einstein fre-
quency is Go=158 ps, much smaller than in water.
Extracting the dimensional factor (E /M cr )n cr, we
deduce that the quantity a" (0) is now 89.4, a figure no-
ticeably smaller than a (0)=770 for water but entirely
consistent with the value 81.2 found for liquid argon.
Since in all three systems the relevant interaction directly
entering Ao is the Lennard-Jones potential, these
differences must be due to the pair distribution functions.
Indeed, it is found [13,16] that in H2S the overall features
of gss(r) are remarkably similar to those of a monatomic
liquid. In particular, the molecules are close packed
(average coordination number = 12) and the main peak is
located at a distance slightly larger than the sulfur o. .

These results are in marked contrast with the situation
found for water, and explain the much lower values
found for 3 and Qo in H2S. Pursuing all the previous ar-
guments, it is now straightforward to predict that any
"anomalous" dispersion effect should be considerably
smaller in H2S than in H20. This is indeed what is found
in a recent simulation work [17], which for the eff'ective
sound velocity Uc(k) reports an increase of =40% with
respect to the isothermal speed of sound cT =1170 m/s,
to be compared with the corresponding =100% increase
found for water.
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