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Mechanical testing of colloidal solids with millipascal stress and single-particle strain resolution
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We introduce a technique, traction rheoscopy, to carry out mechanical testing of colloidal solids. A confocal
microscope is used to directly measure stress and strain during externally applied deformation. The stress is
measured, with single-mPa resolution, by determining the strain in a compliant polymer gel in mechanical
contact with the colloidal solid. Simultaneously, the confocal microscope is used to measure structural change
in the colloidal solid with single particle resolution during the deformation. To demonstrate the utility and
sensitivity of this technique, we deform a hard-sphere colloidal glass in simple shear, and from the macroscopic
shear strain and measured stress determine the stress-strain curve. Using the stress-strain curve and measured
shear modulus, we decompose the macroscopic shear strain into an elastic and a plastic component. We also
determine a local strain tensor for each particle using the changes in its nearest-neighbor distances. These local
strains are spatially heterogeneous throughout the sample, but, when averaged, match the macroscopic strain. A
microscopic yield criterion is used to split the local strains into subyield and yielded partitions; averages over
these partitions complement the macroscopic elastic-plastic decomposition obtained from the stress-strain curve.
By combining mechanical testing with single-particle structural measurements, traction rheoscopy is a unique
tool for the study of deformation mechanisms in a diverse range of soft materials.
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I. INTRODUCTION

Confocal visualization of colloidal solids has provided
valuable insight into the internal deformation of soft materials.
Due to diffusive time and micron size of colloidal particles,
these internal deformations can be resolved and tracked, down
to the individual particle [1–4]. As a result, microscopic de-
formation mechanisms such as dislocation motion in crystals,
gel strand deformation in gels, and shear transformation zones
in glasses can be directly visualized at the smallest material
length scales in three dimensions using a commercial confocal
microscope. The micron size of individual colloidal particles
enables visualizing these deformation mechanisms at single-
particle resolution, but necessarily gives rise to compliant
solid phases [5]. Due to the compliance, small shear stresses,
on the scale of single mPa, are sufficiently strong to activate
the heterogeneous deformation mechanisms that govern the
material response under external deformation. The measure-
ment of these small stresses and their coupling to microscopic
deformation mechanisms is the central challenge in combin-
ing rheology of colloidal solids with confocal microscopy
visualization of the microscopic deformation.

*Contact author: terdik@g.harvard.edu

In this paper we introduce a technique, traction rheoscopy,
to measure shear stresses with mPa resolution, while si-
multaneously resolving internal strain with single-particle
resolution in colloidal solids undergoing deformation. To
demonstrate the utility of traction rheoscopy, we study a
hard-sphere colloidal glass under simple shear deformation
and resolve local strain heterogeneities that occur as the
macroscopic material response undergoes an elastic-plastic
transition.

II. EXPERIMENTAL DESIGN

In traction rheoscopy a colloidal solid is placed into me-
chanical contact with a calibrated elastic substrate to form
a bilayer which is then deformed in simple shear. When the
bilayer is deformed the shear strains in the colloidal solid, γxz,
and calibrated elastic substrate, γ̃xz, depend on their respective
shear moduli, G and G̃, as shown schematically in Fig. 1.
Due to a no-slip boundary condition between the colloidal
solid and calibrated substrate, the shear stress σxz is constant
across the bilayer. Confocal microscopy is used to track the
displacements of individual fluorescent tracer particles em-
bedded in the calibrated substrate and determine its shear
strain, γ̃xz. This deformation of the substrate is combined
with its calibrated modulus, G̃, to determine the stress in the
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FIG. 1. Traction rheoscopy. A bilayer of colloidal solid (ma-
genta) in mechanical contact with calibrated silicone gel (green) is
deformed under simple shear. The thick, compliant gels, and the high
strain resolution afforded by particle tracking, make it possible to
determine the average stress across the bilayer with mPa resolution.
The height-dependent deformation profile is depicted schematically
with black arrows, and measured experimentally by tracking the
displacements of tracer particles dispersed in the gel and of the
densely packed particles that make up the colloidal solid.

bilayer σxz = G̃γ̃xz. Independent of the stress measurement,
the strain in the colloid solid, γxz, is measured with single-
particle resolution by tracking the positions of ∼5 × 105

individual, densely packed colloidal particles that make up the
colloidal glass, as shown in Fig. 2.

Based on this experimental design, a back-of-the-envelope
estimate of the stress resolution shows that mPa stresses can
be directly measured with confocal microscopy provided that
the calibrated substrate is sufficiently thick and compliant.
The stress resolution, δσxz, determines the lower limit on the
magnitude of measurable stress. It is limited by the smallest
resolvable shear strain, δγ̃xz, which is scaled by G̃.

Confocal microscopy and single-particle locating of thick
substrates, h̃ ≈ 150 µm, enable high strain resolution:

δγ̃xz = δx

h̃
= 25 nm

150 µm
= 1.7 × 10−4, (1)

where the minimum resolvable displacement, δx, is limited
by the resolution of single-particle locating, and the thick-
ness, h̃, is determined by sample preparation protocols. For
substrates with compliant moduli of G̃ ∼ 1 Pa, shear stresses
below 1 mPa can be resolved:

δσxz = G̃ δγ̃xz < 1 mPa. (2)

In addition to the stress measurement, imaging through the
transparent substrate using confocal microscopy enables in-
dependent measurements of the internal deformation of the

colloidal solid from the displacements of the individual parti-
cles that make up the solid.

Experimentally achieving the combined stress and strain
resolution poses three central challenges. First, traction
rheoscopy relies on confocal imaging of a bilayer, with
thickness greater than 100 µm, composed of heterogeneous
components, including a polymer gel, embedded tracers, and
the densely packed colloidal solid. Consequently, optical in-
dex matching of these components is essential to maintain
locating resolution. Second, the elastic substrate must be
highly compliant, which presents challenges to shaping the
material and forming a bilayer geometry. Third, to resolve the
build-up of strain during plastic deformation, the cumulative
deformation is spread over hundreds of confocal imaging
stacks to ensure that the displacements between frames are
small and that individual particles can be tracked. As a re-
sult, the fine strain resolution over large cumulative strains
necessitates hours of continuous imaging resulting in several
terabytes of image data to be analyzed per experiment.

Comparison to commercial rheometers

Commercial rotational rheometers can also routinely mea-
sure small, mPa stress relevant for soft materials. The stress
resolution is achieved by transducing local tractions into lo-
cal torques and then integrating across the tool geometry. A
typical tool geometry consisting of a parallel plate of radius R
produces a total torque M:

M =
∫ R

0
2πr(σ r) dr. (3)

For a uniform distribution of shear stress of magnitude σ =
1 mPa, the total total torque measured on a parallel plate of
50 mm diameter is

M = 2πσ

∫ R

0
r2 dr = 2πσ

r3

3

∣∣∣∣
R=25 mm

0

= 33 nN m,

at least two orders of magnitude larger than the minimum
torque limit of commercial rheometers M∗

rheo = 0.3 nN m.
Unlike commercial rheometers, however, traction

rheoscopy achieves a mPa stress resolution by increasing
the compliance of the stress transducer without integrating
over areas larger than microscopy field of view. To compare
the stress resolution of traction rheoscopy with that of
commercial rheometers, consider a tool geometry consisting
of a small plate with area A held at a fixed radial distance R.
In this geometry, the torque measured by the rheometer is
amplified by the lever arm R, but spatial integration is limited
to the area A.

A uniform shear stress of σ = 1 mPa integrated over an
area comparable to microscopy field of view obtained using
traction rheoscopy, A = (250 µm) × (250 µm), produces a to-
tal shear force F = 62.5 pN. Transducing this force into a
measurable large torque M > M∗

rheo entails an impractically
long lever arm R:

R = M∗
rheo

F
= 0.3 nN m

62.5 pN
� 4.8 m.

Further restricting the area, A ∼ d2, to match the distance
between individual tracers in the gel, d ∼ 10 µm, would be
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FIG. 2. Independent measurements of stress and strain using traction rheoscopy. (a) Confocal microscopy image of shear geometry used
in traction rheoscopy. A colloidal glass (upper, false-color magenta) is formed atop a silicone gel with embedded tracers (lower, false-color
cyan). A cross-sectional slice with normal in the y direction is shown with annotations of the geometry. (b) Experimental data of particle
displacements in the shear direction as a function of height for a selection of imaging frames (top row) during loading. The interface between
the silicone gel and colloidal solid is shown with a solid red line at height zero and is shown schematically (a). The positions of the colloidal
particles (magenta, upper) and tracers in the silicone gel (cyan, lower) are binned as function of height relative to the interface. For each height,
the mean (central dot), interquartile range (box), and middle 90% (whiskers) are shown. The displacement curves show pronounced bending
at heights above 60 µm as indicated by the dashed line. The left and right edges of the uppermost bin, labeled shear post, correspond to the
position of the shear post at the start and end of the frame acquisition.

analogous to the stress measured in traction rheoscopy from
individual tracer particles in the gel; 1 mPa of stress dis-
tributed across this even smaller area would require a lever
arm of R � 3000 m to achieve a measurably large torque on a
commercial rheometer.

Related techniques have combined confocal microscopy
with shear cells or commercial rheometers for stress mea-
surements [6–10]. Unlike these hybrid instruments, the
shear cell used in traction rheoscopy can be mounted and
easily unmounted on any inverted confocal microscope. Re-
cently, boundary stress microscopy has combined confocal
microscopy, a commercial rheometer, and traction force mi-
croscopy to determine spatially dependent stresses, on the
order of ∼1 Pa, in sheared collagen networks [11] and shear
thickening colloidal suspensions [12]. While both traction
rheoscopy and boundary stress microscopy use the deforma-
tion of a calibrated elastic substrate to measure stress during
externally imposed deformation, the stresses measured with
traction rheoscopy are three orders of magnitude smaller.

III. OPTICAL INDEX MATCHING OF THE BILAYER

The bilayer design in traction rheoscopy is composed of
heterogeneous components that are imaged using a confocal
microscope. Due to this heterogeneity, optical index match-
ing within each layer—i.e., the gel tracers with the elastic
substrate and the colloidal particles with the solvent—is es-
sential to eliminate scattering. Additionally, since the bilayer
geometry is ∼220 µm thick, confocal imaging through this
volume introduces additional optical aberrations, known as
spherical aberrations, that are caused by refractive index mis-
match between the bilayer and the immersion medium of the
objective [13,14]. In order to ensure high-resolution imaging

of the particle positions and displacements, both optical scat-
tering and spherical aberrations are minimized by fixing the
refractive index of all components to a single target, n = 1.45,
determined by the immersion medium of the objective [15].

Silicone gel formulation. The silicone gels that serve as
the calibrated elastic body were formulated to have a target
refractive index and tunable elastic modulus [16]. The silicone
gel has a true elastic response characterized by a storage
modulus that is much greater than the loss modulus at the low
frequencies of the experiment, as shown in Fig. 3.

The gel formulation consists of two parts: materials se-
lection and formulation. The materials selection was based
on meeting a hierarchy of constraints: chemical immiscibil-
ity with solvents used in the colloid dispersion, compliant
modulus, and refractive index matching. Silicones were se-
lected because they are immiscible with the polar solvent
formamide, which is the index-matching solvent in the colloid
phase [17]. Next, compliant gels near the gelation threshold
were formulated by the addition of nonreactive silicone oil
to the pre-gel solution [18]. Finally, the refractive index was
adjusted to meet the target by using a solution of silicone
polymers with variable diphenyl substitutions in place of
dimethyl groups along the siloxane backbone. Increasing the
diphenyl substitution increases the refractive index from n =
1.4 to n = 1.5. Based on these constraints, poly-diphenyl-co-
dimethyl siloxane (PDPS) polymers with platinum catalyzed
vinyl-hydride addition were selected as the material for the
elastic substrates [16]. All polymers and reagents are listed in
Table I; they are commercially available and the product codes
from Gelest are given parenthetically in the text.

A solution of silicone oils, λ, with the target refractive
index is formulated from nonreactive PDPS oils with refrac-
tive indices just above and below the target (PDM-1922 and
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FIG. 3. Calibration of the silicone gel substrate. Time-dependent curing and frequency-dependent storage and loss moduli are calibrated
for the silicone gel used in experiment at 25 ◦C. The storage and loss modulus are measured during the curing process (left panel, blue and
green curves, respectively) at fixed frequency and show a plateau after 104 s. Then the frequency-dependent moduli are measured (right panel,
blue and green curves). The storage modulus at frequencies below 10−3 s−1 is 4.9 Pa, and the loss modulus is 50 times lower, indicating true
elastic solid response at low frequencies. An additional time-dependent curing step shows no change in the moduli (left panel, yellow and red
curves). The frequency-dependent storage and loss moduli (yellow and red curves, right panel) show no change in moduli after four days of
curing.

PDM-081, respectively). Similarly, high-molecular-weight,
vinyl-terminated PDPS polymers with refractive indices
above and below the target (PDV-1641 and PDV-0541) were
selected. Finally, the hydride functional polymer (HDP-111),
which is a minority component and is nearly index matched to
the target, was selected as well as a room temperature curing
platinum catalyst (SIP 6831.2 LC).

The two vinyl-terminated and hydride-functional polymers
were diluted in the refractive index-matching solution to ob-
tain stock solutions b1, b2, and c. The mass percent reactive
polymer and silicone oil in each of these four stock solutions
is given in Table I. These stock solutions along with additional
index matching silicone oil, λ, are mixed at a mass ratio
of (b1:b2:c:λ). For the stock solutions b1 and b2, the mass
percents of the reactive polymers are set so that when mixed
at equal mass ratios, b1 = b2 = b, and gelled, the cross-linked
network is predicted to be index matched to the target. This
prediction is based on the average diphenyl substitution of
the vinyl-terminated polymers in the stock solutions b1 and
b2. Using this formulation, the ratio of hydride-to-vinyl func-
tional groups can be easily varied; for the gels used in this
work (b:c) = (1:0.7). With this formulation, the shear modu-
lus is controlled by the total silicone oil mass fraction, which

TABLE I. Composition of stock solutions. All reagents are from
Gelest, and their associated product codes are listed in Component 1
column. A nonreactive liquid filler, λ, is mixed from two silicone oils
to meet the target refractive index. The additional stock solutions are
reactive components mixed with λ at mass ratios given in column 3.

Stock
solution Component 1

Mass percent
component 1 Component 2

λ PDM-1922 26% PDM-0821
b1 PDV-1641 19.8% λ

b2 PDV-0541 16.7% λ

c HDP-11 1.1% λ

Catalyst SIP6831.2LC 10% λ

can be adjusted near the gel point by the final component λ.
Crucially, both the cross-linked network and the silicone oil
have a refractive index that matches the target, and hence vary-
ing λ adjusts the shear modulus without altering the refractive
index away from the target.

Rheological calibration. For this work, the pre-gel
solution has composition mass ratios of (b1:b2:c:λ) =
(1:1:0.7:5.97). Once the pre-gel solution is mixed, 10 µl of
catalyst solution is added to a 1 g aliquot and loaded onto a
strain controlled rheometer. A 50 mm parallel plate is used
with a typical gap height of 250 µm. The work time of the
pre-gel solution is approximately 20 minutes, and the gel is
fully cured at room temperature after 24 hours as shown in
Fig. 3. A frequency sweep at 2% applied strain is carried
out to calibrate the storage and loss moduli. As shown in
Fig. 3, the low-frequency plateau is reached at frequencies
f < 10−3 Hz; the storage modulus is 4.9 Pa, and loss modulus
is 50 times lower, indicative of a true elastic response. A
subsequent curing step and frequency sweep shows no change
in the mechanical properties after four days.

Particle synthesis. Traction rheoscopy requires synthesis
of two sets of colloidal particles that can be dispersed in
an index-matching solvent of either formamide or silicone
oil. These two solvents are immiscible, but have the same
refractive index that also matches the target refractive index.
The index match between the particles and either solvent is
achieved by using particles composed of a random copolymer
of poly-trifluoroethyl-co-methyl methacrylate (poly-MMA-
co-FEMA) introduced in Ref. [17]. For both sets of particles
an identical monomer solution containing 19.594 g of FEMA
and 9.395 g of MMA is used during the dispersion polymer-
ization steps. The gel tracers are homogeneously dyed and
stabilized by a silicone polymer brush, while the particles in
the colloidal solid phase have a fluorescent core, a nonfluo-
rescent shell, and an anionic polyelectrolyte stabilizing brush.
To ensure hard sphere interactions between the polyelec-
trolyte stabilized particles, the final solvent is 30 mM KCl in
formamide.
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The synthesis of silicone-stabilized tracers is detailed
in [16]. The synthesis is a modification of Ref. [19] with
a diphenyl-substituted silicone brush and MMA/FEMA as
the polymer composition. The synthesis proceeds in two
steps: synthesis of a reactive graft copolymer, and disper-
sion polymerization in which the graft copolymer serves
as the stabilizer. The graft copolymer was synthesized by
reacting low-molecular-weight, vinyl-terminated PDPS poly-
mers (PDV-0525 and PDV-1625, Gelest) with a solution of
methyl methacrylate (MMA) and trifluoroethyl methacrylate
(FEMA). This graft copolymer was used as a stabilizer dur-
ing dispersion polymerization with a monomer solution of
MMA/FEMA. After synthesis, the gel tracers are dispersed
in an index-matching solution of silicone oils, λ, and residual
organic solvent used during particle synthesis is removed by
rotatory evaporation.

This stock solution of tracers in silicone oil is substituted
for λ in the gel formulation to obtain gels with embedded
tracers. The diameter of the tracers is 2–3 µm, which is much
larger than the mesh size ξ of the polymer gel estimated
from the calibrated modulus: ξ = (4.1 pN nm/4.9 Pa)1/3 ≈
100 nm. The tracers are dilute, typically 1% by volume; their
overall concentration in the pre-gel solution can be adjusted
after initial calibration steps by centrifuging the pre-gel solu-
tion, removing a portion of the supernatant and redispersing
the tracers. Provided that the final tracer concentration re-
mains dilute, the increased concentration of tracer results in
only a small increase in the shear modulus [20]. The tracers
sediment as the gel cures which can exploited during the
curing process to increase their concentration at the top of the
gel, where the strain resolution is largest.

The synthesis for polyelectrolyte-stabilized, fluorescent-
core/nonfluorescent shell particles of the colloid sample fol-
lows Ref. [17], with only minor modifications; the monomer
solution of MMA/FEMA is used during dispersion polymer-
ization steps in order to achieve the largest density mismatch
between the particles and formamide.

Colloidal glasses, crystals, and gels. The index matching
and chemical compatibility constraints of traction rheoscopy
limit the choice of materials that can be combined to form
a bilayer. In particular, the solvent used to index match the
colloid solid phase must be immiscible with the silicone oil
that constitutes the majority of the gel phase. Operating within
these constraints, the particle synthesis in Ref. [17] can be
used to generate a wide range of colloidal solid phases. By al-
tering the size of the particles formed during synthesis and the
sedimentation flux during deposition, hard-sphere colloidal
crystals, binary colloidal crystals, and binary colloidal glass
can be formed. The charge of the stabilizing polyelectrolyte
brush can be altered giving rise to attractive glasses or gels,
a depletant of poly-ethylene glycol can be dispersed in for-
mamide to achieve short range attractive potentials, and the
colloid dispersion can be density matched by using a solvent
and polymer composition detailed in Ref. [17]. Each of these
variations has been tested with the silicone gels.

IV. SUBSTRATE GEOMETRY

Shear cell and sacrificial molds. The preparation of the
bilayer geometry required the development of several tech-

niques to mold the compliant silicone gel, to functionalize
its surface, and to deposit the colloidal dispersion without
forming a contact line or destroying the interface [21]. A
small, modular shear cell was developed with components
specific to the sample processing steps. This shear cell can be
mounted on any inverted confocal microscope used to image
the bilayer.

The sample processing techniques in Ref. [21] are used
to cast a near-critical silicone gel, formulated in Ref. [16],
into a sacrificial sugar-glass mold. The sacrificial mold serves
two roles: a mold allows casting of uniformly thick substrates
independent of wetting and capillary length of the uncured
pre-gel solution, while the sacrificial feature enables dissolv-
ing the mold to expose the top surface of the compliant
gel without the formation of an air-liquid-gel contact line
that would lead to distortions of the compliant gel [22,23].
Similarly, subsequent sample processing steps are carried out
with only partial exchange of the solvent above the gel so
as to avoid the formation of contact line. The thickness, h̃ =
145 µm, is set by an adhesive spacer placed between the cover
glass and the sacrificial sugar-glass mold. Crucially the gel
layer is thick enough to allow single mPa stress resolution,
as shown in Eqn. (1) and (2), but thin enough to be scanned
through with only a portion of the free-working distance of
the objective.

Formation of the bilayer. Once the sacrificial capillary is
created and a stock of pre-gel solution has been formulated
and adjusted to attain the target modulus, an 1 g aliquot is
used to form the gel substrate and carry out a final calibration.
From the aliquot, drops are used for capillary loading of the
sample cell, which is completed in a few minutes, while the
remainder is loaded onto a strain-controlled rheometer for a
final calibration as shown in Fig. 3. After the gel has cured,
the sample is sealed with epoxy. The sacrificial mold is then
dissolved and the exposed gel is functionalized with a self-
assembled polyelectrolyte multilayer to promote short-ranged
adhesion and ensure no-slip boundary condition within the
bilayer [24,25]. Finally, a colloidal dispersion is centrifuged
to form a colloidal glass atop the substrate. Once formed, the
shear post with an attached grid is lowered into the colloidal
glass to a height just within the free working distance of the
objective; additional colloids sediment through holes of the
grid in order to embed it within the colloidal glass.

V. DATA ANALYSIS

A. Image analysis pipeline

Accurate single-particle locating is an essential analysis
tool in traction rheoscopy as stress and strain are determined
from the locations and displacements of individual particles
within the sample. Standard particle-locating routines based
on centroid locating [26,27] are augmented with three addi-
tional analysis steps: image deconvolution [28–31], nonlinear
least-squares fitting [32], and a neural network used to clas-
sify the images, at the level of individual pixels, in order to
distinguish colloidal particles from dimers and other synthe-
sis by-products [33]. These additional image analysis steps,
when combined with index matching and particle synthe-
sis, allowed imaging larger volumes over longer times. The
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computational cost associated with the additional analysis
steps is reduced by processing small, overlapping parti-
tions of the data in parallel. All image analysis steps are
carried out with open-source software packages as imple-
mented in Deconvolution Lab 2 (image deconvolution), ilastik
(pixel classifier), and TrackPy (particle locating and nonlinear
least squares refinement) [26,28,32,33]. These open-source
components are integrated in a Python framework with
command-line job orchestration scripts; all code is freely
available [34].

Development of the pipeline was motivated by an impor-
tant trade-off between particle synthesis and image analysis.
On the one hand, adding additional dye during particle syn-
thesis increases the signal-to-noise ratio (SNR) of the image
thereby improving the locating precision of the particles. On
the other hand, adding too much dye leads to the forma-
tion of fluorescent dimers and small aggregates. Given the
synthesis procedure for core-shell particles, these dimers and
aggregates appear as fluorescent fused-cores with a common
nonfluorescent shell and make up a small fraction of the
located particles. These dimers lead to errors during particle
locating in which only one of the fused cores is identified.
Optimizations in particle synthesis are complemented by an
image analysis pipeline that balances the trade-offs between
precision and error in particle locating. To remove errors, a
neural network pixel classifier is used to identify the dimers
that cause errors in particle locating, and tag these located
positions so that they can be removed from subsequent data
analysis. Image deconvolution is used to further improve the
SNR of the image. This allows reducing the laser power dur-
ing image acquisition thereby extends the number of frames
that can be imaged before the SNR is eventually degraded by
photobleaching.

Deconvolution is applied upstream of centroid locating.
Nonlinear least-squares fitting, applied downstream of the
centroid locating, refines the particle positions in three dimen-
sions and quantifies the uncertainty in each particle position.
Independent of particle locating, the neural network pixel
classifier is used to retain information about the fluores-
cence image that is otherwise obscured by particle locating.
The additional information that is retained and captured
by the pixel classification can be used to check for errors after
the particle locating is complete. An illustrative example is
the identification and removal of fused cores, which, using the
method detailed in Ref. [35], were found to make up ∼1.5%
of the particles located.

These image analysis tools come at an increased compu-
tational cost which is compounded by the volume of data
acquired. With Nyquist sampling in all dimensions, a single
stack comprising the top 30 µm of the soft gel and 100 µm
shear gap consists of ∼1000 slices, corresponding to 8.8 Gb.
To ensure accurate particle tracking, the shear deformation is
spread out over 20–200 frames, depending on the total applied
strain. As a result of the synergistic optimizations in particle
synthesis and image analysis, an SNR sufficient for particle
locating is maintained across the hundreds of frames that
are acquired during the extended deformation. The total data
size is several Tbs.

While total data size is large and the image analysis rou-
tines are computationally expensive, each small section of

the data can be processed independently. To take advan-
tage of this, the image data are split into partitions with
spatial overlaps of at least one particle diameter. Each par-
tition has dimensions (t, z, y, x) = (1, 250, 450, 450) pixels
with the size set to limit the peak memory usage to be-
low 16 Gb/partition. Within each partition, the steps in the
pipeline are processed serially. The small partition size, and
corresponding modest memory overhead, takes advantage of
the cheapest and most readily available computation blocks
on high performance computing clusters.

B. Image segmentation and coordinate systems

The image analysis and particle locating pipeline segments
the bilayer and separately locates the tracer particles in the
silicone gel and the colloidal particles that make up the col-
loidal glass. Distinct coordinate systems are established in
which the height of the gel tracers, h̃, is measured relative
to the coverslip, while the height of the colloids within the
colloidal glass, h, is measured relative to the top surface of the
gel. Using these coordinate systems, the stress can be deter-
mined from the calibrated modulus of the silicone gel and the
height-dependent displacement of the tracers embedded in the
gel. Independently of the stress measurement, the strain in the
sample can be determined from either the height-dependent
displacement of thin layer of particles at a fixed height in the
colloidal solid above the gel, or a volume average of the local
best-fit affine strain measured from each particle and its shell
of nearest neighbors [36]. The independent measurement of
stress and strain is the central feature of this new technique.
The associated uncertainties are fundamental quantities in
determining the microscopic response of the colloidal solid
and are detailed below.

C. Stress

We fit the positions of the first layer of particles in the
colloidal glass to identify the position of the interface. The
z position of the interface is used to quantify and remove
axial drift in the sample. Additionally, the heights of the tracer
particles above the coverslip are determined from their posi-
tions relative to this fitted plane and the measured thickness
of the gel. From these positions, we fit the displacements of
the tracers as function of height above the coverslip using
ordinary linear least-squares regression. The slope parameter
is equal to the average engineering strain, γ̃xz in the gel. For
a gel of modulus of 4.9 Pa and thickness of 143 µm, a 1 µm
displacement at the top surface of the gel corresponds to an
engineering strain of 0.7% and shear stress of 34 mPa. In
this regime, the deformation of the silicone gel is small, and
its response is linear elastic. By contrast, at flow stresses of
30–40 mPa, the colloidal glass is plastically deformed.

The intercept is an open parameter in the regression and
is used to rule out lateral drift. Drift measurements using
the position of the interface and values of the intercepts,
corresponding to axial and lateral drift, are shown in the
Supplemental Material [35]. Using the measured engineering
strain and calibrated modulus G̃, the average stress is deter-
mined: σxz = G̃γ̃xz.

The uncertainty in the stress is evaluated from the uncer-
tainty in the fit parameters and by examining the fit residuals.

024606-6



MECHANICAL TESTING OF COLLOIDAL SOLIDS WITH … PHYSICAL REVIEW E 110, 024606 (2024)

Bin center x (  m)

B
in

 c
en

te
r 

y 
( 

 m
)

Bin center x (  m)

R
es

id
u
al

 s
h
ea

r 
st

re
ss

  
  
  
  
  
(m

P
a)

Frame 1 Frame 21

empty

bin

FIG. 4. Spatially resolved lateral stress variation. The average stress variation is determined from the residual displacements of tracers in
the gel relative to the best fit linear regression. For each residual displacement an associated stress is calculated, and then binned laterally.
Each bin contains on average four or five particles; bins that do not contain particles are shown in black. During the initial deformation
between frames 1 and 3, no spatial variation in the average residuals is seen. Starting at frame 4, a smoothly varying gradient develops. This
spatial variation is, at peak, ±8 mPa across the measured area, which is measurably larger than the uncertainty in stress measurements from
single-particle displacements, but the gradient is less than 0.05 mPa/µm.

From the linear regression of the tracer displacement, the
residual displacement for each particle is computed. This
residual displacement is divided by the height of the particle,
h̃, to obtain the residual strain, from which a residual stress is
computed by multiplying by the calibrated modulus of the gel.
The residual stress is binned in the xy plane, where each bin
is 20 µm across and contains four or five particles on average.
At the early times (frames 1–3), the uncertainty in the slope of
the linear regression is constant, and the corresponding stress
uncertainty is 0.8 mPa. The magnitude of this uncertainty
is consistent with the uncertainty derived from the locating
precision (≈25 nm) of individual tracers in the gel and the cor-
responding residual displacements show no spatial correlation
during this time [Fig. 4(a)]. At later times, a smoothly varying
spatial gradient develops across the sample. The magnitude of
the gradient is maximum at the peak applied strain shown in
Fig. 4(b); the magnitude increases smoothly during loading,
followed by a smooth decrease during unloading.

D. Strain

The mesoscopic strain in the sample is measured in two
independent ways: a boundary strain γxz(h) is computed from
the displacement of the particles at height h relative to par-
ticles at the bottom of the sediment at height h = 0, and
a volume average of the local strain components 2〈εxz〉h.
The boundary strain is γxz(h) = (〈u〉h − 〈u〉0)/h, where the
cumulative displacement of a particle in the shear direction
u = u(t ) − u(0) is computed for all particles within a thin
slice at height h and then averaged to obtain 〈u〉.

To complement the boundary strain measurements, we
compute the local strain for each particle using a polar de-
composition of the best fit linear affine deformation gradient

tensor [36,37]. The affine fits for each particle are made from
the relative displacements of its neighbors located within a
distance less than the first minimum in the radial distribution
function located at r = 2.2 µm. We average individual com-
ponents of the strain tensor over all particles below height h
to define the average local strain, 2〈εxz〉h, and compare it to
the analogous boundary strain γxz(h) computed at the same
height.

From the local strain tensor measured for each parti-
cle [37], we compute a positive scalar measure of the local
shear strain, known as the von Mises strain εvM:

εvM = [
ε2

xy + ε2
xz + ε2

yz + 1
/

6((εxx − εyy)2 + (εyy − εzz )2

+ (εzz − εxx )2)
]1/2

. (4)

E. Local strain uncertainties

In contrast to the macroscopic and sample-averaged val-
ues, individual local strain measurements are limited by the
locating resolution. The local strain measures the fractional
change in separation distance between the particles. At close
packing, this separation distance, d = 2 µm, is the particle di-
ameter. The fractional change in separation distance,

√
2δ/d ,

is determined by the locating resolution δ ≈ 30 nm for each
of the two particles. The spread in local strain, due solely
to locating uncertainties, is the uncertainty in the mean for
fractional changes in separation distance (i.e., apparent strain)
between particle and its neighbor:

δε ≈ 1√
N

1

2

√
2δ

d
≈ 0.3%, (5)
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where 1/
√

N accounts for the reduction in the uncertainty in
the mean by including N ≈ 13 nearest neighbors in the first
coordination shell.

From this analysis, we see that that individual strain mea-
surements have a measurement uncertainty of 0.3%, which is
larger than the average shear strain applied between imag-
ing frames. By contrast, both the volume average of the
local strain tensor, 〈εxz〉 and the boundary strain, γxz, can
resolve shifts in the mean below 0.1%. These values should
be compared to the average shear strain applied between
successive imaging frames of 0.1%. This resolution has im-
portant implications for the study of shear transformation
zones (STZs), which are small regions of particles that me-
diate plastic flow in glasses [3,4,36,38–40]. A single STZ is
characterized by its volume of the central core 	, transfor-
mation strain in the core εT , and the surrounding anisotropic
elastic strain fields produced by the transformation εE , which
are an order of magnitude smaller than that transforma-
tion strains, εE ≈ εT /10. As an example, we consider an
STZ with a small core composed of a single particle and
its coordination shell that undergoes a pure shear transfor-
mation of a few percent strain (εT = 5%), and produces
anisotropic elastic fields that are an order of magnitude
smaller. Using these values, the transformation strain in the
small core region could be resolved with single-particle strain
measurements:

δεxz ≈ 0.3% < εT ≈ 5%.

The magnitude of the anisotropic local strain field, even
close to the core where it is largest, however, is simi-
lar in magnitude to the locating resolution. We estimate
that to resolve this small anisotropic strain with high spa-
tial resolution requires an uncertainty in local strain that
is an order of magnitude smaller than εE . The reduction
in statistical uncertainty can, in principle, be achieved by
averaging the strain fields surrounding N ≈ 100 transforma-
tions with a similar core size and approximate transformation
strain:

δε√
N

= 0.3%/10 	 0.5% ≈ εE .

VI. MECHANICAL RESPONSE OF HARD-SPHERE
COLLOIDAL GLASS

A. Spatial strain variations

Relating the internal deformation of the solid to the mea-
sured mechanical response is the central goal of combining
confocal microscopy and rheology. We characterize the inter-
nal deformation of the solid using the complementary strain
measures of boundary strain γxz and volume average local
strain 2〈εxz〉h. We find close agreement between the strain
measures for h < 60 µm, over all applied strains as shown in
Fig. 5. This close match indicates that the local strain tensor
accurately captures macroscopic strain in the sample; either
strain measure can be determined with resolution below 0.1%,
which is less than the incremental strain applied between
frames. Consistent with direct measurements of the no-slip
boundary condition, the agreement between the strains also
rules out interfacial slip: a rigid body displacement of the one
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FIG. 5. Strain comparison at a selection of heights as a function
of time. The macroscopic shear strain is computed in two indepen-
dent ways, and shows good agreement for heights excluding the
strain-localized region at the top.

of the boundaries would have significant spurious effects on
boundary strain but have no effect on local strain measured
for particles outside the slipped region.

Consistent with these average strain measures, we observe
strain heterogeneities on multiple length scales throughout
the sample. The top of the sample consists of a metal grid
embedded into the colloidal glass. Just below the grid, we
observe a thin, laterally extended region of high shear strain
with a spatial pattern matching the grid; the the particles near
the edges of the grid are highly strained over the course of
the deformation. The local shear strain is quantified using εvM

which captures this gridlike pattern as shown in Fig. 6(a).
This region extends 20 µm into the sample, corresponding
to a heights within the range h = 60–80 µm. In this region,
there is inhomogeneous and localized flow corresponding to
the bending of the displacement profiles shown in Fig. 2(b).
This portion of the sample is excluded from volume aver-
ages of strain components. Below this inhomogeneous layer,
h < 60 µm, we see heterogeneity of the von Mises strain at
a finer scale as shown in Fig. 6(b). Additionally, we see a
slightly higher average shear strain, +0.1%, at the bottom of
the sample than in the middle, indicating a small but neverthe-

(a) (b)

5%0%

z
xy

FIG. 6. Distribution and spatial heterogeneity of the local strain.
The local strain is measured between frames 0 and 5. A perspective
view of the full sample (a) shows the presence of a thin, laterally
extended region of high von Mises strain, εvM, at the top of the
sample with a spatial pattern that outlines the grid used to apply
the deformation. Below a height of 60 µm, εvM local strain hetero-
geneities are present and distributed at a finer scale.
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FIG. 7. Time evolution of the root-mean-square variation of
shear strain components. The root mean square (RMS) of the von
Mises shear strain εvM and shear strain component, εxz, parallel to
externally applied deformation is plotted as function of time. The
peak deformation occurs at frame 21, indicated by the red diamond.
As the sample is unloaded, the RMS shear strain shows a minimum
near the point of zero stress (frames 31 and 33) as measured from the
stress-strain curve.

less measurable mesoscopic strain variation in the bulk of the
sample as shown in Fig. 5.

To assess the time evolution and heterogeneity of the local
shear strain response, we compute the root mean square of

the von Mises strain,
√

3〈ε2
vM〉, and of the shear strain com-

ponent
√〈ε2

xz〉. During loading,
√

3〈ε2
vM〉 reaches a peak value

of 3.5%, as shown in Fig. 7. During unloading, it decreases
and exhibits a local minimum at frame 33, before increasing
upon additional unloading. The local minimum coincides with
the zero-stress crossover: the average shear stress is 0.9 mPa
and −1.6 mPa at frames 31 and 33, respectively. A similar
response is seen for the shear strain component εxz, consis-
tent with previous observations that unloading begins with
the recovery of stored elastic strain, which constitutes only a
portion of the total strain [4]. This recovery continues until the
sample is at zero stress and nonzero residual shear strain after
which the additional applied deformation is accommodated
plastically.

B. Stress-strain curve

To measure the mechanical response, we apply the stress
and strain analyses to each stage of the cyclic deformation and
determine the stress-strain curve shown in Fig. 8. The initial
slope of the stress-strain curve, measured between frames 1
and 3, corresponds to the elastic shear modulus. Its value,
4.5 Pa, is consistent with estimates of the elastic moduli from
the osmotic pressure in the sediment [35]. The macroscopic
strain levels off at γxz ∼ 2.5%, which corresponds to σxz ∼
40 mPa; most of the additional deformation occurs in the
inhomogeneous region near the shear post.

From the stress-strain relation, we compute the elastic and
plastic response by projecting the measured stress onto an
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FIG. 8. Stress-strain curve. The shear modulus, G, is determined
from the slope of the stress-strain curve. The stress-strain curve
is further decomposed into elastic, γelastic, and plastic, γplastic. To
compare the unloading with that of the loading part, we subtract
the measured stress when the applied deformation is reversed and
use that configuration as the reference configuration for the strain
calculation. The loading and unloading curves show identical shear
moduli up to γxz ≈ 0.4%.

extrapolation of the initial linear portion of the stress-strain
curve; the elastic strain, γelastic, is the strain we expect if
the material was an ideal linear elastic body with the mea-
sured shear modulus. The additional strain experienced by the
material is termed the plastic strain, γplastic. As the material
undergoes plastic deformation, the stress begins to saturate
resulting in a concomitant plateau in the elastic strain. Sig-
nificant plastic strain starts to develop at total strains of only
0.3%.

The material is cyclically loaded allowing a comparison
of the stress-strain relation on loading and unloading. To
determine the stress on unloading, we compute the change
in the stress relative to the peak stress obtained when the
applied deformation is reversed at frame 21. Likewise, we
compute the strain on unloading by setting the configuration
at frame 21 as the reference from which the subsequent de-
formation is computed. After accounting for the sign change
of the stress and strain, we plot the stress-strain curves for
loading and unloading, and find a common elastic modulus
of 4.5 Pa for both loading and unloading portions of the
deformation. As a function of time, the elastic strain satu-
rates at γelastic ∼ 1%, with larger values on unloading; the
plastic strain, by contrast, continues to increase, as shown in
Fig. 9.

C. Micro-yielding

We develop a microscopic yielding criterion to link the
locally heterogeneous response in the sample to the elastic-
plastic decomposition of the macroscopic stress-strain curve.
The local strain tensors are grouped based on values of the
von Mises tensor invariant into subyield (εvM < 1.5%) and
yielded (εvM > 1.5%) partitions. The threshold von Mises
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FIG. 9. Time evolution of the elastic and plastic loading. The
elastic and plastic portions of the deformation are plotted as function
of time for loading and unloading portions separately. A threshold
von Mises strain of ε∗

vM = 1.5%, partitions the local strains into yield
and subyield) distributions. The average of εxz over the subyield
distribution reproduces the macroscopic elastic strain during both
loading and unloading.

strain, ε∗
vM = 1.5%, is an open parameter chosen so that

the time evolution of the shifts in the mean strain of the
subyield partition quantitatively match the macroscopic elas-
tic strain obtained from a decomposition of the stress-strain
curve.

Using this yielding criterion to partition the particles, the
distributions of tensor shear components within each partition
are analyzed and compared to the corresponding macroscopic
strain. In the the applied strain direction, εxz, the mean of
the subyield distribution increases with increasing applied de-
formation while in the perpendicular direction, εyz, the mean
is zero. Given the threshold von Mises strain of ε∗ = 1.5%,

the shifts in the mean in the subyield partition match the
macroscopic elastic strain as shown in Fig. 9. The standard
deviation, σSTD, and mean, μ, of the distribution are obtained
either by fitting to a normal distribution N (μ, σSTD), or com-
puting the sample standard deviation and mean. In either case,
the standard deviation, σSTD ≈ 0.4%, is similar in magnitude
to the uncertainty in strain, δε ≈ 0.3%, obtained from locating
uncertainties in Eq. (5) as shown in Fig. 10.

In the shear direction, the distribution over the yielded
partition is skewed in the direction of applied strain and,
surprisingly, contains both positive and negative values as
shown in Fig. 10. Perpendicular to the shear direction, the
distribution over the yielded partition remains symmetric and
centered at zero as no net strain is applied in this direction.
Interestingly, the yielded distribution broadens as the applied
strain is increased indicative of microscopic yielding, despite
there being no net strain applied in this direction.

To visualize the spatial distribution of the yielded partition,
a smaller subset, constituting of only 2% of the sample, is
constructed using the more stringent threshold of εvM > 2.0%
and applying spatial clustering with size range of 5–50 parti-
cles. The resulting clusters are located throughout the sample
as shown Fig. 11(a). The corresponding distribution of strains
over this subset is strongly skewed in the shear direction but,
similar to the yielded partition, contains both positive and
negative values as shown in Fig. 11(b).

VII. CONCLUSION

In conclusion, we introduced a technique, traction
rheoscopy, to carry out mechanical testing of colloidal solids
that combines mPa stress resolution with single-particle visu-
alization. The technique was demonstrated on a hard-sphere
colloidal glass using compliant silicone gel as a calibrated
substrate. The stress-strain curve of colloidal glass was
measured, and the macroscopic mechanical response was

C
o
u
n
ts

 p
er

 b
in

C
o
u
n
ts

 p
er

 b
in

Shear strain       (%) Shear strain       (%)

Frame 15 Frame 15

All
Subyield

Yield

All
Subyield

Yield

FIG. 10. Distribution of the shear strain components. The local strain components εxz and εyz are, respectively, parallel and perpendicular to
the applied deformation. The full distributions (red) are partitioned into yield (green) and subyield (blue) distributions by their local von Mises
shear strain, ε∗

vm = 1.5%. The subyield distribution of εyz is normally distributed with mean 0 and standard deviation of 0.43%. The analogous
distribution in εxz is asymmetric with a shifted mean, μ = 0.59%, in the direction of the applied deformation. The standard deviation σSTD =
0.41%, computed over the subyield distribution is similar to the standard deviation of the normally distributed component, σSTD = 0.43%, and
consistent with the expected spread in shear strain due to locating precision.
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FIG. 11. Distribution and spatial heterogeneity of the local strain. The local strain is measured between frames 0 and 5. The local strain
is separated into subyield (εvM < 1.5%) and yielded (εvM > 1.5%) partitions. A subset of yielded particles (εvM > 2.0%), making up only 2%
of the sample, is visualized in (a). The distribution of shear strains εxz is plotted in (b); the bin widths for yield and yield subset have been
scaled by 5 and 10, respectively. The subyield distribution shows a shift in the mean, while the yielded distribution corresponds to the tails in
the overall distribution.

decomposed into elastic and plastic portions. To complement
the macroscopic measurement, local strain tensors were com-
puted and were shown to be spatially heterogeneous; when
averaged the local strain measurements reproduce the macro-
scopic strains in the sample. A microscopic yield criterion
was proposed, and its relationship to macroscopic mechani-
cal response was examined. Extension of traction rheoscopy
to colloidal crystals and gels can also be achieved with the
specific materials and techniques presented here. The combi-
nation of single-particle resolution and mPa stress resolution

will elucidate diverse microscopic mechanisms underlying the
mechanical response of colloidal solids.
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