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Length-scale competition for the one-dimensional nonlinear Schrodinger equation
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The effect of spatially periodic on-site potentials on solitons of the (1+1)-dimensional nonlinear
Schrodinger equation depends not only on the amplitude of the perturbation but also on two length
ratios —between the wavelength of the potential and either the spatial width of the soliton or its phase-
modulation wavelength. For solitons which are slowly moving or at rest, only the first ratio is impor-
tant: Solitons which are narrow compared to the wavelength of the potential move like particles in an
effective potential; wide solitons move like "renormalized" particles; and for competing length scales,
solitons are easily destabilized by the perturbation and break up into smaller localized excitations and
radiation. For initially rapidly moving solitions in short-wavelength potentials, a different resonance
effect is described which can inhibit soliton propagation. Away from this resonance the solitons can
move in a "dressed" form radiating very slowly. Furthermore, it is shown numerically that two such
"dressed" solitons reemerge after collision, essentially unchanged. We also comment on the structural
stability of completely integrable dynamics under spatially periodic perturbations. Finally, we remark
on the relevance of our results for the dynamical behavior of large polarons and bipolarons in disordered
ionic lattices.

PACS number(s): 03.40.Kf, 05.45.+b, 71.38.+ i

I. INTRODUCTION

Adding spatial disorder to completely integrable non-
linear dynamics such as the nonlinear Schrodinger (NLS)
equation or the sine-Gordon (sG) equation leads to a
variety of novel effects having practical relevance [1],
e.g. , in materials science and optics. Competition of the
length scales introduced by the perturbation and by the
nonlinearity is one example we have described recently in
the case of the (1+1)-dimensional sG equation [2]. If
these length scales are very different from each other the
perturbed dynamics can support solitonlike or breather-
like excitations. The particlelike motion of these excita-
tions can be described by a collective variable approach
[3—5]. Even within this "effective-particle" approxima-
tion, interesting effects, including so-breather breakup
[6] or NLS-soliton chaos [7], can be understood.

On the other hand, if the length scales are comparable,
coherent excitations break up or dissipate into radiation
even for relatively small strengths of the perturbation.
This behavior has already been reported in the case of the
sG equation [2].

In the present article we argue that breakup of
coherent nonlinear excitations through length-scale com-
petition is a general feature of soliton-bearing nonlinear
dynamics with stationary perturbations. We illustrate
that for the (1+1)-dimensional NLS equation perturbed
parametrically by a spatially periodic potential.

The soliton solutions of the NLS equation possess two
characteristic length scales (related to the amplitude and
to the phase of the soliton) leading to two possible situa-

tions of length-scale competition in the presence of a spa-
tially periodic perturbation. We address these competi-
tions in detail below.

The present article has the following structure. Fol-
lowing this introduction we define and motivate the mod-
el in Sec. II. In Sec. III we investigate the "effective-
particle" limit when the spatial width of a soliton is much
smaller than the wavelength of the perturbing potential.
In Sec. IV we turn to the opposite limit of "renormalized
particles" when the width of the soliton is much larger
than the wavelength of the potential and the solitons ac-
quire a "dressing. " We also address the case of potentials
with several characteristic wave lengths. In Sec. V we
show how the phase modulation of a moving soliton can
give rise to a situation of competing length scales leading
to a breakup of the soliton for certain velocities. In Sec.
VI we investigate a second case of competing length
scales when the width of the soliton and the wavelength
of the potential are comparable. The conclusion and dis-
cussion of related topics are given in Sec. VII.

All numerical results in this article we obtained upon
numerically integrating the integrable spatial discretiza-
tion of the NLS equation, given by Ablowitz and Ladik
[8] (see also [5]), in the continuum limit using a Runge-
Kutta-Verner fifth- and sixth-order method. To damp
away unwanted excitations and radiation, the spatial
domain was divided into a central half supporting the sol-
iton (being at rest or moving), and two quarters at the
boundary where the system was damped with a damping
constant increasing smoothly from zero towards the
boundaries.
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II. THE MODEL

The (1+1)-dimensional NLS equation and the behav-
ior of its solutions under a variety of perturbations are
well investigated [9]. This body of work can be charac-
terized by the kind of perturbation added to the NLS
equation: (i) driving, periodic in space and time, with in-
clusion of damping; (ii) isolated impurities; (iii) spatially
periodic stationary potentials; and (iv) spatially random
stationary potentials. The initial conditions chosen de-
pend on the application in question. One can either look
for modulational instability starting from a homogeneous
initial state, investigate transmission properties using
plane wave solutions entering the nonlinear disordered
region from a linear region without disorder, or start
with soliton solutions of the unperturbed NLS equation
and monitor their behavior under the perturbation.

We are interested in the behavior of coherent excita-
tions under stationary, spatially periodic perturbations.
This is the simplest model of disorder in nonlinear ma-
terials having a wide range of applications. Away from
the perturbative regime knowledge about exact solutions
is very limited. Therefore the usual strategy is to start
with exact solutions of the unperturbed NLS equation
and observe numerically whether and how they adjust to
the perturbation. After different scenarios are identified,
perturbation expansions starting from nontrivial per-
turbed solutions might give some insight into the mecha-
nisms underlying the different scenarios.

One numerical tool is especially useful in this respect:
the inverse scattering transformation (IST) to soliton and
radiation coordinates of the unperturbed NLS equation
for the numerically integrated perturbed problem. This
allows monitoring of how the soliton and radiation con-
tents of the perturbed system change in time under the
influence of the perturbation (for a recent example see
[10]).

Here we investigate a perturbed NLS equation of the
following form:

iP, +g, +2/if =egcos(kx) .

The perturbation introduces a length scale A, =2~/k
which breaks the length-scale invariance of the unper-
turbed NLS equation (@=0). Rescaling spatial and tem-
poral coordinates and the amplitude of the field allows us
to choose the wavelength of the potential as the unit of
length. Therefore only length-scale ratios involving the
period of the potential will be relevant variables.

Neglecting the cubic term in Eq. (1) leads to the corre-
sponding linear problem which is known to have time-
periodic Bloch-wave solutions in terms of Mathieu func-
tions with eigenfrequency co(a. ). The linear spectrum has
gaps at ~=k. At this k value the solutions have the char-
acter of standing waves.

For vanishing perturbation (@=0) the traveling non-
linear wave solutions of Eq. (1) are proportional to the el-
liptic functions cn(u) or dn(u) with u ~ (x —Ut —xo). In
addition to these extended wavelike solutions, localized
soliton solutions are possible,

III. THE "EFFECTIVE-PARTICLE" LIMIT

If the width of a soliton is much smaller than the
period of the perturbing potential (g)) k ) then the soli-
ton is only infiuenced by local properties of the potential,
e.g. , its gradient, its curvature, and so on. If we take into
account only the gradient of the perturbing potential
V(x) then the resulting NLS equation is still completely
integrable [12],

In particular it allows for soliton solutions of the form
given in Eq. (2) with the position q and the phase 4&

fulfilling the following equations of motion:

q= —2@V&, @=—,'q —4g +CAVO . (4)

If the potential is nonlinear then we make a Taylor ex-
pansion around the instantaneous position of the soliton.
We keep only terms linear in (x —q), as higher-order
terms will be proportional to higher powers of the
length-scale ratio k/q, which we assumed to be a small
quantity in this section. This leads to

q
= —2e V'(q),

4= —,'q =4g +@[V(q)—qV'(q)] .

Obviously the position of the soliton does not depend on
its phase. Therefore we will drop the phase 4(t) in our
considerations.

For a general perturbing potential the NLS equation
will no longer be completely integrable. Nevertheless,
the dynamics still possesses two integrals of motion,
namely the energy E and the "norm" N,

We can refine our previous considerations, which led to
an equation of motion for the soliton position q, by using
the collective coordinate ansatz (2) for the solution and
demanding the constancy of energy and norm,

X=4q, E=r)(q ——", r) )+ V,tt(q),

where the effective potential is given by

V,tr(q) =4q Ef sech [2q(x —q)]V(x) .

This leads directly to the following conditions:

eijx/2 —iN

g(x, t) =2ig
cosh[2'(x —q)]

with the soliton position q(t)= 4g—t+qo and its phase
4(t)=4(g —g )t+Co, where /+i' is the complex pole
of the analytically continued transmission coe%cient cor-
responding to a single soliton (see for example [11]).

For small values of e we expect solutions to exist which
resemble the unperturbed solitons with spatial modula-
tions due to the perturbation. That this picture is essen-
tially correct, apart from certain resonances, will be
shown in the following sections.
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~ = 1

In particular we find for V(x) =cos(kx),

ok~
V,s(q) = . cos(kq) .

sinh km. /4q
(10)
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From this we derive the equation of motion for the soli-
ton position,

ek ~
q = . sin(kq) .

2g sinh(k~/4g)

Comparing this expression with the equation of motion
for q derived earlier [see Eq. (5)], we observe the infiuence
of the length-scale ratio k/g. If the soliton is very nar-
row compared to the wavelength of the potential

(k/g « 1) then we recover the previous result. Numeri-
cal evidence shows that Eq. (11) is still useful even for
k /g = —,', when the approximation (5) is no longer
sufficient. Figure 1 gives an example for a soliton moving
in a long-wavelength cosine potential and compares its
motion with the prediction of the effective particle dy-
namics. Note the excellent agreement.

The opposite limit (k /g ))1) is also notable. Al-
though the soliton ansatz (2) is no longer justified the
effective potential V,s(q) given in (10) is exponentially
small in the length-scale ratio. Indeed, as we will see in
the next section, when the coherent excitation covers
many periods of the perturbing potential the inhuence of
the potential on the center-of-mass motion of the excita-
tion is exponentially small in the length-scale ratio.

So far we have neglected changes of the soliton shape
and radiative efFects completely. Shape changes become
important in the following sections and will be discussed
there. For sufficiently small perturbations radiative
effects can be made arbitrarily small even on the long
time scale which is needed to reveal the effects of the po-
tential on the center-of-mass motion of the soliton. The
tool of inverse scattering perturbation theory [13,14] can
be used to calculate radiative effects perturbatively.
Work is in progress to combine this well-established tech-
nique with the adiabatic "efFective-particle" approxima-
tion discussed above.

Two cases are accessible to analytical treatment:
When the soliton emits radiation without interacting
with it (see for example [15]), or when the soliton traps
the radiation in the form of a shape modulation of
sufficiently simple form. We address the second case in
the next two sections.

Numerical IST gives information about the soliton and
radiation content in the system. Alone it does not allow
us, however, to distinguish free radiation from virtual ra-
diation trapped as shape modes in the case of a nonin-
tegrably perturbed dynamics. IST together with direct
inspection of the field P(x, t) is necessary for a complete
analysis in such cases.

IV. THE "RKNQRMALIZKD PARTICLE" LIMIT

I

0.0
(t)

128.0

FIG. 1. The particle limit. Parameters: e= —0.01 A. =256.
Initial values: q =0, g=0.05. Integration time: T =3000. (a)
The behavior of the full NLS equation (1) (dashed line: perturb-
ing cosine potential). (b) The position of the NLS soliton (solid
line) compared with the position of the eA'ective-particle dynam-
ics (11) (crosses).

Now we turn to the opposite limit (g «k) when the
width of the soliton is much larger than the period or the
characteristic length scale of the perturbing potential.
Taking the soliton given in Eq. (2) as an initial condition,
we observe that the effective potential it experiences ini-
tially in the presence of a perturbation cos(kx) is given by
Eq. (10). This effective potential is exponentially small
for k/q&)1. The initial energy of the soliton depends
only very weakly on the perturbing potential because the
soliton "smooths over" the short-wavelength perturba-
tion. Nevertheless, the potential will affect the coherent
excitation locally and change its shape in the course of
time. Numerical evidence shows that the soliton is
influenced by the perturbation on two different time
scales. An initial adjustment happens nearly instantane-
ously leading to a burst of radiation emitted by the soli-
ton. An immediate effect of this is that the soliton shape
shows a modulation with the wavelength of the perturba-



1378 RAINER SCHARF AND A. R. BISHOP 47

tion. Then, on a much longer time scale, the soliton con-
tinues to radiate with much smaller power compared to
the initial burst.

As the two length scales involved are very diferent the
dynamical equations can be solved approximately using a
separation of length scales. We separate the "dressed sol-
iton" solution of Eq. (1) into two parts,

P(x, t) =4'(x, t)j'1+y(kx)] .

The first ("slow" ) part + turns out to be the unperturbed
soliton (2) fulfilling the homogeneous NLS equation
(e=0). The second ("fast") part gives the effect of the
perturbation e cos(kx) on the short length scale.

If we put the ansatz (12) into Eq. (1) and average over
the fast variables we find for the slow part of the dynam-
ics, up to O(e)(

i+, +q ..+2+IvI'=0,

x= cos(kx) ij sin(kx)
k —

q k(k —j )

This gives [up to 0 ( e )]

(15)

(16)

which is the unperturbed NLS equation with the soliton
solution given in Eq. (2). The fast part of the dynamics
fulfills, up to O(e),

g „q!+2g„'I!„+2(y+g)iI!~%~ =4 cos(kx),

where y denotes the complex conjugate of y. In this
equation we treat %(x, t) as an adiabatic perturbation in
the spatial variable leading to y of the form rupon
neglecting terms of O(k )]
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FIG. 2. The renormalized particle limit. Parameters:
e= —0. 1, A, =8. Initial value: g =0.05. Integration time:
T=200. (a) Soliton at rest: q =0. (b) Slowly moving soliton:
j= —0.2.

FIG. 3. The renormalized particle limit. Parameter:
e= —0.01. Initial values: q=0.05, q =0. Potential of the form
V(x) =cos{2~xlk, )+r cos(2vrx IA2) with 1,

&
=256 and A,&=8.

Integration time: T= 3000. (a) r =1. (b) r =4. Compare with
Fig. 1.
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The result (16) shows that for slow solitons (~q ~
& k)

the spatial modulations of ~f~ are out of phase with the
perturbing cosine potential by m: local maxima of the
shape modulations of the soliton fall into minima of the
potential. This is what one would expect for the case of a
soliton at rest: excitation and weight of the field will
move away from the maxima of the potential and con-
dense around its minima. Equation (16) predicts that a
similar result holds for sufficiently slow solitons as well.
Figure 2 gives examples for solitonlike excitations at rest
or slowly moving in a cosine potential, which are in
agreement with our theoretical prediction. Note that
~q ~

& k is fulfilled in both cases.
In Sec. V we will also address the large velocity case

and the transition region between small and large veloci-
ty, giving rise to an unexpected additional length-scale
competition which destabilizes coherent excitations.

If the soliton with shape parameter g moves in a poten-
tial with several widely differing characteristic length

scales, like V(x) =cos(k, x )+r cos(k2x ) with

k, « g « k2, then the soliton experiences the two
Fourier components of the potential very differently and
independently. The kI component alone gives rise to a
long-wavelength modulation in which the soliton will
move like a particle. The k2 component alone on the
other hand will result in a small-wavelength modulation,
which the soliton will average over and move in like a
dressed particle. Both modulations taken together will
lead to a dressed particle moving in an effective long-
wavelength potential. Figure 3 gives an illustration of
this behavior. Note that the dressed soliton is accelerat-
ed in the effective potential but its maximum velocity is
sufficiently small to guarantee

~ q ~
& k2. The long-

wavelength component of the potential in Fig. 3 has the
same amplitude as in Fig. 1 leading to a center-of-mass
motion for the dressed soliton which is nearly indistin-
guishable from the bare soliton motion in Fig. 1. The
short-wavelength component is averaged over even if it
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FIG. 4. Collision of two dressed solitons. Parameters: e= —0.05, k=8. Soliton parameters. gl=g2=0. 05. (a) ql = —q2= —0.2,
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comparison.
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has an amplitude which is much larger than the ampli-
tude of the long-wavelength component.

Another particlelike aspect of the dressed solitons is
worth mentioning. Two dressed solitons moving in a per-
turbing short-wavelength potential can collide and re-
emerge after collision essentially unchanged like unper-
turbed solitons of the NLS equation. This is illustrated in
Fig. 4 on which we will comment later.

The shape modulation of the dressed solitons can be
analyzed in terms of radiation with wavelength A, =2m/k
being trapped on the soliton. To understand why this ex-
citation is trapped on the soliton, assume it would be able
to propagate away from it. If the amplitude of the radia-
tion is small then we can neglect the nonlinear term in
the perturbed NLS equation. The radiation has a wave-
length coinciding with the wavelength of the potential.
In this case only standing-wave solutions exist for the
linear Schrodinger equation and free propagation is not
possible. Excitations of this wavelength, which occur
naturally as shape modes of solitons in spatially periodic

potentials, are therefore trapped on the solitons and are
forced to move with them.

V. THE PHASE —LENGTH-SCALE COMPETITION

In Sec. IV, where we discussed the renormalized parti-
cle limit, we restricted the velocity of the soliton to
sufficiently small values. Now we make more precise
what "sufficiently small" means. Equation (15), giving
the shape modulation of the soliton in the presence of a
short-wavelength perturbation, is valid not only for
!q!&(k, but as long as !q —k ! ))g. Now we turn to
the case!q!) k and find from Eq. (16) that the spatial
modulation of!P! is in phase with the perturbing poten-
tial.

Equations (15) and (16) already indicated where the
crossover to the large velocity behavior occurs, namely at
!q!=k. Here the sign of the shape modulation changes.
In addition at this point the perturbative result suffers
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from a singularity which signals the breakdown of the
perturbation expansion. The competition between the
wavelength of the perturbation and the wavelength of the
phase modulation leads to a resonance which breaks up
coherent excitations already for very small amplitude of
the perturbation. This is illustrated in Fig. 5 together
with the small and large velocity dressed soliton cases.
Exactly at the resonance ( ~q ~

=k ) something interesting
happens. The soliton breaks up into a standing wave
train with A, =k which switches back and forth between
being in phase and out of phase with the potential.

Staying well away from this resonance, either above
( ~ q ~

) k ) or below (
~ q ~

& k ), guarantees stable propaga-
tion of coherent excitation. These dressed solitons are
quite robust and behave like bare solitons in many
respects, for example upon collision. Coming back to
Fig. 4 we see this in the case of two slow solitons
( Iq, I, Iq2 I

& k ), two fast solitons ( ~q, ~, ~qz ~

) k ), as well as
for the case of a fast soliton colliding with a slow soliton
( ~q, ~

& k & ~qz ~
). Comparing the latter case with the col-

lision of two bare soliton solutions of the unperturbed
NLS equation reveals striking similarities (spatial shifts
of the solitons resulting from the collision, strong modu-
lations during the collision, etc.).

We collect our results in Fig. 6 for fixed k and variable
soliton velocity v =j showing the norm N of the excita-
tion after 10000 time steps and the exponential decay
rate a of the norm (after damping away radiation and
other excitations traveling with velocities different from
the soliton velocity), both giving information about the
stability of the excitation. As can be seen from Fig. 6 the
solitons are most unstable for ~q~ =k and ~qj =2k; but
only in the former case is a resonance observed as de-
scribed in Eq. (15). The difference between these two
cases is also illustrated in Fig. 5. For ~q ~

=2k the soliton
decays by spreading very slowly without apparent reso-
nant behavior.

VI. THE AMPLITUDE —LENGTH-SCALE
COMPETITION

] pp (a}
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FIG. 6. Phase resonance and soliton stability. Parameters:
e= —0. 1, A, =8, g=0.05 (dashed line and squares); e= —0.025,
A, =16, g=0.025 (solid line and triangles). Integration time
T= 10000. {a) Norm ratio N( T)/N(0). (b) Exponential decay
rate ~ of the norm.

If the width of the coherent excitation is comparable to
the period of the perturbing potential (g=k ) then nei-
ther the particle picture nor the renormalized particle
picture can describe the outcome appropriately. That
both approximation schemes fail has a deeper reason.
The competition of length scales leads to complicated be-
havior in space and time which involves many degrees of
freedom. There no longer exists a small number of col-
lective degrees of freedom which allows a description of
the essential features of the dynamics. As all approxima-
tion techniques fail badly we have to resort to numerical
techniques to determine the parameter range in which
length-scale competition leads to breakup of coherent ex-
citations.

In Fig. 7 we illustrate the length-scale competition in
question for a soliton with initial velocity ~q ~

well below
the resonance at k for potentials with widely different k
values but fixed amplitudes. Upon varying the wave-
length of the potential from A, « 1/g through A, = 1/g to
k )& 1/g, we observe smoothing over the potential,
breakup of the soliton and trapping in the potential, and
particlelike motion in the long-wavelength potential, re-
spectively. For the long-wavelength case see Fig. 1,
where the potential has the same amplitude as in Fig. 7.
As our numerical studies indicate for stronger perturba-
tions the most robust excitation is the dressed soliton
(A, «1/g), whereas the effective particle soliton
(A, ))1/q) very quickly begins to show dispersion in-

duced by the curvature of the potential for the relatively
large perturbation amplitude used in this case.

We collect our numerical results for solitons with ini-
tial velocity ~q~ well above the resonance at k in Fig. 8.
It shows the effect of cosine potentials with a wide range
of wavelengths on a fast moving soliton for large times.
As long as the initial condition is well separated from the
parameter region of competing length scales (rj=k ) the
soliton can propagate in particlelike fashion for relatively
1arge perturbations.

If the perturbation has several characteristic wave-
lengths, then only the ones comparable to the width of
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(c) the soliton are important and need to have small ampli-
tude if they are not to destroy the particlelike behavior of
the soliton.
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VII. CONCLUSION

In summary, we have seen that the perturbed NLS
equation can support solitonlike excitations as long as
their two characteristic length scales are very different
from the typical length scale of the perturbing potential.
These excitations have either the shape of unperturbed
solitons and move like particles in a long-wavelength
effective potential, or their shape is strongly modulated
by a short-wavelength potential and they move like re-
normalized particles.

We identified two different situations of competing
length scales when the simple picture leading to a collec-
tive variable description fails: phase —length-scale com-
petition and amplitude —length-scale competition. In
both cases a large number of degrees of freedom is in-
volved in the dynamics and a simple collective variable



47 LENGTH-SCALE COMPETITION FOR THE ONE-DIMENSIONAL. . . 1383

description seems no longer feasible. In these cases a
small perturbation already can lead to a breakup of the
coherent excitation, generating radiation as well as
trapped smaller excitations.

Multicolor perturbing potentials of sufficiently small
amplitude and with small or vanishing Fourier com-
ponents at the wavelengths leading to a length-scale com-
petition allow for long-lived solitonlike coherent excita-
tions. The dynamics of these dressed solitons can be de-
scribed by a collective variable approach similar to the
one given above.

The nearly elastic collision of two dressed solitons
shows that, apart from situations of competing length
scales, those features of the NLS equation which are usu-
ally connected to its complete integrability are relatively
stable under a large class of spatially periodic or quasi-
periodic perturbations which break the complete integra-
bility. This "structural stability" of the NLS equation ex-
plains its relevance for many physical systems (e.g. , opti-
cal fibers, plasmas) where perturbation of the completely
integrable NLS equation is not necessarily small. It is not
the complete integrability of the NLS equation which
seems to be important for this structural stability. We
have, for example, demonstrated [7] that already a cosine
perturbation such as in Eq. (1) can lead to soliton chaos
in the two-soliton long-wavelength case, emphasizing the
nonintegrability under this perturbation. Nevertheless, a
collective variable description is still possible in this case.

The relevant feature for the structural stability of the
NLS equation seems to be the property of the perturbed
NLS equation (1) that for certain classes of initial condi-
tions a collective variable description is still possible.
This in turn leads to a dynamics governed by a few de-
grees of freedom which slave all the other degrees of free-
dom. In general this dynamics will not be integrable [7].
The stability under the parametric perturbations we have
studied is more robust than in comparable studies of ad-
ditive perturbations, where additional degrees of freedom
are more easily excited [16].

Our results indicate that, for a given correlation length
of the disorder present in a nonlinear system, spatially ex-
tended coherent excitations are much more stable than

excitation with a width comparable to the correlation
length. Correspondingly, in the case of a lattice we ex-
pect that nonlinear excitations extending over many lat-
tice spacings are more stable than excitations extending
only over a few lattice sites. The former can more
effectively average out impurities and modulations on the
scale of a few lattice spacings than the latter.

In the case of polarons the charge of an electron added
to an ionic crystal leads to a lattice distortion giving rise
to an effective (nonlinear) self-interaction of the excess
charge. Polarons (and bipolarons for pairs of electrons)
are the resulting coherent nonlinear excitations [17].
They can extend over a few lattice spacings distorting the
lattice strongly (small polaron) or over many lattice spac-
ings with a milder lattice distortion (large polaron). In
disordered ionic lattices large polarons are therefore ex-
pected to smooth out the disorder and propagate long
distances before they are scattered. In contrast, small po-
larons are much more strongly affected by disorder.
They are expected to be scattered more often and to be
trapped even by local impurities.

Finally we want to indicate two directions for future
research. First, one should extend the class of perturba-
tions to spatially random disorder. A collective variable
approach combined with inverse-scattering perturbation
theory should give information about the radiation gen-
erated in these potentials. Second, one should apply the
collective variable approach to higher-dimensional
perturbed-field equations. The behavior of single excita-
tions is expected to be much richer in two or more spatial
dimensions. Furthermore there is the possibility for hav-

ing a larger class of qualitatively different excitations.
Work on these questions is in progress.

ACKNOWLEDGMENTS

We acknowledge support for this work by the U.S.
Department of Energy. We would like to thank Ed.
Overman for making his inverse-scattering-transform
code available to us, and Yuri Kivshar and Angel
Sanchez for help and advice.

Present address: Institut Fiir Theoretische Physik,
Universitat Hannover, D-3000 Hannover 1, Federal
Republic of Germany.

[1]Disorder and Nonlinearity, edited by A. R. Bishop, D. K.
Campbell, and St. Pnevmatikos, Springer Proceedings in
Physics Vol. 39 (Springer-Verlag, Berlin, 1989);Nonlinear-
ity with Disorder, edited by F. Kh. Abdullaev, A. R.
Bishop, and St. Pnevmatikos, Springer Proceedings in
Physics Vol. 67 (Springer-Verlag, Berlin, 1992).

[2] A. Sanchez, R. Scharf, L. Vazquez, and A. R. Bishop,
Phys. Rev. A 45, 6031 (1992).

[3] G. Pelletier, M. Goldman, H. T. Moon, and W.
Merryfield, Physica D 18, 154 (1986).

[4] R. Boesch and C. Willis, Phys. Rep. (to be published).
[5] R. Scharf and A. R. Bishop, Phys. Rev. A 43, 6535 (1991).
[6] R. Scharf, Yu. S. Kivshar, A. Sanchez, and A. R. Bishop,

Phys. Rev. A 45, 5369 (1992).
[7] R. Scharf and A. R. Bishop, Phys. Rev. A 46, 2973 (1992).

[8] M. J. Ablowitz and J. F. Ladik, J. Math. Phys. 17, 1011
(1976).

[9] Yu. S. Kivshar and B. A. Malomed, Rev. Mod. Phys. 61,
763 (1989).

[10]M. G. Forest, C. G. Goedde, and A. Sinha, Phys. Rev.
Lett. 68, 2722 (1992).

[1lj R. K. Dodd, J. C. Eilbeck, J. D. Gibbon, and H. C.
Morris, Solitons and Nonlinear 8'aues (Academic, New
York, 1982).

[12] H.-H. Chen and C.-S. Liu, Phys. Rev. Lett. 37, 693 (1976).
[13]D. J. Kaup and A. C. Newell, Proc. R. Soc. London, Ser.

A 361, 413 (1978).
[14] V. I. Karpman, Phys. Scr. 20, 462 (1979).
[15]Yu. S. Kivshar, S. A. Gredeskul, A Sanchez, and L.

Vazquez, Phys. Rev. Lett. 64, 1693 (1990).
[16]For example, articles in Physica D 23 (1986).
[17]D. Emin and T. Holstein, Phys. Rev. Lett. 36, 323 (1976).


