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Transition from alternating stripes to alternating labyrinths in oscillatory media
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Alternating (temporally period-2) stripes and labyrinths have been observed in media of chemical and bio-
chemical reactions; however, the mechanisms underlying the formation of these spatiotemporal patterns remain
unclear. Here, we conduct computer simulation using a modified model of Belousov−Zhabotinsky reaction
that incorporates a global feedback loop with a spatial strength profile of Gaussian distribution. The simulation
results demonstrate that the transition from alternating stripes to alternating labyrinths occurs when the feedback
is negative with a certain width of the Gaussian function. We add the same Gaussian-weighted feedback loop to
an amplitude equation to describe the amplitude dynamics of the period-2 oscillation and show that the pattern
dynamics of the Belousov−Zhabotinsky reaction can be well captured by this amplitude equation. Analyses
of the amplitude equation demonstrate that the transition from stripes to labyrinths arises from the transverse
instabilities of bistable fronts caused by the Gaussian-weighted negative global feedback.
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Pattern formation is a fundamental process in natural and
engineered systems [1,2]. In chemical and biological systems,
steady-state patterns including stripes, spots, and labyrinths
are widely observed, and Turing instability is known as a
major underlying mechanism [3–6]. In oscillatory media, os-
cillatory patterns or more complex spatiotemporal patterns
have been widely demonstrated [6–8]. One type of oscillatory
pattern is oscillatory clusters or clustered standing waves ob-
served in chemical reactions [9–14]. These oscillatory clusters
exhibit temporally period-2 and spatially antiphase in neigh-
boring regions, such as alternating stripes in two-dimensional
(2D) media [Fig. 1(a)] [12]. Examples of this type of alter-
nating patterns in biological systems are spatially discordant
calcium alternans in cardiac myocytes and spatially discordant
action potential duration alternans in cardiac tissue [15–18],
both of which can cause lethal arrhythmias [19,20], and pole-
to-pole oscillations of the Min proteins to ensure fidelity of
cell division in Escherichia coli (E. coli) [21–24]. In addi-
tion to alternating stripes, alternating labyrinths [Fig. 1(b)]
have also been observed in Belousov−Zhabotinsky (BZ) re-
actions [6,8,25] and in an in vitro E. coli system [26]. The
alternating stripes [Fig. 1(a)] observed in chemical reaction
experiments are caused by a uniform global feedback loop
added externally to the experimental systems [10–12], which
is also demonstrated in computer simulations of reaction-
diffusion models with global feedback [10,12–14] or global
coupling [9]. However, in either the chemical reaction ex-
periments [10–12] or the computer models [9,10,12–14], no
alternating labyrinths were observed, indicating that although
the uniform global feedback loop can give rise to alternating
stripes and clusters, a new mechanism for the occurrence of
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the labyrinths must exist. Furthermore, no computer mod-
els have been developed to unravel the mechanism for the
formation of the alternating labyrinths. In this letter, we
first carry out computer simulation of a modified BZ reac-
tion model to demonstrate the transitions from alternating
stripes to labyrinths. We then employ an amplitude equation
approach to perform analytical treatments to reveal the under-
lying mechanisms.

The BZ reaction model with uniform global feedback was
used previously to simulate alternating stripes [10,13]. Here,
we add to this model a nonuniform global feedback loop
with the feedback strength described by a Gaussian-weighted
spatial average of a reactant. The partial differential equations
of the modified BZ reaction are as follows:

∂X

∂t
= −k2X + k3A

k2X + k3A

[
qk7k8BZ

k8 + k−7h0(C − Z )
+ k9B + γ (Z̄−Zt )

+ ε(Z̄g − Zt )

]
−2k4X 2 + k5h0AX − k−5U

2 + DX ∇2X

(1)
∂Z

∂t
=k6U (C−Z )−k−6XZ − k7k8BZ

k8 + k−7h0(C − Z )
+ DZ∇2Z

(2)

where X and Z are the reactants, and U is a function of X
and Z. γ (Z̄ − Zt ) is the uniform global feedback term with
Z̄ being the spatial average of Z and Zt = 0.0005. ε(Z̄g − Zt )
is the nonuniform global feedback term with Z̄g a Gaussian-
weighted spatial average of Z, i.e.,

Z̄g(x, y, t ) = 1

N2πσ 2

∫∫ L
2 −x, L

2 −y

− L
2 −x, − L

2 −y
Z (x′, y′, t )

× e−[(x′−x)2+(y′−y)2]/2σ 2
dx′dy′ (3)
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FIG. 1. Alternating stripes and labyrinths in experimental sys-
tems. (a) Alternating stripes in catalytic CO oxidation on a platinum
surface, adapted from Kim et al. [12]. The left two panels are snap-
shots of opposite phases (at 15.4 s and 19.2 s) and the right panel is
a line scan (space-time plot) from the marked line (from a to b). (b)
Alternating labyrinths of bacterial proteins in an in vitro system of
MinD and MinE, adapted from Kretschmer et al. [26]. The left two
panels are snapshots of MinD and MinE. The right two panels are
line scans from the corresponding regions marked by the open bars
on the left panels.

In Eq. (3), N is the normalization constant, x and y are the
spatial coordinates, and L is the dimension of the 2D medium.
A periodic boundary condition is used. The parameters are
the same as in Refs. [10,13] except that we set γ = 1 and
ε = −0.01. We vary σ to generate different patterns. The
rationale for using the Gaussian-weighted feedback term is
that in chemical or biochemical reactions, reactants diffuse in
space, and thus the feedback loops are neither localized nor
uniformly global but in-between. A Gaussian distribution is
a proper description of the diffusion process, and the width
(σ ) of the Gaussian function represents the diffusion speed.
The feedback is completely local when σ = 0 and uniformly
global when σ → ∞. In numerical simulations, the differen-
tial equations are discretized with �x = �y = 0.02 mm and
�t = 0.001 s. Computer simulations show that when σ is
large (including σ → ∞, i.e., the uniform global feedback),
only alternating stripes are observed [Fig. 2(a)], but when σ

is in the intermediate range, alternating labyrinths [Fig. 2(b)]
are observed, which are similar to those observed in experi-
ments [Fig. 1(b)]. In other words, this new BZ reaction model
shows that a transition from alternating stripes to alternating
labyrinths occurs when the global feedback changes from
uniform to nonuniform, or when the width (σ ) of the Gaussian
function reduces to a certain value.

Owing to the complexity of the BZ reaction model, ana-
lytical treatments to reveal the underlying mechanism of the
transition become nontrivial. To perform stability or bifur-
cation analyses for mechanistic understanding, we employ
an amplitude equation approach that allows us to perform
theoretical analyses. We previously used amplitude equation
to investigate the spatiotemporal dynamics of cardiac alter-
nans [27,28], and here we modify the amplitude equation by

FIG. 2. Alternating patterns in a 2D model of BZ reaction. (a)
Alternating stripes. σ = 4 mm. Left: Snapshots of reactant Z taken at
two time points of opposite phases. Right: Line scan from a vertical
line marked by the open bar. (b) Alternating labyrinths. σ = 0.24
mm. Left two panels: Snapshots of reactants Z and X. Right two
panels: Line scans of the two reactants from the open bars marked
in the left panels. Medium size is 8 × 8 mm2.

adding a Gaussian-weighted global feedback term, i.e.,

∂a

∂t
= αa − βa3 + ∇2a + εāg (4)

where a is the amplitude of alternating (period-2) state, and āg

is the Gaussian-weighted spatial average of a defined the same
way as in Eq. (3) (replacing Z with a in Eq. (3)). In numerical
simulations, Eq. (4) is discretized with �x = �y = 1 and
�t = 0.01, and we set α = 0.5, β = 0.0001, and ε = −0.1 as
default parameters unless stated explicitly. A periodic bound-
ary condition is used. An amplitude equation was first derived
by Echebarria and Karma [29] to describe the dynamics of
spatially discordant action potential duration alternans during
cardiac conduction in a one-dimensional (1D) cable. Their
amplitude equation is simply Eq. (4) plus a convection term
accounting for conduction but without the feedback term.
a in Eq. (4) is defined as [left panel in Fig. 3(a)]: an =
(−1)n(An − An−1)/2. In cardiac systems, An is either action
potential duration or calcium amplitude [15,27–30], here it
can be considered as the amplitude of X or Z in the BZ reac-
tion. Assuming t = nT as a continuous variable, one converts
the discretized time series an to a continuous time series a(t ).
With these operations, one transforms an alternating pattern
into a stable steady-state pattern [right two panels in Fig. 3(a)]
and obtains the amplitude equation [29]. With the presence of
the Gaussian-weighted feedback, Eq. (4) can exhibit interest-
ing pattern dynamics, such as the transition from stripes to
labyrinths.

Using numerical simulations of Eq. (4), we find that for a
given ε, labyrinths occur when σ is in the intermediate range
[Fig. 3(b)]. When σ is either large or small, we do not observe
labyrinths but stripes. These patterning behaviors are the same
as those in the BZ reaction model [Fig. 3(c)], indicating that
Eq. (4) can well capture the pattern dynamics of the modified
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FIG. 3. Pattern dynamics in the amplitude equation and the BZ
reaction-diffusion model. (a) Left panel: Schematic plot defining the
amplitude of a period-2 (alternating) state. An is the peak value of
the nth cycle, and an is defined as the amplitude of the alternating
state. T is the period. Right two panels: Schematic plots showing
the conversion of an alternating pattern to a stable amplitude pattern.
(b) Stable patterns from the amplitude equation for different σ . (c)
Snapshots of Z (x, y) from the oscillating BZ reaction for different σ

taken at the end of each simulation. Parameters are the same as in
Fig. 2(b).

BZ reaction model in the alternating (temporally period-2)
regime.

Compared to the BZ reaction model Eqs. (1)–(3), the ad-
vantage of the amplitude equation Eq. (4) is that in addition
to being computationally much easier, one can perform sta-
bility analyses to understand the mechanisms of alternating
pattern formation, particularly the transition from alternating
stripes to alternating labyrinths. We first analyze the stability
of the uniform steady-state solutions and then the nonuniform
steady-state (front) solutions.

For a uniform state, the feedback term in Eq. (4) be-
comes trivial, i.e., āg = a, and thus Eq. (4) exhibits the
following uniform steady-state solutions: as = 0 and as =
±√

(α + ε)/β. For simplicity, we first consider the stabil-
ity of the uniform steady-state solutions in a 1D medium.
For a 1D medium, the Gaussian feedback term has the fol-

lowing form: āg(x, t ) = 1
N

√
2πσ

∫ L
2 −x

− L
2 −x

a(x′, t )e−(x′−x)2
/2σ 2

dx′.
Linearizing Eq. (4) around the steady-state solution, i.e., ex-
pressing a(x, t ) = as + ξeλt+ikx with ξ being the amplitude
of the small perturbation, the Gaussian feedback term then
becomes:

āg(x, t ) = 1

N
√

2πσ

∫ L
2 −x

− L
2 −x

(as + ξeλt+ikx′
)e−(x′−x)2

/2σ 2
dx′

(5)

For an arbitrary size L, the integral in Eq. (5) cannot be
explicitly solved. When the 1D medium is infinitely large,
i.e., L → ∞ (or practically L � σ ), Eq. (5) can be explicitly

solved, giving rise to āg(x, t ) = as + ξe− σ2k2

2 eλt+ikx. Inserting
the linearized a(x, t ) and āg(x, t ) into Eq. (4), one obtains the
eigenvalue λ as a function of wave number k for the zero
steady-state solution (as = 0) as

λk = α − k2 + εe− σ2k2

2 (6)

When ε = 0, there are always unstable modes when α > 0
since λk decreases with k monotonically. When ε < 0, λk be-
comes a nonmonotonic function of k [Fig. 4(a)]. From Eq. (6),
one obtains the k value at the maximum of λk , i.e., kmax =√

−2
σ 2 ln −2

εσ 2 . Inserting k = kmax into Eq. (6) and setting λk = 0,

one obtains the stability boundary as α = 2
σ 2 (1−ln −2

εσ 2 ) or ε =
−2
σ 2 e( ασ2

2 −1). We plot this boundary for α = 0.5 in Fig. 4(b) (the
green curve). The zero steady-state solution is unstable above
this boundary. Once this steady state is unstable, nonuni-
form solutions emerge in the system [27,28]. In other words,
nonuniform solutions exist above the green curve. Note that in
this symmetric bistable system, a nonuniform solution is just
a front solution with zero speed (see below).

Following the same approach, for the nonzero uniform
steady-state solutions (as = ±√

(α + ε)/β), the eigenvalue is

λk = −2α − 3ε − k2 + εe− σ2k2

2 (7)

Similar to the case of the zero steady-state solution, by
inserting k = kmax into Eq. (7) and setting λk = 0, one obtains
the stability boundary as: α = − 3

2ε− 1
σ 2 (1−ln −2

εσ 2 ). We plot
this boundary for α = 0.5 in Fig. 4(b) (the red curve). The
nonzero uniform steady-state solutions are unstable below this
boundary.

For the stability of the uniform steady-state solutions in a
2D medium, one simply replaces k2 by k2

x + k2
y in Eqs. (6)

and (7) to take into account the Fourier modes in both di-
rections. However, the stability boundaries are the same as
predicted by Eq. (6) or Eq. (7) for the 1D medium.

Therefore, from this simple stability analysis, one can pre-
dict that nonuniform solutions exist above the green curve
in Fig. 4(b) since the uniform steady-state solution as = 0
is unstable. Above the red curve, nonuniform solutions and
the uniform steady-state solution coexist since the uniform
steady-state solution as = ±√

(α + ε)/β is stable in this re-
gion. Note that in the case of Fig. 3(b), since ε = −0.1 is
above the red curve and thus the uniform pattern is stable for
all σ . We did not show the uniform patterns in Fig. 3(b). The
region right to the green curve and below the red curve only
exhibits nonuniform solutions since both the zero and nonzero
uniform steady-state solutions are unstable.

Now the question is whether the nonuniform (front) so-
lutions (stripes) in a 2D medium are stable or not. Due to
the presence of the feedback term, nonuniform solutions can-
not be obtained analytically, unless under certain limits. For
example, when σ → ∞, the Gaussian function approaches
zero and then āg = 0. Under this condition, a front solution
can be obtained (for L → ∞ and open boundary condition)

as [2,27,28,31]: as(x) =
√

α
β

tanh(
√

α
2 x). When σ → 0, one
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FIG. 4. Front instability in 2D media. (a) λ versus k for the zero steady-state solution (Eq. (6)) for different σ as marked. α = 0.2 and
ε = −0.4. (b) Stability boundaries in σ -ε plane. Green line is the stability boundary for as = 0 and red line for as = ±√

(α + ε)/β. The cyan
region is where the single-stripe front solutions are transversely unstable. The upper boundary was determined by calculating the Lyapunov
exponent using Eq. (9). Blue circles on the upper boundary mark the boundary determined from direct 2D simulations [examples shown in
(e)]. The lower boundary was determined (blue line) by the stability of the single-stripe solutions in the 1D medium using Eq. (4), or the
single-stripe solutions are longitudinally unstable below the blue line. (c) λ vs k calculated using Eq. (9) for the single-stripe front solution for
different σ values. (d) ξ (x, t ) at different time points for the case of σ = 50. (e) Snapshots of a in a 400 × 400 medium at different time points
and σ values as marked. The initial condition (t = 0) is a single-stripe front solution (pattern in the first column). A small random perturbation
is given at t = 1000.

can treat the Gaussian function as a δ-function and then
āg = a. Under this condition, a front solution can be obtained

as: as(x) =
√

α+ε
β

tanh(
√

α+ε
2 x). Nonetheless, we obtain as(x)

numerically using the 1D medium for a given σ . Without the
feedback term in Eq. (4), the stability of the front solutions is
neutral. As shown in our previous studies [28,30], a negative
global feedback loop can stabilize the front solutions.

To investigate the stability of a front solution (stripes) in a
2D medium, we add a perturbation to the solution as follows:

a(x, y, t ) = as(x) + ξ (x, t )eiky (8)

Inserting Eq. (8) into Eq. (4), one obtains the following
equation for ξ (x, t ):

∂ξ (x, t )

∂t
= {α − 3β[as(x)]2}ξ (x, t ) + ∂2ξ (x, t )

∂x2
− k2ξ (x, t )

+ εe
−σ2k2

2

∫ L
2 −x

− L
2 −x

ξ (x′, t )

N
√

2πσ
e−(x′−x)2

/2σ 2
dx′ (9)

Once as(x) is determined, we examine its stability by cal-
culating the maximum Lyapunov exponent using the formula:
λ = lim

t→∞
1
t ln ‖ξ (x,t )‖

‖ξ (x,0)‖ with ξ (x, t ) numerically solved using

Eq. (9). For a given k, one can obtain a λ, and thus obtain the

curve of λ versus k. Figure 4(c) shows λ versus k for different
σ values for a single-stripe solution [see the pattern in the
first column in Fig. 4(e)], which is a double-front solution
under periodic boundary condition. For both small and large
σ , λ < 0 for any k, indicating that the stripe is stable in the 2D
medium [also see the 2D examples (σ = 10 and σ = 200) in
Fig. 4(e)]. For intermediate σ , λ can be positive for certain k
values, indicating that the stripe is unstable in the 2D medium
[also see the 2D examples (σ = 20 and σ = 50) in Fig. 4(e)].
Fig. 4(d) shows ξ (x, t ) at 4 time points for the case of σ = 50
for which the stripe is unstable. ξ (x) grows at the front regions
but shrinks at other regions, indicating that the transverse
instabilities occur at the front regions.

To investigate how the transverse instability is affected by
the Gaussian-weighted feedback, we scan σ and ε to deter-
mine the stability boundary of the single-stripe front solution
by calculating λ using Eq. (9). The stripe pattern is unstable in
the colored region and labyrinths emerge. The upper boundary
of the colored region is where transverse instability occurs.
The lower boundary is where the single-stripe solution is
unstable in the 1D medium (longitudinal instability, not the
transverse instability as for the upper boundary). To confirm
the theoretical predictions, we also carry out 2D simulations
by adding a random perturbation to the single-stripe front
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FIG. 5. Initial condition dependent patterns. (a) Steady-state pat-
terns (taken at t = 10000) started from a single-stripe pattern (as
the pattern in the first panel) at the parameter locations indicated
by the symbols marked on Fig. 4(b). (b) Same as (a) but a random
perturbation is given at t = 1000. (c) Steady-state patterns started
from random initial conditions for the same parameters as in (a) and
(b). The parameter sets (σ , ε) are (left to right): (15, –0.15), (15,
–0.25), (15, –0.45), (35, –0.45), (50, –0.45), and (60, –0.45).

solution to examine the transverse instability [snapshots in
Fig. 4(e) show the stabilities of the fronts for selected σ ]. The
blue circles in Fig. 4(b) mark the stability boundary deter-
mined by the direct 2D simulations, which agree accurately
with the theoretical prediction using the Lyapunov exponent
calculated from simulations of Eq. (9). Note that the colored
region is determined solely by the stability of the single-
stripe solution but there are multi-stripe solutions [27,30]
with their own longitudinal and transverse instabilities. In
general, the multi-stripe solutions are more stable than the
single-stripe solution. Because of this, in the colored region in
Fig. 4(b), multi-stripe patterns coexist with labyrinths. Below
the colored region (or the blue curve), the single-stripe solu-
tion undergoes longitudinal instability, leading to multi-stripe
steady-state patterns if no random perturbations are given [the
panels from the downward triangle in Fig. 5(a)]. If a small

random perturbation is given at some time point (t = 1000 in
the simulations), it results in different patterns for different
parameter locations [Fig. 5(b)]: labyrinths, wavy stripes, and
straight stripes (the same as those without perturbation). This
indicates that the multi-stripe patterns are either transversely
unstable or stable, depending on the parameter locations.
However, when started with random initial conditions, the
resulting steady-state patterns are all labyrinths [Fig. 5(c)].
Theoretically, we can use Eq. (9) to perform stability anal-
yses of the multi-stripe solutions to obtain a more complete
phase diagram. However, the structure of the phase diagram
on the σ -ε plane is too complex to elaborate in detail in this
study. Our focus here is on the mechanism of transition from
alternating stripes to labyrinths, and we will investigate the
spatiotemporal alternating pattern dynamics in more detail us-
ing both the amplitude equation and the modified BZ reaction
model in a future study.

In summary, alternating labyrinths are caused by a
transverse instability of the front solutions. The instabil-
ity is promoted by a negative global feedback loop with a
Gaussian-weighted feedback strength function. This nonuni-
form negative global feedback corresponds to an inhibitor
with a certain diffusion speed in a reaction-diffusion system,
which is similar to the molecular conditions giving rise to
Turing instability for pattern formation. Although models and
theories have widely been developed for understanding sta-
tionary pattern formation and their transitions, our work in this
study reveals the mechanism for transition from alternating
stripes to alternating labyrinths and provides a theoretical
means, particularly the modified amplitude equation, for in-
vestigating the dynamical mechanisms for the formation of
alternating (temporally period-2) patterns widely observed in
chemical [6,8,10–12,25], biochemical [21–24,26,32,33], and
physiological [20] systems.

This study was supported by grants from National In-
stitutes of Health (R01 HL175074 and P01 HL164311 to
Z.Q.), Natural Science Foundation of China (No. 82172067
to Z.S.), and Major Key Project of Pengcheng Laboratory
(PCL2023A09 to Z.S.).
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