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Statistical properties of microphase and bubbly phase-separated active fluids
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In phase-separated active fluids, the Ostwald process can go into reverse, leading to either microphase
separation or bubbly phase separation. We show that the latter is formed of two macroscopic regions that are
occupied by the homogeneous fluid and by the microphase separated one. Within the microphase-separated fluid,
the relative rate of the Ostwald process, coalescence, and nucleation determines whether the size distribution of
mesoscopic domains is narrowly peaked or displays a broad range of sizes before attaining a cutoff independent
of system size. Our results are obtained via large-scale simulations of a minimal field theory for active phase
separation and reproduced by an effective model in which the degrees of freedom are the locations and sizes of
the microphase-separated domains.
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Active matter is a class of nonequilibrium systems in which
each constituent particle consumes energy to produce work
[1,2]. Phase-separation is a common self-organization phe-
nomena in active systems [3–5]. It was first described via
an approximate mapping onto equilibrium liquid-vapor phase
separation [3,4], leading to speculation that detailed balance
might be restored macroscopically in the steady state [3,4,
6–11]. Indeed, perturbatively close to the liquid-vapor critical
point, activity is an irrelevant perturbation [12–15] and nucle-
ation processes can be partlially explained by an extension of
classical nucleation theory [16–19].

It however became clear soon afterwards that active phase
separation displays strongly nonequilibrium features. This is
because activity has a crucial impact on interfacial tension
[20–26], creating distinct tensions that describe the Ostwald
process for liquid droplets and vapor bubbles [22]. An as-
sociated discovery was that the Ostwald process can go into
reverse for one of the two phases, preventing the convergence
at late times to bulk, equilibrium-like, phase separation [22].
Yet, capillary waves at the liquid-vapor interface are stable
[23,25–27], so that the system remains phase-separated. (A
regime of unstable capillary waves also exist and corresponds
to a distinct phenomenology which we will address here
[23].) In this regime active fluids are, depending on the global
density, either microphase separated (μPS) or bubbly phase
separated (BPS). In the former, μPS domains retain a finite,
system-independent size in the steady state; in the latter, large
liquid droplets contain a population of mesoscopic vapor bub-
bles that are continuously created in the bulk, coarsen, and
are ejected into the exterior vapor. This creates a circulating
phase-space current in the steady state, a feature that cannot
arise in a passive system [22].

Intriguingly, some of the simplest active matter models
display a reversed Ostwald process, μPS and BPS states.

Self-propelled particles with hard-core repulsive interactions
phase separate into dense (liquid) and dilute (vapor) phases
because they slow down at high density by a mechanism
known as motility-induced phase separation [3–5]. A popu-
lation of vapor bubbles in the dense phase is clearly visible
in large-scale simulations both during coarsening [28] and
in the steady state [25,29–31]. More recently it was shown
that the same models, when studied at high volume fraction,
settle in a μPS state formed of vapor bubbles [29–31]. Vapor
bubbles in the dense phase have been also seen in simulations
of self-propelled particles that have hard-core repulsion and
attract at larger distances [32], while a μPS state was observed
numerically and explained in terms of a reversed Ostwald pro-
cess in the presence of intermittent attracting forces between
particles, meant to mimic the pilii attachment performed in
certain bacterial species [33]. μPS states are also commonly
observed in experiments with self-propelled colloids [34–37],
although system-specific explanations for some of these have
been proposed [36–40].

Continuum descriptions of active systems have provided
significant understanding of the generic, detail-independent,
properties of active phase separation. The simplest setting
consists of retaining only the evolution of the density field
φ [22,41,42], while hydrodynamic fluid [43,44] or polar [45]
fields can be added if the phenomenology requires. Their
construction, via conservation laws and symmetry arguments,
follows a path first introduced with Model B for passive phase
separation [46–48]. (Recent works also obtained themvia ex-
plicit coarse-graining procedures of specific particle models
[33,49–52].) Yet, these field theories differ from Model B
because locally broken time-reversal symmetry implies that
new nonlinearities are allowed. The ensuing minimal theory,
Active Model B+ (AMB+) [11,22], includes all terms that
break detailed balance up to order O(∇4φ2) in a gradient
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FIG. 1. Phase diagram of AMB+ as a function of the global den-
sity φ0 in the region of reversed Ostwald process. From left to right:
homogeneous vapor phase, bubbly phase separation, microphase-
separation, and homogeneous liquid. Parameters used: Ly = Lx =
384, global densities φ0 = −1.3, −0.4, 0.4, and 1.3.

expansion [11,22] and is defined by

∂tφ = −∇ · (J +
√

2DM�) , (1)

J/M = −∇μλ + ζ (∇2φ)∇φ , (2)

μλ[φ] = δF
δφ

+ λ|∇φ|2, (3)

where F = ∫
dr [ f (φ) + K (φ)

2 |∇φ|2], f (φ) = a(−φ2/2 +
φ4/4) is a double-well local free energy, and � is a vector
of zero-mean, unit-variance, Gaussian white noises. Model B
is recovered at vanishing activity (λ = ζ = 0), unit mobility
(M = 1), and constant noise level D [46]. It should be noticed
that AMB+ is symmetric under (λ, ζ , φ) → −(λ, ζ , φ) so
that all the conclusions below still hold exchanging the liquid
with the vapor, so long as the activity parameters are also
reversed in sign.

In this Letter we study the statistical properties of μPS-
and BPS active fluids building on the suitability of a coarse-
grained approach for studying their generic large-scale and
long-time properties. We do so by performing large-scale
simulations of AMB+ and of a model defined in terms of
the position and sizes of the μPS domains (bubble model).
We show that the BPS state is a bona fide phase-separated
state whose properties are independent both of system size and
global density, and measure the critical density φBL marking
the transition from the BPS to the μPS states. We further
show that vapor bubbles can either be almost monodisperse
or broadly distributed as a power law before attaining a
system-size independent cutoff, and identify a key control
parameter, governing the crossover between these regimes, as
a ratio of mass transfers arising from Ostwald and coalescence
processes.

Simulations of AMB+ were done with a parallel pseu-
dospectral code employing Euler time integration, 4/2
dealiasing, in rectangular boxes of volume V = Lx × Ly; we
employed time step dt = 2 × 10−2 and checked that our re-
sults were robust by decreasing it. Unless specified otherwise,
we use 4a = K = 1, and ζ = 2λ = 2 so that the Ostwald
process is reversed for vapor bubbles while being normal for
liquid droplets; the liquid and vapor binodals are, respectively,
given by φ1,2 = ±1 for D = 0. Figure 1 reports the phase
diagram of AMB+ for D = 0.3.

We start our investigation from the μPS state. Initializing
the system in a homogeneous initial condition at density φ0,
we first show that the time needed for reaching the steady

(a) (b)

(c)
(d) (e)

FIG. 2. Distribution of the bubble sizes P(A) in the μPS state for
various global densities φ0. This can be either narrowly peaked (a) or
broadly distributed (b) displaying an intermediate power-law regime;
notice that (a) is in log-lin scale while (b) is in log-log scale. (c) The
system-size convergence of P(A) for φ0 = 0.7 [other parameters
as in (b)]. Parameters used: (a) D = 0.3, ζ = 2λ = 2, 4a = K = 1;
(b) D = 0.4, a = 4K = 1, ζ = 2λ = 0.5. P(A) were measured in
systems of size Lx = 2Ly = 512, while snapshots are at Lx = Ly =
256 with (d) φ0 = 0.6, (e) φ0 = 0.5.

state is independent of system size [53]. Once this is attained,
the probability distribution of the local density P(φ) has,
as expected, a bimodal shape [53]. Furthermore, for suffi-
ciently high densities (φ0 > φL), the system is devoid of vapor
bubbles and it is thus homogeneous instead of microphase
separated. To measure φL we employed two procedures: first,
we measured the number of vapor bubbles as a function of
φ0 and identified φL as the density above which no vapor
bubble is found. Second, we measured φL as the value at
which the peak of P(φ) corresponding to the liquid density
attains φ0. Both measures lead to φL � 1.2 for the parameters
considered, and the result is unchanged by increasing system
size [53].

Next, we measured the distribution, P(A), of the bubble
sizes or areas A, using the algorithm discussed in Ref. [23]. We
do so when varying the activity parameter 2λ = ζ , the global
density φ0,and the noise strength D. Both the average bubble
size 〈A〉 and their variance increases, either: (i) approaching
the transition between reversed and normal Ostwald process
(located at ζ = 2λ = 1 for the parameters considered [22]);
(ii) decreasing D; or iii) decreasing the global density φ0

towards φBL to approach the transition between μPS and BPS
states. The tails of P(A) were found to be exponential; see
Fig. 2(a) and Ref. [53]. These observations are consistent with
the expectation that the bubble-size distribution is the more
narrowly peaked the stronger the Ostwald process is with
respect to coalescence and nucleation events. We will discuss
this point later in more detail.

The rate of the Ostwald process for vapor bubbles and
the rate of relaxation of capillary waves are set by the as-
sociated interfacial tensions which, for ζ = 2λ, respectively,
read σ = σeq(1 − ζ/K ) and σcw = σeq = √

8Ka/9. We now
keep fixed the rate of the Ostwald process and of the relax-
ation of capillary waves and investigate how the μPS state
changes when varying the rate of nucleation and coalescence
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(a) (b)

FIG. 3. (a) Time evolution of the number density of vapor bub-
bles ρ starting from a bulk phase-separated state (dark color) and
from a uniform initial condition (light color). The timescale needed
to reach the steady state increases with Lx in both cases. (b) In-
stead, when initializing the system from a phase-separated state
in which the density of the dense region is set to the steady-state
value φBL , the relaxation time is independent of Lx . Parameters used
φ0 = −0.2, Lx = 2Ly. Time series smoothed with a moving average
with timescale 5 × 103 (a) and 5 × 104 (b) and shifted vertically
by 104 (Lx = 512) and 2 × 104 (Lx = 768) in (a) for visualization
purposes.

of vapor bubbles. To do so, we fix σ and σcw by keeping
ζ/K = 2 and Ka = 1/4 unchanged while varying K/D. At
low K/D more nucleation and coalescence events are present.
Correspondingly, as shown in Fig. 2(b), the morphology of
the bubbles now significantly deviates from a circular shape,
and P(A) displays a power-law regime P(A) ∼ A−γ , with
γ � 1.6. This power law extends only for intermediate sizes,
although on a large enough range to indicate an algebraic law;
beyond a system-size independent cutoff, which increases
when decreasing φ0, P(A) decays exponentially. Intriguingly,
in this regime, not only does the morphology of this μPS
state strongly resemble the one obtained in simulations of
repulsive active Brownian particles at high densities, but also
the exponent of the power law is similar (γ � 1.6 in [29]).
Movies in Ref. [53] show the dynamics of the μPS state in the
regimes corresponding to Figs. 2(a) and 2(b).

We now turn our attention to φ0 < φBL so that the system
is expected to be BPS in the steady state. This is much more
challenging computationally not only because lowering φ0

increases both the average bubble size and their variance, but
also because the time needed to converge to bubbly phase
separation dramatically increases with system size. To show
this latter fact, we performed simulations for different system
sizes in a rectangular geometry starting either from a uniform
initial condition or from a band of liquid surrounded by vapor
(BIC) initialized at the mean-field binodals φ = ±1. Figure
3 shows the density of vapor bubbles as a function of time
(other observables, such as the density of the μPS region, give
qualitatively similar behavior).

The slow convergence to bubbly phase separation can be
rationalized as follows. To reach the stationary state starting
from BIC, a macroscopic amount of vapor has to diffuse into
the liquid phase to lower the overall density from the liquid
binodal to φBL. The diffusive vapor influx requires a time
proportional to L2

x , and our data indeed confirm this scaling
[53]. We now show that this vapor influx, and not the internal
organization of the μPS state, is the crucial mechanism for the
relaxation time being proportional to L2

x . To do so, we modify

(a) (b)

(c)

(d)

FIG. 4. Average density profile φ̄(x) as a function of the x coor-
dinate for various global densities and system sizes Lx = 2Ly when
(a) D = 0.3 and (b) D = 0.35. The density of the vapor φV and the
one of the μPS state φBL can be clearly identified and are indepen-
dent of both system size and φ0, as expected in a phase-separation
scenario. (c) Snapshots of the BPS state for φ0 = −0.2 and Lx =
2Ly = 1024. (d) When the global density is slightly below φBL (here„
φ0 = 0.1 vs φBL = 0.2), the system looks like μPS at small system
size, but it becomes BPS asymptotically in system size. Once bubbly
phase separation is attained, the distribution of vapor bubbles within
the dense region is independent of global density φ0 and system size,
and the two coexisting regions (filled withvapor and of the μPS state)
are macroscopic (i.e., their size is proportional to the system volume).

the BIC by setting the density within the dense band to the
steady-state value φBL: if in the original setting the relaxation
time is dominated by the vapor influx across the interface, now
the relaxation time should be independent of Lx. As shown in
Fig. 3(b) our simulations clearly confirm this expectation [54].

We next show that the BPS fluid is a bona fide phase-
separated state between two macroscopic regions: one filled of
the μPS state at density φBL and the other of the homogeneous
vapor phase at density φV . To show this we perform simula-
tions in a rectangular geometry with Lx = 2Ly and consider
the density field averaged over the y direction and over time:

φ̄(x) = 1

(t f − ti )Ly

∫ t f

ti

dt
∫ Ly

0
dy φ(x, y, t ), (4)

where ti is the time at which the system reached the steady
state. Figure 4 shows the profiles of φ̄ as a function of x for
two noise levels. As expected in a phase-separation scenario,
φ̄(x) plateaus to well-defined values, φBL and φV , away from
the interfaces, which depend neither on system size nor on
the global density φ0. This measure, in turn, allows to define
φBL, and we obtain φBL(D = 0.4) � 0, φBL(D = 0.35) � 0.1,
φBL(D = 0.3) � 0.2. To further probe the convergence in sys-
tem size, we measure the full distribution of bubble sizes P(A)
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and show that it is independent both of size and global density
[53]. Our results are thus fully compatible with bubbly phase
separation being a phase-separated state between the homo-
geneous vapor and the μPS states at the minimal possible
density φBL, and provide a measure of φBL itself.

So far, we have studied the statistical properties of μPS and
BPS states at particular points in the phase diagram of AMB+.
We now introduce a minimal bubble model, reminiscent of
diffusion-limited aggregation models [55–57], in which the
degrees of freedom are the position and sizes of N (t ) vapor
bubbles evolving in a square geometry of area V = L2. Be-
sides confirming the generality of the results already obtained
within AMB+, we will obtain physical insight on the relative
importance of the Ostwald process, coalescence, and nucle-
ation events for the statistical properties of the μPS and BPS
states. (The spontaneous evaporation of small vapor bubbles is
also present at high noise but we neglect this in the following.)
This is because, within the bubble model, their rates can be
easily tuned while a similar exploration within AMB+ would
require a computationally prohibitive exploration of the much
larger parameter space.

We assume bubbles to be locally equilibrated, and thus
circular, and describe them via the position of their center xi

and their radius Ri > 0; we denote by vg the fraction of the
volume they occupy (assuming the liquid and vapor densities
to be ±1, 1 − 2vg plays the role of the global density). Our
bubble model is defined by four ingredients (see Ref. [53] for
details): (i) Bubble i undergoes a reversed Ostwald exchange
of mass with rate β > 0 with its first nearest neighbor 〈i〉:

Ṙi = β

Ri

[
1

Ri
− 1

R〈i〉

]
; Ṙ〈i〉 = β

R〈i〉

[
1

R〈i〉
− 1

Ri

]
. (5)

(ii) Each bubble diffuses in space ẋi = √
2D̃b/Rα

i ηi, with a dif-
fusion constant D̃b/Rα

i , (iii) Bubbles of radii Ri � Rj coalesce
upon touching and are replaced by a newly formed one located
at their center of mass with volume π (R2

i + mcR2
j ), where

mc ∈ (0, 1) sets the amount of vapor lost in the coalescence
event, and (iv) Following each coalescence event we nucleate
new vapor bubbles of radius R0, whose total volume matches
the one lost in coalescence (up to fluctuations of order R2

0),
and randomly place them.

A few comments are needed before presenting our results.
In an earlier attempt at building a bubble model [30], the
Ostwald process was represented as a deterministic shrink-
ing of all bubbles, its R dependence was not realistically
reproduced, and the diffusion constant of vapor bubbles was
set to be independent of its volume (corresponding, in our
notations, to α = 0). Instead, our Eq. (5) was obtained as
the dynamics of a pair of isolated bubbles [22], and thus
more faithfully represents the Ostwald process in a minimal
fashion. Furthermore, the diffusion constant of vapor bubbles
with large radii is known to be inversely proportional to their
volume if momentum is not conserved. The result was first
shown for Model B [58,59] and gives α = 2 and D̃b ∝ D. This
is reproduced in our bubble model by fixing α = 2, and we
make this natural choice below. Because vapor bubbles are
mesoscopic in size, one might however wonder if imposing
α = 2 is crucial for our results; we thus show that this is not
the case and very similar results are obtained using α = 3/2

FIG. 5. (a) Phase diagram of the bubble model with α = 2,
mc = 0.9 for L = 800. For each Db/β, we estimate the density
separating μPS from BPS regions (continuous line) by measuring
the average density outside the largest bubble in simulations with
1 − vg = 0.4. Consistently, we observed either BPS (red dots) or
μPS states (blue dots) when performing simulations at other values
of vg. Interestingly, the transition density moves to higher values of
1 − vg when increasing Db/β. Spnapshots are at Db = 5, vg = 0.6,

and vg = 0.3. (b) The variability of bubble sizes in the μPS state in-
creases when approaching the transition between μPS and BPS and,
when Db/β � 1 (here Db = 5), an intermediate power-law regime
emerges in P(A). (c) When the global density is set in the BPS
region (Db = 10, vg = 0.4 here), the system is μPS for small L and
converges to BPS upon increasing L.

and α = 1, albeit with stronger finite-size effects when
decreasing α [53]. Third, we have chosen mc < 1, correspond-
ing to assuming that vapor is lost during coalescence events.
This is however natural in the regime in which bubbles are
far apart and equilibrated to the local liquid environment: as
shown in Ref. [53], when two bubbles of radius R coalesce, the
newly formed one will shrink (back to R in the limit in which
other bubbles are infinitely far away). It should be observed
that this does not require the interaction with distant bubbles
via the reversed Ostwald process, as it happens also for two
isolated bubbles in a domain much larger than their radius.
Because the newly formed bubble shrinks to equilibrate to the
local liquid environment, the density of the liquid surrounding
decreases, and hence the nucleation probability increases. Our
steps (iii) and (iv) above take these processes into account in a
minimal way.

We set in the following R0 = 1/2 and β = 1, thereby fixing
the units of length and time. Three free parameters are left: the
total density (set by the volume occupied by the vapor vg), mc,
and the nondimensional ratio Db/β = D̃b(2R0)1−α/β, mea-
suring the relative strength of coalescence versus the Ostwald
process. Db/β crucially determines the statistical properties of
the system; Fig. 5(a) reports its phase diagram as a function of
the volume fraction occupied by the liquid 1 − vg and of Db/β

for mc = 0.9. As in AMB+: the system is μPS at high density
(blue dots) and BPS (red dots) at low density (vg > vBL).
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The continuous line is 1 − vBL as obtained from measuring
the density in the μPS region when the system is BPS: as
expected, this accurately locates the transition between μPS
and BPS states. Convergence in system size is achieved, and
discussed in Ref. [53].

The bubble model reproduces most of the properties al-
ready described within AMB+ [53]: while the convergence
in time to the μPS state is independent of system size, it
increases with it when converging to the BPS state. Second,
the P(A) for the μPS state is peaked and has exponential
tails when either Db/β � 1 or Db/β � 1, and the bubble-
size variability increases when vg approaches the transition
between μPS and BPS states at v = vBL. Third, when the
rate of mass redistribution due to the Ostwald process and
to coalescence are comparable (Db/β � 1), P(A) displays an
intermediate power-law regime at intermediate values of A.
Such a power-law regime extends for a broader range of sizes
when decreasing α. Finally, setting vg � vBL, the system is
μPS for small system size, but converges to the BPS state
increasing L. Furthermore, the bubble model predicts that the
transition from μPS to BPS is located at vBL � 1/2 whenever
the Ostwald process is much faster than mass redistribution
due to coalescence and nucleation (Db/β � 1) [see Fig. 5(a)]
and that vBL, the density separating μPS from BPS states,
increases towards the liquid binodal upon increasing Db/β.
This latter fact is a new prediction of the bubble model, which
at this stage is hard to check in AMB+ as it is unclear how
to vary the coalescence and nucleation rates in terms of the
AMB+ parameters without changing other properties.

In summary, we studied the statistical properties of phase-
separating active fluids subject to a reversed Ostwald process.
We did so with two complementary approaches: large-scale
simulations of AMB+, and a minimal model in which the
degrees of freedom are the vapor bubbles. Our results show
that microphase-separated domains have, in different regimes,
sizes that are either narrowly peaked, or distributed over a

broad range of scales. The latter echoes previous finding in
models of self-propelled particles, in which vapor bubbles
were observed to be broadly distributed [29–31]. Further-
more, we have shown that bubbly phase separation is a bona
fide phase-separated state in which both the homogeneous
and the microphase-separated regions are macroscopic in
size. It is currently unknown whether one can tune micro-
scopic parameters in systems of self-propelled particles to get
microphase-separated active fluids formed of monodisperse
domains. It is likewise unknown even in the simplest particle
models how φBL, the density separating bubbly from mi-
crophase separation, depends on them. These questions merit
further investigation.
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