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Spread complexity and quantum chaos for periodically driven spin chains
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The complexity of quantum states under dynamical evolution can be investigated by studying the spread
with time of the state over a predefined basis. It is known that this complexity is minimized by choosing the
Krylov basis, thus defining the spread complexity. We study the dynamics of spread complexity for quantum
maps using the Arnoldi iterative procedure. The main illustrative quantum many-body model we use is the
periodically kicked Ising spinchain with nonintegrable deformations, a chaotic system where we look at both
local and nonlocal interactions. In the various cases, we find distinctive behavior of the Arnoldi coefficients and
spread complexity for regular versus chaotic dynamics: suppressed fluctuations in the Arnoldi coefficients as
well as larger saturation value in spread complexity in the chaotic case. We compare the behavior of the Krylov
measures with that of standard spectral diagnostics of chaos. We also study the effect of changing the driving

frequency on the complexity saturation.
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I. INTRODUCTION

The complexity of physical systems, in general, and for
quantum dynamics of many-body systems, in particular, is
encapsulated quantitatively by a number of measures. These
include circuit complexity, quantum Kolmogorov complexity,
algorithmic randomness, entanglement based measures, and
entropic measures [1-5]. The detailed dynamics of complex-
ity can also signal the presence (or absence) of quantum chaos,
and thus these complexity measures can often be used as
chaos diagnostics [6-8].

A relatively new measure of the complexity of operator
growth with bearing on the integrable or chaotic nature of
the dynamics is Krylov complexity (K-complexity). Oper-
ator K-complexity was defined and studied in Ref. [9] for
quantum systems in the thermodynamic limit. Its relation
with circuit complexity was recently studied in Refs. [10—12].
It utilizes the Heisenberg picture of quantum dynamics and
measures the growth of operator complexity as encapsulated
by successive nested commutators of the system Hamilto-
nian with an (initially localized) observable. For maximally
chaotic systems, the initial growth rate (up to the scrambling
time) of K-complexity is exponential.' For finite size systems,
this growth eventually becomes linear and saturates after the
Heisenberg time [16]. The universal operator growth hypoth-
esis [9] posits a linear growth of the Lanczos coefficients
(defined in the next section) for the maximally chaotic case,
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'However, this can also happen for cases involving saddle-
dominated scrambling resulting (semiclassically) from unstable fixed
points in phase space [13]. Also, for CFTs, even rational and free
ones, the complexity growth is exponential [14]; see also Ref. [15].
So, this is not a sufficient condition for chaos.

24770-0045/2024/110(3)/034201(13)

034201-1

whereas their growth is sublinear for the integrable cases.
For free (quadratic) models, they are typically constant (their
dependence on operator size is explored in Ref. [17]). For a
comprehensive recent review on Krylov construction in quan-
tum systems, see Ref. [18].

The main focus of this paper is the related notion of
K-complexity for quantum states, also known as state com-
plexity or spread complexity. It was introduced in Ref. [19]
and utilizes the Schrodinger picture of state evolution. It mea-
sures the spread with time of an initial state over a predefined
basis, namely, the Krylov basis that is defined iteratively
through the Lanczos algorithm. The next section reviews the
basic definitions and concepts relating to spread complexity
that we will require. Spread complexity has been investigated
for a variety of models starting from the Sachdev-Ye-Kitaev
(SYK) model and random matrix models in Ref. [19]. It has
been studied for spin chains [20,21], the quenched Lipkin-
Meshkov-Glick (LMG) model [22,23], Kitaev chain [24], free
fermion models [25], many-body scars [26,27], and others
[28-38]. It also serves as an order parameter which can dis-
cern topologically nontrivial phases of matter [39].

In this paper, we study spread complexity for quantum
maps such as those generated by Floquet dynamics of spin
chains. Precision Floquet engineering in periodically driven
quantum systems opens up many avenues, both experimental
and theoretical, in quantum control using optical lattices and
ultracold atoms [40—42]. It can be used to study nonequilib-
rium phenomenon and engineer unique phases of matter such
as time crystals [43].

We will study chaotic dynamics in a quantum many-body
system—the periodically kicked Ising spin chain. Such a lat-
tice of interacting spin-half fermions provides an ideal testing
ground for many-body quantum chaos. As this intrinsically
quantum mechanical system has no classical limit, it is useful
in exploring facets of chaotic dynamics beyond the semiclas-
sical regime. A primary objective in our paper is to investigate

©2024 American Physical Society
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the transition from regular to maximally chaotic dynamics
in Floquet spin-chain models when the coupling strength or
the nonlocality of the interaction is tuned. This is done us-
ing a variety of measures, with a particular focus on spread
complexity. The first model here will be the kicked Ising
spin chain with a tunable coupling constant that interpolates
between the integrable and chaotic regimes. We will also
look at a maximally nonlocal version of the kicked Ising spin
chain and study the effect of nonlocality on the dynamics.
Maximally nonlocal spin-chain models with constant all-to-all
interactions have been studied earlier as systems exhibiting
fast scrambling [44,45]. Fast scramblers have a scrambling
time t; ~ In N, where N is the system size and have maxi-
mally chaotic dynamics with the quantum Lyapunov exponent
saturating the chaos bound [46]. The second model (discussed
in Appendix C) is a bosonic spin chain: the kicked Bose-
Hubbard dimer model.

This paper is organized as follows. Section II introduces
and reviews the basic notions of spread complexity and the
Arnoldi iterative algorithm utilized for Krylov construction
for quantum maps. We also review the Krylov chain picture
and use it to give a simple argument for the complexity growth
being at most linear in time. Section III introduces the kicked
Ising spin chain model, both the local and nonlocal versions.
Here we also study the distinctive behavior in the integrable
and chaotic domain of the Arnoldi coefficients, spread com-
plexity, as well as other chaos quantifiers such as the spectral
parameter 1 and the delocalization parameter o. Some similar
results for the Bose-Hubbard dimer model are relegated to
Appendix C. In Sec. IV, we conclude with a discussion of
the main results and observations.

II. ARNOLDI ITERATION AND SPREAD COMPLEXITY
FOR QUANTUM MAPS

In this section, we review the basic notions of Krylov
construction, spread complexity, Lanczos, and Arnoldi iter-
ation that we will need in our subsequent analysis. For more
details, the reader is referred to the introductory sections of
Refs. [9,19,47-49] and the review Ref. [18].

A. Krylov complexity for quantum states

Consider a basis B8 = {|B,)} using which a time-dependent
quantum state is expanded as |y (t)) =), ¥, (t) |By). Fol-
lowing Ref. [19], we define a complexity measure

Ca(t) =Y nlyn(®), )

which quantifies the (time-dependent) spread of the state
over the basis elements. A functional minimization over the
bases, C(t) = ming Csx (¢), leads to a basis-independent mea-
sure of state complexity dubbed as spread complexity (see
Ref. [19] for more details). These authors also showed that
this minimum is obtained for the Krylov basis. The Krylov
construction for quantum states for autonomous as well as
Floquet systems is outlined below.

B. Review of Lanczos iteration

We consider the time-evolved state
o0

[ (1)) = exp(—itH) o) = Z

n=0

which suggests the natural basis {|vVo) , H |¥o) CH? W), .. )
in which the state can be expanded. We assume that the initial
state is not an eigenstate of the full Hamiltonian. Krylov
construction then proceeds by orthonormalizing this set using
the Lanczos algorithm. The algorithm iteratively generates
a set of orthonormal basis vectors starting from |K_;) = 0,
|Ko) = |¥0), and

(—it )n

n!

H" |yo),  (2)

1
|Kn> = b_ |An> s |An+l) = (H - an) |Kn> - bn |Kn—l> (3)

for n > 1. The Lanczos coefficients are defined as
an = (K| H|K,) , by = (A,A)'2. )

This algorithm naturally halts for systems with a finite-
dimensional Hilbert space after generating a set of orthonor-
mal states. The Hamiltonian in the Krylov basis takes a
tridiagonal form with a,, as the diagonal elements and b, as
the subdiagonal and superdiagonal elements [19]. The time-
evolved state | (¢)) can be expanded in the Krylov basis as

Dg—1

@) =Y van®)IKy), )
n=0

where Dk is the dimension of the Krylov space. The total
probability ), [¥,(¢)|> = 1 is conserved for unitary evolu-
tion. Spread complexity is then defined as

Dkg—1

Ct)= Y nlyu@®)I, (6)

n=0

which measures the average spread of the wave function over
the Krylov basis [19]. An equivalent form of spread complex-
ity is the expectation value of the Krylov complexity operator
K:

D1

COy=WmIRIY@), K=Y nlK)Kl.
n=0

Apart from the average spread, we can also study the Shan-
non entropy of the spread using the probability distribution
[y, (). Tt is defined as

Dkg—1

St ==Y [u® Iy ®)

n=0

C. Review of Arnoldi iteration

For periodically driven systems, the Krylov construc-
tion proceeds similarly using the unitary Floquet operator
Ur and the Arnoldi iterative algorithm which generalizes
the Lanczos procedure beyond the Hermitian case. Here
one considers the basis which is naturally constructed by
stroboscopically probing the system at equal time periods
{Io) , Ur |¥o) , U? %) , ...}, where the nth element of the
basis represents the state after n time steps. In Ref. [19], it was
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also shown that the basis generated in this manner minimizes
the complexity function defined in Eq. (1).

Arnoldi orthonormalization entails the following iterative
construction. Starting with |Ky) = |v), we define the next
basis element:

1
K1) = h_[UF |Ko) — ho,0 |Ko)]. )
1.0

Subsequent basis vectors are generated as

n—1
IKy) = Ur [Kut) = Y hjn1 IK)) (10)
j=0

hn,nfl

for n > 2, where hj; = (K;| Ur |K;) are called Arnoldi co-
efficients and are analogous to the Lanczos coefficients in
the time-independent formulation. Of these, the normaliza-
tion constants h, ,_; are analogous to the Lanczos b,,’s. This
generalization allows the algorithm to generate orthonormal
vectors using non-Hermitian operators and was used for Flo-
quet systems in Refs. [49,50] and for open quantum systems
in Refs. [51,52]. The unitary Floquet operator takes the Hes-
senberg form in the Krylov basis with nonzero elements 4 ;
on and above the subdiagonal of the matrix. The Arnoldi
coefficients thus define the matrix representation of the system
Floquet operator in the Krylov basis.

As before, the state after j time steps can be expanded in
the Krylov basis,

Dy—1

W) =Y 1K), (11)
n=0

and spread complexity and entropy can be defined for Floquet
dynamics:

Dg—1 Dg—1

Cj= Z n|y]

n=0

2

2’ Sj=— Z W/nj|2 In |¢nj| - (12)
n=0

Besides kicked systems, quantum maps representing such
discrete unitary evolutions also arise naturally in studying the
dynamics of quantum circuits [53].

D. Krylov chain picture

In the Krylov construction, the dynamics of a general
quantum system is mapped to a particle-hopping tight-
binding model on a one-dimensional lattice with the Lanczos
coefficients representing the hopping amplitudes. The equa-
tions describing this dynamics were derived in Ref. [9] for
time-independent Hamiltonian systems. For the case of Flo-
quet dynamics, the corresponding equations were first derived
in Ref. [49] and will be relevant to us here. We take the action
of the Floquet operator on Eq. (11) to get

Dg—1
Wis) = > V) Ur |Ky) . (13)

n=0

Using the Krylov basis expansion on the left-hand side and
action of the Floquet operator on |K,) from Eq. (10), we
get a set of linear difference equations for the probability

O -

‘K0> |K1> ‘Kn> |Kn+1> |Kn+2>

FIG. 1. Schematic diagram of a particle hopping in a one-
dimensional lattice in the Arnoldi approach to Floquet dynamics in
Krylov space. Equation (14) encapsulates the dynamics and implies
that the particle jumps are local to the right but can be nonlocal to the

left, as shown in the above figure.

amplitudes at different time steps:

Dg—1

v =" ey (14)

I=n—1

This equation describes a particle hopping in a one-
dimensional lattice with Krylov basis vectors as lattice sites
and the coefficients A, ; as hopping amplitudes. In this case,
the hopping is nonlocal in one direction (see Fig. 1) unlike the
case for time-independent Hamiltonians. Solving the differ-
ence equations with the initial condition 1//,? = §,0 gives an
equivalent way of calculating the probability amplitudes to
determine the spread complexity.

This picture can be used to argue that the spread complex-
ity growth in a Floquet system is at most linear in time, an
observation made in Ref. [53] for operator complexity growth
in dual-unitary models. We will provide a more general ar-
gument. Intuitively, the idea is that since the particle on the
Krylov chain can hop only one step to the right (Fig. 1), after
J time steps it can at most be j lattice sites away to the right
from its starting point. This leads to a K-complexity that is at
most j, and hence the growth can at most be linear in time.

A more quantitative argument is as follows. The growth
of spread complexity is maximized when the set of vectors
generated by the repeated action of the Floquet operator for
a given initial state is naturally orthonormal. In this case,
Eq. (10) implies that the Arnoldi coefficients A, ,_; are equal
to one and the rest of the /;; are equal to zero. Equation (14)
then takes the simple form

VIt =l =v . (15)

Using the given initial condition, we can deduce that 1/f,,j = Opj
for the case of maximum growth and spread complexity is
given by

Dg—1
CP =3l =, (16)
n=0

which gives a linear growth (with slope one) of the complex-
ity. We will see below in the example of the spin chains which
we study that this bound on the initial growth rate is obeyed in
every case. The spread entropy in such cases is zero since the
particle hops from one site to the other without any dispersion
in wave function.
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III. KICKED ISING SPIN CHAIN: LOCAL
AND NONLOCAL INTERACTIONS

In this section, we will investigate facets of regular and
chaotic dynamics of a quantum many-body system—the
kicked one-dimensional Ising spin-chain. This consists of a
lattice of spin-half fermions with interactions that can be
local (nearest neighbor) or nonlocal. Besides spread complex-
ity, we will also compute a number of other quantities and
compare and contrast their behavior. Some recent studies of
complexity and chaos in (time-independent) spin chains in-
clude Refs. [21,54-58]. Aspects of quantum chaos for kicked
spin chains have been studied recently in Ref. [59], utilizing
spectral parameters and entanglement entropy.

We will begin with the local model with nearest-neighbor
interactions. This model consists of N locally interacting
spin-half systems kicked periodically with an external tilted
magnetic field. The Hamiltonian for the system is [60]

H=Hy+V (1)

N
= (Joioi, +b.oidr(t)): sr(t)= Y 8(t—nT),
i=1 n=—00

a7)

where al:i is the Pauli matrix for the particle at site i along
the j axis, and b is the magnetic field vector. The z axis for
the system can be set such that the magnetic field is along the
(x — z) plane and the spin chain along the y axis. The tilted
magnetic field vector can be resolved into its components
using an angular variable ¢ such thatb = (bsin ¢, 0, bcos ¢).
We will mostly work with the time period T set equal to one.
The Floquet operator for the given Hamiltonian is given by
the quantum map:

N
Ur = exp{—i] Z ol p }

i=1

N
X exp{—ibz (aix sing + of cosqb)}. (18)

i=1

The variable ¢ can be used as a tuning parameter inter-
polating from the integrable limit to maximal chaos. Given
the symmetry of the system, we only need to study it for
the range ¢ € [0, 7 /2]. Besides ¢ = 0, the strongly coupled
¢ = /2 case is also integrable as it can be solved exactly
by the Jordan-Wigner transformation [61]. We will work with
open boundary conditions and work in a symmetry restricted
system subspace, namely, the positive parity sector.

A. Spectral parameter and level statistics

Random matrix theory (RMT) and spectral statistics of
many-body Hamiltonians provide a classic diagnostic of
chaos in the quantum domain. As per the Berry-Tabor con-
jecture [62], the spectral statistics of classically integrable
Hamiltonians is Poissonian in character. On the other hand,
the Bohigas-Giannoni-Schmit conjecture [63] surmises that
for the chaotic case, one of the several Wigner-Dyson uni-
versality classes showing level repulsion is realized. For a
pedagogical reference emphasising the spectral and RMT as-

1.0
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0.61
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0.2
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—— GOE

0.0 ‘

T T

0.00 025 050 075 1.00 125 1.50

¢

FIG. 2. The value of the spectral parameter n as a function of
angle ¢ for N = 11 spins as the dynamics changes from regular
to chaotic. Note the low value at the two ends when the system is
integrable.

pects of quantum chaos, see Ref. [64]. For our purposes, the
integrability to chaos transition in the kicked Ising model can
be characterized by the spectral statistics of the quasienergies
of the Floquet operator. Given the eigenvalue relation for the
Floquet operator,

Ur [¥p) = €% 1Y) , 19)

we can calculate the spacing between consecutive eigenvalues

Sp = %((pn — ¢n—1) and define a parameter (7):
D .
1 mln(s,,, Snfl)
Y= — . 20
(r) D Z max(s,,, sn—l) ( )

n=1

The value of the parameter (7) depends on the distribution
of level spacing and encodes information about the integrable
or chaotic regime of the dynamics. From RMT, the analytic
values of (7) for the Poisson and GOE cases are (F)p ~
0.38629 and (7)gor ~ 0.53590 [65]. Thus, we can define a
normalized parameter 1, as

R s L @1

(F)eoe — (F)p

The value of 7 is close to zero for integrable dynamics and
one for the maximally chaotic case. For the Floquet spin-chain
represented by Eq. (17), the variation of » for different values
of the coupling ¢ is given in Fig. 2. Note the smaller values of
n close to the integrable limits ¢ = 0, 7 /2. Similar computa-
tions for n for time-independent spin chains have been done
in Ref. [21]. Also plotted in Fig. 3 are the spectral statistics
curves for the integrable and chaotic case. This makes clear
the regular nature of the dynamics for the weakly coupled
case, as the distribution of level spacings is Poissonian. For
a larger value (¢ = m/3) of the coupling, the distribution
shows level repulsion characterizing chaos, and is of the GOE
universality class.

B. Dynamics of Arnoldi coefficients and spread complexity

We will now turn to features of the Arnoldi coefficients and
the dynamics of spread complexity for the kicked Ising spin
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FIG. 3. The probability distribution of the level spacing for N = 13 spins — Poissonian for ¢ = 7 /30 (left) and GOE for ¢ = /3 (right).

chain. The various relevant quantities are defined in Sec. II C.
For the following calculations, the initial state is taken as an
H eigenstate |yo) = |y,") in the positive parity sector of the
Hilbert space. Most results, however, are generic with same
qualitative features for other initial states. To facilitate com-
parison, we will keep fixed values of the coupling constants b
and ¢ for the regular as well as the chaotic case.

Figure 4 shows the behavior of the Arnoldi coefficients
hpn—1 and the real part of h,, (the imaginary part has a
similar behavior). The fluctuations in the Arnoldi coefficients
are noticeably larger in the near-integrable case. The larger
fluctuations signal the presence of localisation on the Krylov
chain, a phenomenon that results in a suppressed value of K-
complexity [66,67]. This difference in the spread complexity
saturation value in the two limiting cases is also clearly seen in
Fig. 5. In the integrable limit, we also observe that the spread
entropy shows larger quasiperiodic fluctuations, and also its
initial growth rate is faster although the growth is sustained
for a longer time in the chaotic case. It would be interesting to
discern the physical mechanism underlying this behavior.>

2Note that although the presented results are for a fixed value of
the coupling constants and a particular initial state, we have checked
that the above observations are generic and continue to hold for other
choices.

1.0 vy
0.81
0.6
<
S
< 0.41
0.21
b=1.0,¢= n/30
0ol — b=10.9=m3
0 100 200 300 400 500
n

Re(hn,n)

C. Dispersion of Arnoldi coefficients

We will now investigate the relation between chaotic
dynamics and the dispersion of Arnoldi coefficients. The lo-
calization length (L) of the wave function is related to the
dispersion or disorder: Li,c ~ 03 1 [68]. For this, we plot the
variation in the standard deviation of Arnoldi coefficients as
a function of the coupling parameter ¢. We have scaled all
the parameters such that the maximum value is set to one and
the minimum value is set to zero. This means that a rescaled
variable is defined as

Xs: X_Xmin ’

(22)
Xmax - Xmin

analogous to the definition of the spectral parameter in
Eq. (21). Here X can be the delocalization parameter, or as
discussed below, the time-averaged magnetization or spread
complexity saturation value. This facilitates comparison be-
tween all these quantities as the coupling is varied.

The different initial states chosen below include [ ),
which is an Hj eigenstate (all spins up). |{unif) is the nor-
malized state with the same constant coefficient as each of
the components. In the third case of random initial states, the
calculations were done for five different random initial states
and averaged over for each value of ¢. It is noteworthy that
different initial states have essentially overlapping dispersion

1.00
b=1.0,¢= n/30

0.751 — b=1.0,¢=n/3
0.50 1

0.25 1

0.001 ¢ e

—0.254

—0.501

—0.754

-1.00— T - - -
0 100 300 400 500

n

200

FIG. 4. Dispersion in Arnoldi coefficients in the near integrable and chaotic limits. The left plot is for the real subdiagonal /4, ,_; whereas
the right plot is for the real part of the diagonal 4, ,—the imaginary part fluctuates in a similar manner. The calculations are done for N = 10

in the positive parity sector.
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FIG. 5. Spread complexity (left) and entropy (right) for different values of the coupling paramterized by ¢.

plots.> We can infer that this dispersion or delocalization
length is a robust state-independent measure of chaotic dy-
namics.

D. Saturation value of spread complexity

Another quantity of interest is the saturation value of
spread complexity at late times.* The definition we will use
for the late-time spread complexity saturation value will be
the discrete analog of the one used in Ref. [54]:

Dg—1 m
_ S S 1 Lo
= 2 2 — lim — )
C = n§70 nigal? where, [y, = lim — i§70 vaI"

(23)

This saturation value is comparatively higher for chaotic
system and this is related to delocalization on the Krylov

Besides the initial states and Arnoldi coefficients in Fig. 6, we have
checked this universality in the behavior for several other cases as
well. For autonomous spin chains, a similar observation for Lanczos
coefficients was made in Ref. [21]. In this reference, some variants
of the delocalization length involving dispersion about the moving
average and with the log ratio of Lanczos coefficients were also

chain. It has been considered an indicator of chaos in recent
literature [49,54,56]. However, there are caveats related to
the choice of initial states. Recent work [21,69] argued that
the late-time saturation values for the choice of certain initial
states does not always agree with the other chaos measures
such as r statistics.

The saturation value, for the same set of initial states as
before, is plotted below as a function of the coupling ¢.
We notice that when the initial state is an eigenstate of Hy,
the results match with the integrability to chaos transition as
shown by the 1 parameter in Fig. 7. However, the same is not
always true for other initial states.

E. Magnetization

The mean magnetization is a classic order parameter quan-
tifying the disorder in the many-body state for a system. We
will compute the time-dependent expectation value of the
operator J; = ), o with the initial state being all spins up,
and also the variation of the time-averaged value J, as the
parameter ¢ is changed. The long-time average J, serves as
an order parameter for the system and is defined as

— 1

Mﬂ

considered. However, the simple standard deviation suffices for our J. = TIL”;O ? ij ALY j) s (24)
purposes to delineate the main features of the fluctuations in the Jj=0
Arnoldi sequences. .
4ec 55 s . . . . oy
Late” in this context means beyond the Heisenberg timescale. where the state |v;) is defined as [;) = Uy [¥o).
1.01 - |Wer'g) —+— |Wranq) 1.01 - |Weig) —+—  |Wrana)
- WJum'f) —— 1- n —— |WUnif) —— 1 -n
Ic 0.8
—
-~ 0.6
e
|
£ 0.4
<
<
© 0.2
0.0
0.00 0.25 0.50 0.75 1.00 1.25 1.50 0.00 0.25 0.50 0.75 1.00 1.25 1.50
¢ ¢
FIG. 6. (Rescaled) standard deviation of the Arnoldi coefficients A, ,—; and h,, n for different values of ¢. The variation in the spectral

parameter is also shown for comparison.
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FIG. 7. Rescaled saturation value of the spread complexity as a
function of the coupling parameter ¢ for different initial states.

As shown in Fig. 8 (left), the mean magnetization shows a
periodic variation with time and a large average value in the
weakly coupled case, as expected in this ferromagnetic case
with a small amount of disorder. However, for the chaotic
case, the magnetization drops to near zero quickly. For the
integrable but strongly coupled case, there are quasiperiodic
fluctuations. The figure on the right shows the behavior of
the (rescaled) order parameter J, and the time-averaged spread
complexity C_’] discussed in the previous section. For a (time-
independent) spin chain described by the LMG model, results
for the magnetization were obtained recently in Ref. [23].
There it was shown analytically that when the initial state is
an eigenstate of the prequenchHamiltonian (Hy), then J, and
C(t) are the same up to an additive constant. This result es-
sentially followed from the observation that the Lanczos basis
is the same as the prequench energy eigenbasis. As shown
in Fig. 8 (right), where the initial state is an Hy eigenstate,
J_Z and C_'j have similar behavior, although in this case the
Krylov-Arnoldi basis doesn’t match with the Hj eigenbasis.

F. Nonlocal kicked Ising chain

We will now turn to a variant of the above kicked Ising spin
chain model where the interactions are maximally nonlocal. In
particular, the Hamiltonian contains all-to-all spin interactions
with uniform coupling,

H = Hlocal +y Zaizo—?’ (25)

i<j

where Hjocq 1S the Hamiltonian given in Eq. (17). The Floquet
operator for nonlocal interactions is given by

Ur =exp{—iy Zafdf UF (1ocal) (26)

i<j

where UF (ocany 1s the Floquet operator given in Eq. (18). For
time-independent spin chains, the effects of nonlocality on
(operator) complexity have been recently studied in Ref. [70].

Even without the periodic drive, such systems with all-
to-all two-body interactions are known to be fast scramblers
[44,71,72]. This means that the exponentially fast spreading

of quantum information in such systems involves a timescale,
the scrambling time #,, that is logarithmic in the system size
N. Other examples of fast scramblers are Brownian quantum
circuits, SYK model, and black holes.

We will study the effect of nonlocality on spread com-
plexity in the nontrivially integrable regime at ¢ = 7 /2. This
system can be solved via Jordan-Wigner transformation [61].
At the value of ¢ = 7 /2, the system has a parity symmetry as
well as Z-reflection symmetry.

The effect of turning on the nonlocal coupling (y) is to
decrease the disorder in the Arnoldi coefficients, as made clear
by Fig. 9. This figure also clearly shows how the saturation
value of the spread complexity and its initial growth rate
increases with y. This makes manifest that nonlocality of the
interaction induces chaos even at relatively small coupling
constants. Given the close relationship between locality and
integrability [73], this is not unexpected. However, it is in-
teresting that even perturbatively small nonlocal couplings
can open the way for maximal chaos. Note that (Fig. 9, top
right) turning on y increases the saturation value of the spread
complexity (due to Krylov chain delocalization, a signature
of chaos) and also increases the initial growth rate of spread
complexity (signaling a faster scrambling in the system due to
non-locality). Figure 9 (bottom right) also shows the variation
of the slope (m) for the initial growth rate of spread complex-
ity as a function of the nonlocal coupling y. We observe that
the bound (m < 1) discussed in Sec. IID is obeyed. We also
find that y has no substantive effect when it is turned on with
the system already in the chaotic regime.

G. Tuning the driving frequency

In our analysis so far, the time period of driving was
set to unity. We will now investigate the effects of varying
the driving frequency on the Arnoldi coefficients and spread
complexity. The graphs below show the Arnoldi coefficients
and spread complexity for different values of time period T
in the chaotic kicked Ising spin chain. We can see that in
the high frequency (small 7') limit, the Arnoldi coefficients
show the signature behavior of Lanczos coefficients—initial
linear growth followed by a descent [16]. In Appendix B,
we show how the Arnoldi Krylov construction goes over to
the Lanczos one, in the limit of a high frequency drive. The
saturation value of the spread complexity also decreases as
the time period of kicking decreases. This result may be ex-
plained as follows. For a fixed drive frequency and varying
coupling constant, the integrable case has extra symmetries
characterized by the presence of conserved quantities. Thus,
in the integrable limit, level crossings and clustering leads
to degeneracies and quasidegeneracies in the spectrum. This
results in enhanced disorder in the Lanczos sequence resulting
in a suppressed complexity saturation value (the mechanism
for this Krylov localisation is explained in Ref. [66]). Such
conserved quantities can also arise in the high frequency limit
of the periodic drive. In this limiting case,

Ur = exp(—iT Hp) exp(—iTV)
— exp(—iT (Hy +V)) = exp(—iT Hf), 27

and thus operators commuting with the effective Floquet
Hamiltonian Hr are conserved in the high frequency limit.
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FIG. 8. Evolution of expectation value of the total spin operator J, (left) and its time average (rescaled) for different values of parameter ¢
(right), with the averaged spread complexity also shown for comparison.

As seen in Fig. 10, in this case we do not have enhanced
disorder in the Arnoldi coefficients in the high frequency limit.
Nevertheless, we do have a suppressed complexity saturation
value which is thus not due to the usual Krylov localization,
as in the in the near integrable case when the couplings are
tuned to smaller values. We also zoom into the region of
initial linear growth and compute the slope as a function of the
time period of the drive. In Fig. 11, the bound on the slope is
represented by the black line. Increasing the time period, the
initial growth rate increases and tends towards the maximal
possible as shown in Fig. 11 (right). These observations are
in accord with the result of Sec. II, where we showed that

Krylov chain dynamics implies that the initial growth rate of
the spread complexity is at most linear (with slope 1).

IV. DISCUSSION

We have studied the dynamics of a kicked Ising spin
chain (local as well as nonlocal) through a number of chaos
quantifiers. The utility of the various Krylov measures is
highlighted by the accord with spectral quantifiers of non-
integrable dynamics. In Sec. III, we studied the regular to
chaotic transition in the kicked Ising spin chain resulting
from tuning its coupling strength. A noteworthy result here
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slope grows as the nonlocal coupling is increased.
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the high frequency limit, note the Lanczos-like behavior of the Arnoldi coefficients and the suppression in the spread complexity saturation.

was the concurrence between several different diagnostics of
nonintegrable dynamics, namely, the spectral parameter 1, the
delocalization parameter oy, the saturation value of spread
complexity C;, and the average magnetization J,. As noted
in the literature on autonomous systems [21,69], we also find
that the saturation value of complexity has dependence on the
initial state, although the match with the spectral parameter is
good for an initial state that is localized in the H eigenbasis.

Our results in this section also show that maximal chaos
with fast scrambling can arise in kicked spin chains due
to the presence of nonlocal interactions, even with weak
coupling strengths (besides the usual route to chaos due
to strong local couplings). We also discussed the effect of
changing the frequency of the drive and saw that, in the
high frequency limit, we obtain a suppressed saturation value
of the spread complexity and the dynamics of Arnoldi co-
efficients reduces to the Lanczos case. We reiterate that
this suppressed saturation value is not due to the usual
Krylov localization. Even though the Arnoldi sequences do
not show larger disorder, nevertheless the saturation value is
suppressed.

One can further study the transition from integrability
to chaos in harmonically driven or periodically quenched
spin-chains utilising the methods used in this paper. Also,
in all these models it would be interesting to investigate
the existence of dynamical quantum phase transitions in the

thermodynamic limit via nonanalyticities in the Loschmidt
amplitude and K-complexity saturation [23,74,75].
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APPENDIX A: A SPECIAL CASE

We will look at an interesting special case® when the cou-
pling constants take on particular values in the kicked Ising

SWe thank Arul Lakshminarayan for bringing this case to our
attention.
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chain. We start with a modified form of the Floquet operator,

N
Ur = exp {—ihx Zaf}

i=1

N
xexp{—z]Za o ihZZUf}, (A1)
i=1

and work with the values of parameters: h, = h, =J =
7 /4. This is the particular case of the self-dual kicked Ising
spin chain also known as a dual unitary model [60,77]. In such
cases, U becomes the identity operator for some integer p
which depends on the number of spins. A similar observation
was made in the case of Clifford circuits in Ref. [53]. Note
in Fig. 12 the linear growth (with slope 1) and recurrence
in the spread complexity. As noted in Sec. IID, the 4, ,
coefficients being unity leads to a maximal (linear growth) of
spread complexity, which is what this example illustrates. The
recurrence also has a period that scales with the system size.
This special case was also discussed in Ref. [78], where the
operator entanglement was studied.

APPENDIX B: HIGH FREQUENCY LIMIT FOR THE
FLOQUET OPERATOR

In most of the calculations in this paper, we have set the
time period of delta-function kicks to unity. However, we can
study the behavior of Arnoldi coefficients and spread com-
plexity by changing the frequency of the kick. The general
Floquet operator is given as

_ _—iH)T —iVT __ —i(Hy+V)T—[Hy,VIT?+...
Up = ¢ BT ¢ =  {(Ho+V)T—3[Hy.V] ,

(BI)
where the second equality comes from the BCH relation. In
the limit that T — 0, we can approximate the Floquet opera-
tor up to the first order as

Up A ¢ iHHVIT — o=iH'T (B2)
If we plug this expression in the Arnoldi iteration,
n—1
An) = e T 1K) = D (Kjle ™ T K, 1) IK;),  (B3)
j=0

and take the terms up to the first order in Taylor expansion of
the exponential:

n—1

|An) = K1) — iTH' |Ky 1) = Y [K;IKy1)
j=0
—iT (K;| H' |K,-)]1K;)
n—1
—iTH'|K, 1) + Y _iT (K;| H' |K,_1) |K;) .
j=0

The action of the Hamiltonian in the Krylov basis is

H' |Kn—1) = an—1 |Ky—1) + b, |Ky) 4+ bp_1 |Ky—2) . (B4)

Plugging this in the above expression and using the orthogo-
nality relation for Krylov basis vectors,

n—1

Y iTlay 1 (K;IK, 1)
j=0
+ bn (Kj|Kn> + bn—l (Kj|Kn—2>] |K1>
= —iT[H |Ky—1) — a1 |Ku=1) — bu1 |Ky-2)]1,
which, up to a constant factor, is the exact expression for
Lanczos algorithm. Thus, we expect the behavior of the

Arnoldi coefficients to show features of Lanczos coefficients
in the high frequency limit 7 — 0.

|Ay) = —iTH'|K,—1) +

APPENDIX C: INTEGRABLE TO CHAOS TRANSITION IN
KICKED BOSE-HUBBARD DIMER

Another interesting many-body system that shows an inte-
grable to chaos transition is the kicked Bose-Hubbard dimer
model. Recently, Ref. [79] explored the transition in this
model using spectral statistics, Husimi distribution, out of
time order correlators, and entanglement entropy. This Ap-
pendix will use spread complexity as another dynamical
measure to understand the integrable or chaotic nature of this
bosonic system.

The two-site model is described by the Hamiltonian [79]

1
% ;ni("’i -

H = v(bjby + b}by) + D+ %(’10 — )8z (1),

(ChH
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FIG. 13. Late-time saturation value of the spread complexity, standard deviation of the Arnoldi coefficients, and parameter n for different

values of coupling parameters w and k.

where v is the hopping amplitude between the sites, U sets
the on-site interaction strength, and N is the total number of
particles. Similarly, b; and bf are bosonic annihilation and
creation operators and n; = bjbi is the number operator at site
i. They satisfy the usual commutation relations:

[bi.bj] =8, [b]. b1 =1bi,b]=0.  (C2)

The parameter w in the Hamiltonian controls the peri-
odically applied potential difference between the sites with
time period 7. The model can be represented in terms of the
angular momentum operators,

k
H =2+ NJ} + 1. 87(t), (C3)
where the J operators are mapped to bosonic creation and
annihilation operators as

_i(bby — bibo)

;. bobi + bibo

X 2 ’ y - 2 I
biby —bib

These operators satisfy the commutation relation [J;, J;] =
i€;jxJx and J? = %(% + 1) is a conserved quantity. Here, v
is set to one, and k = 2U [79]. The corresponding Floquet
operator is
: . k »
Up = exp{—iuJ;}exp {—l(ZJx + ' ) } (C5)

As before, we will study the late-time saturation value of
spread complexity and size of fluctuations in Arnoldi coeffi-
cients, and compare it with the spectral statistics parameter 7.
We will take the eigenstate of the J, operator as the initial state
and a system size J = 250 for the calculations.

It was shown in Ref. [79] that the system shows an in-
tegrable to chaos transition for p = 3.0 while it remains
integrable for u = 6.0. We can see from Fig. 13 that the
measures from spread complexity follow a similar trend—the
standard deviation of Arnoldi coefficients gets suppressed and
late-time saturation value of spread complexity increases dur-
ing the transition to chaos for . = 3.0. The values fluctuate
around a mean value for © = 6.0 as expected for a system
that remains integrable.
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