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Formation mechanism of radial and circular cracks promoted by delamination
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Cracks with radial and circular patterns are appealing in nature and industry. Although morphologies and
propagation conditions of cracks are extensively studied, the formation mechanism of crack pattern by the
interaction of channel fracture and interfacial delamination remains elusive. Here, we present the transition
of radial to coexisting radial and circular crack patterns when the thickness of colloidal deposits on both hard
and soft substrates exceeds a critical value, through the colloidal volume fraction dependence. In addition, a
thickness-dependent phase diagram from radial crack to coexistence of radial and circular cracks was constructed
with respect to the radius and the volume fractions of silica colloidal deposits. A phase-field fracture model
is developed to elucidate how the formation of radial cracks is facilitated by simultaneous delamination. The
warping-induced radial tensile stress at the bottom surface of the striped deposit is proportional to the thickness.
It leads to subsequent nucleation and growth of circular cracks in thick deposits. This work provides insight into
the formation mechanism of complex crack patterns in drying colloidal deposits and revolutionizes the design
space of crack-based micro-nano structures.
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I. INTRODUCTION

Controlling the evaporation of self-assembled suspension
on substrates is a common method to obtain high-quality
colloidal deposits [1–4]. However, this method is inevitably
accompanied by complex cracking problems [5]. The nu-
cleation and propagation of cracks are induced by residual
tensile stresses that result from depositing processes, drying
processes, thermal expansion mismatch, or mechanical load-
ing [6–10]. The cracks may stop at the interface to form
channel cracks or deflect into the interface to generate de-
lamination, which depends on the material property of the
film-substrate system [11]. Classic channel crack networks
are extensively observed in china crockery, old paintings, and
dry mud [12–14]. They propagate along a straight trajectory,
deflecting only near the previous crack path, where they tend
to connect perpendicularly to the free boundary. After the
complete establishment of the previous fracture pattern, de-
lamination may eventually occur [13]. Conversely, during the
propagation of the crack, delamination may occur simulta-
neously and interact to change the propagation path when
the film-substrate adhesion is relatively weak. The detailed
interaction mode between the crack and delamination is based
on the evaporation geometry, chemical property, and drying
condition, which might achieve attractive crack morphologies
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[2,8,15–20]. These complex crack morphologies are attributed
not only to the propagation of channel cracks but also to the
coupling and propagation sequence of cracks and delamina-
tion [21,22]. Consequently, it is essential to understand the
interaction of cracks and delamination in colloidal deposits.

The well-known drying crack patterns include polygon
[12,17,23,24], linear [25], wavy [26], spiral [16,27], radial
[3,7,28–31], and circular [18,32–34] structures. Among these,
the radial and circular crack patterns have attracted substantial
attention in both experimental observations and theoretical
understandings [8,19,31–34]. It is believed that the formation
of radial or circular cracks is influenced by modulus mismatch
in film-substrate, preexisting flaws, and contact-line move-
ment [35–38]. The substrate elasticity modulus determines
the crack orientation by changing the in-plane stress distri-
bution [35,36]. Circular cracks form on soft substrates, while
radial cracks form on hard substrates. A preexisting track in
the deposit is essential for initiating and propagating cracks
along a circular path [37]. The movement of the contact line
during drying influences stress development and relaxation in
the deposit, which impacts crack formation and pattern [38].
The effect of material properties and environmental conditions
on circular and radial cracks has been reasonably explored,
but an exploration of the interplay of delamination and crack
is scarce. When a drop of an aqueous suspension of silica
nanoparticles is deposited onto a glass slide, the produced
solid deposit may undergo interfacial delamination and radial
cracking during drying [7]. In colloidal particle deposits, both
the initiation of cracks and the onset of delamination are
assumed to be governed by Griffith’s criterion. The capillary
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pressures within the system during the drying process con-
tributes to the accumulation of elastic energy, which provides
a driving force for the occurrence of crack nucleation or film
delamination [28]. Delaminated deposits may exhibit warping
due to the accumulation of stress and bending moment, re-
sulting in the formation of regular petal-like structures [29].
The petals continue to grow towards the center of the drop
and bend upwards [31]. However, these observations fail to
capture the critical transition of radial to coexisting radial and
circular crack and to elucidate why radial cracks are associ-
ated with interfacial delamination. The underlying formation
mechanism requires further investigation.

In this work, we report the formation and evolution of
radial cracks and coexisting circular and radial cracks coupled
with interfacial delamination. The radial cracks nucleate at
the edge and propagate accompanied by deposits delamina-
tion. When the deposit thickness exceeds a critical value, the
circular cracks nucleate at the bottom of the deposits and prop-
agate along the thickness direction. Additionally, a diagram
is proposed to classify crack morphologies based on the de-
posit thickness. Furthermore, a phase-field fracture modeling
is developed to simulate the propagation of cracks with or
without delamination. The results elucidate that anisotropic
stress release due to the delamination causes the crack to prop-
agate radially. The nucleation and growth of circular cracks
are attributed to the radial tensile stress induced by warping,
which is proportional to the deposit thickness.

II. EXPERIMENTAL DETAILS

A. Desiccation experiment

The colloidal suspensions of silica nanoparticles
(∼15 nm diameter) were diluted into deionized water
(Barnstead NanoPure) to obtain various concentrations. Here,
the diluted suspensions with volume fractions φ of 0.5, 1, 5,
10, 15, 20, 25, and 30% were used in our experiment. Glass
slides were utilized as supporting substrates, which were
initially cleaned with acetone, alcohol, and deionized water
before being dried with a stream of nitrogen. The prepared
colloidal suspensions were dropped onto the cleaned glass
substrates using a micropipette, with a droplet volume (V) of 1
µL and a droplet area radius (R) of ∼1 mm. The droplets were
allowed to evaporate naturally at ambient temperature and
pressure.

B. Characterization

A reflective optical microscope (Olympus, BX51) and
a camera connected to a computer via the connectors and
software were used to observe and capture the drying pro-
cesses from vertical and horizontal perspectives, respectively.
The top and side views of the droplets during drying were
extracted from the recorded videos. Subsequently, the corre-
sponding characteristic parameters of the drying droplets were
measured based on the extracted micrographs. After complete
evaporation, the height profiles of the dried deposits were
characterized using an optical profilometer (Bruker, Contour
GT-K) and the optical microscope, as shown in Supplemental
Material, Fig. S1 [39].

III. RESULTS AND DISCUSSION

A. Crack patterns under different volume fractions

The crack patterns observed for droplets dried under dif-
ferent volume fractions from top and side views exhibit
significant variations, as illustrated in Fig. 1. It is worth noting
that the crack morphologies, the number of cracks, and the
shape of the deposits are strongly dependent on the initial
particle volume fraction. For the smallest volume fraction
used in our experiment φ = 0.5%, a ring of short straight
cracks appears at the edge of the deposit, but no distinct crack
pattern can be observed in the center of the droplet, as shown
in Fig. 1(a). As the volume fraction is increased to φ = 1%,
the area with no distinct crack pattern in the center gradually
decreases in Fig. 1(b). Radial cracks form in an outer ring and
eventually branch at a certain distance from the droplet edge
into a multitude of secondary cracks that propagate towards
the center. When the volume fraction is increased to 5%,
the cracks propagate to cover nearly the entire area initially
wetted by the droplet with few branching, as illustrated in
Fig. 1(c). As the volume fraction further increases to ϕ =
10%, the cracks uniformly expand to cover the entire deposit
area, as shown in Fig. 1(d).

Remarkably, with a further increase in volume fraction of
φ = 15%, fewer circular cracks occur in the deposit fragments
separated by neighboring radial cracks, while the number of
radial cracks formed during the drying of suspension droplet
decreases in Fig. 1(e). Similar circular cracks form when
drying a series of silica suspensions with volume fractions
ranging from 15 to 30%, as depicted in Figs. 1(f)–1(h). No-
tably, a critical volume fraction of φc = 10% emerges as a
threshold, dividing the crack morphology into two distinct
categories. Below the critical volume fraction, only radial
cracks are observed on the surface, while both radial and
circular cracks coexist above the critical volume fractions. Ad-
ditionally, the side-view images of the deposits demonstrate
significant differences for different volume fractions. The de-
posit fragments separated by radial cracks are warped, and
the deposit looks like a spherical crown when φ < 10%. Con-
versely, the deposit fragments have almost no warping when
φ > 10%. The volume fraction-dependent crack patterns can
be better understood through a thickness dependence.

B. Thickness dependence of morphologies and crack
characteristics in deposits

The drying process of the droplets and the resulting de-
posit morphologies can be visualized by plotting the profile
of the thickness under different volume fractions of the silica
colloid, as shown in Fig. 2(a). In general, two distinct deposit
morphologies can be observed. At lower volume fractions, the
coffee-ring effect is more pronounced [40], while at higher
volume fractions, mountainlike deposit occurs. The deposit
morphology is attributed to the flow of nanoparticles during
evaporation. The radial flow tends to form coffee-ring de-
posits, with the magnitude of the effect depending on the ratio
of evaporation volume flux to droplet density. On the other
hand, Marangoni recirculating flow, driven by surface-tension
gradient, leads to the formation of a mountainlike deposit.
The transition between these deposit patterns can be explained
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FIG. 1. Optical microscopy images of silica colloid droplets dropped on glass substrates with different volume fractions in the final
dry state. The upper row represents the top view, and the lower row represents the side view. The blue box (upper) shows the radial crack
morphology, while the red box (below) shows the coexistence of radial and circular cracks. (Scale bar: 1 mm.)
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FIG. 2. (a) Thickness profiles of the dried deposits at different volume fractions. The centers of the deposits are located at x = 0. (b)
Dependencies of the estimated average thickness h (red triangle), the experimental average thickness he (blue circle), and the maximum
thickness hm (black square) of the deposits on the volume fraction φ. (c) Plots of normalized radial crack spacing λ/R (black square) and crack
propagation length wrc/R (blue circle) vs h. (d) Plots of the horizontal length between the edge and the maximum thickness of the deposit a
(blue circle) and the length from the deposit edge to the first circular crack w f (black square) vs the theoretical average thickness h.
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based on the fluid-flow model and the theoretical prediction
of the deposit distribution of droplet contact-line motion [41].
In addition to deposit morphology, the volume fraction also
directly affects the deposit thickness, which is a key parameter
of the drying deposit. The average thickness of the deposit
can be roughly estimated by h = φV /πR2. Figure 2(b) plots
the estimated average thickness h, the experimental average
thickness he, and the maximum thickness hm versus initial vol-
ume fraction φ, respectively. It can be seen that h, he, and hm

all increase monotonically with increasing φ. Considering the
residual liquid in the tube wall of micropipette during experi-
mental operation and the substrate residual deposit in the mea-
surement of deposit thickness, it is reasonable that h is slightly
larger than he. Therefore, the volume fraction-dependent crack
patterns are discussed through a thickness dependence.

For quantitative analysis of these different regimes of parti-
cle deposit, we define several parameters: the droplet wetting
radius R, the crack spacing λ, and the length of radial crack
wrc, as shown in the inset of Fig. 2(c). It is noteworthy that
the radial array of cracks demonstrates exceptional periodicity
and regularity, with both the crack spacing and length exhibit-
ing a monotonic increase in relation to the theoretical average
thickness of the deposit. This phenomenon can be ascribed to
the wavelength of concentration fluctuation during the phase
separation [42]. As the thickness increases when h < 31.9 µm,
there is a continuous rise in the normalized crack spacing λ/R,
as well as the normalized crack length w/R. Further theoretical
analysis to explain the monotone variation can be found in
Sec. IV B. At the critical point hc = 31.9 µm, w/R reaches
1, which indicates that the radial cracks have propagated to
the entire deposit surface. The discontinuous increase in crack
length wrc serves as a distinctive indication of the transition
from coffee-ring to mountain deposits. We have measured the
distance from the deposit’s edge to the first circular crack,
denoted as w f . Additionally, we defined the horizontal length
between the edge and the maximum thickness of the deposit
as a. It can be observed that the location of the first circular
crack nucleation corresponds to the location where the deposit
thickness is the largest, as shown in Fig. 2(d).

To determine the stability and identify the critical average
thickness for circular crack formation in silica colloidal sus-
pension, we conducted the experiment using 20 samples for
each average thickness and counted the percentage of samples
exhibiting circular cracks, as shown in Supplemental Material
Fig. S2(a) [39]. It is evident that the critical average thickness
is approximately 31.9 µm, corresponding to around half of the
samples exhibiting circular cracks. Above this thickness, both
radial cracks and circular cracks coexist in the dried deposit.
As the average thickness h increases, the number of circular
cracks, N, initially increases and then decreases, as depicted
in Supplemental Material Fig. S2(b).

In conclusion, we propose that the thickness of the deposit
plays a role in regulating the crack morphology in the radial
and coexisting circular and radial crack patterns promoted by
delamination in silica colloidal suspension. In our experiment,
we controlled the deposit thickness by adjusting the volume,
volume fraction, and deposit area of the drop-coated colloidal
suspension. Since the average deposit thickness is obtained
by the formula h = φV /πR2, the relationship between R and

φV is obtained by R = π (−1/2)h
(−1/2)√

φV . A phase diagram

FIG. 3. Experimental observations of crack patterns in silica de-
posits including data from literature in the plane: (I) no crack, (II)
radial crack, and (III) coexistence of radial and circular cracks.
The two dashed lines are based on two estimated critical values
of the average deposition thickness, where the black line (upper)
is the boundary of whether a crack occurs, and the red line (below)
is the boundary of whether a delamination-promoted circular crack
occurs. The blank region I is the crack-free area. The orange region
II is the situation of the deposit thickness below the critical thickness,
while the purple region III is above the critical thickness.

for the crack morphology was constructed with respect to the
deposit radius R and the volume of the deposit φV . Based
on thickness measurements, h0 ≈ 0.318 µm. Based on critical
value of the concentration parameters φc = 10% estimated
from our experiment, we obtained critical values of the av-
erage deposit thickness hc = φcV /πR2 = 31.9 µm. h̄0 is the
critical thickness below which films will not crack [10], and
hc is the critical thickness above which a circular crack will
initiate. The two boundaries corresponding to the h0 and hc

are plotted in Fig. 3 as dashed lines in black (upper) and
red (below), respectively. In addition, we extended these data
extracted from relevant literature and performed additional
experiment data using elastic polydimethylsiloxane (PDMS)
substrates. The detailed experimental observations of col-
loidal deposits on the elastic PDMS substrates are shown
in Supplemental Material Fig. S3 [39]. As a striking result,
we observe that the crack morphologies can be accurately
sorted based on the critical average deposit thickness in silica
colloidal suspension. The orange region II above the dotted
line, which indicates that the deposit thickness is less than the
critical value, corresponds to the radial crack pattern. The pur-
ple region III below the dotted line indicates that the deposit
thickness is greater than the critical value, which corresponds
to the crack morphology of the coexisted radial and circu-
lar crack. These crack patterns in silica colloidal suspension
have been widely observed under different parameters, such
as different silica suspensions concentrations, and substrate
materials. What are the underlying mechanisms that drive
the transformation of the crack morphology? To address the
questions, two distinct types of dynamic crack propagation
were investigated separately.
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FIG. 4. In situ evolution of a drying colloidal droplet with φ = 10%. (a), (b) Side view and top view of formation and evolution of radial
cracks. (c) Evolutions of the lengths from the deposit edge to the compaction line front wcl (black square), radial crack tip wrc (blue circle),
and delamination front wdf (red triangle) with time. (d) Evolution of the deposit warping height δ with time. The insets show the side views at
different time points. (Scale bar: 0.5 mm.)

C. Dynamic process of warping and cracking in deposits

To visualize the formation of radial cracks, we imaged a
1 µL suspension droplet with the volume fraction φ = 10%
on the glass slide. Upon the deposit of the silica suspensions
onto the glass substrate, the liquid layer begins to evaporate
immediately, causing the shrinkage of the spherical cap and
the aggregation of particles. Throughout this process, the ini-
tial contact line remains pinned. In Fig. 4(a), the timestamp
t = 0 s marks the point at which the silica suspensions so-
lidify and transform into an obvious gel zone. The apparent
compaction line gradually recedes on the deposit, resulting
in the formation of a gel area that extends from the edge
of the droplet towards its center [Fig. 4(b)]. Once the gel
deposit reaches a certain width, and corresponds to the critical
capillary pressure [40,43], the short straight cracks nucleate,
accompanied by delamination. This is rapidly followed by
a series of regularly spaced radial cracks along the deposit
edge at t = 130 s. The interference fringes observed in the
deposit pieces between neighboring radial cracks indicate the
simultaneous occurrence of interfacial delamination during
crack propagation. At t = 190 s, the radial cracks occupy
the entire circumference of the droplet and then propagate
towards the center successively with further evaporation from
edge to center. Simultaneously, the delaminated deposits warp
with continuous evaporation in thickness direction, which is
demonstrated by the side view. Subsequently, the cracks con-
tinue to expand across the entire deposit area and delaminated
deposits continue to warp, resulting in a spherical crownlike
appearance in the side view. It can be seen from Fig. 4(c)
that the lengths from the deposit edge to the compaction
line front (wcl), radial crack tip (wrc), and delamination front
(wdf ) increase steadily with time until the completion of the

propagation process. The warping height of the deposit (δ)
also increases steadily at first, and eventually reaches a stable
value, as shown in Fig. 4(d). When the liquid cap is com-
pletely evaporated, the crack reaches the center of the deposit,
and fan-shaped deposit fragments are formed (Supplemental
Material Movies S1 and S2).

These crack patterns are different from “daisy” cracks
shown in previous study when the film-substrate adhesion is
strong [30]. In this case, radial cracks form at the edge of the
deposit and become disordered gradually as they move toward
the center. Conversely, ordered radial cracks form and propa-
gate from edge to center of the deposit as presented when the
adhesion is relatively weak in this work. The reasons for the
formation of radial cracks at the deposit edge are consistent in
both cases, that is, the edge of the deposit is subject to greater
hoop-tensile stress, which leads to the formation of radial
cracks. The difference is that the deposit may delaminate due
to weak adhesion. The occurrence of interface delamination
causes the crack tip to always be subjected to greater hoop-
tensile stress, which leads to continuous extending along the
radial direction. A more detailed phase-field fracture model
analysis can be found in Sec. IV A.

The dynamic propagation process of coexisting radial and
circular cracks is shown in Fig. 5. A relatively narrow gel zone
forms as the solvent evaporates [t = 0 s in Fig. 5(a)]. When
the width of the gel zone reaches a certain threshold, radial
cracks begin to form [t = 280 s in Fig. 5(b)]. At the same time,
the dried deposit detaches from the substrate as the contact
line of the droplet continuously retracts. The difference from
Fig. 4(b) is that circular-shaped cracks become visible on the
bottom of the deposit as it continues to warp (t = 403 s).
At the following moment (t = 404 s), the deposit collapses
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FIG. 5. In situ evolution of a drying colloidal droplet with φ = 15%. (a,b) Side view and top view of formation and evolution of coexisting
radial and circular cracks. (c) Evolutions of the lengths from the deposit edge to the compaction line length wcl (black square), radial crack tip
wrc (blue circle), and delamination front wdf (red triangle) with time. (d) Evolution of the deposit warping height δ with time. The insets show
the side views at different time points. (Scale bar: 0.5 mm.)

and the circular-shaped cracks propagate through the deposit
thickness (Supplemental Material Movies S3 and S4). Sub-
sequently, more circular cracks are generated (t = 405 s). In
Fig. 5(c), the lengths from deposit edge to the compaction
line front wcl, radial crack tip wrc, and delamination front wdf

extend uniformly until the crack propagation is completed,
which is consistent with the case of radial cracks in Fig. 4. The
difference in the generation of circular cracks is depicted in
Fig. 5(d), where the insets represent the crack morphologies at
different stages of crack propagation. The presence or absence
of circular microcracks during warping determines the forma-
tion of the circular cracks. This unique propagation kinetics is
quite different from the previously reported process of circular
crack formation. Previous researchers have reported two main
types of circular cracks. One type is the formation of internal
precipitate ring decided by internal microstagnation flow and
precipitation dynamics [33,37]. The other one is attributed
to the drying-induced in-plane radial stresses generated in
the colloidal deposits by varying the underlying substrate’s
elasticity [35]. Therefore, based on the experimental data, we
propose that the circumferential strain caused by the warping
of the strip deposit leads to the nucleation and growth of
circular cracks in the thick deposits above the critical thick-
ness. A more detailed theoretical analysis can be found in
Sec. IV C. Therefore, the essential role of deposit thickness in
determining crack morphology is attributed to the interfacial
delamination that occurs during crack propagation.

Figure 6 shows a schematic of the drying process of sil-
ica colloidal droplets with two different crack morphologies.
When a silica colloidal suspension is dropped onto a clean
glass slide, the droplet with a spherical cap is generated, as
showed in Fig. 6(a). As the solvent molecules evaporate, the
droplet is dried, which usually takes about 10 min. During

this process, the volume of the droplet decreases while the
concentration of particles in the droplet increases, causing
the spherical cap to shrink from the edge. As a result, the
silica nanoparticles deposit onto the glass substrate, and form

Free evaporation

(a)

(b)

(c)

(d)

Silica colloidal drop

Silica deposit

Further warping Collapserping Collapse

c0h h h ch h

FIG. 6. Schematic illustration of the drying of colloidal droplets.
(a) A droplet with a spherical cap shape adheres to a glass slide. (b)
The droplet is dried to form a silica deposit from its edge through
solvent evaporation. (c) Warping and cracking occur in the dried de-
posit, where the warped deposit will only undergo the radial cracking
when h̄0 < h̄ < h̄c , while coexisting radial and circular cracks only
when h > hc. (d) Warped and collapsed deposits when the droplets
with different deposit thickness are completely dried.
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a silica gel deposit, as illustrated in Fig. 6(b). Both interface
delamination and radial cracks occur when the tensile stress
of the deposit reaches a critical value. The number of radial
cracks depends on the average thickness of deposit. Simulta-
neously, the solvent continues to evaporate from the edge to
the center and along the thickness of the deposit. On the one
hand, it causes the crack tip to expand. On the other hand, it
causes the deposit to warp.

When the average thickness of deposit is below the critical
value (h̄0 < h̄ < h̄c), only radial cracks appear in the deposit.
The radial cracks propagate from the edge toward the center of
the droplet, resulting in the formation of warped deposit with
radial crack patterns, as shown in Figs. 6(c) and 6(d). When
the average thickness exceeds the critical value (h > hc), not
only radial cracks but also circular cracks occur. The presence
of these circular cracks, together with the radial cracks, causes
the deposit to collapse instead of warping further. As the
deposit thickness increases, a transition from a warped de-
posit with radial cracks to a collapsed deposit with coexisting
radial and circular cracks occurs due to the appearance of
microcracks on the bottom of the deposit. Understanding the
mechanisms of evolution and transition can provide insights
into the design and fabrication of crack-based microstructures.

IV. THEORETICAL ANALYSIS

A. Phase-field model for radial crack formation
promoted by delamination

In our study, we apply the phase-field method, a so-
phisticated computational approach, to elucidate the intricate
relationship between delamination and crack evolution in
the film-substrate system. This method, as detailed in prior
research [44], can capture complex fracture patterns. It transi-
tions from the traditional sharp, discontinuous crack model
to a continuous model, utilizing a scalar damage variable,
denoted as “d”. This variable is designed to quantify the in-
tegrity of the material, with its value ranging from zero, which
signifies an entirely unbroken region, to 1, indicating a state
where the material is completely fractured. In this context,
the film in our film-substrate system is conceptualized as a
Föppl–von Kármán plate, characterized by a thickness h and
subjected to an eigenstrain ε∗

αβ . To describe the semi-infinite
elastic substrate, we employ Green’s function method, and the
interface between the film and substrate is effectively modeled
using a cohesive zone model.

The energy present in the thin film comprises two main
components: fracture energy U f

film and elastic energy U el
film.

Fracture energy fundamentally depends on two key factors:
the critical energy release ratio Gc and the crack surface
density per unit volume within the material γ (d,∇d ). The
formula for calculating the fracture energy in the thin film is
provided as [45]

U f
film =

∫ h/2

−h/2

∫ ∞

−∞

∫ ∞

−∞
Gcγ (d,∇d )dx1dx2dx3

=
∫ h/2

−h/2

∫ ∞

−∞

∫ ∞

−∞

Gc

c0l0

[
w(d ) + l2

0 ‖∇d‖2
]
dx1dx2dx3,

(1)

where l0 is a length scale that characterizes the width of
cracks, c0 = 4

∫ 1
0

√
w(s)ds, and w(d ) is the local fracture

energy function, which is associated with the fracture energy.
Due to the presence of cracks, the elastic modulus of the
film can be expressed as follows: Cαβδγ (r) = C0

αβδγ g(d, r). In
this expression, g(d, r) symbolizes a generalized degradation
function, which is dependent on the evolution of cracks. For
the sake of simplicity, in the subsequent discussion g(d ) will
be used to represent this degradation function. Furthermore,
C0

αβδγ signifies the original elastic modulus in the absence of
any cracks. Thus, the total elastic strain energy within the film
is quantified by the following equation:

U el
film =

∫ h/2

−h/2

∫ ∞

−∞

∫ ∞

−∞

1

2
g(d )C0

αβδγ εel
δγ εel

αβdx1dx2dx3, (2)

where εel
αβ = εαβ − ε∗

αβ and εαβ = (uα,β + uβ,α )/2 denote the
elastic and total strains in the film, respectively. ε∗

αβ repre-
sents the eigenstrain, which arises due to residual stresses or
thermal mismatches between the film and its substrate. uα is
the middle-plane displacement of the film. Consequently, the
total energy within the film comprises both fracture energy
and strain energy:

Ufilm = U f
film + U el

film. (3)

In the context of the semi-infinite substrate, it interacts
with the film, resulting in surface tractions. The elastic
strain energy of the substrate is quantifiable as a surface
integral [46]:

Usub = 1

2

∫ ∞

−∞

∫ ∞

−∞
T s

α us
αdx1dx2. (4)

In our analysis, T s
α and us

β are the traction and displacement
components on the substrate surface, respectively. Utilizing
Green’s function method, we articulate the surface traction
T s

α in terms of the surface displacement us
α . For a semi-

infinite elastic substrate characterized by a shear modulus μs

and Poisson’s ratio νs [47], the relationship is expressed as
T s

α = ∫ ∫
M̃αβ ũs

βeiξαxα dξ1dξ2/(2π )2. In this formulation, M̃αβ

is Green’s function within the Fourier domain, ξα represents
its corresponding Fourier vector, and ũs

β characterizes the
displacement of the substrate us

β within this domain. The
wave symbol (˜) placed above a variable signifies its Fourier
transform.

In our study, the interface between the film and substrate is
elucidated using a cohesive zone model. The properties of this
interface are encapsulated by a nonlinear traction-separation
relation, derived from a potential-energy function [48]:

Tα = 2t�α

δ2
t

exp

(
−�2

t

δ2
t

)
, (5)

where �t =
√

�2
1 + �2

2 are the tangential components of the
displacement jump across the interface, δt is the characteristic
length of interface tangential displacement jump, and t de-
notes the interface strength. Consequently, the energy on the
interface is given by

Uint =
∫ ∞

−∞

∫ ∞

−∞

∫ �α

0
Tαd�αdx1dx2. (6)

034801-7



LIU, LIU, SUN, YU, AND NI PHYSICAL REVIEW E 110, 034801 (2024)

Therefore, the comprehensive free energy of the entire
film-substrate system, including the film, substrate, and inter-
face, is

Utot = Ufilm + Usub + Uint. (7)

This system’s total energy is expressible as a function of
the interface displacement jump �α , in-plane displacement
uα , and crack order parameter d . The process of minimiz-
ing the total free energy is governed by the time-dependent
Ginzburg-Landau kinetic equations [46], enabling accurate
modeling of the morphological evolution of cracks and de-
lamination, as described by

∂�α

∂t
= −�α

(
Tα − T s

α

)
, (8)

∂uα

∂t
= −uα

{−[
g(d )hCαβδγ εel

δγ

]
,β

+ T s
α

}
, (9)

∂d

∂t
= −d

{
1

2
g(d )′hC0

αβδγ εel
δγ εel

αβ

+ Gch

c0l0

[
w(d )′ − 2l2

0 ∇2d
]}

. (10)

Here, �α
, uα

, and d are the dynamic relaxation coeffi-
cients related to the interface displacement jump �α , in-plane
displacement uα , and crack order parameter d , respectively,
driving the rate of evolution and reflecting the unique prop-
erties of the material system. By applying the microelasticity
theory, we incorporate the equivalent intrinsic strain ε0

αβ , and
transpose the problem of heterogeneous elastic systems to
a homogenized system augmented by ε0

αβ [49]. As a result,
Eq. (8) is reformulated as

∂ε0
αβ

∂t
= − ε0

αβ
hC0

αβδγ

{−εδγ + [1 − g(d )]−1
(
ε0
δγ − ε∗

δγ

)
+ ε∗

δγ

}
. (11)

To solve Eqs. (7), (9), and (10), we use the semi-implicit
spectral method [50]. Therefore, the model we have estab-
lished provides an approach to understanding the synergistic
evolution of thickness-through crack in the film and interface
delamination. Additionally, a scalar parameter D = 1 is intro-
duced to characterize the delamination state when �t > δt .

We employed a phase-field model established herein to
conduct simulation analyses to investigate the evolution of
crack, delamination, and the difference between circumfer-
ential stress σθ and radial stress σr under different interface
strengths, as depicted in Fig. 7. Our initial setup involved the
mismatch strain ε∗ = −0.05, the shear modulus ratio of 1 : 1
between the film and the substrate, and Poisson’s ratios of the
film ν f = 0.3 and substrate νs = 0.3. We defined the ratio of
dynamic evolution coefficients for fracture and delamination,
d/�α

= 2. In our simulations, to qualitatively demonstrate
how the formation of radial cracks is facilitated by simultane-
ous delamination as shown in our experimental observations,
we maintained the critical energy release rate Gc/μslm =
0.002, where μs is the shear modulus of the substrate and
lm is the unit grid length; we adjusted the ratio of interface
strength to the critical energy release rate t/Gc = 5 and 5 ×

Deposit

0.05

-0.05

0.05

-0.05

100*t =

100*t =

400*t =

1000*t =

600*t =

2000*t =

1000*t =

6000*t =

(a)

(b)

(d)

(c)
D

Delamination

eposit

FIG. 7. Numerical simulation results of crack propagation with-
out or with delamination. The evolution process of (a) crack pattern,
and (b) the anisotropic state of stress in the thin film with strong
interface strength. The evolution process of (c) crack pattern and
(d) the anisotropic state of stress in the thin film with relative weak
interface strength. The time t∗ is normalized by t/μslmε0

αβ
, where

μs is the shear modulus of the substrate, and lm is the unit grid
length. The σr represents the radial stress and the σθ represents the
circumferential stress.

104, representing scenarios of low and high interface strength,
respectively. These parameters are set to guarantee that
there are nucleation and growth of thickness-through crack
in the film with the delamination, as t is comparable to
Gc, and without the delamination, as t is much larger
than Gc.

Our visual representations employ deep pink to denote
deposit, light pink to highlight the delamination area, and
black to indicate the presence of cracks. As shown in Fig. 7(a),
under high interface strength conditions, delamination is ab-
sent. Cracks initially nucleate at the boundary, followed by
radial propagation. Subsequently, due to the residual stresses,
crack formation eventually occurs in the central region of
the film. The chaotic and disordered crack development is
attributed to the isotropic internal stresses within the film.
Over time, a network forms as external and internal cracks
intersect and interconnect. When examining the first primary
stress σ1 evolution, it is observed that initial crack forma-
tion at the boundary generates numerous stress concentration
points within the film in Fig. S4(a). As these cracks evolve,
the energy within the film is progressively released, lead-
ing to system stabilization. In contrast, under low interface
strength conditions, delamination and crack formation occur
concurrently at the boundary, as shown in Fig. 7(c). The
delamination front remains aligned with the crack tip, pro-
moting continuous radial crack propagation. The analysis of
the first primary stress evolution suggests that most of the
energy in the delamination area is dissipated through interface
delamination, with some residual stress persisting near the
delamination front due to boundary effects in Fig. S4(b). In
the simulation, (σθ − σr )/μs represents the anisotropic state
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mh

mh

maxmax

max-

0

x
y

FIG. 8. (a) Schematic for a layered substrate of multiple cracks induced in the film. The symbols λ and h are the spacing between radial
cracks and the thickness of the deposit, respectively. (b) A detailed two-dimensional shear lag model of stress distributions in the cracked
segments of the film. The symbols σ and τ are the tensile stress and the interfacial shear stress in the film, respectively.

of stress within the thin film. As depicted in Fig. 7(b), except
for the edge of the deposit that is subject to circumferential
stress due to the edge effect, the rest of the area is subject
to isotropic stress and produces disordered cracks. Most of
the residual stress perpendicular to the direction of the crack
is released by the crack; parallel to the crack, directional
stresses still exist. However, the degree of stress anisotropy
consistently reaches its peak near both the delamination front
and the crack tip [Fig. 7(d)]. This is accompanied by the
coordinated advancement of these fronts, leading to a pattern
of radial crack propagation. Consequently, it can be deduced
that the anisotropy of the stress field at the crack tip, induced
by interface delamination, directs the radial propagation of
cracks. Furthermore, due to the delamination effect, most
of the stress σ1/μs in the delaminated area of the film is
released, as illustrated in Fig. S4(b). Consequently, there is no
residual energy available to drive the formation of additional
cracks. Additionally, the absence of stress concentration areas
in the central region of the film prevents the initiation of new
cracks. For the reasons outlined above, only radial cracks were
observed in the thin film. It is noteworthy that out-of-plane
warping was not considered in this analysis. This omission
is reasonable because the out-of-plane displacement of the
film at the front of crack propagation and delamination is
very small, and its impact on crack evolution can be ignored.
Consequently, the phase-field model we developed effectively
elucidates the growth mechanisms of radial cracks, aligning
closely with the experimental observations in Fig. 4.

B. Analysis of the relationship between crack spacing
and deposit thickness

The deposits are divided into many segments with equal
spacings as modeled in Fig. 8(a). The experimental pattern in
Fig. 1 shows that this idealization is not very far from reality.
We used a shear lag model [51,52] to analyze the relationship
between the spacing of radial cracks in the deposit λ and the
thickness of the deposit h, as shown in Fig. 8(b). At locations
far away from previously formed cracks, when the maximum
tensile stress σm in the deposit reaches the critical value σc,

which is a material parameter, another crack occurs. There-
fore, the variation of τ (x) with x also affects the relationship
between λ and h. Here, we assume τ (x) to be a constant; to
simplify, we can get an approximate relationship between the
length of a cracked segment λ and the thickness of the film h:

λ = 2σch

τ
. (12)

In fact, for different types of τ (x), crack spacing λ also
maintains a positive correlation with film thickness, λ ∝
h

b
(b > 0), but except for different exponential parameters b.

The specific calculation of b also needs to consider the actual
interface situation.

C. Analysis of nucleation and nucleation position
of circular crack

In situ observations under the microscope during the des-
iccation process in Fig. 5 suggest the following mechanism.
Since evaporation starts from the colloidal surface, the humid-
ity gradient in the thickness direction causes a stress-gradient
distribution; stress in the porous deposit drives the accumu-
lation of elastic strain energy, and when it overcomes the
adhesion energy of the deposit attached to the substrate, de-
lamination occurs, as shown in Fig. 9. The circular structures
are formed after the radial crack and delamination propaga-

x

y

substrate

o

M
h/2 m

wrc

FIG. 9. Delamination schematic of a drying colloidal promoted
by thickness-dependent drying in silica colloidal deposits. The stress
distribution results in a moment per unit depth, M, and causes the
film to warp.
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tion. To elucidate the nucleation and propagation of circular
crack above the critical deposit thickness hc, we adopted the
flexural cantilever model in mechanics of materials. For the
striped deposit between two radial cracks, we assume it is a
beam structure. The stress generated by warping in the deposit
is

σ = My

I
, (13)

in which M is the warping moment, y is the distance from
a point to the neutral layer in the thin deposit, and I is the
area moment of inertia about the neutral axis. For the pure
warping case, the deflection δ(x) and warping moment M have
the following differential relationship:

d2δ

dx2
= M

EI
, (14)

where E is the elastic modulus of the thin deposit. Therefore,
the stress in the thin deposit is

σ = yEδ(x)′′. (15)

It is obvious that the point with the highest stress σmax =
δ(x)′′Eh/2 in the deposit will inevitably appear on the bottom
of the deposit, regardless of the change of δ′′. When the
stress at the bottom of the deposit exceeds the local material
strength, circular crack is nucleated.

However, the specific location where the maximum tensile
stress occurs at the bottom surface of the deposit fragment
depends on the deposit thickness, and second derivative of
warping deflection based on the theoretical analysis of a
curved beam. For deposits with variable thicknesses, obvi-
ously the circular crack is more likely to occur at the position
with the largest film thickness. Such prediction based on
the qualitative is in good agreement with the experiment in
Fig. 2(d).

V. CONCLUSIONS

In summary, our study reveals a remarkable change in the
thickness profile and crack patterns in the colloidal deposits
obtained by drying a range of different deposit thicknesses. A
critical average deposit thickness of approximately 31.8 µm
marks a threshold for this transition. The thickness profile
transitions from a coffee ring to a mountain shape, while
the crack pattern changes from radial crack to coexisting
radial and circular cracks, accompanied by delamination. The
synergy propagation processes of crack and delamination are
shown by in-situ experimental observation. The formation
mechanism of the radial crack is revealed by phase-field frac-
ture model, which is the change in stress distribution at the
crack tip induced by delamination. Circumferential strain at
the bottom surface of the striped deposit induced by warping
leads to nucleation and growth of circular cracks above critical
thickness. Although cracks are usually viewed as a failure,
the robust control over diverse crack morphologies induced
by the collaborative mode here can turn cracks into a design
tool for spontaneous substrate patterning, which may serve as
a valuable tool in the design and manufacturing of micronano
devices.
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