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By considering the quench dynamics of two-dimensional frustrated Ising models through numerical simu-
lations, we investigate the dynamical critical behavior on the multicritical Nishimori point (NP). We calculate
several dynamical critical exponents, namely, the relaxation exponent z., the autocorrelation exponent X, and the
persistence exponent 0., after a quench from the high temperature phase to the NP. We confirm their universality
with respect to the lattice geometry and bond distribution. For a quench from a power-law correlated initial state
to the NP, the aging dynamics are much slower. We also look up the issue of multifractality during the critical
dynamics by investigating different moments of the spatial correlation function. We observe a single growth law
for all the length scales extracted from different moments, indicating that the equilibrium multifractality at the

NP does not affect the dynamics.
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I. INTRODUCTION

Critical phenomena have been a paramount concept of sta-
tistical physics, which involves many interesting features such
as universality [1-3]. The textbook example of such a system
is the Ising model, where the low temperature ferromagnetic
phase is separated from a high temperature paramagnetic
phase via a second order phase transition point. The critical
exponents in the pure Ising system are universal with respect
to microscopic details—a property which is strongly endorsed
by the renormalization group (RG) theory and many numer-
ical works [1-5]. The universality concept is not limited to
static properties as one can also identify dynamical univer-
sality classes [6-9] which are influenced by the conservation
laws imposed dynamically. In second order phase transitions
the latter are classified according to the values taken by the dy-
namic critical exponents. The idea of dynamical universality
came from the application of RG methods to dynamical prop-
erties [6,10—12]. Two systems having the same set of static
critical exponents can possess different dynamical exponents
if, for example, they evolve with nonconserved or conserved
order parameter dynamics. Therefore, in order to distinguish
the universality class of a system, one needs both the static
and dynamical critical exponents.

During the postquench critical dynamics of an initially
disordered state, critical fluctuations grow in the system. The
extent of these fluctuations can be measured in terms of the
time-dependent correlation length £(z). A dynamical critical
exponent z. [6,13], which demonstrates the critical slowing
down, is associated with &(¢), as £(¢) ~ t'/*. Another dynam-
ical critical exponent A, was found to characterize the decay
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of the two-time spin-spin correlations following a critical
quench, i.e., go(t) ~ t~*/% [14-17] (see Sec. II for the defini-
tion). Furthermore, an additional dynamical critical exponent,
known as the persistence exponent 6., was also proposed
[18,19]. This exponent was earlier studied in the context of
zero-temperature coarsening dynamics [20], and it is associ-
ated with the global persistence probability—the probability
that the sign of the initial magnetization has not changed in
time ¢ after the quench. It also decays algebraically, p(t) ~
t % Therefore, there are three dynamical critical exponents,
which are independent from each other (we will discuss it
later). Whereas the static ones are concerned, two independent
critical exponents are enough to calculate the other ones using
scaling relations. Henceforth, we need a set of five critical
exponents in order to completely characterize a universality
class. In pure Ising systems, all these exponents are universal
(see Refs. [8,16,18] and references therein).

In recent years, critical disordered systems have fascinated
many due to their application in various computational and
experimental systems [21-23]. Of particular interest are the
systems with quenched randomness in terms of bond frus-
tration, which can dramatically alter the properties of a pure
critical point. The frustration often changes the universality
class of the pure critical system, e.g., new values of the
critical exponents appear, and it can even induce a new ther-
modynamic phase, known as spin glass. In this paper, we
are primarily interested in frustrated critical systems, where
the validity of universality remains controversial (e.g., see
Refs. [24-28]). This applies to both the static and the dynam-
ical critical exponents.

We focus on a two-dimensional (d = 2) frustrated Ising
system, with Hamiltonian given by

H=—=>"J;SiS;. (1)
(i)
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Here, S; = £1 are Ising spins, placed at each site i of a 2d
lattice. The subscript (ij) denotes the sum over all nearest
neighbor spin pairs, and the exchange interaction couplings
Jij are quenched random variables drawn from a probabil-
ity distribution P(J;;) (see below). A negative value of J;;
indicates an antiferromagnetic bond (which introduces frus-
tration), while a positive value represents a ferromagnetic
bond. To examine the universality, we focus on two types of
bond distributions. One is the bimodal (£J) law

PWij) = pd(Ji; +J) + (1 = p)s(Ji; — J), 2)

where the constant J > 0, and p is the frustration parameter
(p = 0 is the pure limit). Another probability distribution of
interest is the Gaussian distribution

P 2
exp <_M>, (3)
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1
P(J;) =
(ij) s
where J is the mean and o is the variance of the variable J;;.
Notice that the frustration can be controlled by a parameter
r = o /Jy, with r = 0 being the pure limit of the model (1) in
this case.

Due to various intriguing features like the existence of non-
trivial fixed points of different universality classes including a
multicritical point and emergence of a zero-temperature spin
glass phase, the model (1) is quite popular in the literature
[29-39]. It is also exploited to determine the error correction
threshold for certain quantum error correction codes [40—43].
The key property which makes this model so important is
the existence of a peculiar line in the phase diagram—the
Nishimori line (see Refs. [21,31,44-49] and the Appendix for
further details). Le Doussal and Harris [31,46] found that
the multicritical point of the paramagnetic-ferromagnetic (PF)
boundary is located on the intersection of the Nishimori line
with the PF boundary; therefore, it is also known as the Nishi-
moripoint (NP). In previous studies [32,50], the central charge
¢ at NP was numerically calculated, ¢ >~ 0.46. We also re-
cently [39] found that the interfaces at this multicritical point
can be uniquely described by a stochastic Loewner evolution
(SLE, ) with ¥ =~ 2.2. The description of the critical interfaces
in terms of SLE, consolidates the conformal invariance of the
system; also see Refs. [51-53] for the SLE, description of 2d
spin glasses and nonminimal conformal field theories.

The location of the NP in model (1) has been numerically
identified (see Refs. [34,38,50,54] and references therein)
by the transfer matrix technique and scaling methods (see
Table I). The static critical exponents at the NP show univer-
sality with respect to the different lattice geometries and the
type of quenched disorder [50,54]. However, the universality
of the dynamical critical exponents at the NP has not been
investigated yet. Moreover, the values of the different dynam-
ical critical exponents are not known except for z. [39,55].
It will be interesting to see whether the dynamical critical
exponents maintain the universality or, if not, establish the
way in which they may vary. To answer these questions, we
consider various lattices of different geometries, namely, the
square lattice (SL), triangular lattice (TL), and honeycomb
lattice (HL). On each of these lattices, we introduce bimodal
and Gaussian bond disorders. Therefore, we have six different
systems with a unique lattice geometry and quench disorder.
In order to calculate the dynamical critical exponents, we

TABLE I. Values of the critical temperature 7y at the NP in the
2d frustrated Ising model on the square lattice (SL), triangular lattice
(TL), and honeycomb lattice (HL), with bimodal (/) and Gaussian
(G) bond distributions. These values are quoted from earlier studies
[34,38,50,54] and references therein. The corresponding error bars
account for the range of 7y considered for the localization estimates.
The frustration parameter (py, or ry) can be calculated using the
relations in Eq. (A2).

Lattice +J G

SL Tx = 0.953(2) Tx = 0.958(1)
TL Ty = 1.228(1) T = 1.254(2)
HL T = 0.759(1) Ty = 0.788(1)

quench the system initially kept at infinitely high temperature
to the NP. We also investigate the quench dynamics after a
start from a power-law correlated state, i.e., a critical Ising
configuration. For all these purposes, we exploit single-spin-
flip Monte Carlo methods with nonconserved order parameter.

Another interesting feature we examine is the multifrac-
tal nature of time-dependent correlation functions. At a pure
critical point, different moments of the equilibrium spatial
correlation function C,(r) decay as C,(r) == 1/r", with n, =
gn1. The latter relation (7, being an integer multiple of n;) in-
dicates the usual monofractal behavior of different moments.
However, at the disorder induced transition points in random
systems the moments generally exhibit a multifractal behavior
[56-62], as the magnetic exponents 1, # gn;. This multifrac-
tality also holds at the NP [32,34]—on the Nishimori line the
moments are equal two by two, with the exponents n,; # gn;
additionally at NP (see Sec. III ahead for more details). In this
paper, we examine whether this static multifractality affects
the critical dynamics of the NP. We extract the growing length
scales from different time-dependent moments C,(r,¢) and
we investigate whether they possess a single growth law akin
to the average correlation length £(¢), or if the dynamics is
dominated by multiple growth laws.

The main findings of our paper are as follows.

(1) The dynamical critical exponents z., A., and 6. are
universal with respect to the lattice geometry and bond
distribution.

(2) For quenches from the Ising critical point to the NP
aging is much slower than for quenches from fully disordered
initial states, with go(¢) ~ =903,

(3) A single growth law is observed for all the length scales
extracted from different moments C,(r, t), i.e., static multi-
fractality does not affect the postquench critical dynamics.

We have structured this paper in the following manner. In
Sec. II, we detail the numerical techniques and the definitions
of various observables later required in the paper. In Sec. III,
we present our main numerical results. Finally, in Sec. IV, we
summarize and discuss our results. The Appendix discusses
some basic details of the Nishimori line.

II. NUMERICAL TECHNIQUES AND DEFINITIONS

We investigate the nonequilibrium dynamics of the 2d
Ising model on three types of lattice geometries (SL, TL,
and HL) considering periodic boundary conditions in both
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lattice directions. The coordination numbers of these lattices
are ng, = 4, nyL = 6, and ny, = 3, respectively. In order to
circumvent the complexity in the construction of nontrivial
lattices, we use the following trick discussed in Ref. [63]. The
TL is built by adding a diagonal bond between the (i, j)th
and (i + 1, j + 1)th lattice sites. For the HL, we remove the
bonds between all (i, j)th and (i, j + 1)th sites if i + j is an
even number. If i + j is an odd number, the bonds between
the (i, j)th and (i, j — 1)th sites are removed. In this way, we
always have N = L? number of spins in the lattice. The pure
2d TIsing model has a second order critical point at tempera-
tures TSt ~ 2.269, T, ~ 3.641, and 7! ~ 1.518 (in units
of J/kg, kg being Boltzmann constant).

At time ¢ = 0, the spin configuration is prepared in a high
temperature paramagnetic phase by assigning random values
(£1) with probability 1/2 to each spin §;. The system is
then quenched to the NP. The values of the Nishimori criti-
cal temperatures for different lattices and bond disorders are
mentioned in Table I. Since the model (1) does not have any
intrinsic dynamics, we exploit the Glauber-nonconserved-
kinetics method where the lattice system is connected with
a giant heat bath. This heat bath introduces single spin flip
dynamics. Furthermore, in order to ensure detailed balance,
we flip a single spin with the METROPOLIS transition rate
[64,65]

W(S,_> —S,’)ZN_] min{l,eiATTE}, (4)

where AE is the energy difference in the proposed spin flip.
Time is measured in terms of Monte Carlo steps (MCS), each
corresponding to N = L? attempted spin flips. The Boltzmann
constant is set to unity without the loss of any generality.

When a spin system is thermally quenched to a critical
point, the initial state becomes unstable and the system prefers
to reach the new critical equilibrium. In order to minimize
the net free energy, the spins locally group as in the target
critical state—resulting in the growth of (spatial) correlations
with time. To investigate these correlations quantitatively, the
standard practice is to consider the two-point spatial correla-
tion function

1 -
Crn) =+ 3 (SiOS:0), 5)

1

where ((- - - )) denotes an average over different random initial
conditions and thermal noise, while (- - - ) denotes the average
over disorder realizations. For a quench from the paramag-
netic phase, the above time-dependent correlation function
respects the following scaling relation:

corn=L~F( ). (6)
()

where F(s) is a scaling function with F(0) = 1, n is the stan-
dard critical exponent, and £(¢) is the dynamical correlation
length. For the calculation of £(¢), one can assume an expo-
nential form of the function F(r,t) [= r"C(r, )] ~ e /50,
where £(z) tends to &4 as t — oo. Another widespread
method to extract £(¢) is to fix the fall of the function F (7, t)
as F(r = £(t),t) = Fp. In this paper, we choose Fp = 1/e.

During the postquench dynamics, the time-dependent cor-
relation length & () grows in a power-law fashion:

E(t) ~ 1'%, (7

where z. is a dynamical critical exponent, known as the re-
laxation exponent. It describes the critical slowing down near
the transition point. In the pure 2d Ising model, the universal
value of z. is around z. ~ 2.17 (see Refs. [9,66,67]).

The time correlations during the approach to a critical
point are also crucial. Especially, the two-time correlations
have been shown to exhibit universal behavior in terms of
critical aging. We mention that the aging phenomenon is a
widely studied concept in the nonequilibrium dynamics of
disordered systems, e.g., spin glasses and random-field sys-
tems; see Refs. [68—74]. To calculate the associated critical
exponent, one can simply study the two-time correlations
from the overlap of a configuration at time ¢ with its initial
configuration:

1 [
Q) =5 > SO)S0)). ®)

1

During the quench dynamics from a high temperature phase to
the critical point, the above quantity has algebraic behavior:

qo(t) ~ t /%, 9)

Here, A, is known as the autocorrelation exponent, which is
another independent dynamical critical exponent [14]. Huse
[15] has obtained a precise estimation of A, (A, 2~ 1.59) using
Monte Carlo simulations for the pure 2d Ising model with SL
geometry. As a benchmark, we have separately confirmed that
this value of X, is universal with respect to the different lattice
geometries concerned in this paper.

To investigate the aging process, the above two-time func-
tion is generalized as

1 R
. tw) =+ Z (Si()Si(tw)), (10)

1

where t,,(# 0) < ¢ is the waiting time, which is also known as
the age of the system. When 7 — 1, < t,,, the above expres-
sion respects the time-translation invariance (TTI), and the
fluctuation dissipation theorem (FDT) also holds. However,
for large time separations ¢ — t,, > t,,, TTI is no longer re-
spected and FDT is also broken down. In the latter regime, the
autocorrelation function (10) has the following scaling form
[16,70]:

—Ac/Ze
t
C(t, t,) ~ 1% (7) : (11)

w

The above relation can be written in terms of the ratio of time-
dependent correlation lengths as

—Ae
Clt, 1) ~ smw(%) , (12)

which in the asymptotic regime &(¢) > £(f,) behaves as
C(t, 1) ~ [E(D)] .
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Furthermore, the global persistence probability p(¢) is de-
fined as
t'=t

p)y=1-Y"N@). (13)

t'=0

where N(¢) denotes the fraction of systems which have
flipped their sign of magnetization at time instant ¢’, for the
first time, after the quench at the initial time " = 0. Therefore,
p(t) simply gives the probability that the sign of the magneti-
zation has not changed in time ¢ after the quench. During the
critical quench dynamics from a high temperature state, p(t)
falls in power-law manner [18,19] as

pt)=1t7"%, (14)

where 0, is the persistence exponent. As the net magnetization
in a paramagnetic state and also at a critical point is zero,
during simulations, some nonzero magnetization density [say,
M (0)] is assigned by hand to the initial state. Notice that p(z)
is the probability that the sign of the global magnetization
is unchanged after a time ¢ during the dynamics. The above
behavior (14) is obtained in the limit of M (0) — 0.

During the dynamics, as long L > &(t), the time-
dependent magnetization density M (¢) can be treated as a
Gaussian process. If one additionally assumes that M(¢) is
a Gaussian Markov process, a scaling relation [18] for the
persistence exponent 6, is given by

Oz =he—d+1—n7/2. (15)

We remark that in the pure Ising model [18] and in the diluted
Ising model [75], the above relation breaks down, respec-
tively, in the two-loop and one-loop order of the d. =4 — €
dimensional expansion. This led people to believe that M (t)
is rather a non-Markovian process, and the exponent 6, is an
independent dynamical critical exponent. In the following, we
will examine whether the same holds for the present frustrated
system.

III. MAIN RESULTS

In the present section, we discuss our main results for
the 2d frustrated Ising model defined on different lattice ge-
ometries with different quenched bond disorders (mentioned
above).

A. Growth of the dynamical correlation length

We first benchmark the known growth law &(z) ~ t!/%
(with z. >~ 2.17) for a pure system. For this, we perform a
quench at time ¢ = 0 from an initial paramagnetic state to the
Ising critical point T = Ti5. In Fig. 1, the correlation length
&(¢) is plotted against time ¢ for various systems having differ-
ent lattice geometries. The linear size of each system is fixed
to L = 512. The data presented in this figure are averaged
over 1000 independent runs. As expected, different datasets
confirm the power-law growth with exponent z, ~ 2.17.

Now, let us discuss the results for a quench to the NP
(T = Ty) from an infinitely high temperature 7 >> Ty. In the
main frame of Fig. 2, the correlation length £(¢) is plotted
against ¢ for systems with different geometries and bond dis-
tributions. The linear size of each system is again L = 512,

FIG. 1. Plot of the correlation length £(¢) vs time ¢, in log-log
scale, for critical Ising quenches, that is to Tj,, of systems with differ-
ent lattice geometries (see the key) from infinitely high temperature
T > T initial conditions. The linear size of each system is fixed to
L = 512. The dashed line indicates the pure growth law & () ~ ¢!/%,
with z. = 2.17.

with a nonequilibrium ensemble average performed over 1000
independent initial configurations and disorder realizations.
In the late time regime, all the datasets exhibit power-law
behavior of the form &(¢) ~ t'/% over three decades of time,
on the log-log scale of the plot. Such a promising behavior
spread over multiple decades should correspond to the asymp-
totic limit. To estimate the value of the exponent z. from a
dataset, we performed various power-law fits by varying the
time window within the temporal regime ¢ € [10*, 10%]. The
fits with the values of reduced x?* near 1 are accepted, and
the corresponding estimates of the exponent z. are mentioned

P -
oo SL,+J 6 — o
- -
=a SL,G LS 0oaat? an
AR EACE _-" DEDDDDAAAMAA
10F |aaTL G o Tooogma anttT RS
DD’UDZ AAAA n::n“
HL, +J DDZ‘ZAAAA nx’:ﬂﬁﬁ
HL, G oo
~ :
S /Mﬂ :
up ~
2
0
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FIG. 2. Plot of the correlation length £(¢) vs time ¢, in log-log
scale, for a quench to the Nishimori point 7y from infinitely high
temperature 7 >> Ty initial conditions. Different datasets belong to
systems with different lattice geometries and distributions of bond
disorder (see the key). For each system, the linear size is L = 512.
The dashed line represents the law £(¢) ~ t'/%, with z. = 6. In the
inset, the effective exponent z.i () is plotted against 7 for the datasets
in the main frame. The dashed horizontal line indicates the asymp-
totic dynamical exponent z, = 6.
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TABLEII. Values of the exponents z., A./z., and 6., for a quench
to the NP at T = Ty from a high temperature (7 > 7y) state, in
the 2d frustrated Ising model defined on different geometries (SL,
TL, and HL) with different bond distributions [bimodal (4J) and
Gaussian (G)]. The values and corresponding (statistical) error bars
are estimated from the best power-law fits to the long time behavior
of the quantities £ (¢), go(¢), and p(¢), with the reduced x? value being
near 1.

System Ze Ae/Ze 6.

SL, +J 6.31(5) 0.224(3) 0.083(2)
SL, G 6.22(3) 0.21(1) 0.077(5)
TL, +J 6.39(4) 0.219(4) 0.082(3)
TL, G 6.49(3) 0.217(3) 0.081(2)
HL, +J 6.18(5) 0.222(5) 0.084(2)
HL, G 6.35(4) 0.224(2) 0.085(1)

in Table II. The statistical error bars are obtained using Jack-
knife resampling technique [76], which also accounts for the
correlations in a dataset. However, we do not take these error
bars seriously as they do not account for the systematic errors
explained below.

Apart from the statistical errors reported in Table II the
fits may also have systematic errors, which are often harder
to capture. For this purpose, we first employ different ways
of calculating &£(¢). For all the systems reported in Table II
the exponent z. varies significantly beyond the statistical error
bars; however, we always obtained z. between 6.0 and 6.5.
Furthermore, the localization of the NP also ensues the errors
in z¢, as the values of Ty reported in Table I are just numerical
estimates. To account for these errors, we vary the value of Ty
by about 0.01. We find again that the exponent z. changes but
remains within the range 6.0-6.5.

To gain some more insight, let us also look at the effective
exponent z.¢ (1) defined as

1 dhné@)
Zeff([) o dInt
with lim,_, o Zegr (f) = z.. We determine the above deriva-

tive at discrete simulation times using the central-difference
scheme as

(16)

I Iné@ty) —In&(@-1)

_ . 17)
Zegr () In(t41) — In(t;—1)

In the inset of Fig. 2, z.(¢) is plotted against ¢ for different
datasets in the main frame. The asymptotic value of ze(t)
for different lattices and bond distributions fluctuates between
6.0 and 6.5. However, the data in the inset also show that
the fluctuations are of oscillatory nature, which eventually
should die out in a longer simulation. Furthermore, for an
independent check of the correlation length £(7), we analyze

the fluctuations AM(t) = (M?) — (M_)2 in the magnetization
density M(t). According to the short time critical dynamics
approach [77], this quantity behaves as AM(z) ~ t¢, with
¢ = (d — n)/z. after a quench from infinitely high tempera-
ture. This analysis gives a value of z. between 6.1 and 6.6 for
the different systems considered in this paper (data not shown
here).

10
10"F :
I~~~
N
(=]
o
107} :
\\
10 10° 10" 10°

FIG. 3. Plot of the correlation go(?) vs time ¢, in log-log scale, for
a quench to the Nishimori point 7y from infinitely high temperature
T > Ty initial conditions. Different datasets belong to systems with
different lattice geometries and distributions of bond disorder (see
the key). The dashed line denotes the power law go(¢) ~ ¢t ~*/%, with
Ae =132 and z. = 6.

In conclusion, the value of z. is universal with respect to
different lattice geometries and bond distributions, but finding
a precise value solely from the numerical simulations is hard.
We expect that in the long time limit (and for large system
sizes) a universal value of z. >~ 6 [39] will be approached. See
Sec. IV for a more detailed discussion.

B. Critical aging

Now let us understand the aging phenomenon during the
critical dynamics on the NP. We first present the results for
a quench from the paramagnetic state (T > Ty) to T = Ty.
This setup follows the zero-field-cooling protocol, but with
the initial temperature 7 = co.

In Fig. 3, the two-time spin correlation go(f) is plotted
against ¢ for different systems mentioned above (the size of
the system and the ensemble averages are similar to the ones
in the previous subsection). Asymptotically, the quantity go(t)
falls in a power-law fashion (9), which is clearly observed
for all the datasets in Fig. 3. Again, to become sensitive, we
performed power-law fits in the late time regimes of different
datasets. Observed best-fit values of the exponent A./z. are
listed in Table II. The value of A./z. is around 0.22 for all
datasets (within error bars), which gives a universal value of
Ae =~ 1.32, when using z. >~ 6.

We now discuss the generalized two-time correlation func-
tion C(t, t,,) (10) at nonzero waiting times f,,. As discussed in
the previous section, this quantity exhibits aging for r — #,, >
ty. For brevity, we show in Fig. 4 the results only for a SL
system with +J disorder. Let us first understand the inset
of this figure, where C(¢, t,,) is plotted against time differ-
encet — t,, for different ¢, € [10, 20000]. When ¢t — t,, ~ t,,
C(t, t,,) does not change a lot and exhibits a plateau. However,
when t —t,, > t,,, C(t, t,,) falls in a power-law fashion, with
no collapse for datasets with different 7,,. The latter indicates
a clear violation of TTI. The aging can be seen from the fact
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FIG. 4. Log-log plot of the scaling variable £(z,,)"C(t, t,,) against
&(t)/&(ty) — 1 of a system defined on the square lattice with bimodal
(£J) disorder. Quench to the Nishimori point 7y from infinite high
temperature 7 >> Ty initial conditions. Different datasets correspond
to waiting times ¢, € [10,20000]. The dashed line represents the
asymptotic behavior f(y) ~y~*, with A, = 1.32. Inset: Plot of
C(t,t,) vs time difference ¢t — t,, for the same data used in the main
frame, also in log-log scale. ¢, increases from bottom to top.

that C(z, t,,) falls to a fixed value, say Cy, more quickly for
datasets with smaller ¢,,.

In the main frame of Fig. 4, we test the scaling function
(12), for which we plot the scaling variable &(z,,)"C(¢, t,)
against £(1)/&(t,) — 1. Datasets with different 7,, appear to
collapse on each other, confirming the relation (12). Notice
that the data in this figure are not in the frue asymp-
totic regime—see max[&(¢)/&(t,,)]. Therefore, the behavior
C(t,t,) ~ [E@®)]*; Ac 2 1.32 (indicated by a dashed line in
figure) is not observed in the current timescales. However, the
approach towards this behavior is clearly seen at large values
of £(t).

Let us also check what happens to the aging properties if
the system is quenched from an Ising critical point (T = Tj;)
to the NP (T = Ty). We remark that the spin configuration in
a critical Ising state is power-law correlated:

1
{8i(0)Si47(0)) o¢ ——. (18)
s

Here, the critical exponent is n; = 1/4. The target spin con-
figuration at the NP is also power-law correlated but with a
different exponent n >~ 0.18 [32], i.e., the decay in the target
state is comparatively slower.

We mention for the convenience of the reader that the aging
during the quenches from an initial correlated state has earlier
been studied by Bray and coworkers [78,79]. They found
for pure Ising systems that there is a threshold value of the
decay exponent (ng ~ 3/2 in d = 2) below which the initial
correlations are relevant in the RG sense. In our present case
the situation is more complicated as the target state is also cor-
related. We expect that the effect of initial correlations shall
persist during the critical dynamics. However, as 7y is larger
than the value of n at the NP, some crossover is expected.

0.75 ¢

ct,)

05t

oo SL,+J
oo SL,G

10 10 10° 10
t-t
w

FIG. 5. Main frame: Log-log plot of the autocorrelation function
C(t,t,) against time difference t — ¢,, of a system defined on the SL
with bimodal (£J) disorder, for a quench from the Ising critical point
T;s to the Nishimori point 7y. Different datasets correspond to waiting
times t,, € [10, 10 000], where #,, increases from bottom to top. Inset:
Plot of go(?) vs ¢, also in log-log scale, for a quench from 7} to Ty
of SL systems with +J and Gaussian (G) bond distributions (see the
key). The dashed lines in both plots denote the expected asymptotic
behavior f(t) ~ t~"%, withp = 0.18 and z. = 6.

With these questions in mind, we present data for the two-time
correlations in Fig. 5. In the inset, go(¢) is plotted against ¢ for
two different systems (SL with £/ and Gaussian disorders).
On the log-log scale of the plot, a clean power-law behavior is
observed for both datasets at timescales t > 10°. As expected
[80], the decay is much slower (exponent around 0.03) than
that for a quench from the high temperature state (where the
exponent is A./z. =~ 0.22). This is surely a persisting effect of
the initial correlated state. More quantitative reasoning behind
this new exponent is obtained below.

We now look at the two-time correlation for nonzero wait-
ing times t,,. In the main frame of Fig. 5, C(¢, t,,) is plotted
against time difference r —f,, for various t,. For brevity,
the presented data are only for one system (SL with +J
disorder). For large time differences, no scaling collapse is
observed in such kind of plot. Moreover, a clean aging sig-
nature is observed from the fall of different #,, datasets. At
late timescale (the onset of which increases with t,), all
datasets indicate a power-law fall with the above observed
exponent =~ 0.03. Therefore, this value around 0.03 should
have some deeper meaning explained as follows. Due to
the initial relevant correlations, the loss of memory during
the dynamics is suppressed—resulting in a smaller value of
the aging exponent. However, as the target state is also power-
law correlated (n >~ 0.18 < ny), a behavior akin to that of a
quench from a high temperature state (exponent A /z. >~ 0.22)
should be obtained at larger timescales (beyond the ones cur-
rently presented). Notice that even for quenches from high
T, C(t,ty,) ~t"%= for t ~t, (11). In the present scenario,
the nontrivial exponent 0.03 is in agreement with n/z. (where
n >~ 0.18 and z. =~ 6).
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oo SL,+J
= SL,G
aa TL+J
s TL, G 1
HL,+J
HL, G

p(t)

0.125 ]

FIG. 6. Plot of the global persistence probability p() vs time ¢, in
log-log scale, for a quench to the Nishimori point 7y from infinitely
high temperature 7' >> Ty initial conditions. Different datasets be-
long to systems with different lattice geometries and distributions of
bond disorder (see the key). The dashed line denotes the power law
p(t) ~ t~% with 6, = 0.08. The linear size of the system is L = 128.

C. Global persistence

Let us now discuss the universality features of the global
persistence probability p(¢) (13) after a quench from high 7' to
the NP. In Fig. 6, we first present data for p(¢) vs ¢ of an initial
condition with (M (0)) = 0. The idea is that the magnetization
for randomly generated configurations of a small system will
likely attain a nonzero value, with ensemble averaged magne-
tization (M (0)) = 0. The linear size of the system is L = 128,
with an average over around 10° nonequilibrium runs. For
large ¢, all the datasets belonging to different lattices and bond
disorders in the present figure are consistent with power-law
decay, p(t) ~ t~%, with 6, ~ 0.080 (05). The obtained values
from the best power-law fits are listed in Table II.

To check what happens to the universality of . when an
initial configuration with magnetization density M(0) # 0 is
considered, we also investigate the quench dynamics of a
sharply prepared initial state. Since M (0) is tiny [we consider
M(0) = 0.004], finite size effects may eliminate its impact.
Therefore, we use a scaling relation [18,81] obtained by
rewriting Eq. (14) as

(1) = Lf(Li) (19)

where exponent a. = 6.z.. In Fig. 7, the scaling variable
L% p(t) is plotted against the scaled time 7 /L*. Datasets rep-
resent systems of linear sizes L = 64 and 128, each defined
on different lattice geometries with +J disorder (the Gaussian
case is not shown for brevity). The nonequilibrium averages
are performed over 5 x 10° and 10° runs for L = 64 and 128,
respectively. The values of a. in the scaling variable L% p(t)
are chosen so as to obtain data collapse, whereas z. is fixed
to zc = 6 on the time axis. After preasymptotic timescales, a
good scaling collapse is obtained for datasets of both L. In
fact, the same scaling relation (19) is obeyed by all systems
of different geometries. The obtained values of exponent a
are listed in Table III. Upon the increase in L, the value

8
M(0) = 0.004
4+ _
=
g
6.\] 2+ ]
oaSL,tJ
aaTL£J
1k HL, +J -
10" 10™° 10°® 10°

t/L%

FIG. 7. Plot of the scaling variables L% p(t) vs t/L*, in log-log
scale, for a quench to the Nishimori point 7y from sharply prepared
initial states with nonzero magnetization density [M(0) = 0.004].
Different datasets represent systems of different lattice geometries
with £J quenched disorder (see the key) and different linear sizes:
the linear size of the system for the datasets with empty symbols is
L = 128, while for the datasets with filled symbols it is L = 64.

of a. seems to decrease. When using z. = 6, a value of 6,
between 0.07 and 0.08 is obtained from a, = 6.z., which is
also in agreement with 6, >~ 0.080 =+ 0.005 observed in Fig. 6.
Finally, we conclude that the persistence exponent attains a
universal value around 6. = 0.080 = 0.005.

In the end, let us also discuss the validity of the relation
(15) based on the Markovian assumption of time-dependent
magnetization density M (¢). We observed above that the auto-
correlation exponent is A, =~ 1.32; while the Fisher exponent
is n >~ 0.18 at the NP [32]. Using these values in Eq. (15), we
get 6.z, >~ 0.23, which is in clear violation of our numerical
estimates in Table III. Henceforth, the relation (15) breaks
down also for the present frustrated system, suggesting a non-
Markovian behavior of the time-dependent magnetization.

D. Multifractality of moments

We finally discuss the nature of the different moments of
the two-point (spatial) correlation function during the quench
dynamics from the high temperature phase to the NP. Let us

TABLE III. Values of exponent a. = 6.z, for a quench from a
sharply prepared initial state [with magnetization density M(0) =
0.004] to the NP at T = Ty, in the 2d frustrated Ising model defined
on different geometries (SL, TL, and HL) with bimodal (3/) distri-
bution. Different values are obtained by enabling the scaling collapse
in Fig. 7 for the two systems of linear sizes L = 64 and 128 defined
on each geometry (individual column). The corresponding error bars
denote the range of the scaling exponent a. (for fixed z. = 6) in
which the collapse of the data remains statistically good.

System size SL, +J TL, £J HL, +J
L=64 0.48(1) 0.47(2) 0.47(1)
L=128 0.45(1) 0.44(1) 0.43(2)
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0

107

Cq(r,t)

10"

FIG. 8. Moments C, vs distance r for different g and at different times written as labels in the panels. The linear size of the system is

L =128.

first define a clean notation for the different moments:

1 -
Cy(r) = 5 D (880707

1

g=1,2,3,...., (20

in equilibrium, when there is no time dependence. The mean-
ing of the averages ((---)) and (---) is same as the one
declared earlier. Along the Nishimori line these moments are
equal two by two [45], i.e.,

Cog—1(r) = Coy(r), 21
and particularly, at the NP,

1
Cy(r) T M= = 04005 = ey (22)

The above identities (21) and (22) are expected to hold, also,
during the postquench dynamics to the NP, up to a dynamical
length scale unique for each pair of moments. The interesting
point to address is whether such length scales corresponding
to different pairs of moments have different growth laws.

To answer the above question, we investigate different mo-
ments of the correlation function for a system of linear size
L = 128 with SL geometry. In the calculation of the moments,
we have taken nearly 3000 different disorder realizations. For
each such realization, ten independent runs of the system
having different random initial conditions are performed. In
Fig. 8, the identity (21) is checked for different moments at
different times (in MCS) during the nonequilibrium dynamics

from the high temperature phase to the NP. For the sake of
brevity, we have shown only the first four moments. As it is
clear from the different panels of the figure, the moments are
equal rwo by two up to some time-dependent length scales.
Beyond such scales, the identity (21) does not hold anymore.

To become more quantitative, we extract the time-
dependent length scales from the different moments. Similarly
to the average correlation function C(r, t), different moments
also have the following scaling behavior during the critical
dynamics:

Cy(r,t) = Lo, (23)
r'la
Here the exponent 7, is such that n; = 7,(x~ 0.18), 3 =
n4(=~ 0.26), ns = ne(=~ 0.30), and so on. The aforementioned
values of 7, were calculated in Refs. [32,34,54]. &,(¢) is the
dynamical length scale for different ¢, which can be calculated
from the above expression (23) [see Ref. [82] and our previous
discussion in Sec. II on how to estimate the time-dependent
correlation length & (¢)].

In Fig. 9, the length scales &,(¢) are plotted against time
t for different odd moments g. The datasets for different g
show algebraic growth on the log-log scale of the figure. The
amplitude of &,(¢) is smaller for larger g, which indicates that
at a fixed time ¢ the higher moments fall off in a quicker
manner in space; see Eq. (23). This is a signature of static
multifractality (in equilibrium at NP) during the dynamics.
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FIG. 9. Dynamical length scale £,(¢) vs time ¢ for different odd
values of g (see the key). The dashed line represents the power law,
£,(1) ~ 1'%, with z, = 6.

However, the difference in these time-dependent amplitudes
remains constant in time, and all the datasets agree with the
growth law &,(1) ~ 1'/%, with z. ~ 6. This confirms that there
is only a single growth law for all the moments. At a fixed
time during the critical dynamics, different moments of the
correlation function maintain the static multifractality, but the
associated length scales follow a single growth law in time,
i.e., the equilibrium multifractal behavior does not contribute
to the dynamics.

IV. SUMMARY AND DISCUSSION

In this paper, we investigated different aspects of the
critical dynamics (generated by a single spin flip noncon-
serving order parameter) at the NP in the two-dimensional
frustrated Ising models. In particular, we investigated the
dynamical properties of the multicritical NP in detail. We
calculated the three dynamical critical exponents—z., Ac,
and 6.. To establish universality of these exponents, we
defined the model on different lattice geometries (SL,
TL, and HL) with the quenched bond variables drawn
from bimodal (+J) and Gaussian distributions. We numer-
ically found that after a quench from the high temperature
phase to the NP, different dynamical exponents attain their
universal values, which confirms that the effects of frus-
tration leave the universality in the dynamical exponents
unchanged. This also further consolidates the RG picture
of the dynamical critical phenomenon in the presence of
frustration.

We found that due to systematic errors the value of the
exponent z. obtained from power-law fits fluctuates between
6.0 and 6.6 for different geometries and bond distributions.
The effective exponent z.s, defined in Eq. (16), also endorses
the same order of error in z.. Notice that the focus of the
present paper was to establish the universality in the expo-
nents, not the precise determination of the exponent values.
In our recent study on the SL with £J disorder [39] (also
see Ref. [55]), we observed z. >~ 6 at late times (t ~ 107)
and large system (L = 1024), whereas, in the present paper,

timescales up to ¢ =~ 10° on L = 512 are accessed. Given that,
also invoking Occam’s razor, a universal exponent z. =~ 6 is
expected in the larger simulations on effectively larger system
sizes.

Coming to other dynamical exponents, we obtained a
rather precise value of the ratio A./z. ~ 0.22 from the late
time decay of the overlap with the initial configuration, go(¢).
When using z. ~ 6, we get a universal value of A, >~ 1.32. We
also investigated the aging during the critical dynamics at the
NP, after a quench from the high-7 state and the Ising critical
point. In both cases, a clean signature of aging in terms of
the violation of TTTI is observed. Especially, for the critical
dynamics of a system quenched from 7" = Tj, the aging is
much slower. The persistence exponent 6, also produces a
universal value around 6. ~ 0.08.

We also examined the different moments of the spatial
correlation function during the dynamics. At the disorder
induced fixed points including the NP, the multifractality in
the moments is served by the noninteger relation of different
magnetic exponents (1, 7 gn1). Recently, the signatures of
such multifractality were also reported during the nonequilib-
rium dynamics of a spin glass system [83]. To probe whether
any such behavior arises in our system during the quench
dynamics from a high-7 state to the NP, we extracted a
dynamical length scale from each moment. We found that
the length scale for each moment follows the same growth
law &,(r) ~ t'/% with z; >~ 6—such observation confirms that
there is only a single growth law for all the moments. This
leads us to conclude that the static multifractality at the NP
does not affect the dynamics.

Finally, let us also discuss some possible future direc-
tions. In the present paper, we confirmed the universality in
the dynamical critical exponents at the NP using large-scale
numerical simulations. However, for completeness, some an-
alytical understanding of this problem is certainly desirable.
Due to the presence of frustration, classical techniques like
the real space RG method are not effective to deal with. We
believe that semianalytical approaches like high temperature
series expansions [84,85] can be of some use.
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APPENDIX: NISHIMORI LINE
IN THE PHASE DIAGRAM

The model Hamiltonian (1) in the main text is invariant un-
der the local gauge transformation S; — Sik;, Ji; — kik;J;,
with k; being another Ising variable placed at each site i of
the lattice. However, the probability distributions P(J;;) in
Egs. (2) and (3) are not invariant under this gauge transforma-
tion. These probability distributions belong to a generic model

of distributions [21] defined by
P(J;j) = Po(|Jij1)e™. (A1)

The above distribution transforms as P(J;;) —
Py(|J;j1)eikki. The =+J (2) and Gaussian (3) dis-
tribution functions maintain this form (Al) with
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a=—QJI) 'In[p/(1 — p)] and a = 1/(Jyr?), respectively.
Here, p and r =o0/Jy are the corresponding frustration
parameters (see the main text).

Nishimori [21,44,45] found that when a =g, B[=
1/(kgT)] being the inverse temperature, certain thermody-
namic properties of the model (1) can be exactly calculated,
e.g., the average internal energy, an upper bound on the
specific heat, and a relation between the moments of the

correlation functions. Clearly, this condition (a = ) rep-
resents a special curve in the phase diagram relating the
temperature (7) and frustration parameter (p or r). It is
referred to as the Nishimori line. For £J and Gaussian dis-
tributions, the Nishimori lines are given by

1
e = P g (A2)

respectively.
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