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Biological sequences do not come at random. Instead, they appear with particular frequencies that reflect
properties of the associated system or phenomenon. Knowing how biological sequences are distributed in
sequence space is thus a natural first step toward understanding the underlying mechanisms. Here we propose
a method for inferring the probability distribution from which a sample of biological sequences were drawn
for the case where the sequences are composed of elements that admit a natural ordering. Our method is based
on Bayesian field theory, a physics-based machine learning approach, and can be regarded as a nonparametric
extension of the traditional maximum entropy estimate. As an example, we use it to analyze the aneuploidy
data pertaining to gliomas from The Cancer Genome Atlas project. In addition, we demonstrate two follow-up
analyses that can be performed with the resulting probability distribution. One of them is to investigate the
associations among the sequence sites. This provides a way to infer the governing biological grammar. The other
is to study the global geometry of the probability landscape, which allows us to look at the problem from an
evolutionary point of view. It can be seen that this methodology enables us to learn from a sample of sequences
about how a biological system or phenomenon in the real world works.

DOI: 10.1103/PhysRevE.110.044408

I. INTRODUCTION

The technology of DNA sequencing has evolved im-
mensely since its invention by Sanger in 1977 [1]. Particularly,
in the past 20 years we have seen the technology transform-
ing from the first-generation electrophoretic sequencing into
the second-generation massively parallel sequencing and the
third-generation real-time, single-molecule sequencing. For a
review, see Ref. [2]. Accompanying those advances are ap-
plications of DNA sequencing in new ways or to new areas,
such as ChIP-seq [3] and RNA-seq [4–8]. Needless to say, a
natural product of these sequencing experiments is a wealth
of biological sequences.

It is now a well-known fact that biological sequences do
not come at random. For instance, DNAs in a segment of
genome are usually arranged in some order, encoding a piece
of genetic information. Thus, given a sample of biological
sequences, a fundamental question is what the underlying
probability distribution from which the sequences were drawn
looks like [9–13]. In a recent work [14] we developed a
novel density estimation method for biological sequences
based on Bayesian field theory [15–21]. This method, called
SeqDEFT (standing for Sequence Density Estimation using
Field Theory), was aimed for categorical sequences, that is,
sequences made up of elements that are distinct from each
other, but do not have a natural ordering. Typical examples of
categorical sequence data include DNA sequences (consisting
of the four nucleotides) and protein sequences (consisting of
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the 20 amino acids). The SeqDEFT method can be regarded
as a nonparametric extension of the position weight matrix
model [22,23] or the Potts model [24–33], depending on the
chosen value of a hyperparameter. We showed that SeqDEFT
was able to provide a more detailed view of the probability
landscape than these commonly used models in two different
biological contexts.

In this work we propose a method, again within the frame-
work of Bayesian field theory, for the density estimation on
a different type of sequence data, whose elements do have
a natural ordering. Such ordinal sequence data are not un-
common in biology. An example is the karyotype of a cell
or an organism, which contains the copy number of each
chromosome thereof. (In biology, a karyotype includes the
sizes, numbers, and shapes of the chromosomes. Here we are
adopting a simplified version of karyotype and look only at
the copy numbers.) Due to the advancement of DNA sequenc-
ing technology, today a karyotype can even record the copy
number of each gene in the whole genome [2]. The ability to
obtain karyotypes either in the chromosome level or in the
gene level has a huge impact on medicine, as it has been
shown that patients having certain diseases tend to possess
some particular patterns of chromosome or gene copy number
variations (e.g., [34]). Such molecular information is playing
a more and more important role in clinical studies. For an
overview, see Ref. [35].

For instance, in the most recent WHO (World Health
Organization) classification, diffuse gliomas, which is the
most common malignant tumor of the central nerve system
in adults, have been classified into three subtypes, oligo-
dendroglioma, astrocytoma, and glioblastoma, according to
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their molecular features as well as traditional histology [36].
Both oligodendroglioma (WHO Grade 2, 3) and astrocytoma
(WHO Grade 2, 3, 4) have the IDH gene mutant, but oligo-
dendroglioma has the additional codeletion of chromosome
arms 1p and 19q, whereas astrocytoma does not. On the other
hand, glioblastoma (WHO Grade 4) does not have the IDH
gene mutant, but many patients have gain in chromosome 7
and loss in chromosome 10, as well as other gene mutations.
The five-year survival rate of low-grade glioma is about 80%,
and for high-grade glioma it is below 5% [36]. This refined
classification, based on both molecular features and traditional
histology, not only can better predict disease progression but
may also suggest novel treatments for the disease [36].

The density estimation method proposed here shares many
properties with its categorical analog (i.e., SeqDEFT). In par-
ticular, it includes the position weight matrix model and the
Potts model as limiting cases. Also, being a nonparametric
method, it can be expected to provide a better estimate of how
ordinal sequences are distributed in sequence space than those
traditional methods. Moreover, we propose two follow-up
analyses that can be conducted with a probability distribution
to extract more information from data. First, we show that
by examining the associations among the sequence sites, we
can find out which patterns dominate in a certain background.
These “rules” are analogous to the language grammar that
one has to obey in order to make valid words, and thus can
be regarded as the biological grammar governing the system
or phenomenon. Second, we can visualize a probability land-
scape using a dimensionality reduction technique based on an
evolutionary model. Doing so allows us to imagine what a
population is likely going to experience as it wanders around
the sequence space.

This article is organized as follows. In Sec. II we develop
the density estimation method and point out the difference be-
tween the method and its categorical analog. Then we perform
density estimation, along with the two follow-up analyses, on
the aneuploidy data pertaining to gliomas collected by The
Cancer Genome Atlas (TCGA) project [37] in Sec. III. Fi-
nally, we conclude with a summary and discussion in Sec. IV.

II. FORMALISM

In this section we develop our method for density esti-
mation on ordinal sequence data within the framework of
Bayesian field theory. We call this method ordinal SeqDEFT.
Although some of the results have been presented in the lit-
erature, especially [14] and [20], we include all the essential
material to make the content of this section self-contained.

Our goal here is to estimate a probability distribution with a
sample of ordinal biological sequences. The strategy is based
on maximum likelihood estimation, subject to an appropriate
smoothness constraint. The purpose of this constraint is to
prevent the distribution, which is going to adopt a nonpara-
metric representation, from overfitting. Thus, the resulting
distribution will be one that reaches a balance between the
data and the smoothness measure. As it turns out, how strong
the smoothness constraint should be can also be determined
by the data. Below we will look into the technicalities of how
to implement this strategy.

site 

site 

site 

FIG. 1. Representation of an α� = 33 ordinal sequence space. In
this example, each sequence consists of three sites, and each site
can be in one of three states, say, 1, 2, 3. The order of the states is
represented by a path graph of length 3 (left). The sequence space, in
turn, is represented as a grid graph obtained by a threefold Cartesian
product of the path graph (right). Each direction of the grid graph
corresponds to a particular site. This graph has 27 nodes in total, each
node represents a sequence, and the size of the node is proportional
to the probability of the sequence.

Assume that the sequences have length � and each site
of the sequences has α possible elements. The number of
all possible combinations is equal to α�. Each combination
is a possible sequence. The major difficulty in analyzing se-
quence data arises from the lack of relationships among the
sequences. Without knowing the sequences’ relationships, it is
not clear how to define meaningful quantities for the problem.
Thus, in order to proceed, we need to introduce some kind
of relationships among the sequences, and such relationships
should be chosen according to the nature of the data in ques-
tion. For instance, for categorical sequence data, each site is
allowed to mutate from one element to all the other elements.
Such a relationship can be represented by a complete graph,
and the whole sequence space can then be represented by a
Cartesian product of � complete graphs, namely, a Hamming
graph [14]. For ordinal sequence data considered here, each
site can only jump from one element to the element(s) next
to it in order. This relationship can be represented by a path
graph, and thus we can use an �-fold Cartesian product of
path graphs, which results in a grid graph, to represent the
sequence space. Figure 1 shows an example of this procedure
with α� = 33.

Having represented the sequence space by a grid graph,
we denote the probability for a sequence by Qi1···i� where the
indices i1, . . . , i�, each corresponding to a site, are from 1 to
α. We use this notation to emphasize that we are treating the
probability distribution Q as an �-dimensional array with α el-
ements in each direction. Then we parametrize the distribution
Q by a field φ in the following manner:

Qi1···i� = e−φi1 ···i�∑
j1··· j�

e−φ j1 ··· j�
. (1)

Doing so, Q automatically satisfies the conditions, Qi1···i� � 0
and

∑
i1···i� Qi1···i� = 1, required in order for it to be a valid

probability distribution, whereas the field φ can take on any
form or any value.
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FIG. 2. Illustration of taking discrete differences of a field φ defined on an α� = 33 grid graph, as the one shown in Fig. 1. By construction,
φ is a three-dimensional array with three elements in each direction. Upon taking two consecutive discrete differences, first along the second
direction (D2) and then along the first direction (D1), we obtain an array D1D2φ with dimension 2 × 2 × 3. In each step, the components of the
resulting array are the differences of the adjacent values of the previous array in that direction. Each component of the array D1D2φ involves
four sequences that form a face in the sequence space.

To control the “smoothness” of φ, that is, how φ changes
from one sequence to another, we impose the following prior
distribution on it:

p(φ|a) ∝ e−S0
a [φ], (2)

where the functional S0
a[φ], called the prior action, is given by

S0
a[φ] = a

2s
φT �(P)φ. (3)

Note that we have used the vector notation φT �(P)φ to repre-
sent the operation acting on φ in order to make the formalism
here resemble its categorical analog [14] as much as possible.
In Eq. (3), a is a hyperparameter that ranges from zero to
infinity and controls the overall smoothness of the field φ.
Smaller values of a correspond to more rugged φ, and larger
values of a correspond to more uniform φ. The constant s is
arbitrary, but we will see that there is a natural choice for it
in a moment. Finally, the parameter P represents the order of
the operator � employed to compute the smoothness measure
of φ.

Our treatment of ordinal sequence data here is similar to
what we do with continuous variables in numerical calcula-
tions, in which we first put the problem on a grid and then
proceed to compute derivatives of some quantities. However,
in our previous work [14] we found that for functions defined
in sequence space it was more meaningful to measure their
smoothness by a statistic called “association,” such as odds,
odds ratio, ratio of odds ratios, etc. [38], than by the ordinary
derivatives. Association provides an estimate of how strongly
sequence sites are correlated. Thus, we define the operator �

in the prior action as follows:

φT �(P)ϕ = 1

P!

∑
i1,...,iP

〈
Di1 · · · DiPφ, Di1 · · · DiPϕ

〉
, (4)

where the indices i1, . . . , iP must satisfy the conditions 1 �
i1, . . . , iP � � and i1 �= · · · �= iP. These conditions immedi-
ately imply that P = 1, 2, . . . , �. Notice that φ and ϕ are both
an �-dimensional array with α elements in each direction. The
symbol Di denotes taking the discrete difference along the ith
direction of an array, and the symbol 〈u, v〉 denotes taking the

“inner product” of the two arrays u and v, that is, multiplying
u and v element by element, and then summing up the results.

So what this operator �(P) does in the prior is that, given a
value of P, 1 � P � �, it first calculates the discrete difference
of the field φ along all possible combinations of P different
directions, and then sums up the squares of all the differences.
As an example, consider the toy model in Fig. 1, in which
φ is a three-dimensional array with three elements in each
direction. Let P = 2, for instance, then

φT �(2)φ = ‖D1D2φ‖2 + ‖D1D3φ‖2 + ‖D2D3φ‖2, (5)

where ‖u‖2 ≡ 〈u, u〉 and we have used the fact that the
difference operation is commutative, DiDj = DjDi. Fig. 2
illustrates the procedure of computing the first term in Eq. (5),
‖D1D2φ‖2. As shown in the figure, φ is by construction a
3 × 3 × 3 array. Taking a discrete difference along the second
direction, we obtain an array D2φ of dimension 3 × 2 × 3,
whose components are differences of adjacent values of φ

in the direction. Taking another discrete difference along the
first direction, we obtain another array D1D2φ of dimension
2 × 2 × 3, whose components are differences of adjacent val-
ues of D2φ in the first direction. The quantity ‖D1D2φ‖2 is
then equal to the sum of the squares of all the components in
the array D1D2φ. The second and third terms in Eq. (5) can
be computed in a similar way, and the grand total of the three
terms gives the value of φT �(2)φ.

In the example above, each component of the array
D1D2φ is a hierarchical difference of φ involving four se-
quences that form a face in the sequence space; see Fig. 2.
Since φ and Q are related via Eq. (1), hierarchical differ-
ences of φ translate into (negative logarithm of) hierarchical
ratios of Q. For instance, (φ221 − φ211) − (φ121 − φ111) =
− log{(Q221/Q211)/(Q121/Q111)}. In this case, the hierarchical
ratio of Q represents a second-order association (i.e., odds
ratio) between the first and second sites, both involving ele-
ments 1 and 2, conditional on the third site being fixed at 1. In
general, the operator �(P) requires taking discrete differences
of φ in P different directions with the remaining directions
being the background, and the 2P sequences involved in this
procedure form a hypercube of dimension P. For example,
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FIG. 3. Same grid graph as in Figs. 1 and 2. The computation
of Pth-order associations involves probabilities of the sequences that
form a P-dimensional hypercube. For P = 1, 2, 3, the hypercube is
edge (blue), face (green), and cube (red), respectively. In this graph,
there are 54 edges, 36 faces, and 8 cubes. The edge highlighted in
blue represents a first-order association (i.e., odds) involving ele-
ments 2 and 3 of the third site and conditional on the first and second
sites both being fixed at 1: Q113/Q112. The face highlighted in green
represents a second-order association (i.e., odds ratio) involving el-
ements 1 and 2 of both the first and second sites and conditional on
the third site being fixed at 1: (Q221/Q211)/(Q121/Q111). The cube
highlighted in red represents a third-order association (i.e., ratio of
odds ratios) that involves elements 2 and 3 of the first site, elements
1 and 2 of the second site, and elements 2 and 3 of the third site:
{(Q323/Q313)/(Q223/Q213)}/{(Q322/Q312)/(Q222/Q212)}.

for P = 1, 2, 3, the hypercubes are edges, faces, and cubes,
respectively, as shown in Fig. 3. Each P-dimensional hyper-
cube gives a value of Pth-order association, which tells us how
strongly the P sites are correlated with respect to the elements
involved at each site and a certain background. By definition,
the value of an association is positive and can be very large
or very small. We can look at the logarithmic value of an
association instead. When doing so, the value ranges from
negative infinity to positive infinity. The larger the magnitude
of a logarithmic association, the stronger the correlation. A
zero logarithmic association means there is no correlation.

We denote a Pth-order association by A(P)
k , where k is the

index of the hypercube. This suggests that we can choose
the constant s in the prior action to be the number of P-
dimensional hypercubes embedded in the grid graph, and it
is equal to s = (

�

P

)
(α − 1)Pα�−P. Equation (4), with φ = ϕ,

can then be rewritten as

φT �(P)φ =
s∑

k=1

(
logA(P)

k

)2
, (6)

which is a sum of squared log P-associations over all P-
dimensional hypercubes. The prior distribution of φ, in turn,
can be expressed in terms of associations as

p(φ|a) ∝
s∏

k=1

exp

[
−1

2

(logA(P)
k )2

s/a

]
. (7)

As we will see below, this expression is very informative
and can help us understand some general properties of the
solutions.

Having defined the prior distribution of φ, we can obtain
its posterior distribution by multiplying the prior by the data
likelihood. The resulting posterior distribution of φ can be
expressed as

p(φ|data, a) ∝ e−Sa[φ], (8)

where Sa[φ] is called the posterior action and is given by

Sa[φ] = a

2s
φT �(P)φ + NR φ + Ne−φ. (9)

The derivation can be found in Appendix A. Here N is the
number of sequences in the data set, and R is an array having
the same shape as φ and consisting of the observed frequen-
cies. Again, we have used vector notation in Eq. (9) in order
for it to resemble its categorical counterpart [14]. In the nota-
tion introduced in Eq. (4), R φ = 〈R, φ〉 and e−φ = 〈1, e−φ〉,
where 1 is an array having the same shape as e−φ and full of
ones. Given a value of a, the maximum a posteriori (MAP)
estimate of φ, which corresponds to the mode of the posterior
distribution, can be obtained by minimizing the action Sa[φ].
It can be shown that the MAP estimate, denoted φa, satisfies
the following equation of motion (EOM):

a

s
�(P)φa + NR − Ne−φa = 0. (10)

Below we use the equation of motion to derive some general
properties of the MAP estimates.

From Eq. (4), it is clear that the �-dimensional array 1
consisting of ones is in the kernel of �(P) for any P. This
is because 1 is uniform, and so a single difference along
any direction will result in another array full of zeros. Tak-
ing the “inner product” of 1 from left with Eq. (10) leads
to

∑
i1···i� e−(φa )i1 ···i� = ∑

i1···i� Ri1···i� = 1. Thus, we have Qa =
e−φa from Eq. (1). In the limit a = 0, the EOM implies that
Q0 = e−φ0 = R, the observed frequency. This can be under-
stood from Eq. (7). We see that when a = 0, all the values
of logA(P) have an infinite variance, meaning that they are
totally unconstrained. That is, the prior has no effect at all, and
the result is completely determined by the data. On the other
hand, in the limit a → ∞, the EOM requires �(P)φ∞ = 0,
meaning that φ∞ is restricted to the kernel of �(P). From
Eq. (7), we see that in this limit all the values of logA(P) are
centered at zero with a zero variance, which means that the
MAP estimate has vanishing Pth-order association. In other
words, φ∞ can have associations only of up to order P − 1.
We can then use “indicator functions” of up to P − 1 sites as
the kernel basis of �(P). Denote the k-site indicator function
by Ie1,...,ek

s1,...,sk
, where the subscripts s1, . . . , sk , each from 1 to �,

represent the sites, and the superscripts e1, . . . , ek , each from
1 to α, represent the elements. The indicator function has the
same shape as φ, and a component of Ie1,...,ek

s1,...,sk
is equal to one if

the elements at sites s1, . . . , sk of the corresponding sequence
are e1, . . . , ek , respectively, and is equal to zero otherwise.
See Fig. 4 for some examples. Note that the indicator func-
tions can be expressed as Ie1,...,ek

s1,...,sk
= Ie1

s1

 · · · 
 Iek

sk
, where 


represents element-wise multiplication. The set of indicator
functions for k = 1, 2, . . . , P − 1 is able to span the kernel of
�(P). Taking the “inner product” of Ie1,...,ek

s1,...,sk
from left with the

EOM, the first term vanishes and we have

Ie1,...,ek
s1,...,sk

Qa = Ie1,...,ek
s1,...,sk

R (11)
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FIG. 4. From left to right, examples of 1-site, 2-site, and 3-site indicator functions. The indicator functions have the same shape and index
as the field φ in question (in this case, the one in Fig. 2). A node with or without a red dot carries a value of 1 or 0. The 1-site indicator
function I1

1 is equal to 1 in a plane made up of sequences having element 1 at the first site. The 2-site indicator function I1,1
1,2 is equal to 1 along

a line consisting of sequences having element 1 at both site 1 and site 2. Note that this line is the intersection of the plane I1
1 and the plane I1

2 .
Similarly, the 3-site indicator function I1,1,1

1,2,3 is equal to 1 only at the node that corresponds to the right sequence. This node is the intersection
of the three planes I1

1 , I1
2 , and I1

3 .

for k = 1, 2, . . . , P − 1. That is, the MAP estimate Qa has the
same marginal frequencies of up to P − 1 sites as the data R.

Note that in the limit a → ∞, the probability distribution is
constrained solely by the marginal frequencies. For P = 2, the
distribution is constrained by the 1-site marginal frequencies
and is thus equivalent to the position weight matrix model. For
P = 3, the distribution is constrained by the 1-site and 2-site
marginal frequencies and is thus equivalent to the Potts model.
In other words, these traditional models are limiting cases of
our formalism. (We note that, although the position weight
matrix model and the Potts model are normally used for cate-
gorical data, they can be used for ordinal data as well, as long
as the data are discrete.) Moreover, in this limit the distribution
is given by Q∞ = e−φ∞ , where φ∞ = ∑

ce1,...,ek
s1,...,sk

Ie1,...,ek
s1,...,sk

with
some set of coefficients ce1,...,ek

s1,...,sk
. These coefficients are the

only degrees of freedom the distribution has in this limit, and
they are chosen so that the distribution satisfies the constraints
in Eq. (11). From a theorem in information theory [39], we
know that Q∞ must therefore be the unique maximum entropy
distribution. That is, it is the most uniform, and hence has
the maximum entropy, distribution satisfying the moments
constraints, Eq. (11). Incidentally, the position weight matrix
model and the Potts model are also known as the additive and
pairwise maximum entropy (MaxEnt) estimates, respectively.

In summary, we use a field φ to parametrize the probability
distribution Q that we want to infer from a sample of ordinal
biological sequences. We use a grid graph to capture the
relationships among the sequences, and then we construct an
operator �(P) that can compute the smoothness of the field
(or equivalently, the distribution). The optimal distribution is
a compromise between the data and a smoothness measure
that is controlled by a hyperparameter a. By varying the value
of the hyperparameter a from zero to infinity, we can obtain a
family of probability distributions from the most rugged data
frequency to the most uniform maximum entropy estimate,
and each distribution in this family has the same marginal
frequencies of up to P − 1 sites as the data. The remaining
question is then how to find the optimal value of the hyperpa-

rameter. In Bayesian field theory, there are two ways to answer
this question: one is by computing Bayesian evidence and the
other is by doing cross validation. Here we choose to do k-fold
cross validation. In k-fold cross validation, we first split the
data into k even partitions, and then we repeatedly solve for
Qas with k − 1 partitions and compute the likelihood of the
remaining partition with the resulting Qas. The optimal value
of a is then determined by the likelihood averaged over the
k partitions, and we denote the optimal distribution by Q∗.
This procedure may be time-consuming and computationally
demanding, but it is more applicable than computing Bayesian
evidence in most practical situations.

III. RESULT

To demonstrate the utility of our density estimation
method, here we apply it to the aneuploidy data of cancer
patients from the TCGA project [37]. A cell or an organism
is said to be euploid if it has an exact multiple of the haploid
number of chromosomes, otherwise it is called aneuploid. For
instance, a human cell having three copies of each chromo-
some is euploid, whereas a human cell having three copies
of 22 of the chromosomes but four copies for the remaining
chromosome is aneuploid. Aneuploidy is closely related to
karyotype. A karyotype records the absolute copy number
of each chromosome, while aneuploidy describes by how
much the subject deviates from being euploid. An euploid
cell or organism may still survive because of balanced gene
expression. For an aneuploid cell or organism, unbalanced
gene expression most often results in reduced cellular growth
rates, but some aneuploid states can in fact accelerate growth
[40].

In our previous work [14], we analyzed the TCGA aneu-
ploidy data of 10 522 cancer patients across 33 tumor types
[34]. The data set contained the aneuploidy of the 22 auto-
somes, that is, chromosomes other than the sex chromosome.
For each patient, we first classified each chromosome as nor-
mal, if it was neutral, or abnormal, if it was deleted, amplified,
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FIG. 5. Probabilities of the 294 unique sequences in the TCGA gliomas data set estimated with (a) additive MaxEnt, (b) pairwise MaxEnt,
and (c) ordinal SeqDEFT. The insets show the same thing but for all the 16 384 possible sequences in this problem. In order to plot the
sequences that were not observed, we add a pseudocount to the data set. The unobserved sequences are represented by the orange dots in the
last strip in each inset.

or something more complex. Thus, the aneuploidy data of
each patient were simplified to a string of 22 binaries. Then we
used SeqDEFT to estimate the probability distribution with
the data set. From a visualization of the resulting probability
landscape, we were able to identify some outstanding peaks
associated with particular tumor types. One of the peaks cor-
responded to simultaneous alterations in chromosomes 6, 7,
9, 10, 19, 20, and was found to associate with gliomas. Now
we can analyze the case one step further by taking the original
four states of aneuploidy into consideration.

We focus on the subset of 1086 patients that have gliomas
[41–43]. According to the result of our previous analysis [14],
we look only at the subset of chromosomes that consists of
chromosomes 1, 6, 7, 9, 10, 19, 20. (Chromosome 1 is in-
cluded because of the 1p/19q codeletion commonly observed
in low-grade gliomas [36].) Each chromosome can take on
one of the four states: deleted (D or “−”), neutral (N or “ ”),
amplified (A or “+”), or complex (C or “∗”). The four states
are arranged in the order D, N, A, C to represent the amount
of each chromosome relative to being euploid. This choice of
chromosomes and states results in a sequence space of dimen-
sion 47 = 16 384. By comparison, the data set contains 1086
sequences (CNNNNCN, NNANDNN, etc.), among which
only 294 sequences are unique. In other words, the observed
sequences occupy only 1.79% of the whole sequence space.

A. Probability distribution

We use our method with P = 2, along with fivefold cross
validation, to estimate the probability distribution. In order to
compare, we also fit an additive MaxEnt model and a pairwise
MaxEnt model to the same data set. The choice of the value
of the hyperparameter P deserves a few words. In principle,
the value of P can be determined entirely from the data. To
do so, we compute each family of probability distributions
for P = 1, 2, . . . , �. The value of P can then be selected from
the cross-validated log likelihoods of the data, for example. In
practice, however, this method is not very practical. This is be-
cause sequence data are usually so sparse that the magnitude,
or even the existence, of higher-order associations cannot be
established, and thus the calculations with high values of P

may be problematic. As a result, the value of P is usually
hand-picked by user. We have seen that we should not choose
a high value of P. On the other hand, the operator �(P) with
P = 1 is identical to the graph Laplacian, and thus its function
is to make the difference between neighboring sequences as
small as possible. But we have seen in biology that a single
point mutation can have a dramatic effect on a sequence.
Thus, a value of P > 1 should be chosen. Here we find that
P = 2 works best for the current problem. From the theory we
know that the resulting distribution will have the same 1-site
marginal frequencies as the data.

The results are shown in Fig. 5. From the figure we see
that the three models all make reasonably accurate estimates
of probabilities for the observed sequences, with the pairwise
model providing more precise estimates than the additive
model, and our method providing even more precise estimates
than the pairwise model. This trend is also reflected in the re-
sulting cross-validated log likelihoods; the additive, pairwise,
and ordinal SeqDEFT models give an average cross-validated
log likelihood of −1325, −1180, and −1140, respectively. For
the unobserved sequences (represented in the last strip in the
inset of each subplot), however, it is slightly different. We see
that for the unobserved sequences the estimates of the additive
model is actually tighter than that of the pairwise model. In-
tuitively, this is because, although the data set is large enough
to establish the frequency at each site, it is not large enough
to establish the correlations between each pair of sites. As a
result, the pairwise model gives a wider range of predictions
for the unobserved sequences. For ordinal SeqDEFT, on the
other hand, in regions where there are no data the distribution
is mainly determined by the smoothness operator in the prior.
Thus, the distribution therein, which is obtained by pushing
the posterior action to zero as much as possible, is similar
to the one that is restricted within the kernel of the operator,
which for P = 2 is an additive model.

We have seen that our method is capable of inferring the
underlying probability distribution given a sample of ordinal
sequences. In some cases, the probability distribution itself is
what we want. Oftentimes such a probability distribution is
then used in follow-up analyses or applications. An example
is the generative modeling, in which a probability distribution
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FIG. 6. Association spectrum inferred from the probability dis-
tribution Q∗. For each order P, the effective magnitude of the
association is defined as the exponential of the root-mean-squared
value of logA(P) computed by using Eq. (12). The larger the value
of A(P), the stronger the association. An A(P) of 1.0 means that there
is no association at all.

is used to generate samples having similar features of interest.
Below we demonstrate two more things one can do with a
probability distribution. One is studying the associations of
the sequence sites, the other is probing the global geometry
of the probability landscape. We will look at the associations
first and then move on to the probability landscape.

B. Associations of sequence sites

From the expression of the smoothness operator in Eq. (6)
we see that sandwiching the operator �(P) with the field φ

representing a distribution results in a sum of squared log
P-associations over all P-dimensional hypercubes. With this
quantity we can easily compute the root-mean-squared value
of logA(P) as

(logA(P) )rms =
√

1

s
φT �(P)φ, (12)

and use its exponential as the effective magnitude of the Pth-
order association predicted by the distribution in question.
Given a distribution, we can repeatedly use Eq. (12) with P =
1, 2, . . . , �, to estimate the strength of the association among
P sequence sites. The resulting “association spectrum” com-
puted with the distribution Q∗ we obtained above is shown in
Fig. 6. Note that the result with P = 1 is more like a measure
of the overall uniformity of the distribution, rather than an as-
sociation, so it is not included in the figure. From Fig. 6 we can
see that the sequence sites actually have stronger higher-order
associations, although all the associations are only mild. This
should not be too surprising since the chromosomes used in
the data set were chosen because of the seeming concurrence
of their alterations in gliomas.

In principle, each value of effective A(P) in the associ-
ation spectrum should be computed with a number of log
P-associations, each corresponding to a particular set of P
sites and a certain background. Equation (12) provides a
direct formula for the root-mean-squared log P-association.
But, still, we can compute those log P-associations explic-

itly and look into them to try to extract more information.
When computing a value of, say, log 2-association (i.e., odds
ratio), we need to specify two elements at each of the two
sites. For example, 1 and 2 at one site, and also 1 and 2
at the other. Together, they form four patterns, 11, 12, 21,
22, at the two sites, which correspond to a face in the grid
graph representing the sequence space;see Fig. 3. Notice that,
for a given face, there are multiple ways to form the odds
ratio, such as (Q22/Q12)/(Q21/Q11), (Q12/Q11)/(Q22/Q21),
(Q21/Q22)/(Q11/Q12), (Q11/Q12)/(Q21/Q22), and so on. But
no matter how the odds ratio is formed, we obtain the same
magnitude for this log 2-association. This is because there is
no intrinsic “direction” in the computation of logA(P). For the
sake of convenience, however, we may regard the first site as
being mutating from 1 to 2, and the second site from 1 to 2 too.
In this case, the odds ratio is given by (Q22/Q12)/(Q21/Q11),
and the magnitude of its logarithmic value can be interpreted
as the coupling strength between the two mutations. When
doing so, association becomes very similar to the epistatic
coefficient in biology, which is often used to describe how
the effect of a gene mutation is affected by one or more other
gene mutations. In our case, it is how the frequency, or the
existence, of the sequence is affected by the mutations.

Although this thinking may seem appealing, it may lead
us to a wrong conclusion when interpreting the result. For
instance, we may tend to think a strong association between
the two sites means that when the first site mutates from 1 to
2, the second site mutates from 1 to 2 as well, and thus the
pattern appearing at the two sites should be 11, 22, or both,
rather than 12 or 21. Though this is indeed one possibility,
other possibilities do exist. In fact, one of the other possi-
bilities is a complete opposite of our conclusion, that is, the
pattern that appears at the two sites could be 12, 21, or both,
rather than 11 or 22. As stated above, this problem comes from
the fact that a value of log P-association is given by a ratio
of 2P probabilities, and there are multiple ways to arrange
the probabilities so that the log P-association has the same
magnitude. Thus, there are many scenarios that can result in
a strong association between the P sites. The safest way to
find out the pattern corresponding to a strong association is
therefore by looking into the probabilities of the sequences
involved. In our example, we may find that 22 has a much
larger probability than 11, 12, and 21, and thus is the dominant
pattern at the two sites. Note that the pattern found in this
manner is merely a “local rule,” since we are comparing only
the four patterns, 11, 12, 21, and 22. If we investigate another
face at the same two sites formed by patterns, say, 22, 23, 32,
and 33, we may find that a different pattern 33, instead of 22, is
the most probable one. Local rules like these might be useful
in some situations, but a more useful piece of information
would be a complete list of the patterns that do appear at the P
sites. Such a picture can be patched up with local rules derived
from all the (α − 1)P hypercubes. A more straightforward,
and perhaps simpler, way to get the picture is by looking into
the probabilities of the αP associated sequences directly.

Having computed the associations, the next question is how
to present the result in an informative way. For the case of
P = 2, it is an easy task as pairwise associations can be readily
represented by using a heatmap. For an example of splice
sites in human genome, see Ref. [14]. For the cases of P > 2,
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FIG. 7. (a), (b) Schematic representation of the five strongest associations for P = 2 and for P = 3 inferred from the probability distribution
Q∗. In each plot, the circumference of a circle is partitioned into seven arcs, each corresponding to a chromosome. Each arc is also partitioned
into three segments, each corresponding to one of the mutations: D → N (blue), N → A (red), A → C (green). Each Pth-order association
is represented by a P-sided polygon within the circle. There are five polygons in each plot, colored in blue, orange, green, red, and violet,
according to their association strengths in descending order. (c, d) Left: Sequence logos that show the patterns appearing at the P sites of
interest (highlighted in yellow) conditional on a certain background. Note that each pattern consists of P letters in the horizontal direction, so
a letter may appear multiple times at one site. The height of each pattern is proportional to its relative probability. Right: Sequence logos that
show the backgrounds (highlighted in yellow) in which a particular pattern tends to appear at the P sites of interest. The height of each letter
is proportional to its relative probability.

however, presenting those higher-order associations becomes
a difficult task. It is clear that the solution should depend on
what we want to know about the system. If what we want to
know is what combinations of mutations have the strongest
associations, and in what backgrounds, we can represent the
result in the following manner. First, we partition the cir-
cumference of a circle into � arcs, each arc corresponding
to a sequence site, and then we partition each arc into α − 1
segments, each segment corresponding to a mutation. Then
any Pth-order association can be represented by a P-sided
polygon within the circle connecting the particular mutations
involved. This is similar to the “circos plots” commonly used
in visualizing genomic data [44]. Meanwhile, if desired, the
backgrounds can be represented by a “sequence logo” [45].

The five strongest pairwise and three-way associations
inferred from the probability distribution Q∗ are shown in
Figs. 7(a) and 7(b). From Fig. 7(a), we can see some
well-known chromosome abnormalities in gliomas, such as
7+/10− [36] (conditional on 1/6∗/9/19/20) and 19+/20+
[46] (conditional on 1/6/7+/9/10∗). We also see a strong
association between 1∗ and 19∗, conditional on 6/7/9/10/20,
which is likely a manifestation of the 1p/19q codeletion [36].
As explained above, to see what is really going on at those
pairs of sites, we need to look into the probabilities of the
associated sequences. Here we examine all the patterns that

are allowed at the two sites, not just the patterns formed by
the mutations, to get a more complete picture. The results
are displayed as sequence logos in the left panel of Fig. 7(c).
We can see that the patterns 7+/10, 19+/20+, and 1∗/19∗ are
indeed the most prominent pattern at the two sites when both
sites mutate. Note that, for chromosomes 1 and 19, the pattern
1∗/19∗ is more probable than the wild type.

These pairwise associations, 7+/10−, 19+/20+, and
1∗/19∗, have an effective strength (averaged over all back-
grounds) of 2.52, 2.02, and 1.58, respectively, which are
greater than 99%, 98%, and 88% of all possible pairwise
associations. We plot the backgrounds in which 7+/10−,
19+/20+, or 1∗/19∗ is the most probable pattern at the two
sites as sequence logos in the right panel of Fig. 7(c). The
backgrounds for each pattern are found in the following man-
ner. For each background, we first find the probabilities of all
the patterns (DD, DN, …, CC) at the two sites. This gives us
a vector of 16 components, and we normalize it to 1. Then a
“similarity score” can be obtained by taking the inner product
of this vector with another vector constructed in a way that
the component corresponding to the pattern of interest (e.g.,
AD) is 1 and 0 otherwise. A background is selected if the
similarity score is greater than 0.5. We find 950, 8, and 14
backgrounds for 7+/10−, 19+/20+, and 1∗/19∗, respectively.
From the figure, we can see that the backgrounds for 7+/10−

044408-8



DENSITY ESTIMATION FOR ORDINAL BIOLOGICAL … PHYSICAL REVIEW E 110, 044408 (2024)

have no specificity, meaning that each state appears with an
equal probability at the background sites. By contrast, the
backgrounds for 19+/20+ and 1∗/19∗ show a mild to medium
specificity.

Higher-order associations have been rarely identified in
clinical studies of gliomas. A possible third-order association
involves 7+/10−/19+ [47], which, however, does not show up
in Fig. 7(b). We compute the probabilities of all the patterns
at the three sites with a neutral background. The result is
shown in the left panel of Fig. 7(d), from which we can see
that 7+/10−/19+ is indeed the most probable pattern when
the three sites all mutate. On the other hand, the effective
strength (averaged over all backgrounds) of this abnormality
is inferred to be 1.56, which is greater than 81% of all possible
third-order associations. Moreover, we find the backgrounds
in which 7+/10−/19+ takes place in the same manner as
above. The 19 backgrounds found are plotted in the right panel
of Fig. 7(d), which also show a mild specificity.

We have demonstrated that the association analysis pre-
sented above can help us find out the patterns that tend to
appear at some sites in a certain background. It can also help
us find out in what backgrounds a particular pattern is more
likely to appear at some sites. This information, in turn, can
tell us which mutations tend to take place together. These
rules, or “biological grammar,” dictate how different sequence
sites should cooperate together in order to make a sequence
“visible,” and thus may be useful in the exploration of un-
derlying physical or biological mechanisms. Here we analyze
only the pairwise and three-way associations. Higher-order
analysis can be carried out in the same manner.

C. Global geometry of probability landscape

Now we turn to investigate the probability landscape of
the distribution Q∗. The distribution Q∗ is a very high-
dimensional object. Thus, in order to visualize it, we resort to
a dimensionality reduction technique based on an evolution-
ary model [48]. In this method, the distribution Q∗ is regarded
as being the result of an evolutionary process. This evolution-
ary process can be represented by a reversible Markov chain,
whose rate matrix is given by

Ti j = log Q∗
j − log Q∗

i

1 − e−(log Q∗
j −log Q∗

i ) , (13)

where i and j denote mutationally adjacent sequences, and
the diagonal element Tii is chosen so that the row sums of
the matrix T are all zero. The derivation of Eq. (13) can be
found in Appendix B. Order the eigenvalues of the matrix
−T in such a way that 0 = λ1 < λ2 � λ3 � · · · � λα� . A
d-dimensional visualization of the Markov chain, and hence
the distribution Q∗, can be obtained by plotting each sequence
i with coordinates

√
1/λ2 r (2)

i , . . . ,
√

1/λd+1 r (d+1)
i , where r (k)

is the right eigenvector of −T corresponding to the eigenvalue
λk . It can be shown that the reciprocal of the square root of
the kth eigenvalue,

√
1/λk , is proportional to the variance

explained in the direction of the kth eigenvector. Moreover,
the squared distance between two sequences i and j in the
visualization approximates the expected “commute time” be-
tween them (i.e., the time it takes to go from i to j and then

back to i). For more details, see Ref. [48] and the supplement
to [14].

Note that we do not actually need to diagonalize the rate
matrix to construct the visualizations because we just need
a few subdominant eigenvectors. Moreover, because the rate
matrix is highly sparse, this can be done efficiently for se-
quence space containing millions of sequences.

Figure 8 shows a visualization of the probability distri-
bution Q∗ using the method described above with the first
three rescaled eigenvectors. These rescaled eigenvectors are
called “diffusion axes” since they capture the slow modes
of the underlying evolutionary process [48]. Each node in
the visualization represents a sequence and is colored by its
inferred probability, and each edge represents a single point
mutation. We can see that the sequences are divided into
three distinct groups by Diffusion Axis 1. A closer inspection
reveals that higher, medium, and lower values on Diffusion
Axis 1 correspond to sequences with chromosome 10 being
deleted or neutral, amplified, and complex, respectively. This
segregation may seem strange at first since each chromosome
is allowed to be in any one of the four states. To understand
why this happens, we note that the chromosome abnormality
10− is very common in gliomas. In fact, in the TCGA data set
10− is more frequent than the wild type. On the other hand,
the abnormality 10+ is quite rare in the data set. Thus, from
an evolutionary point of view, a population starting as a wild
type is much more likely to evolve to 10− than to 10+. In other
words, the commute time between wild type and 10− is much
shorter than the commute time between wild type and 10+.
In the visualization the sequences with chromosome 10 being
deleted and the sequences with chromosome 10 being neutral
form two individual groups; however, because of their very
short commute time, they appear to be overlapping with each
other and are far from the group of sequences with 10+. The
chromosome abnormality 10∗ is also much more frequent than
10+, which separates the two groups of sequences by a large
distance in the visualization as well. As a result, the sequences
are segregated into three distinct groups.

Diffusion Axis 3 is found to play a similar role as Diffusion
Axis 1 in the visualization, with the controlling chromosome
now being chromosome 6. More specifically, the region with
lower values on Diffusion Axis 3 corresponds to a mix of se-
quences with chromosome 6 being deleted or neutral, whereas
the regions with medium and higher values on Diffusion Axis
3 correspond to sequences with chromosome 6 being am-
plified and complex, respectively. Although the segregation
along Diffusion Axis 3 is not as prominent as that along
Diffusion Axis 1, it can still be discerned by the various shades
of orange along the axis.

Unlike Diffusion Axes 1 and 3, Diffusion Axis 2 does not
have a clear connection with the states of a certain chromo-
some. Nevertheless, the sequences form several stripes that
stretch to different extents along Diffusion Axis 2. We find
that the farthest nodes of each stripe always possess the pattern
1∗/19∗ with some background, whereas the middle portion
of each stripe consists exclusively of sequences either having
1∗/19+ or having 1+/19∗, and this trend vanishes as we move
further toward the head of the stripe. What distinguishes the
stripes? It is found that the sequences forming the leftmost
stripe in the first group all have chromosome 9 being neutral
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FIG. 8. Visualization of the probability distribution Q∗. Each
node represents a sequence and is colored by its inferred probability,
and each edge represents a single point mutation. The sequences
form three groups, conditional on 10/10−, 10+, or 10∗, respectively,
which are plotted separately in the lower panel for the sake of visi-
bility. WT, wild type.

or deleted, and the sequences forming the next stripe therein
all have chromosome 9 being amplified. However, distinctions
between other stripes are hard to find as the boundaries be-
tween them are blurry. In addition, we also find that in each

group sequences having 7+ tend to gather around the bottom
(i.e., regions with lower values on Diffusion Axis 2), although
some of them may scatter deep into a stripe.

From the global geometry of the probability landscape,
Fig. 8, we can imagine an evolutionary process as follows.
A population starts as a wild type, with all the chromosomes
being neutral. As the population wanders around the sequence
space, it has a much higher probability of staying in the
original group than jumping to the group with 10+. Even if
the population does jump to the group with 10+, it will soon
jump back to the original group or jump to the group with
10∗. Let us focus on what is likely to happen to the population,
assuming that it stays in the original group. Because the group
with 10− overlaps thoroughly with the group with 10 neutral,
the population is very likely to pick up the abnormality 10−.
In addition, since the wild type is surrounded by sequences
having 7+ (which tend to gather near the bottom of the group),
the population is also very likely to pick up the abnormality.
This combined pattern 7+/10− is a signature of glioblastoma
[36]. Sequences having both 7+ and 10− abnormalities form
the routes from wild type to the bottom-right corner along
Diffusion Axis 3. Our population may also take on alter-
native routes in the direction of Diffusion Axis 2. In doing
so, it picks up either 1∗ or 19∗, and eventually possesses
the pattern 1∗/19∗, which in our analysis is characteristic of
low-grade gliomas [36]. Another possibility is that the popu-
lation may pick up the abnormality 7+/10− on its way toward
the end of a stripe. This corresponds to the clinical scenario
that some low-grade gliomas may progress to glioblastoma
[43].

Figure 9 shows how many times a particular chromosome
abnormality with 10 or 10− is observed in the TCGA data
set. From the figure we can see that the abnormalities with
glioblastoma being the diagnosis scatter primarily around the
bottom, whereas the abnormalities with low-grade gliomas
being the diagnosis tend to pile up at the upper corner. This
picture is consistent with what we have inferred from an
imaginary evolutionary process taking place in the probability
landscape shown in Fig. 8.

IV. SUMMARY AND DISCUSSION

Within the framework of Bayesian field theory, we devel-
oped a novel approach to estimate the probability distribution
from which a sample of ordinal biological sequences were
drawn. This approach was based on the idea of representing
the sequence space by a suitable graph. We found that for
ordinal sequences a grid graph, which is a Cartesian product
of path graphs, was a suitable choice as it can take into
account the ordering of sequence elements. In such a repre-
sentation, we then constructed an operator which can compute
the associations among sequence sites of any order, and these
associations were used to form a smoothness measure. This
operator played a role like a “regularizer” in machine learning,
allowing us to control the smoothness of the resulting distribu-
tion by tuning the value of a hyperparameter, and the optimal
value of the hyperparameter was determined via k-fold cross
validation. We applied this approach to the TCGA aneuploidy
data of gliomas, and we found that the optimal distribution
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FIG. 9. Number of patients with a particular pattern of the seven chromosomes from the TCGA data set. Note that the data set is based on
the old definitions of cancer types. Only the patients belonging to the group with higher values on Diffusion Axis 1 in Fig. 8 are counted. The
patients are further separated into two subgroups, one consisting of those patients annotated as having glioblastoma (GBM, left panel) and the
other with patients annotating as having low-grade gliomas (LGG, right panel). The size of each dot is proportional to the number of patients
having the corresponding pattern. WT, wild type.

inferred with this approach had a better performance than the
parametric additive and pairwise MaxEnt models.

We also did two follow-up analyses with the optimal dis-
tribution. First, we computed an association spectrum that
revealed the association strengths of the sequence sites of
all orders. We also looked into the associations of second
and third orders to search for events of interest, for example,
what combinations of mutations tended to occur simultane-
ously and in what backgrounds. This analysis provided us a
way to figure out the underlying biological grammar for the
system. Indeed, we were able to recover several well known
chromosome abnormalities in gliomas. Second, we used a
dimensionality reduction technique based on an evolutionary
model to visualize the probability landscape. We saw that the
global geometry of the probability landscape reflected some
prominent features of the system. Moreover, we investigated
how a population starting as the wild type might evolve to
other states and eventually ended up in glioblastoma or low-
grade gliomas. Looking at the system from this perspective
helped us understand the underlying biological mechanisms.

The method developed in this work is very similar to
its categorical counterpart introduced in Ref. [14]. In fact,
the derivation of the posterior action Sa[φ] presented in Ap-
pendix A holds for both categorical and ordinal discrete data.
The difference shows up only in the implementation of the
methods through the prior, which requires setting up relation-
ships among the sequences and constructing an appropriate
operator in accord with the sequences’ nature. Therefore, Se-
qDEFT and ordinal SeqDEFT share the same advantages and
disadvantages. One disadvantage of the methods lies in their
computational complexity. There are many factors contribut-
ing to it, and the most significant one is the exponential growth
of the size of the arrays with respect to the sequence length.
This inevitably restricts the applicability of these methods to
small problems. Nevertheless, we have seen that, within the
scope of small problems, the flexibility of our methods can
lead to much better results than the traditional methods subject
to fixed functional forms.

Here we applied the method to aneuploidy data, but the
method can also be applied to other types of ordinal data in
genetics, such as variations in gene copy number [49] and
genotypes consisting of alleles ordered by their phenotypic
effect [50]. In addition to naturally discrete data, biologists
frequently convert inherently continuous data into discrete,
ordered categories to standardize measurements across mul-
tiple sources and alleviate measurement noise. One notable
example is the Relevé data from ecology [51], which is often
used to describe the composition, structure, and distribution
of plant species in an ecological community. When compiling
Relevé data, a discrete scale (e.g., the Braun-Blanquet scale)
is typically used to describe the abundance of a list of plant
species at different locations within a community. Our method
can thus be applied to Relevé data to model the covariation
between species and reveal key ecological interactions.

Finally, we conclude with an issue which we believe is
worth further investigation. In our previous work of density
estimation on categorical sequence data [14], the sequence
space was represented by a Hamming graph, namely, a Carte-
sian product of complete graphs. We found that there existed
a simple and elegant expression of the smoothness operator
�(P) in terms of the Laplacian matrix of the Hamming graph
and its eigenvalues. Specifically, for categorical sequences of
length � and α elements, �(P) can be expressed as

�(P) = 1

P!

P−1∏
k=0

(L − kαI ), (14)

where L is the Laplacian matrix of the graph, I is the identity
matrix, and kα, for k = 0, 1, 2, . . . , �, are the eigenvalues of
L. This operator can compute associations for all possible
combinations of P different sites, as in Eq. (6). This expres-
sion not only suggests a more efficient way to implement
the computation of associations but also gives us an insight
into the sequence space decomposition. Unfortunately, when
developing the theory of this work, we found that this expres-
sion no longer worked out, and we had to stick with a raw
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definition of �(P) as in Eq. (4). The failure of Eq. (14) for
grid graphs can be easily seen by trying with a toy model.
But why does it not work out? Does the expression exist only
for Hamming graphs? We think it is worthy to investigate if
a decomposition similar to Eq. (14), possibly with different
entities or even in a different mathematical form, exists for
other composite graphs. If not, what properties disable a graph
from having such a decomposition? We believe answering
these questions will be of interest to graph theory in general
and sequence data analysis in particular.

Our implementation of ordinal SeqDEFT is available at
Ref. [52] and the TCGA data set of aneuploidy in human
cancer is from the Supplemental Material of Ref. [34].
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APPENDIX A

Here we derive the posterior action Sa[φ] given in Eq. (9).
We follow the steps outlined in Ref. [20], which is devoted to
density estimation for one-dimensional continuous variables.
Our derivation here can be regarded as a discrete version of
the derivation therein.

For the sake of simplicity, we rewrite the parametrization
of the probability distribution Q by the field φ, Eq. (1), as

Qi = e−φi∑
j e−φ j

, (A1)

where i and j, both running from 1 to α�, are index of the
sequences. Observe that if φ is shifted by some constant, say,
c, Q will still be the same. So we can write φ as φ = ψ + c1,
where ψ is the part that changes from sequence to sequence, 1
is a vector of the right length full of ones, and c is an arbitrary
constant. Then Eq. (A1) can be expressed as

Qi = e−ψi∑
j e−ψ j

. (A2)

Because of this “degeneracy,” the prior and posterior distribu-
tions of Q and φ are related by

p(Q|a) =
∫ ∞

−∞
dc p(φ|a) (A3)

and

p(Q|data, a) =
∫ ∞

−∞
dc p(φ|data, a), (A4)

respectively. Our goal is to find out p(φ|data, a), and we
achieve this by first computing p(Q|data, a) and then using
Eq. (A4) to figure out p(φ|data, a).

The posterior distribution of Q can be written as

p(Q|data, a) = p(data, Q|a)

p(data|a)
. (A5)

In turn, the probability p(data, Q|a) can be written as

p(data, Q|a) = p(data|Q) p(Q|a). (A6)

Below we will compute p(Q|a), p(data|Q), and p(data|a), and
then put them together to obtain p(Q|data, a).

1. Derivation of p(Q|a)

We adopt the prior distribution on φ:

p(φ|a) = 1

Z0
a

e−S0
a [φ] (A7)

with

Z0
a =

∫
Dφ e−S0

a [φ]. (A8)

The prior action S0
a[φ] is given by

S0
a[φ] = a

2s
φT �(P)φ. (A9)

The operator �(P) has a kernel and so we “regularize” it as
follows:

S0
a[φ] → 1

2
φT

(
a

s
�(P) + ε

)
φ (A10)

with ε → 0. Let φ = ψ + c1. We have

S0
a[φ] = S0

a[ψ] + εβc + 1
2εα�c2, (A11)

where β = ∑
i ψi. Then the prior distribution of Q, given in

Eq. (A3), can be found to be

p(Q|a) =
√

2π

εα�
e

εβ2

2α� × 1

Z0
a

e−S0
a [ψ]. (A12)

The coefficients in the front came from the Gaussian integral
with respect to c.

2. Derivation of p(data|Q)

The term p(data|Q) is the data likelihood and is equal to

p(data|Q) =
∏

n

Qn, (A13)

where n = 1, 2, . . . , N , is the index of the sequences in the
data set. Using Eq. (A2), we have

p(data|Q) = 1

γ N
e− ∑

n ψn , (A14)

where γ = ∑
j e−ψ j . Let us look at the exponential term first.

Note that ψn can be expressed as ψn = ∑
i δniψi, where δni is

the Kronecker delta. Thus, the exponent of the term can be
rewritten as∑

n

ψn =
∑

n

∑
i

δniψi = N
∑

i

Riψi, (A15)

where Ri = N−1 ∑
n δni is the observed frequency of the ith

sequence. On the other hand, the factor in Eq. (A14) can be
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expressed as

1

γ N
= NN

�(N )

∫ ∞

−∞
dc e−N (c+γ e−c ). (A16)

Using the definition of γ , we obtain

1

γ N
= NN

�(N )

∫ ∞

−∞
dc e−N (c+∑

i e−φi ). (A17)

Putting Eqs. (A15) and (A17) into Eq. (A14), we have

p(data|Q) = NN

�(N )

∫ ∞

−∞
dc e−N

∑
i (Riφi+e−φi ). (A18)

Note that we multiplied the constant c in the exponent of
Eq. (A17) by

∑
i Ri, which is equal to 1, before we combined

it with Eq. (A15).

3. Derivation of p(data|a)

Now that we have derived p(Q|a), Eq. (A12), and
p(data|Q), Eq. (A18), we can multiply them together to obtain
p(data, Q|a), and the result is

p(data, Q|a) = NN

�(N )

√
2π

εα�
e

εβ2

2α�
1

Z0
a

∫ ∞

−∞
dc e−Sa[φ] (A19)

with

Sa[φ] = S0
a[φ] + N

∑
i

Riφi + N
∑

i

e−φi . (A20)

Here we have used the fact that S0
a[ψ] = S0

a[φ] when taking
the limit ε → 0. See Eq. (A11).

The probability p(data, Q|a) can also be written as

p(data, Q|a) =
∫ ∞

−∞
dc p(data, φ|a). (A21)

Comparing this equation with Eq. (A19), we obtain

p(data, φ|a) = NN

�(N )

√
2π

εα�
e

εβ2

2α�
1

Z0
a

e−Sa[φ]. (A22)

Therefore, the probability p(data|a), which is given by

p(data|a) =
∫

Dφ p(data, φ|a), (A23)

is equal to

p(data|a) = NN

�(N )

√
2π

εα�
e

εβ2

2α�
Za

Z0
a

(A24)

with

Za =
∫

Dφ e−Sa[φ]. (A25)

4. Putting things together

Finally, with Eqs. (A19) and (A24), the posterior distribu-
tion p(Q|data, a), Eq. (A5), can be expressed as

p(Q|data, a) = 1

Za

∫ ∞

−∞
dc e−Sa[φ]. (A26)

Comparing this equation with Eq. (A4), we obtain the poste-
rior distribution of φ:

p(φ|data, a) = 1

Za
e−Sa[φ] (A27)

with the posterior action Sa[φ] given in Eq. (A20).

APPENDIX B

Here we provide an exposition of Eq. (13). The standard
Kimura probability of fixation of an individual mutant gene
for a haploid Wright-Fisher process is given by [53]

1 − e−2s

1 − e−2Ns
, (B1)

where N is the population size and s is the selective advantage.
For small s, the probability of fixation can be approximated as
[54,55]

2s

1 − e−2Ns
. (B2)

If each accessible mutation occurs at rate 1, then mutation
enters a population of size N at rate N , and hence the rate
of introduction of mutations destined for fixation is

2Ns

1 − e−2Ns
, (B3)

which depends only on the compound parameter 2Ns. Thus,
if genotype i has fitness fi and genotype j has fitness f j , the
rate from i to j is

2N f j − 2N fi

1 − e−(2N f j−2N fi )
, (B4)

and it is easy to verify that the resulting Markov chain satisfies
detailed balance with stationary distribution

πi ∝ e2N fi . (B5)

Therefore, if we set 2N fi = log Q∗
i , we obtain the rate matrix

given in Eq. (13) and produce a Markov chain with stationary
distribution πi = Q∗

i .
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