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Many animals have patterned fur, feathers, or scales, such as the stripes of a zebra. Turing models, or reaction-
diffusion systems, are a class of mathematical models of interacting species that have been successfully used
to generate animal-like patterns for many species. When diffusion of the inhibitor is high enough relative to
the activator, a diffusion-driven instability can spontaneously form patterns. However, it is not just the type of
pattern but also the orientation that matters, and it remains unclear how patterns are oriented in practice. Here,
we propose a mechanism by which the curvature of the surface influences the rate of diffusion, and can recapture
the correct orientation of stripes on models of a zebra and of a cat in numerical simulations. Previous work has
shown how anisotropic diffusion can give stripe forming reaction-diffusion systems a bias in orientation. From
the observation that zebra stripes run around the direction of highest curvature, that is around the torso and legs,
we apply this result by modifying the anisotropic diffusion rates based on the local curvature. These results show
how local geometry can influence the reaction dynamics to give robust, global-scale patterns. Overall, this model
proposes a coupling between the system geometry and reaction-diffusion dynamics that can give global control
over the patterning by using only local curvature information. Such a model can give shape and positioning

information in animal development without the need for spatially dependent morphogen gradients.
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I. INTRODUCTION

Many animals have patterned fur, feathers, or scales that
can serve many different purposes, such as the camouflaging
stripes of a tiger or zebra, sexual selection as in the peacocks
feathers, or as a warning signal in striped venomous snakes
or caterpillars. For striped patterns, it can be important that
the stripes are oriented in a specific manner for effective
function. A tiger with horizontal stripes might stick out from
the vertical blades of grass and fail to sneak up on its prey.
Often the orientation depends on the location on the body. For
a standing tiger or zebra, stripes are aligned vertically around
the torso and horizontally around the legs. The width of the
stripes can vary too. For zebras, stripes can be three to five
times thinner around the legs compared to the torso [1], and
animals like giraffes and leopards have smaller spots around
their legs compared to their torso [2], or the spots elongating
into stripes around the legs and tails as in some tabby or
Bengal cats. However, it remains unclear how these patterns
are arranged during development.

Alan Turing famously proposed a model for pattern forma-
tion [3], now known as Turing models or reaction-diffusion
models. Typically there are two interacting and diffusing
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species which, under the right conditions, can produce pe-
riodic patterns known as Turing patterns from an initially
uniform state due to a diffusion-driven instability [3—6]. There
has been theoretical success in reproducing a wide range of
animal pigmentation patterns [7—11], digit formation in hands
and feet [12,13], and hair and feather positioning [14,15], with
some experimental evidence of biological circuits that could
act as Turing models [7,9,14-16].

However, standard Turing models generate patterns with
no bias in orientation while in nature these patterns are often
aligned in specific directions. One argument is that the ge-
ometry of the animal may limit waves to certain directions.
For example, the wavelength of stripes on a tigers tail may be
larger than the tails circumference, and so patterns may only
emerge with stripes going around the tail [4,17,18]. However,
this argument clearly breaks down when looking at the ani-
mals torso which often have vertical stripes with a wavelength
much smaller than the radius of curvature. Instead, there are
several additional mechanisms that can orient Turing-like pat-
terns [19]. Including spatial gradients of chemical source in
the reaction rates can align stripes, either perpendicular or
parallel to the gradient, depending which species the chemical
source affects [8,11,12,20]. Alternatively, anisotropic diffu-
sion [21,22] or anisotropic growth of the domain [23] can also
lead to stripe orientation.

In this paper, we present a theoretical mechanism for align-
ing Turing patterns that reproduces the orientations observed
in tigers and zebras. In zebras and tigers, the stripes go around
the legs and torso, which is in the direction of highest cur-
vature. Thus, we propose a model for pattern alignment in
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which the diffusion is coupled to the curvature of the surface.
While anisotropic curvature differentiates directions through
the Laplacian and can produce pattern alignment when cur-
vature is high [4,23,24], meaning the diffusion coefficient
curvature dependent can boost this effect when curvature is
low, such as on the torso, or even reverse the effects. Ad-
ditionally, when patterns are established early in embryonic
development [25], curvatures are much higher compared to
the adult organism, thus any effects from curvature or curva-
ture coupling are much stronger.

First, we review the conditions for Turing instabilities and
show analytically that they grow fastest in the direction of
highest diffusion of the inhibitor. Next, we show numerically
that even for small differences in diffusion we obtain robust
alignment of stripes, and how diffusion can transition a spot
pattern to stripes. Finally, we perform simulations on 3D mod-
els of cats and zebras and show that we can obtain patterns
qualitatively similar to those in nature.

II. INSTABILITY AND WAVELENGTHS INCREASE
WITH INHIBITOR DIFFUSION

First, we review the conditions for Turing instability and
show how increasing the inhibitor diffusion rate increases the
growth rate of instabilities. Consider a general two-species
reaction-diffusion system [3] with isotropic diffusion

= Viu+ f(u,v), (1)

b =dV*v + gu, v), 2)

where f and g are the chemical reaction rates, and d is the
relative diffusion rate between v and u, working in nondimen-
sional space. The system has a uniform steady state when
u=u, and v = v,. By considering small perturbations to
this steady state of the form u = u, + ite’®*+5) and v =
v, + Det¥+hY) and using linear stability analysis, one can
show that the conditions for Turing instabilities are

i) futeg <0,

() fugv — fo&u > 0,

(i) df, +g» >0,

(iv) (dfu+ gv)* —4d(fugv — fogu) > 0,
where f, = 9, f(u, vy), and so on [3]. When these condi-
tions hold, there exists some perturbation with frequency
k=~k*+ k‘z, that is linearly unstable and patterns should
spontaneously form. The first two conditions are for a steady
uniform state and the last two conditions are for a diffusion-
drive instability. A corollary of conditions (i) and (iii) is that
d # 1, and further, if f, >0=d >1land f, <0=d < 1,
meaning we must have a relatively slow diffusing activator
and fast moving inhibitor for patterns to form.

When u is the activator with f, > 0, the maximum growth
rate across all frequencies k is given by

1 d+1 4d v&u
Ak) = E(m e+ d%l(fu R —%’)

3)
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FIG. 1. Inhibitor diffusion increases instabilities. (a) Example
two-species reaction diffusion system. The activator u increases
production of both u and v while the inhibitor v decreases produc-
tion. (b) Instability growth rate A against frequency k for different
diffusion coefficients d. (c¢) Maximum growth rate across all wave
numbers against diffusion coefficient d. (d) The dominant frequency
k., which maximises the growth rate, against diffusion coefficient d.

with corresponding frequency
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The growth rate always increases with an increase in the
diffusion coefficient, as the derivative

dar(ky) =

1 So&u
T 1)2< (fu = 80)+(d + Dy = ) )
is always positive since it is proportional to k2 > 0, in the case
that f, > 0. Similarly, when f;, < O the derivative is negative,
meaning that increasing the relative diffusion rate of the in-
hibitor increases the instability. Further, for d large enough,
the frequency k, always decreases, meaning that further in-
creases to the diffusion rate increase the pattern wavelength.

To illustrate this result, we use the Schnakenberg model
[26] which can produce striped or spotted patterns, depending
on the reaction parameters, though these results should hold
for any reaction-diffusion system satisfying the Turing condi-
tions. The rate equations are given by

iw=Vu+a+u*v—u, (6)

v =dV?v +b—utv, @)

such that f(u,v) =a+ u?v — u and g(u, v) = b — u’v, and
has steady state given by u, = a + b and v, = ﬁ. In these

equations, u is the activator and v is the inhibitor [Fig. 1(a)].
Using the parameters a = 0.025 and b = 1.55, the diffusion
coefficient for the inhibitor must be higher than that of the ac-
tivator for instabilities to occur, as expected by condition (iii).
Once the system is unstable, increasing d further increases the
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growth rate of the instabilities [Figs. 1(b) and 1(c)], and the
most unstable wave frequency decreases [Fig. 1(d)], giving
wider stripes.

III. ANISTROPIC DIFFUSION ALIGNS
TURING PATTERNS

Next, we show that anisotropic diffusion should give
pattern alignment in unstable systems. Consider a reaction-
diffusion system with anisotropic diffusion

= 07u+ 0u+ f(u,v), ®)
U = d97v + dyojv + gu, v). ©)

Writing the wave vector of the perturbation as (ks k,) =
(kcos@, ksin@) converts our equations into the form dis-
cussed in the previous section, except we have an angle-
dependent diffusion coefficient d(0) = d, cos>6 + dy sin? 6.
From the previous section, increasing the diffusion coefficient
increases the instability when the system is unstable. Thus, we
expect waves to form in the direction that maximizes d(6),
and so stripes should form in the perpendicular direction.
In addition, it is possible for the perturbation to be stable in
one direction and unstable perpendicular to it [22]. Thus, in
cases where we have anisotropic diffusion, we expect stripes
to align either parallel or perpendicular to the direction of
highest diffusion.

To test these predictions, we simulate the Schnakenberg
equations in a periodic two-dimensional box with anisotropic
diffusion in the inhibitor. We use the parameters a = 0.025
and b=1.55, and d, =20, which would normally give
stripes, and vary the diffusion coefficient in the x direction
from d, = 0.5d, to d, = 2d,. Starting from the uniform steady
state, we add a small perturbation and evolve the system
numerically until a steady state is reached.

When d, = d, we obtain striped patterns with no bias in
orientation [Fig. 2(a), middle panel]. When d, < d,, stripes
align with the x direction, even for differences in diffusion as
small as d, = 0.93d, [Fig. 2(a), left panels]. Similarly, when
d, > d, stripes align with the y direction instead [Fig. 2(a),
right panel].

For a different set of parameters, a = 0.025, b = 1.24,
d, = d, = 20, the Schnakenberg equations give a spot pattern
instead of stripes [Fig. 2(b), middle panel]. However, as we
vary diffusion in the x direction as before we observe a spot
to stripe transition. For moderate anisotropy, spots form but
begin to be aligned in rows, reminiscent of the rare spotted
zebra mutant, which has stripes broken up into spots. At high
diffusion anisotropy we observe stripes aligned as before,
but for near isotropic diffusion we observe spots [Fig. 2(b)].
Thus, anisotropic diffusion can change both the orientation
and type of patterns, depending on the parameter regime of
the underlying reaction model.

We quantify pattern alignment by measuring the gradient
fraction in the i direction as

f 8iu2dA

G =
[ (0142 + 0,u2)dA

(10)

for i = x, y, which measures the fraction of the gradient in
a given direction. For d, = d, there is no clear preference in
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FIG. 2. Anisotropic diffusion gives robust pattern alignment. (a),
(b) Simulation results of the Schnakenberg equations for varying
ratios of d,/d,, where d, = 20, using (a) stripe forming parameters
(a = 0.025, b = 1.55) and (b) spot forming parameters (a = 0.025,
b = 1.24). (c), (d) Gradient fraction in the x and y directions against
the diffusion ratio for (c) stripe forming parameters and (d) spot
forming parameters. Dots show the mean and standard deviation
(n=10).

pattern direction [Fig. 2(c)], as shown in other studies [27].
However, for d, < d, most of the gradient is in the y direction
and for d, > d, most of the gradient is in the x direction
[Fig. 2(c)]. The same trend is observed with the spot forming
parameters, although a larger diffusion-anisotropy is needed
before patterns align [Fig. 2(d)].

IV. CURVATURE-DEPENDENT DIFFUSION REPRODUCES
ANIMAL PATTERNS

Finally, we introduce the idea of curvature-diffusion cou-
pling and show how it can predict both pattern alignment and
wavelengths. We have seen in the previous section how small
changes in diffusion with direction can align stripes. Biologi-
cally, this could arise from morphogens diffusing on the apical
or basal sides of a cell, which would travel different distances
when the surfaces are curved [28]. Alternatively, cells shapes
can display strong anisotropy around the torso or limbs [29],
which could change the diffusion rate in the direction aligned
or perpendicular to the cells. Thus, we allow diffusion to be
modified by the curvature of a surface in 3D and find that we
can qualitatively reproduce the observed patterns.

On a surface in 3D, we have the surface normal n, and two
directions of principal directions t; and t,, with curvatures
and «y, respectively. We modify the diffusion of the inhibitor
v to be anisotropic and curvature dependent, giving equations

= Viu+ f(u,v), (11)

V=V [(dk)t ®t; +d(k2)t @ tp) - Vsv] + g(u, v),
(12)

where Vy is the surface gradient, and d(k) is a curvature
dependent diffusion coefficient. This diffusion term means
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FIG. 3. Diffusion coupled to curvature gives robust alighment
on curved surfaces. (a), (b) Simulation results of the Schnakenberg
equations on 3D models of (a), a cat and (b), a zebra for differ-
ent curvature-diffusion coupling strengths, r, = —10, r, =0, and
rq = 10 from left to right. (c), (d) Gradient fraction in directions of
principle curvature, t; and t, for t;, for (c) cats and (d) zebras. Dots
show the mean and standard deviation over 10 simulations.

that when the gradient of v is only in the t; direction then it
diffuses with rate d(k;).

To test the idea of curvature-dependent diffusion aligning
patterns, we chose a simple monotonic diffusion coefficient in
the form of a logistic function

1 1
d|l =+ ——), 13
0(2-1— l—i—e‘”d) (13)

where dj is the diffusion coefficient at zero curvature, and r,
is the curvature-diffusion coupling strength. The choice of a
monotonic function ensures that diffusion is always highest,
or lowest, in the direction of highest curvature and so we
should have pattern alignment either parallel or perpendic-
ular to it. For positive r,, curvature increases the diffusion
coefficient and we expect stripes to align perpendicular to the
direction of highest curvature. For negative r,, diffusion de-
creases with curvature, and stripes should align parallel to the
direction of curvature. Additionally, stripe width will depend
on curvature, since increasing diffusion increases the pattern
wave length [Fig. 1(d)]. For negative r;, we expect smaller
stripes around highly curved regions such as the legs and tail
when compared to less curved regions such as the torso.

We simulated curvature-coupled Schnakenberg equa-
tions on meshes of a cat and a horse. The surface curvature
is calculated using the pymeshlab package in python, and
simulations are numerically integrated using the fipy package
[30]. Starting from a uniform steady state plus some noise, we
evolve the equations until a steady state pattern is reached.

For no curvature coupling, r; = 0, we observe stripe for-
mation with no clear preferred orientation around the torso,
legs, or neck [Figs. 3(a) and 3(b), middle]. Around the tails
the stripes align with the curvature, likely due to the radius of
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FIG. 4. Diffusion coupled to curvature can drive spot to stripe
transitions. (a)—(c) Images show simulation results for (a) strong cur-
vature coupling (r;, = —10), (b) weak curvature coupling (r; = —5),
and (c) no curvature coupling (r; = 0).

curvature being smaller than the typical wave size, and so it is
unable to form a gradient in that direction [4,17].

For negative curvature coupling, r; < 0, meaning diffusion
is lower in the direction of highest curvature, we find patterns
similar to those observed in tigers and zebras [Figs. 3(a)
and 3(b), left]. Along the neck and torso of the animals the
stripes are vertical, since they align with the curvature. Along
the legs the stripes are instead horizontal and have a smaller
wavelength than the torso, also seen in nature. In contrast, for
positive curvature coupling, r; > 0, stripes align perpendicu-
lar to the direction of highest curvature, resulting in horizontal
stripes along its torso, more like a zebrafish than a zebra
[Figs. 3(a) and 3(b), right]. Additionally, despite the small
circumference of the tail, a single horizontal stripe is able to
form, running the length of the tail.

To quantify the effect of curvature coupling, we perform
a similar analysis to the flat case, in which we define the
gradient fraction in the direction of principal curvatures, t;, by

f(t,' . Vsu)zdS

T Vards .

For both the cat and zebra models, we find that for negative
coupling, r; < 0, the gradient mostly aligns perpendicular
to the direction of highest curvature, t;, forming stripes
aligned with curvature [Figs. 3(c) and 3(d)], while for positive
coupling the trend is reversed. When the coupling is close
to zero, the strength of orientation becomes weaker and the
gradient fractions approach a value of 1/2.

Finally, we perform simulations with the spot-forming
parameters with curvature-dependent diffusion. For zero cou-
pling, we obtain the expected uniform spot patterns, even
along the tail and legs [Fig. 4(c)]. For weak negative coupling,
rg = —5 we observed spots on the torso while stripes form
around the tail, neck, and legs of the cat as observed in many
spotted cat breeds such tabby cats or Bengal cats [Fig. 4(b)].
For strong negative coupling, r; = —10, we observe mostly
stripes on the cat, going around the torso and legs as in
regular striped cats [Fig. 4(a)]. For positive coupling, we still
observed spotted patterns similar to the case with no coupling.
However, this is likely due to the diffusion function used,
which has a range between %do and %d(). With a larger range
one would expect positive coupling to allow stripes to form,
given the analysis in Sec. III.

V. DISCUSSION

In this paper, we have shown how reaction-diffusion sys-
tems that form stripes can be oriented by including anisotropic
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diffusion (Fig. 1). When the inhibitor diffuses faster in one
direction, relative to the activator, then stripes will be formed
perpendicular to that direction, even for small differences in
diffusion (Fig. 2). Using curvature-dependent diffusion rates,
we qualitatively capture the striped patterns observed in many
animals (Fig. 3). When curvature decreases diffusion, stripes
run around the torso and legs, as observed in zebras and cats.
Moreover, a consequence of the decreased diffusion around
the legs, relative to the torso, is the reduction of stripe width
which is also seen in these animals. In contrast, when cur-
vature increases diffusion, stripes run along the torso and
down the legs. Additionally, we have shown how anisotropic
diffusion can cause a spots to stripes transition, with negative
diffusion coupling giving patterns similar to in spotty cats
(Fig. 4).

While the curvature-dependent diffusion is purely theoreti-
cal, there are several biological candidates that could enable a
curvature-dependent diffusion or reaction rates [31-34]. The
patterns were simulated on models of adult animals, but for
many animals the patterns are set during embryonic devel-
opment. In cats the pattern appears to form halfway through
gestation [25], although by this stage the embryo is already
taking a distinct cat shape, with developed legs and tail show-
ing similar directions of greatest curvature, and so one would
expect similar patterns from the model [25]. However, the size
of the pattern forming skin cells are more comparable to the
scale of curvature in the embryo, thus any curvature effects
may be more pronounced during development.

Recent work has demonstrated that some morphogen gra-
dients, measured at the apical surface of the cells, are robust to
surface curvature, even when the basal surface is unchanged
[28]. If another morphogen followed the length of the basal
surface, then the morphogens would display different effective
diffusion coefficients under curvature. Similarly, patterning of
avian feathers can be generated by both the outer most layer
of cells and several layers of cells beneath it, which could
further increase the effects of curvature on the length scales
of patterns [35].

Alternatively, cells can display strong shape anisotoropy,
aligned in the direction of highest curvature, which could
affect the rate of diffusion in different directions [29]. If

diffusion is cell-boundary limited, then having less cells per
unit length due to strain induced by the curvature would
increase the effective diffusion rate. In contrast, if diffusion
is cytoplasm-limited then straining cells has no effect on the
effective diffusion rate. If the two interacting species diffused
through different mechanisms, then they would experience
anisotropic diffusion that would align patterns.

Finally, there are cases where the diffusing species are ac-
tually different cell types which crawl across the surface, such
as in the patterning of zebrafish [9]. Some cells can exhibit
curvotaxis, in which the crawl speeds can be dependent on
the local curvature, effectively changing the diffusion rate in
different directions when the principal curvatures are different
[36,37].

Overall, this work proposes a new coupling between
reaction-diffusion models and the system geometry, and ap-
plies this to striped pattern formation and orientation, using
only information of the local curvature, instead of globally
orchestrated parameter gradients [8,11,12,20]. An interesting
follow up question would be to study the case where the
curvature is influenced by the reaction-diffusion system, for
example by activator induced growth. In this case, a feedback
loop would exist between the reaction-diffusion system and
the system geometry that may result in complex behavior from
a simple ruleset.

In addition, this paper focuses on pattern formation on the
torso, legs, and tail which have relatively low Gaussian cur-
vature as they are cylinderlike. The Laplacian on the surface
becomes anisotropic implicitly when there is nonzero Gaus-
sian curvature. This idea could be further explored in cases
where the Gaussian curvature is significant, such as during
early embryonic development where animals are bean shaped,
with negative curvature on the stomachs and positive on the
backs. Many mammals often have a different fur color on
their stomachs, so one could try to model this using curvature-
dependent diffusion in a pattern forming system.
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