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Two mass-imbalanced atoms in a hard-wall trap: Deep learning integrability of many-body systems
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The study of integrable systems has led to significant advancements in our understanding of many-body
physics. We design a series of numerical experiments to analyze the integrability of a mass-imbalanced two-body
system through energy-level statistics and deep learning of wave functions. The level spacing distributions are
fitted by a Brody distribution and the fitting parameter ω is found to separate the integrable and nonintegrable
mass ratios by a critical line ω = 0. The convolutional neural network built from the probability density images
could identify the transition points between integrable and nonintegrable systems with high accuracy, yet in a
much shorter computation time. A brilliant example of the network’s ability is to identify a new integrable mass
ratio 1/3 by learning from the known integrable case of equal mass, with a remarkable network confidence
of 98.22%. The robustness of our neural networks is further enhanced by adversarial learning, where samples
are generated by standard and quantum perturbations mixed in the probability density images and the wave
functions, respectively.
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I. INTRODUCTION

Machine learning has been widely applied to big data,
digital image processing, and medical and other fields re-
cently [1], which aims at analyzing and processing new data
through training machine with a great deal of data. Therefore,
a series of ideas emerged in the field of physics, that is,
whether physical data or formulas can be used as the input
of machine learning to study the physics (such as quantum
many-body and quantum topology). These ideas provide new
approaches for the research of quantum physics. At present,
the application of machine learning methods in physics [2]
mainly includes classifying material phases and finding phase
transition points [3–5], reconstructing wave functions [6], and
solving physical equations [7], etc.

It was first proposed to solve the dimensionality curse in
numerical calculation by deep learning method [8] to study
the phase transition in a variety of condensed matter Hamilto-
nians [4]. Two modern deep learning architectures, including
full connection neural network and convolutional neural net-
work, are built to analyze the phase transition between the
ferromagnetic phase and antiferromagnetic phase of the Ising
model from two complementary aspects. Deep learning was
then applied to XY model [9–11], Heisenberg model [12],
and other physical systems [13–15], which proves that neural
networks have achieved some satisfactory results in solving
complex physical systems, and also suggests that the com-
bination of deep learning and physics is promising. In the
study of the phase transition, unlike the traditional method of
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solving the order parameter in condensed matter physics, deep
learning extracts feature information from a large number of
physical data. In addition, some unsupervised methods have
made major breakthroughs in phase transitions, such as princi-
pal component analysis (PCA) [16–18], restricted boltzmann
machines (RBM) [19,20], autoencoder [21], etc. In further
analysis of the robustness of neural networks [22,23], it was
found that both classical classifiers and quantum classifiers are
vulnerable to adversarial disturbances, which provokes new
discussions in the interdisciplinary study of deep learning and
physics. Neural network has very successful applications in
the classification of matter phases, and also greatly promotes
the research of quantum chaos [24]. For example, it can learn
the transition from chaos to integrable states by analyzing the
wave function and reveal the features of quantum chaos [25].

Most of the exactly solvable models are limited to the
case of equal mass for one-dimensional quantum many-body
systems. However, researches show that there exist several
types of few-body systems with imbalanced masses [25–31]
or with a δ-barrier in the potential center [32,33] that are found
to be solvable for some specific mass ratios or in the spatially
odd sector of the Hilbert space. We focus on the two-particle
system with arbitrary interaction strength and mass imbalance
in an one dimension hard-wall trap. In previous work, we
accurately solved the Bethe-type ansatz equation and found
that the system is integrable [30] when the mass ratios η

is 1 or 1/3. Though there are various definitions of quan-
tum integrability, we more specifically adopt the Bethe-ansatz
integrablity, i.e., any eigenstate can be written as a finite
superposition of plane waves, while the nonintegrable states
are often called chaotic states. In this paper, we design a
series of numerical experiments to analyze the integrability
of mass-imbalanced many-body systems through statistics of
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the energy spectrum and deep learning of wave functions.
For the energy-level statistics, we take the noninteracting
wave functions as basis vectors to calculate the system energy
by the method of exact diagonalization (ED), determine the
statistical properties of the unfolded spectrum by means of
the nearest neighbor level spacing distribution, and analyze
the integrable and chaotic states of the quantum system for
different mass ratios. In the deep learning stage, we build
a convolutional neural network that can implement binary
classifications, and include into the dataset the wave functions
of high excited states for both integrable and nonintegrable
systems. The neural network is trained by a few iterations
and the accuracy achieves 99%. The trained model is then
implemented to predict the system integrability for other mass
ratios.

Our objectives are twofold: first, to accurately classify in-
put states into either integrable or nonintegrable, and second,
to test the robustness of the neural network under pertur-
bations. We then investigate the impact of noise on neural
networks by generating adversarial samples by two methods,
the standard perturbation in the density probability images,
and quantum perturbation in the wave functions. Standard per-
turbation allows the neural networks to extract features from
integrable and nonintegrable density images, while quantum
perturbation may help in exploring unique states intrinsic in
physical systems. Adversarial samples are generated from
both perturbations to test the vulnerability of the original
network. We aim to enhance the network’s robustness through
adversarial training and improve the accuracy of the original
network by incorporating quantum adversarial samples into
the learning process.

The rest of the paper is organized as follows. In Sec. II,
we describe the two-particle interacting 1D model with imbal-
anced mass and numerically generate the energy spectrum of
the system for different interaction strengths and mass ratios.
To secure the ED method, we estimate the accuracy of nu-
merical results for the energy levels by directly comparing the
exact results with the Bethe-ansatz equations. We present our
results of energy-level statistics, deep learning of wave func-
tions, and adversarial learning in Sec. III. Detailed procedure
is given for dataset production, neural network construction,
and numerical experiments. The standard and quantum pertur-
bations are respectively carried out for the adversarial training.
Section IV summarizes our findings.

II. MODEL

We consider an interacting system of two particles with
masses m1 and m2 confined in a 1D hard-wall trap of length
L. The atoms interact with each other through contact δ inter-
action and the Hamiltonian of the system can be written as

H = − h̄2

2m1

∂2

∂x2
1

− h̄2

2m2

∂2

∂x2
2

+ gδ(x1 − x2), (1)

where x1 and x2 are coordinates of the two particles and g
is the interaction strength. Denoting the mass ratio of the
two particles as η = m1/m2 (note that η defines the same
Hamiltonian as 1/η does thus we set η < 1). Classically each
collision and reflection process of the two particles gives rise
to a new pair of momenta. Though a closed set of finite

numbers of the momentum may exist for η satisfying the
nonergodicity condition η = tan2 lπ/2n with l and n positive
integers, it is found in previous work that the system is in-
tegrable only when the mass ratio is 1 and 1/3 [30]. In the
case of equal mass for η = tan2 π/4 = 1, the full momentum
set consists of 8 elements which form a dihedral group D4.
When η = tan2 π/6 = 1/3, the collision operators form a di-
hedral group D6, which is the only exactly solvable example
of quantum mass-imbalance systems. We exactly solved this
interacting two-particle system in a hard-wall with mass ratio
η = 1/3 with the Bethe Ansatz hypothesis for the wave func-
tion, which is generalized to the so-called asymmetric Bethe
Ansatz (ABA) method in Ref. [34] and our case is proven
to be a particular instance. For η other than 1 and 1/3, we
may still find the corresponding dihedral groups D2n; however,
the quantum system is not integrable and the trajectory of
two particles is chaotic and unpredictable. Based on these
previous works, this paper puts forward studying the influence
of mass ratio of the two particles on system integrability with
the purpose of exploring transitions between integrable and
chaotic.

To numerically generate the system energy levels, we take
the product of two single-particle wave functions in a hard-
wall trap of unit length L = 1 as the basis vectors, which can
be written as

ψi j (x1, x2) = 2 sin iπx1 sin jπx2, (2)

where i and j are positive integers, and x1 and x2 denote the
coordinates of the lighter and heavier particles, respectively.
The matrix elements of the Hamiltonian (1) on the basis (2)
are written as (set h̄ = 1)

Hi1 j1,i2 j2 = 4
∫ 1

0

∫ 1

0
dx1dx2 sin i1πx1 sin j1πx2

×
[
− 1

2m1

∂2

∂x2
1

− 1

2m2

∂2

∂x2
2

+ gδ(x1 − x2)

]

× sin i2πx1 sin j2πx2. (3)

A straightforward calculation gives the matrix elements of the
Hamiltonian

Hi1 j1,i2 j2 = π2 i2
1m2 + j2

1 m1

2m1m2
δi1,i2δ j1, j2 + g

2
I, (4)

where δi, j is the discrete δ function, and I is defined as

I = δi1−i2+ j1− j2,0 + δi1−i2− j1+ j2,0

− δi1−i2+ j1+ j2,0 − δi1−i2− j1− j2,0

− δi1+i2+ j1− j2,0 − δi1+i2− j1+ j2,0

+ δi1+i2+ j1+ j2,0 + δi1+i2− j1− j2,0. (5)

The Hamiltonian is then solved numerically for arbitrary mass
ratio η and interaction strength g by the method of ED. In
the numerical procedure, the mass ratio is taken as the only
variable such that the two particle masses are related to η as

m1 = 1 + η, m2 = 1 + 1/η, (6)

which leads to a unity reduced mass μ = 1/( 1
m1 + 1

m2 ) = 1.
The energy-level spectrum is analyzed statistically to find the
distribution of the level spacing and the wave functions serve
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FIG. 1. The energy spectrum of integrable and nonintegrable
systems. The left panels show the higher (a) and lower (b) energy
spectrum for an integrable system η = 1/3 with horizontal energy
levels (red). The right panels show the higher (c) and lower (d) spec-
trum for nonintegrable system η = 3 − 2

√
2. The first two horizontal

levels, with level numbers 8 and 18 for g = 0, are shown in panel
(b), while three with higher level numbers 4818, 4826, and 4830
are shown in panel (a) indicated by red dots. All energy levels are
plotted upon a shift energy Ē which are 13341.5 (a), 10909 (c), 30
(b), and 20 (d), respectively. Levels numbers 16 and 4825, denoted
in green pluses, are chosen to show the accuracy of the numerical
results compared with the Bethe Ansatz exact results in Fig. 2.

as the training set for our neural network. Notice that the
nonzero off-diagonal matrix elements is determined by the
relations between the four integers (i1, i2, j1, j2). Together
with the diagonal elements, we find the number of nonzero
matrix elements grows as ∼N3 for large enough N , where
N is the cutoff number of the noninteracting basis vectors.
Since we use the eigenstates of the noninteracting system as
the basis vectors, one may expect ED to perform best for small
values of g and more poorly for large g.

To estimate the accuracy of our results, we benchmark
against the exact solution for η = 1/3 which is exactly solv-
able. Using N = 230, we compute the 5000 lowest levels of
the system. This set will be used as input for our analysis in
the next section.

In previous work [30], it is found that for η = 1/3 the en-
ergies of some special states, e.g., the 8th level, do not change
with the interaction strength g and the existence of such states
is attributed to the emergence of a triple degenerate point in
the noninteracting limit g = 0. From the matrix elements in
the noninteracting basis, it is easy to understand what happens
in the degenerate point as follows: in some cases three pairs of
integers (i, j) give the same value of the expression 3i2 + j2,
in which case one can always find an eigenvalue indepen-
dent of g, although not all δ functions in I vanish. These
interaction-independent levels are exactly constants and serve
as perfect benchmarks for estimating numerical accuracy. We
find that there are 649 horizontal levels in the first 5000 levels.
The first one appears as the 8th level and does not cross
with any other, but the second horizontal level, whose level
number is 18 at g = 0, has already been crossed twice as the
interaction becomes strong enough, ranking the 16th level at
g = 50, as shown in Fig. 1(b). This level crossing makes it

difficult to identify the ordering of the levels, especially for
higher energy and strongly interacting case. In Fig. 1(a) we
show the spectrum between three adjacent horizontal levels,
namely level numbers 4816, 4826, and 4830, ordered in the
noninteracting case. Clearly these high levels increase more
rapidly with the interaction than lower levels, and level cross-
ing occurs more often for higher energy levels and larger g.
Note that the horizontal levels disappear immediately for other
mass ratios, e.g., η = 3 − 2

√
2 in Fig. 1(d) for lower levels

and Fig. 1(b) for higher levels due to the nonintegrability of
the system. Note that we have deliberately show the higher
and lower levels in a comparable range such that all levels are
plotted upon an energy shift Ē which are different for higher
or lower levels.

We estimate the accuracy of numerical results by directly
comparing the numerical values for the energy levels En at
finite g with the exact results EBA from the BA equations in
the η = 1/3 case. We search the exact BA results from the
requirement that for any interaction strength g the momentum
k1, k2 should satisfy the Bethe Ansatz equations (BAEs)

k2 + 3k1 − 2g(cot(k2 + k1)/2 + cot k1) = 0, (7)

k2 − 3k1 − 2g(cot(k2 − k1)/2 − cot k1) = 0, (8)

for even parity or

k2 + 3k1 + 2g(tan(k2 + k1)/2 + tan k2) = 0, (9)

k2 − 3k1 + 2g(tan(k2 − k1)/2 − tan k1) = 0, (10)

for odd parity in the natural units h̄ = μ = L = 1. It is
convenient to start the search from the noninteracting side
g = 0. We first fix the two integers (i, j) at g = 0, e.g., by
sorting the levels for increasing i and j one by one. For
lower level, e.g., level number 16, it is easy to see (i, j) =
(2, 6), while for higher level, e.g., level number 4825, we
have (i, j) = (60, 5). Note that the horizontal levels Eh are
triple degenerate, which for instance gives us three pairs of
(i, j) = (53, 49), (51, 55), (2, 104) for level numbers 4826,
4827, 4828. The interaction alters the values of (i, j) into
nonintegers with the energy given by EBA = (3k2

1 + k2
2 )/8. For

each finite value g, we numerically find the solution for k1 and
k2 by solving the BAEs (7), (8) or (9), (10) in the momentum
range (k1, k2) = (iπ ± �k, jπ ± �k). We take �k = 1 for
all calculations as the momentum values for each level will
not change drastically even for very strong interaction. The
solutions need to be refined by the scattering relations

(k′
1, k′

2)T = −σzs(1/3)σz(k1, k2)T (11)

and

(k′′
1 , k′′

2 )T = σzs(1/3)(k1, k2)T , (12)

with

s(1/3) =
[
− 1

2
1
2

3
2

1
2

]
, σz =

[
1 0
0 −1

]
. (13)

It is necessary that the momentum values (k′
1, k′

2) after
one scattering and (k′′

1 , k′′
2 ) after two scattering processes still

satisfy the BAEs. In Fig. 2 we show the numerical and exact
results and the difference between them for level numbers 16
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FIG. 2. The lower (level number 16, left) and higher (level num-
ber 4825, right) energy levels calculated by numerical method (red
dashed lines) and BA exact method (blue solid lines). Insets: the
relative accuracy Acc as a function of the interaction strength g for
the lower and higher levels. The energy shifts Ē of panels (a) and
(b) are 59 and 13 354, respectively.

and 4825, indicated in Fig. 1 by green crosses. Clearly the ED
method works well for lower level and small values of g. The
relative accuracy, defined as Acc = |En − EBA|/EBA, however,
is still within the order of 10−3 for high level number around
5000 and large g = 50.

It has been proposed that the wave functions of integrable
states are expected to have some nontrivial morphology, since
the classical phase space of integrable systems has some in-
teresting structure [25]. The probability density of the wave
function reflects the probability of particles appearing at dif-
ferent positions in the phase space, which carries important
information about the integrability of the system [35]. We
show in Fig. 3 the probability density of the 10th state for an
integrable (η = 1/3) and that for an nonintegrable (η = 3 −
2
√

2) system. The decisive feature of these states, whether
integrable or not, is the existence of many nodal lines in
the density distribution, which are defined as sets of points
x1, x2 that satisfy ψ (x1, x2) = 0. The numerical data of density
distribution produced from ED method are so large that it is
hopelessly difficult for our eyes to find universal patterns of
integrable system. Hence these data will be used as the input
in our neural network for a progressive learning of features
from the input data, which will be discussed in Sec. III.

FIG. 3. The wave function of the 10th state for an integrable
system (η = 1/3, left) and that for an nonintegrable system (η = 3 −
2
√

2, right). The eigen energies are E10 = 44.90 and E10 = 35.39
respectively. Note in both integrable and nonintegrable cases, there
exist many nodal lines in the density distributions.

FIG. 4. The histogram of nearest neighbor energy-level distri-
bution P(s) for different mass ratios η of two particles at g = 0.
The red solid curve shows the Wigner distribution while the black
dashed curve shows the Poisson distribution. The fit with a Brody
distribution gives the quoted ω in each panel. To produce these
figures, only states with odd parity are used. Panels (a), (b), (d),
and (e) are chaotic, and panels (c) and (f) are integrable. Due to the
large number of degenerate levels, integrable states show sparse well-
spaced distribution, while nonintegrable states are close to Wigner
distribution.

III. METHODS AND RESULTS

A. Energy-level statistics

To analyze the statistical fluctuations of the spectrum
{En}, it is necessary to separate the fluctuating part from its
smoothed average part, the behavior of which is nonuniversal
and cannot be described by random-matrix theory [36]. We
thus construct the staircase function of the spectrum N (E ),
defined as the number of levels below E [37–40], and sep-
arate it into average part Nav(E ) and quantum fluctuation.
The nonuniversal part Nav(E ) may be taken to be the fit of
a smooth function to the staircase N (E ), while the statistical
fluctuations of the spectrum are found to be quite independent
of the fitting class. Here we shall use fits with a polynomial
of sixth order [39]. The unfolded spectrum is defined by the
mapping Ẽn = Nav(En), and the unfolded levels Ẽn have a
constant average spacing.

We determine the fluctuation properties of the unfolded
levels by means of the nearest neighbor level spacing dis-
tribution P(s), which is defined as the probability of two
neighboring levels apart by a distance s. While a integrable
system is expected to be dominated by the Poisson statistics
P(s) = e−s with eigenvalues uncorrelated, we expect to obtain
the Wigner distribution P(s) = (π/2)se−πs2/4 for a chaotic
system. We calculate the spacings sn from the unfolded spec-
trum sn = Ẽn+1 − Ẽn and show the histograms in Figs. 4–6,
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FIG. 5. The histogram of nearest neighbor energy-level distri-
bution P(s) for different mass ratios η of two particles at g = 0.
The red solid curve shows the Wigner distribution while the black
dashed curve shows the Poisson distribution. The fit with a Brody
distribution gives the quoted ω in each panel. This figure makes no
distinction between parity. Panels (a), (b), (d), and (e) are chaotic
with much smaller values of ω than those in Fig. 4, and panels (c) and
(f) are integrable. There is still a clear difference between integrable
and nonintegrable states.

for several values of mass ratio η in the absence or presence
of interaction.

The level spacing distributions are fitted by a Brody distri-
bution, which is of the form [36,41–43]

P(s) = α(1 + ω)sωe−αs1+ω

, (14)

where ω is the fitting parameter, P(s) is the probability that sn

falls within the interval (s, s + ds), and

α = �[(2 + ω)/(1 + ω)]1+ω, (15)

with � is Gamma function. In these histogram figures, we
depict the standard Wigner distribution (ω = 1) with red solid
curves and the Poisson distribution (ω = 0) with black dashed
curves. The fit with a Brody distribution gives the quoted ω in
each panel.

We first consider the level spacing distribution in the case
g = 0 with only odd parity states are used, as the case with
only even parity states leads to qualitatively identical results.
The number of bins are taken at approximately a square root
of the number of the considered levels (here we take 1000
levels into the statistics such that 30 bins are used in the his-
tograms). With the mass ratio varied in the range 0 < η � 1,
two integrable values 1/3 and 1 are encountered, for which
the degeneracies in the energy spectrum lead to well-spaced
bins as shown in Figs. 4(c) and 4(f). The degeneracies for
the same parity in the integrable cases lead to well spaced
bins in the histograms which is rather unique. This behavior is

FIG. 6. The histogram of nearest neighbor energy-level distri-
bution P(s) for different mass ratios η of two particles at g = 20.
The red solid curve shows the Wigner distribution while the black
dashed curve shows the Poisson distribution. This figure makes no
distinction between parity. Panels (a), (b), (d), and (e) are chaotic
with positive ω ranging between 0.2 and 0.3, with the peaks appear-
ing at nonzero values of s, and panels (c) and (f) for integrable cases
are Poisson with the maximum value occurring at s = 0 and negative
values of ω.

immediately broken for other mass ratios and the levels tend
to repel each other, and the distribution P(s) are well approxi-
mated by the Wigner distribution with quoted ω very close to
1 as shown in Figs. 4(a), 4(b), 4(d), and 4(e). We find that the
space between the nearest bins in the case of equal masses is
larger than the η = 1/3 case, implying the fitting parameter ω

further away from the Wigner distribution ω = 1. Note that it
is essential that we do the statistics for the same parity. If we
put all levels into the statistics without distinction of the parity,
as in Fig. 5, then level distributions with well-spaced bins in
the integrable cases survive for different parities; however, the
Wigner distribution for nonintegrable mass ratio cannot be
well established. We observe clear deviation of the distribu-
tion away from the standard Wigner distribution with quite
small values of ω ∼ 0.1 in the chaotic cases.

When the interaction is turned on, for instance, g = 20, it
is no longer possible to distinguish the parity of each level
from our numerical ED results. While the level degeneracies
in the spectrum are preserved for integrable cases due to the
horizontal levels, they disappear for the aspect ratios other
than 1 and 1/3 [see Figs. 1(c) and 1(d)]. The histograms
for the integrable cases conform to the Poisson distribution
with the maximum value occurring at s = 0 and negative
values of ω, and those for the nonintegrable cases are Brody
distributions with positive ω ranging between 0.2 and 0.3,
with the peaks appearing at nonzero values of s, as shown in
Fig. 6. The mass ratios in these histograms are in ascending
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FIG. 7. The fitting parameters ω for different mass ratios. Red
hollow points represent the integrable mass ratios, blue solid dots
represent the rational nonintegrable mass ratios and green cross
are nonergodicity points satisfying η = tan2 lπ/2n. The bins in the
statistics for the integrable points are 10, 15, 20, 25, 30 (from light
to deep), respectively. Clearly the boundary between integrable and
nonintegrable points is ω = 0.

order as 0.11, 0.17, 0.33, 0.53, 0.87, 1.00 in Figs. 6(a)–6(f),
respectively. The best fit curve depends on the number of bins
we choose, and we find that even for the same mass ratio,
different bins result in different fit values ω. The degeneracy
of the energy levels leads to negative values of ω, which is
dubbed “overintegrable” because of large number of exact
degeneracies [44] and happens rather frequently in the study
of chaos in the low-lying collective states of nuclei [45–48].
This deviation from the random matrix theory due to the
level degeneracies is our motivation for the study of system
integrability with deep learning.

Among the candidates for the mass ratio η that fulfill the
closeness of scattered momentum vector and the correspond-
ing dihedral group of the collision operators, it was found
that η = 1/3 is the only exactly solvable example of quan-
tum mass-imbalance systems by means of Bethe-type-ansatz
method. To exclude other possible integrable values of mass
ratios in the dihedral group, we do the level statistics for all
values of η satisfying the nonergodicity condition (which are
irrational for 4 � n � 20) by taking the first 1000 levels into
statistics. In addition, we successively scan the values of the
mass ratio by a step 0.025 in the whole range 0 < η < 1
(thus rational) and extract the fitting parameters sequentially.
The resultant fitting parameters ω are shown in Fig. 7 and
we find there is an obvious critical line between integrable
and nonintegrable points ω = 0, i.e., all integrable points lie
on the left with negative value of ω, while all nonintegrable
points on the right with positive ω. The bins in the statistics
for the integrable points are varied between 10 and 30 for
visual convenience and the values of ω remain negative. No
new integrable points are found.

We further calculate the fitting parameter ω near the inte-
grable points of the mass ratio by including more energy levels
in the statistics, see Fig. 8 for the two integrable points with
the number of levels 1000, 3000, and 5000, with the bins taken
approximately as the square root of level numbers as 30, 50,
and 70, respectively. It can be clearly seen that when the mass
ratio deviates slightly from the integrable point, the values of

FIG. 8. The abrupt change of ω near the integrable points. Pan-
els (a) and (b) show the cases of η = 1 and η = 1/3, respectively.
Red, green, and blue curves represent the same distribution fitting
scheme for 2000, 3000, and 5000 energy levels, with the bins taken
approximately as the square root of level numbers as 30, 50, and 70,
respectively.

ω immediately become positive, leaving very deep cusps at
the integrable points. While the values of ω seem to fluctuate
around small positive values for mass ratios other than 1 and
1/3, they become progressively more negative exactly at the
integrable points as more energy levels are considered, i.e., the
minimum continuously moves downward for increasing level
numbers used in the statistics as shown in Fig. 8. Here we scan
the mass ratio with an even smaller step 0.005. The results
indicate that the negative value of ω is an intrinsic feature of
the integrability.

B. Deep learning of wave functions

Through numerical experiments of energy-level statistics,
we verify theoretical results of previous work and find the
statistical difference between integrable and chaotic level
spacing distribution, which consumes high computational
memory resources. The analysis of level spacing distribution
shows a drastic difference between integrable and chaotic
systems. We may, however, extract the information about this
integrable-chaotic transition by analyzing the properties of the
system wave functions. In doing this, we aim to reduce the
amount of computation so that the method can be applied to
other physical systems. We thus apply the deep learning meth-
ods to analyze the wave functions of highly excited states,
which contains too complicated information for our eyes to
identify. Therefore, we need to capture the typical features of
the integrable states and chaotic states dictated by the sym-
metry and degeneracy in the wave functions. For instance, the
chaotic states are expected to resemble a random superposi-
tion of plane waves, while the integrable states with η = 1 and
1/3 are the superposition of a finite number of plane waves
due to the dihedral group D4 and D6 satisfied by the allowed
momentums [30], which should manifest some characteristics
morphology with high symmetry [25]. However, the existence
of horizontal, interaction-independent energy levels indicates
the degeneracy in the integrable system with numerous level
crossings between the same-parity energy levels appearing at
finite values of coupling (see red dotted lines in Fig. 1) as
well as Fig. 6 in Ref. [34]. The presence of such crossings
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FIG. 9. Probability density diagrams of the NL = 2000 state of
wave function at different mass ratios. The top two panels show
the density plots of integrable systems, while the bottom shows
the nonintegrable ones. The color from deep to light represents the
probability from low to high.

is a manifestation of integrability and in the nonintegrable
case all the crossings are immediately lifted [49]. We assert
that the symmetry and degeneracy in the wave functions of
integrable and chaotic states leave traceable signatures that
can be detected by our deep learning approach.

1. Dataset

Deep learning is a data-driven method which requires lots
of data. In the field of condensed physics, the methods encod-
ing physical information to neural networks can be divided
into several types, including experiments [50], Monte Carlo
simulation [4,51,52], and discretization of wave functions
[24,25], etc. The wave functions of lower excited states are
unworthy to analyze [25], thus we choose to include the wave
functions of the 101th to 2100th excited states as the input
of NN. Both the wave function ψ (x1, x2) and the probability
density |ψ (x1, x2)|2 are good candidates as neural network
input, here we choose the latter and present as an example
the probability density of the 2000th state for different mass
ratios in Fig. 9.

To produce dataset, we fix the interaction strength g = 20
and diagonalize the Hamiltonian (4) and plot the probability
density |ψ (x1, x2)|2 of the 101th to 2100th excited states for
η = 1, 1/3 (with label: integrable) and η = 3 − 2/

√
2, 1 −

2/
√

5 (with label: nonintegrable). And then the dataset was
randomly selected and divided into three parts: training set,
test set and validation set, which accounted for 80%, 10%, and
10% of the total dataset, respectively. We fix the random seed
used for drawing to avoid discrepancies between different
realizations of the network. The main objective of this work
is to verify the feasibility of neural networks in the mass
imbalance problem.

The wave functions ψ (x1, x2) are direct product of the
eigenvetors of the Hamiltonian with the basis ψi j (x1, x2) in
Eq. (2). The density plots |ψ (x1, x2)|2 are thus continuous
functions of the variables x1 and x2, which need to be dis-
cretized before being used as a network input. By taking
points at intervals in the x1 and x2 directions we can represent
the wave functions as images with different resolutions. For
example, taking spatial intervals of 0.002 will give a high
resolution density map of 500 × 500. This resolution contains
too many pixels and the balance between resolution and com-
putational cost deserves to be taken into account. Too high
resolution can dramatically reduce computational efficiency,
while too low resolution may not capture oscillations in highly
excited states, leading to the loss of physical information.
The choice of at least a 2

√
NL × 2

√
NL representation of the

wave function is necessary (NL denotes energy-level number),
according to the Nyquist–Shannon sampling theorem [53,54].
For the excited state NL = 2100, at least a 92 × 92 pixel map
is needed to represent the wave-function pattern.

We noticed that there are three methods in the dataset
production for network training. The coarse-grained approach
focuses more on the local features of the wave function [25],
the interpolated approach [55] takes into account the corre-
lation between neighboring pixels, and direct discretization
of the wave function at larger spatial scales, without resort-
ing to dimensional reduction of the high-resolution image,
optimizes wave-function integrity and computational cost.
For example, a discrete interval of 0.002 (500 × 500 pixels)
will consume more computing resources (image generation
as well as network training) than a discrete interval of 0.01
(100 × 100 pixels). Here we generate 100 × 100 pixel proba-
bility density maps using 0.01 intervals and apply them in all
experiments below. Our numerical experiments demonstrate
that none of the three methods lose the physical information of
the wave functions at this dataset resolution. This resolution is
thus chosen to prevent image distortion, which would destroy
the symmetry of the integrable states, while the nonintegrable
states are are more robust to the noise and some random noise
does not change the classification of the network.

2. Neural network

CNN has been proved to be very capable of extracting
features from images through convolution kernel. It avoids
complicated preprocess of images and is widely used in fields
like object detection and semantic segmentation [56,57]. After
convolution, original images are converted to feature maps
and become the input of the pooling layer. After convolution
and pooling, all the feature maps are flattened as a 1D vector
through a fully connected layer. Finally Softmax function
process the 1D vector and output class of every image.

We construct a convolutional neural network to distinguish
whether the system state is integrable and find the transition
point from integrable to chaos, which is intrinsically a bi-
nary classification problem, as shown in Fig. 10. The output
of the network is a vector with p elements, i.e., p output
neurons are typically used to classify p classes. Here we
use two neurons corresponding to the integrable and noninte-
grable state, respectively. More neurons will be applied to the
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FIG. 10. Schematic of the convolutional neural network used in
our analysis. The collection of wave-function images is preprocessed
(such as labeling, dividing the dataset) and then fed into a classical
convolutional neural network, which contains convolutional layers,
pooling layers, and a fully connected layer. The last layer produces
an output through the activation function ReLu, consisting of two
neurons that output the probability of integrable and nonintegrable
respectively

multi-classification case when the method is generalized to
discriminate more distinct phases of matter or system states.

The two elements y1, y2 of the output layer vector represent
the probability of the state being integrable and nonintegrable,
respectively, and their sum is 1. An input state is categorized
as integrable if y1 > y2, and nonintegrable if y1 < y2, a pro-
cess accomplished by means of either a sigmoid or softmax
activation function.

The network aims to study the feature of probability den-
sity, which defines a map y = f (ρ; θ, θhyp), where y = {y1, y2}
is the output of classification, ρ = |ψ (x1, x2)|2 is the images
of input probability density, and θhyp is the collection of hy-
perparameters including learning rate, loss function, network
structure, etc. The network weight θ will be adjusted itera-
tively in the optimization algorithm of the neural network,
such as SGD, Adam [58]. The f is updated by θ continuously
by training the neural network to get the best fit. The process
of adjusting hyperparameters involves the interpretability of
neural networks, which is described in Ref. [59]. Deeper
neural networks can be used to further improve the accuracy,
such as ResNet [60], Inception [61], etc., which also incurs
greater computational overhead. We tested different network
structures and obtained no significant difference in the results.
Therefore, we do not discuss the different network architec-
tures here.

3. Numerical experiments

Following the discussion above, we train and test the
CNN and plot the results for the training process in Fig. 11.
Accuracy, the proportion of all samples that a model cor-
rectly classifies, is a common metric used to evaluate the
performance of classification models. It is usually defined
as Accuracy = Ncorrect/Ntotal, where Ncorrect is the number of
samples correctly classified by the model and Ntotal is the
total number of samples performed by the model. Loss is a
metric used to measure the difference between the model’s
predictions and the actual target. It is a measure of the model’s
performance during training and is often minimized to make
the model fit better to the training data. We use binary cross

FIG. 11. The accuracy and loss of the neural network training.
Different curves represent the accuracy/loss at different stages. The
network is trained using numerical simulation data for 2 integrable
and 2 nonintegrable mass ratios with each sample a 100 × 100 pixel
image.

entropy as the loss function, defined as

J (θ, ρ, y) = −1

p

p∑
i=1

(yi log (ŷi ) + (1 − yi ) log (1 − ŷi )),

(16)

where yi is the actual category of the sample (0 or 1), ŷi is the
probability that the network predicts the sample category to be
yi, and the output size p = 2 in our case. We see from Fig. 11
the accuracy increases with the number of epochs, while the
loss averaging all samples Loss = ∑

n,η J (θ, ρ, y)/Ntotal de-
creases, as indicated on the right of Fig. 11. We used states
with mass ratios η = 1, 1/3, 3 − 2

√
3, 1 − 2/

√
5 and level

numbers from n = 101 to 2100 as input data for the network
training. After 10 epochs the network can successfully classify
samples from the validation/training set with a high accuracy
at 99%. We have added Dropout to the network layer to avoid
overfitting through regularization, as explained in Refs. [62]
and [63]. This inhibits the accuracy of the training set and
makes the validation set more accurate. There is a very small
difference in the accuracy of our network after several epoch
on the training set, the test set, and the validation set. Our
main goal is to demonstrate the excellent performance of the
network for many-body integrability problems rather than pur-
suing more complex network structures and more economic
computation times. As the epoch increases (beyond 10), the
accuracy of the training set and the validation set become
more consistent. Additionally, the increase in the validation
set size could cause a slight loss of accuracy—we use only
10% data in the validation set. A similar phenomenon was
observed in another study on the classification of topological
phases [23].

The randomness in the network leads to different accuracy
under different random seeds for the same group of data. The
purpose of setting random seed is that the initial parameters
in neural network are usually initialized into random num-
bers, and the local optimal solution of the gradient descent
method is very sensitive to the choice of initial position points.
Random seed specifies the initial random value, which means
the parameters of the network are the same in each operation
experiment. Figure 12 shows the upper and lower bounds of
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FIG. 12. The upper and lower bounds of the accuracy of the
neural network under different random seeds. The purple shaded area
represents the fluctuation range of network accuracy, which has a
sudden drop near the two integrable points indicated by the black
vertical lines.

the accuracy of the neural network under different random
seeds, and the amplitude of the fluctuation is represented
by the shaded area. The states are classified for other mass
ratios by scanning at 0.02 intervals between η = 0 and 1.
For η < 0.25, we find the accuracy is very close to 1 with
quite small fluctuation. Across the full region of mass ratio,
there exist two integrable-chaotic transition points, while the
accuracy in the region between η = 1/3 and 1 exhibits strong
fluctuations with decreasing accuracy. Note that there is a
sudden drop near the two transition points, which indicates
that it is difficult to classify the nonintegrable states near the
integrable mass ratios.

We expect that our neural network can learn features from
the wave function and find the transition between integrable
and nonintegrable states. Specifically we randomly choose 10
mass ratios, i.e., two irrational values from Table 1 in Ref. [30]
η = 3 − 2

√
2, 5 − 2

√
5, two irrational values not included in

the table 2 − √
3, 5 − 3

√
2, two proper fractions 1/2, 3/5,

two repeating decimals 0.11111111, 0.66666667, two spe-
cific values 1/π and 1/3.5828185668057793, while the last
specific choice of η is being designed to represent a generic
irrational number with manifestly unbounded continued frac-
tion coefficients in Ref. [34]. Only one integrable case η = 1
is included in the training, as our goal is to identify the other
integrable case without any hints. For each mass ratio, we
trained with 200 random wave functions for the nonintegrable
mass ratio and 2000 for η = 1. The network trained with
these data is used to recognize the transition point between
the integrable and chaotic systems. The predict results of NN
are shown in Fig. 13. Confidence represents the probability
values corresponding to each category output by the network
when performing classification. For example, for a cat and dog
image classification model, a confidence level of 0.8 for cat
samples indicates that the network has 80% probability that
the sample is a “cat” and 20% probability that the sample is a
“dog.” The integrability confidence of our network at η = 1/3
reaches 98.22%, which means NN believes that the system is
integrable for mass ratio 1/3. Note that the density probability
images of η = 1/3 are not included in the training data. This
means that the neural network we built has the ability to

FIG. 13. Network trained with 10 mass ratios. The blue curve
represents the probability that the network considers nonintegrable,
while the green curve represents the probability that is integrable.
At η = 1/3, the probability that the network considers the system
integrable reaches 98.22%.

extract typical features from the probability density images
of some specific mass ratios to recognize the integrability of
the system with other mass ratios.

C. Adversarial learning

Our network has achieved great success in the above
experiments. However, current studies show that the accu-
racy of the neural network will be greatly reduced when
a small perturbation is added [64–66], which indicates the
vulnerability of the network to adversarial attacks. In quan-
tum many-body problems, the perturbations can be manifold.
Both traditional machine learning and deep neural networks
are vulnerable to perturbations, and it has been shown that
both classical and quantum classifiers can be affected by
perturbations [22,23].

Adversarial samples are those that have perturbations
mixed in with the original sample, which may cause clas-
sification errors in high-precision networks. The process of
generating adversarial samples attack network is called adver-
sarial attack. Adversarial attack can be divided into targeted
attack and nontargeted attack in terms of expectation, and can
be divided into black-box attack and white-box attack in terms
of understanding. Black box attack means that the accuracy of
the network is affected when the network parameters or inputs
are unknown, while white box attack is carried out when all
network parameters are known. Many researches have been
made on adversarial learning for improving the security of
the network [67,68]. This approach is also applied in the
field of quantum many-body physics [22,23,69]. We expect
to improve the neural network to better study wave-function
morphology and special quantum states, such as quantum
scar state [70]. However, to increase the robustness of the
network to perturbations, we generate adversarial samples to
attack our network, and then increase the robustness of the
network through adversarial training. We added perturbations
by different methods and carried out comparative experiments
and analysis.
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1. Standard perturbation

We first consider the standard perturbation mixed directly
in the probability density which is widely used in image
classification. The approaches for adversarial attacks include
attacks based on model gradient, optimization, and generate
adversarial network (GAN). We aim to analyze the morpho-
logical characteristics of the probability density learned by the
neural network and improve the accuracy and robustness of
the network, so we employ the robust defense through adding
adversarial samples in the training set, which greatly improves
the resistance of the network to perturbation.

Fast gradient sign method (FGSM) is a method of adver-
sarial attacks based on model gradient [65,71]. Contrary to
the neural network minimization loss function, FGSM aims
to maximize the loss by learning network gradient informa-
tion. To produce adversarial samples ρ̃, it is conventionally
to introduce a perturbation in the image dataset of the input
probability density ρ using the following approach:

ρ̃ = ρ + ε sign(∇ρJ (θ, ρ, y)), (17)

where ∇ρ is gradient of the network over the matrix ρ, which
is solved by back-propagation method [72]. The sign function
changes the value greater than 0 to 1 and the value less than 0
to −1. ε is a small coefficient that controls the strength of the
perturbation.

Using FGSM, we add perturbations to the probability den-
sity images. The perturbations we add cause the predictions
of the network to change completely, while the human eye
barely detects any change. This change is easy to realize for
both integrable and nonintegrable states. Schematic examples
of adversarial examples are given for integrable and noninte-
grable mass ratios in Fig. 14. The middle column shows the
adversarial images generated by the addition of perturbations
into the original probability densities. A slight change in each
pixel value would confuse the network and result in a false
classification.

Perturbations may have dramatic effect on the morphol-
ogy of the wave function. Too high a perturbation makes the
network more confused but changes the original morphology
of the wave function, while too low a perturbation makes
it difficult to disturb the network. We limit the perturbation
to an interval (−ε,+ε) that ensures the adversarial samples
successfully interfere with the network without damaging the
wave-function morphology. Adversarial training is considered
as one of the effective methods to enhance model robustness
[73]. However, after adversarial training, the performance of
neural networks tends to degrade when dealing with clean
samples, thus the trade-off between model accuracy and
robustness needs to be carefully considered [74]. After gen-
erating adversarial samples, we use adversarial training to
improve the network robustness, as shown in Fig. 15. The
robustness of the model to perturbation is greatly improved
for a perturbation strength up to ε ∼ 0.05.

There is no universally effective adversarial defense
method that can protect against all possible adversarial sam-
ple attacks. In fact, different strategies need to be employed
to enhance the network’s resilience against different types
of attacks. While certain adversarial defense methods may
demonstrate robustness against specific types of adversarial

FIG. 14. Schematic diagram of adversarial samples. The first
column shows the original images |ψ |2 for the 960th state with
mass ratios η = 1/3 (integrable) and η = 3 − 2

√
2 (nonintegrable),

and the network correctly recognizes them as integrable and non-
integrable, respectively. The second column shows the adversarial
samples generated by the addition of perturbations to |ψ |2, which
leads to misclassification by the network. The third column shows
the pixel difference between the adversarial samples and the origi-
nal ones. The colorbar corresponds only to the images in the third
column in the case of ε = 0.03.

attacks, it remains challenging to address all possible at-
tack scenarios. Therefore, a combination of multiple defense
strategies is necessary, including adversarial training, model
fusion [75], randomness enhancement [76], etc. In quantum
theory, the perturbation correction arising from the Hamilto-
nian term is applied to the wave functions rather than to the
probability densities. In this sense, the vulnerability of neural
network to recognize chaotic states through an adversarial
learning approach should be protected against the quantum
perturbations on the wave function, which will be done in the
following subsection.

FIG. 15. The results of robust adversarial learning under stan-
dard perturbation. The blue line represents the accuracy of the
network after adversarial learning, while the green line represents
that of the original network. The accuracy for integrable states (solid
dots) and nonintegrable states (open circles) are shown in gray. By
adding adversarial samples to the training set, the resistance of the
neural network to perturbation is greatly enhanced after training.
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FIG. 16. The effect of quantum perturbations on the network.
The blue line represents the accuracy of the network after adversarial
learning, while the green line represents that of the original network.
Inset: the accuracy for the integrable states only, while the accuracy
for nonintegrable states remains largely unaffected. Following adver-
sarial learning, the network demonstrates significant improvement in
accuracy for both all states and integrable states.

2. Quantum perturbation

Now consider that the perturbations are applied on the
wave functions and the probability densities as input dataset
are distorted accordingly. We generate quantum adversarial
samples by perturbing the integrable wave functions by non-
integrable data for the adversarial training, and vice versa.
For all excited states, we obtain the adversarial samples ρ̃ by
mixing small perturbation into the original wave function as
follows:

ρ̃ = |ψ (x1, x2) + εψ ′(x1, x2)|2, (18)

where ψ ′(x1, x2) is the wave function which belongs to the
category other than ψ (x1, x2). Predictions of the network for
the states from the dataset with wave-function perturbation is
shown in Fig. 16. Similar to the standard perturbation scheme
in the probability density, the accuracy of the network in
quantum perturbation can be greatly enhanced by adversarial
training. Small values of ε lead to weak noise and the original
network is capable of correctly classifying all input states,
while the network fails for larger values of ε which leads to
confusing input states. It actually fails for integrable states
where the noise destroys the correlation and symmetry of the
states, as shown in the inset of Fig. 16, and the accuracy for
nonintegrable states remains almost constant with the increase
of disturbance. Our network tends to categorize states without
clear spatial correlations but with nodal lines as nonintegrable.
In essence, the network predominantly identifies most states
as nonintegrable, with only a few instances recognized as
integrable states. This asymmetry in learning is not typically
observed for labels of equal significance, such as in the cat
and dog example. Integrable states exhibit a greater abundance
of features, and their symmetry may be disrupted during the
perturbation process. However, nonintegrable states display
irregular particle motion in phase space, making them less
susceptible to quantum perturbations.

It is necessary to compare the two adversarial learning
results on the network as we generate samples by standard and
quantum perturbations respectively. Standard perturbations

completely change the predictions of the network for very
small ε ∼ 10−2, which happens equally for both the integrable
and nonintegrable states. For quantum perturbations, however,
the network is still able to correctly categorize the majority of
states for perturbations generated by ε, e.g., the accuracy stays
over 50% for ε ∼ 0.4, which is an order of magnitude stronger
compared with the standard perturbation. This suggests that
the network is more vulnerable to perturbations added to
the probability density, while it exhibits greater resilience
or robustness to perturbations added to the wave function,
particularly in the case of nonintegrable states. As the input
states become chaotic, the network’s accuracy in classifying
integrable states gradually decreases. However, the accuracy
for nonintegrable states remains consistently high. These nu-
merical experiments generate lots of data, allowing the neural
network to be used to recognize atypical states that do not fit
the overall pattern, such as scar states [77]. With adversarial
learning, the network demonstrates significant improvement
in accuracy for both all states and integrable states, even in
the presence of strong perturbations.

We will not go into the details on the impact of differ-
ent adversarial attack algorithms on the network accuracy.
Interesting future works include, for example, the GAN,
which generates intrinsic adversarial samples through gen-
erator mapping. Taking the wave function itself as input
instead of the image can help the neural network learn more
intrinsic new physics in quantum many-body systems. The
adversarial learning may be applied to the field of quantum
physics and find a better defense method. The robustness of
neural networks and interesting phenomena in many-body
physics can be achieved by adversarial sampling in the wave
functions.

IV. CONCLUSION

In conclusion, our study focuses on the application of deep
learning neural network in 1D many-body physics of two
mass-imbalanced atoms in a hard-wall trap. Through careful
examination of the energy-level statistics, we highlight the
differences in the energy spectrum and energy-level distribu-
tions for integrable and nonintegrable systems, respectively.
Especially, the levels for integrable models are exactly con-
stants, i.e., independent of interaction, which serve as perfect
benchmarks for numerical accuracy estimation. The numeri-
cal data of density distribution produced from ED method is
still within the order of 10−3 for high level number around
5000 and large interaction strength g = 50. The level spacing
distributions are fitted by a Brody distribution with the fitting
parameter ω and we observe the existence of a critical line
that separates integrable and nonintegrable points, which is
determined by ω = 0. Our findings confirm the Bethe-ansatz
integrable mass ratios η = 1, 1/3 and do not reveal any new
integrable points.

We have built a convolutional neural network of 100 ×
100 pixels probability density images with output vector with
two elements. Based on the morphological analysis of prob-
ability density, we find that deep learning of wave functions
proves to be a very effective way to determine the transition
between integrable and chaotic states when data is sufficient.
We have successfully identified the transition points between
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integrable and nonintegrable systems with a much shorter
computation time compared with the energy-level statistics
method, which reaches high accuracy in a few iterations. A
series of numerical experiments indicated that deep learning
can effectively learn the morphology of wave functions to
discern the integrability of a physical system, even without
prior knowledge of its underlying physics. An exemplary
instance is the network’s ability to identify a new integrable
point (η = 1/3) by leveraging knowledge from other known
integrable mass ratios (η = 1), achieving a remarkable net-
work confidence of 98.78%. This showcases the network’s
capacity to generalize and make accurate predictions beyond
the explicitly provided data. Our numerical experiments aim
to distinguish between integrable and nonintegrable systems,
without recognizing which integrable or nonintegrable states
they belong to. In future work, we will consider further
refining this classification task to distinguish between in-
tegrable, nonintegrable, and pseudointegrable systems [78].
However, the techniques developed here may readily applied
to other systems, for instance, a 2D harmonic many-body
quantum dot—which is analytic with confinement strength
ω = 1 [79,80]—could be a highly potential test system for
the proposed methodology, and the integrability of the system
needs more advanced measures for level statistics, such as
Michael Berry’s spectral rigidity [81], which are very helpful
for our further studies.

We further improved the robustness of our neural networks
through adversarial learning by generating the samples by
two perturbation schemes. For very small perturbation ε ∼
10−2, standard perturbations have a profound impact on the
network’s predictions, leading to a complete alteration of its
outputs. This effect is observed equally for both the integrable
and nonintegrable states. Under quantum perturbations the
accuracy of the original network remains consistently above
50% for strong perturbations around ε ∼ 0.4. Interestingly,
this phenomenon primarily affects the accuracy of the net-
work’s predictions for integrable states, while the accuracy
for nonintegrable states remains relatively unaffected. Either
way, the network accuracy has been significantly improved
by adding adversarial samples to the training set. Adversar-
ial learning holds great promise in the field of many-body
physics, particularly in the study of other integrable models
and quantum chaos [82–84].
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