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Quantum theory famously entails the existence of incompatible measurements, pairs of system observables
which cannot be simultaneously measured to arbitrary precision. Incompatibility is widely regarded to be a
uniquely quantum phenomenon, linked to failure to commute of quantum operators. Even in the face of deep
parallels between quantum commutators and classical Poisson brackets, no connection has been established
between the Poisson algebra and any intrinsic limitations to classical measurement. Here I examine measurement
in classical Hamiltonian physics as a process involving the joint evolution of an object-system and a finite-
temperature measuring apparatus. Instead of the ideal measurement capable of extracting information without
disturbing the system, I find a Heisenberg-like precision-disturbance relation: Measuring an observable leaves
all Poisson-commuting observables undisturbed but inevitably disturbs all non-Poisson-commuting observables.
In this classical uncertainty relation the role of h-bar is played by an apparatus-specific quantity, g-bar. While
this is not a universal constant, the analysis suggests that g-bar takes a finite positive value for any apparatus
that can be built. (Specifically: g-bar vanishes in the model only in the unreachable limit of zero absolute
temperature.) I show that a classical version of Ozawa’s model of quantum measurement [Ozawa, Phys. Rev.
Lett. 60, 385 (1988)], originally proposed as a means to violate Heisenberg’s relation, does not violate the
classical relation. If this result were to generalize to all models of measurement, then incompatibility would
prove to be a feature not only of quantum, but of classical physics too. Put differently: The approach presented
here points the way to studying the (Bayesian) epistemology of classical physics, which was until now assumed
to be trivial. It now seems possible that it is nontrivial and bears a resemblance to the quantum formalism. The
present findings may be of interest to researchers working on foundations of quantum mechanics, particularly for
Y-epistemic interpretations. More practically, there may be applications in the fields of precision measurement,

nanoengineering, and molecular machines.
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I. INTRODUCTION

It is commonly held among the wider physics community
that the topic of classical measurement is essentially trivial.
I do not mean the modeling in physical detail of any one
laboratory setup, which of course can get very complicated,
but just the examination of “measurement” as a bare-bones
physical process, idealized away from as many complications
as possible; a theoretical physicist’s model of measurement.
One way of stating the wide-held intuition is that in classical
physics there is in principle no obstruction, on the precision
with which one observable can be measured, due to the simul-
taneous measurement of any other observable. This intuition
is in sharp contrast to the situation in quantum physics, where
the Heisenberg uncertainty principle (specifically in its “joint
measurement form” [1-4]) asserts just such a limit. Surely
influenced by this attitude, there is a correspondingly sharp
contrast between the little attention ever paid to the measure-
ment process in classical physics, and the large attention paid
over the decades (deservedly) to that same process in quantum
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physics. To the best of my knowledge, only a few exam-
ples can be attributed to the first category: Heisenberg’s own
thought experiments in the late 1920s [5] (particularly Heisen-
berg’s microscope); although they served as the motivation
for his quantum uncertainty principle, they were essentially
classical arguments, augmented only by Einstein’s theory of
the photon. In 1996 Lamb and Fearn [6] set up the problem
of a classical point particle (the system) in interaction with a
second point particle (the “apparatus’”) subject to noise. They
stopped short of a thorough analysis; their primary interest
being the quantum case. Recently Morgan [7] and Katagiri
[8] made use of KvN formalism in independent attempts to
use quantum measurement theory to examine measurement in
classical mechanics.

The only long-lasting foray into classical measurement
seems to be within the body of work surrounding Maxwell’s
demon; a field known as information thermodynamics [9].
The demon was first conceptualized by Maxwell in 1867
[10] as a “very observant and neat-fingered being” capable
of monitoring the molecules of a gas, and, by opening and
closing a small door without exerting any work, of sorting
the high-energy molecules from the low, thus creating a tem-
perature gradient. This rectifier of fluctuations, if it existed,
could then be used to run a perpetual motion machine of
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FIG. 1. The ideal classical measurement. A measuring device
M extracts information of (is correlated with) a system S without
disturbing it. I argue that this is an over-idealization.

the second kind, violating the second law. Writing in 1929
Szilard [11] realized that, if the second law was to hold, then
somewhere in the demon’s monitoring of the molecules (i.e.,
in the measurement process) entropy had to be produced.
Soon afterwards von Neumann [12], in his reading of Szil4rd,
pointed to information acquisition as the key step incurring
entropy cost. The latter claim was developed prominently in
the 1950s by Brillouin [13,14] and Gabor [15]. But in the
1980s Bennett [16,17], building on prior work by Landauer
[18], argued against Brillouin and Gabor, pointing instead
to erasure of the measurement record as the key step incur-
ring entropy cost. This 150-year-long inquiry may be finally
nearing a close in recent years, with the answer appearing to
be that both sides, Brillouin-Gabor and Bennett, had part of
the answer: There is an entropy cost to measurement which
prevents the demon from operating as a perpetual motion
machine,! and this cost can be traded between the acquisition
and erasure steps [9,21,22]. With few exceptions, the focus
of information thermodynamics has been on determining the
costs which measurement, assumed ideal as in Fig. 1, must
incur to safeguard the second law; the focus has not been
on the measurement process per se. The question of whether
such ideal classical measurements are possible has not, to my
knowledge, been seriously addressed. This is exemplified in
the popular review by Parrondo et al. [9], which “[focuses]
on measurements where neither the Hamiltonian nor the mi-
crostate of the system is affected.” Of the few studies that
have explicitly modeled the dynamics of the coupled system
and demon, most have used the framework of discrete-state
Markov processes [23-28],> which provides useful effective
models, but is too coarse for the “microscopic” symplec-
tic structure of phase space and the algebra of observables.
Deffner and Jarzynski [29] considered a Hamiltonian model
of a coupled system and memory, but rather than explor-
ing minimally disruptive measurements, their interest was in
leaving the system-memory-bath interaction on indefinitely
and obtaining thermodynamic bounds concerning the ensuing
steady-state. Tasaki [30] attempted a Hamiltonian analysis of
the coupled system and demon, but brushed over the mea-
surement process by repeating the assumption from Fig. 1,

'But see Refs. [19,20] as to whether this is a conclusion or an
assumption of information thermodynamics.

2] thank an anonymous referee for pointing out several of these
references.

and moved on to a derivation of the Jarzynski and Sagawa-
Ueda relations under this assumption. Finally, Sagawa [22]
and Sagawa and Ueda [21,31] provided a quantum analy-
sis of Maxwell’s demon including the measurement process.
They claimed that their approach contains the correct classical
analysis as a special case, and this claim has been echoed
elsewhere [32]. However, their argument consisted of assum-
ing that classical measurement is nondisturbing, and noting
that the quantum formalism includes this as a special case
when all quantum operators commute. Hence, their account of
classical measurement amounted to repeating the assumption
from Fig. 1 without inquiry.

The above review illustrates three points which I would like
to contend: (i) Despite the wide-held intuition, measurement
in classical physics is far from trivial; (ii) it is a surprisingly
underdeveloped subject; and (iii) unacknowledged, it is a sub-
ject whose immaturity may have long held back progress in
some fields of physics. To address the issue, a reasonable
aim would be a theory of measurement in the context of
Hamiltonian mechanics, which can be considered the math-
ematical framework at the foundation of classical physics.
The research program I’'m suggesting can be summarized
as: to systematically bring Bayesian probability to bear on
an ontology governed by classical Hamiltonian mechanics,
with the full strength, and no more, that is permitted by the
geometroalgebraic structure of the ontology. That is; to de-
velop the (Bayesian) epistemology of classical Hamiltonian
ontology. The present paper aims to kickstart this program,
with no ambition of being the final word.

I begin by noting that the assumption of perfect informa-
tion regarding the initial state of the measuring apparatus is
unrealistic. In fact it is ruled out as a matter of principle
by the third law of thermodynamics; initial uncertainty must
be present if for nothing other than for finite-temperature
thermal noise. Next I posit a model of the measurement as
a physical process. While some minimal assumptions are
made concerning the systems that can be used as measuring
apparatuses, no restrictions are placed on the system under
measurement. This model enjoys substantial generality while
at the same time lending itself to Bayesian analysis. It is then
shown that, in the process of measurement, the uncertainty in
the state of the apparatus propagates into two uncertainties
regarding the object-system: one is the imprecision of the
measurement; and the other an uncertainty in the magnitude
of the back-action caused upon the system; that is, an ob-
server effect. And it is found that these two are bound by a
Heisenberg-like precision-disturbance relation. In particular,
while I find no obstacle in principle to making a measure-
ment arbitrarily precise, I do find an obstruction to realizing
such a measurement without disturbance. Interestingly, in the
model the disturbance in question is not arbitrary, but takes
the form of time-evolution under the Hamiltonian flow gener-
ated by the measured observable; the only thing uncertain is
how much “time” the system flowed. Thus, observables that
Poisson-commute with the one measured are spared, while
those that do not are disturbed. Later I analyze a second
model of measurement, a classical version of Ozawa’s quan-
tum model [33], originally proposed as a means to violate
Heisenberg’s relation, and find that that model too is bound
by the precision-disturbance relation. If the finding were to
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generalize to all models of measurement, then it would mean
that in classical physics, like in quantum physics, observables
can be simultaneously perfectly precisely measured if and
only if they (Poisson-) commute.

Next, I derive a novel Liouville-like master equation de-
scribing the dynamics of (a rational agent’s knowledge of) a
system under continuous measurement. This equation, which
is analogous to the stochastic master equation appearing in
continuous quantum measurement [34], is capable of de-
scribing more general sequences of measurements including
inefficient measurements and simultaneous measurements of
multiple observables.

These findings indicate ways in which classical measure-
ment bears a resemblance to the quantum formalism. While I
hope the topic will be of interest to several fields of physics, it
may be of particular interest to y-epistemic interpretations of
quantum mechanics.

The rest of the paper is organized as follows. I begin in
Sec. II by reminding the reader of the basic concepts and
equations of Hamiltonian mechanics. In Sec. III I construct the
measurement model and obtain the basic results on which the
rest of the paper is based. The precision-disturbance relation
is arrived at in Sec. IV. In Sec. V I consider the problems
of continuous weak measurement over time, of simultane-
ous measurements of multiple observables, and of inefficient
measurements. In Sec. VI I discuss several relevant topics
in light of the new results: the similarities, and likely co-
existence in the real world, of the classical and quantum
uncertainty relations; the epistemic limitations inherent to
classical Hamiltonian ontology; a germ of a resource theory
for apparatus quality; the subtle interplay between ontology
and epistemology in a theory of measurement; and resolutions
of some apparent violations of my results. The paper ends by
contemplating the road ahead.

II. BRIEF RECAP OF HAMILTONIAN MECHANICS

Hamiltonian mechanics is a confluence of differential, al-
gebraic and symplectic geometry, Lie algebra and Lie groups.
A wonderful resource for the topic is Ref. [35].

Consider a continuous-time dynamical system over a 2n-
dimensional symplectic manifold, called phase space. The
observables of the system (e.g., position, momentum, angular
momentum, etc) are the smooth, single-valued, real-valued
functions defined globally over phase space. By convention
I take observables to not depend explicitly on time. (With
this convention, any explicit time-dependence is regarded as
specifying a different observable at each moment in time.)
The points in phase space can be expressed in local canoni-
cal coordinates (q, p) = (q1, -, Gns P15, - - -, Pn) (Darboux’s
theorem). In terms of these coordinates, the state of the system
evolves over time according to Hamilton's equations,

. OH . oH
cz(t)=—a (g®), pt);t), p@)=——"(q(), p(t);t), (1)
p dq

where at each moment the system’s Hamiltonian, H, is an
observable. Notice that “Hamiltonian” and “H” are indexical
terms; they do not specify any concrete function over phase
space, but refer to whichever observable happens to serve as
the generator of time-evolution [as in Eq. (1)] for a given

system at a given time. At each moment Hamilton’s equa-
tions describe a flow ® on phase space. Along the integral
curves of this flow the value of any observable A(g, p) changes
as

A={A H}, 2

where {A, H} denotes the Poisson bracket,

A~ [ 0A OH 3A OH
AHPEY (= ). 3)
= qu 8p] Bp] BqJ

[Note that Eq. (2) follows from Eq. (1) after application
of the chain rule to %A(q, p); but also contains Eq. (1) as
special cases when A equals one of the canonical coordi-
nates.] Two observables A, B for which {A, B} is identically
zero are said to Poisson-commute, or to be in involution with
each other. In this case, by Eq. (2), the value of A remains
constant along the integral curves of the flow ®8 (and vice
versa). It follows that any observable in involution with the
Hamiltonian is a constant of the motion. In particular, if H
is not explicitly time-dependent then it is itself a constant of
the motion (conservation of energy). Including itself, a given
observable can be in involution with as few as one and as
many as 2n independent observables, but only as many as
n independent observables can be all in involution with one
another. In contrast, if {A, B} = 1 identically, then A, B are
said to be conjugate to each other. In this case B is also said
to be “the” generator of translations in A (and vice versa);
because, by Eq. (2), the value of A changes monotonically at
unit rate along the integral curves of the flow ®Z. A given
observable, A, may fail to have a conjugate observable. In
this case, in a neighborhood of any regular point of A (i.e.,
where dA # 0), it is still possible to speak of a locally defined
conjugate “quantity”’, B, which satisfies {A, B} = 1 but fails
to satisfy the stringent definition of a bona fide observable.
This is illustrated on the 2D phase space by the observable
I = 1(¢*+ p*) [the Hamiltonian for the simple harmonic
oscillator (s.h.0.)] whose conjugate quantity ¢ = arg(q + ip)
(the phase of oscillation of the s.h.o.) either fails to be globally
continuous, or else fails to be single-valued, depending on
one’s choice of definition.

Notice that the components of (g, p) satisfy the canonical
relations

{gi, pj} = dij, “4)

so each canonical coordinate is in involution with all other
coordinates but one, to which it is conjugate. A diffeomor-
phism of phase space, (¢, p) — (¢', p'), such that (¢, p’)
again satisfy these canonical relations is said to be a canonical
transformation. Canonical transformations have Jacobian de-
terminant equal to 1, so they preserve the Liouville measure of
phase space volume, d"gd"p = d"q'd" p’. For any flow param-
eter, T, the Hamiltonian flow <I>f is an example of an (active)
canonical transformation; in particular, Hamiltonian flow pre-
serves the Liouville measure (Liouville’s theorem). Changes
of coordinates implemented by (passive) canonical transfor-
mations are particularly convenient since they preserve the
simple form of the Liouville measure, the equations of motion
(1), and the Poisson bracket (3).

{gi,q;} = {pi, pj} =0,
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III. A MODEL OF MEASUREMENT
IN A HAMILTONIAN WORLD

Suppose one wished to measure an observable A(g, p) of
the system (1) at time 7. In the world of Hamiltonian mechan-
ics this can only be done by coupling the system to a mea-
suring apparatus, where the joint system (= object-system-+
apparatus) is itself a Hamiltonian system, with

Hioini(q, p, X, y;t) = H(q, p;t) + Happ(x, y;1)
+ Hin(q, p, x, y;1). @)

Here (x, y) are canonical coordinates on the 2m-dimensional
phase space of the apparatus; H,, is the apparatus’ Hamilto-
nian; and Hjy is the interaction between system and apparatus,
which I will assume to be switched on only briefly around
t = ty. I now stipulate a model for the measurement.

A. System-apparatus coupling

Consider the gauge, or pointer display, of the apparatus,
by which I mean the observable of the apparatus which, after
interaction with the system, is wanted to reflect the sought-
after value of A at time fy. Denote this observable of the
apparatus by P(x, y). Suppose P has a conjugate observable,
Q(x,y) (so that {Q, P} = 1). For the interaction to imprint the
value of A on P, the interaction Hamiltonian must involve A
and the conjugate quantity to P, namely Q; because this is the
generator of translations in P.> The simplest interaction of this
form is the product

Hin(q, p, x, y;1) = ad(t —19)A(g, p)O(x, y), (6)

where « is a constant of proportionality, and §(t — 1) is the
Dirac § function indicating that the interaction is idealized as
taking place instantaneously at #. Note that this interaction is
the classical analogue of that used in the canonical model of
quantum measurement [37], first introduced by von Neumann
[12]. T will refer to Q as the apparatus’ probe.

B. Readying the apparatus

I take a step back to consider how to initialize the apparatus
into its “ready state” prior to interaction at fy. Being, as one is,
in the process of defining what one means by “measurement,”
on pain of circularity one should not appeal to measurement
to assess the state of the apparatus, as might be needed to

3To be more precise: For any specified pointer P(x,y), by the
Carathéodory-Jacobi-Lie theorem [36] there exists, in a neighbor-
hood of any regular point of P (i.e., where dP # (), a canonical
coordinate system for the apparatus in which P is one of the coor-
dinates. By Q I mean the coordinate conjugate to P in this system.
The requirement that Q be a bona fide observable amounts to the non-
trivial assumption that this coordinate can be extended to a smooth
single-valued function globally on phase space. As seen in Eq. (4),
P is in involution with all other coordinates of this system but Q.
It follows that if, upon expressing H;, in these coordinates, Q did
not appear, then one would have {H;,, P} = 0; and by Eq. (2) the
interaction would have no immediate effect on the pointer P. Since
this is the opposite of what is wanted, one sees that Hj, should
depend on Q.

actively manipulate it into a state ready for measurement of
the system. This difficulty can be circumvented by letting low-
temperature thermalization take care of confining the state
of the apparatus to a narrow region of its phase space. The
region in question can be specified experimentally by setting
up a deep energetic well there—a “trap.” This trap could be
due to a confining gravitational or electrostatic potential, a
combination of near-field electric and magnetic fields, a light
field, atomic chemical bonds, etc. I write

Happ(x, yi1) = HO (6, y) + (O Hp(x, ), (1)
where Hfl;”}”“ is the apparatus’ own, or internal, Hamiltonian,

which I take to be time-independent; and I1(z) is a rectangu-
lar step-function taking only the values 1/0, describing the
on/off switch of the trap. The trap will be switched off for
all t > ty; it is only switched on in the time leading up to
tp, to help bring the apparatus into its ready state, as will
now be described. The trap consists of a deep energetic well
which, when switched on [I1(z) = 1], sets the ground state of
the apparatus at some point (x*, y*) of its phase space. With-
out loss of generality one may set the coordinates such that
(x*,¥*) = (0, 0), and one may assume that the corresponding
energy is Happ(x*, y*)|iap on = 0. (Otherwise, these conditions
can be met by shifted redefinitions of x,y, Hyyp.) I Taylor-
expand Hpp (X, ¥)|iap on around the ground state, obtaining a
positive-definite quadratic form:

Happ (X, y)|trap on Hf:)l?\;n (x’ y) + Htrap (x’ y)
1 ~ (X
=50 wMQ)+a$, ®)

where M is a symmetric positive-definite 2m-by-2m matrix
of coefficients, and O(3) denotes all higher-degree terms in
the series. As shown by Whittaker [38] (see also theorem
by Williamson [39], explained in Ref. [35, Appendix 6]),
there exists a local linear canonical coordinate transformation
(x,y) — (z, w) which reduces Eq. (8) to the normal form

1 m
Hopp(z, w)| - EZ (b7} +w}) +0B). 9
i=1

trap on

Here by > b, > --- > b, > 0 are constants with physical
dimensions of angular frequency; they are the natural frequen-
cies of oscillation of the apparatus around its trapped ground
state.

Now to ready the apparatus: While the trap is on, the
apparatus is brought into contact with a thermal bath at some
temperature T = 1/Bkg, allowed to equilibrate, and then iso-
lated again.* After this one’s knowledge about the state of the
apparatus is given by the Boltzmann probability distribution

p(z, w)d"zd™w e PHup@Wlwapon gm , gmy,, (10)

Note that in the time between isolation from the bath and
measurement at #y the evolution of the apparatus will preserve

“Instead of removing the bath, one might require just that its cou-
pling to the apparatus be weak enough that it does not spoil the
measurement record, P, on the timescales of interest.
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this distribution, as opposed to spoiling the preparation, since
Hpp |irap on 18 constant under the phase-space flow generated by
itself and such flow preserves the Liouville measure d”zd™ w.

At this point I make three requirements that constrain the
apparatuses, traps, and temperatures allowed by the model. (i)
I require that the trap be harmonic enough, or the temperature
be low enough, that in the Boltzmann distribution (10) the
higher-degree terms in Eq. (9) can be neglected. (ii) I require
that at least one of the coordinates w; be in involution with
Hy'. Let i = i* be the index of this special coordinate. (If
given a choice, then one wants the associated frequency b;+ to
be as large as possible, for a reason to be seen in Sec. IV.)
The condition means that w;+ will be a constant of the motion
of the apparatus when the trap is switched off—a desirable
property for the pointer P (introduced in Sec. IIT A); so that
the measurement record is stable after the interaction has past.
I thus identify the pointer P = w;. and the probe Q £ z;..
I denote the corresponding frequency by € = b;-. Note the
physical interpretation of €2 as the natural frequency of os-
cillation of the probe around its trapped state. Since Q, P are
required to be observables, in making these identifications I
am implicitly making the assumption (iii): The pair of con-
jugate local quantities (z;, w) are globally extendable to
smooth single-valued functions on phase space.

From now on Q, P are the only observables of the ap-
paratus with which T will be concerned. With the above
requirements met, one can easily marginalize over all other
variables in Eq. (10) to find the probability distribution over
the probe and pointer:

2
p(Q, P)dQdP = p exp {—iQZ - éPz}aerP. (11)
2 2 2
This is the apparatus ready state. It describes a preparation in
which the probe and its conjugate have been set independently
to zero, but there remains some uncertainty on their exact
values.

C. Integrating Hamilton’s equations

Integrating Hamilton’s equations for the joint system, the
effect of the interaction (6) is to instantaneously change the
state of both object-system and apparatus as’

q A (4
= ,
(P),; “0 <P>

Iy

(%), = (o)
P). = \P-ad@.p),

where @4 is the transformation on the system’s phase space
that implements flowing for a “time” t under the Hamiltonian

(12a)

(12b)

>To do this calculation it helps to approximate the § by a square
impulse of width Az and height 1/At¢. As At is taken smaller and
smaller, the joint Hamiltonian (5) becomes dominated by Hi,, during
the interaction, so that H and H,,, can be neglected during the brief
time Atr. Noting that both A and Q are constant under the flow
generated by the interaction Hamiltonian (6), both parts of Eq. (12)
then follow readily. An analogous quantum calculation can be found,
e.g., in Ref. [37].

flow generated by A. Having initialized the apparatus to its
ready state (11) prior to the interaction, then, in view of
Eq. (12b), after the interaction one’s state of knowledge of
the apparatus, conditional on a given state of the system at the
time of measurement, is

«Q 2
p(Q, Plg, p)dQdP = g—e‘%Qz‘g“’*“("’l’”zdgdp. (13)
T

Note that the dependence on (g, p) is only through A(g, p).
The trap on the apparatus is released at the moment of
measurement [[1(z) =0 for ¢ > #y], so that the apparatus
Hamiltonian returns to its internal setting H,3". By construc-
tion the pointer P is in involution with this Hamiltonian, so it
constitutes a stable record of the measurement. At this time
(i.e., any time after 7o) one reads the pointer on the apparatus,
yielding the definite value P* £ P(z‘(}L ), or equivalently
*
A* & = (14)
o
(A* is just the reading on the pointer with the scale set appro-
priately.) Note that this does not mean that the value of A at the
time of measurement is A*! Rather, given this datum, the like-
lihood function for the value of A at the time of measurement
is, from Eq. (13),

2 2
P(A*|A)dA* = ,/% exp {—O’T(A* —A)z}dA*. (15)

This completes the model of measurement. The measurement
record A*, or equivalently the likelihood function (15) (with
A* specified), constitutes the outcome of the measurement.

D. Consuming the measurement

There are two operations that one, as a recipient, should
perform to consume the information of the measurement. The
first is triggered by the information that the observable A of the
system was measured at time 7y by the stipulated procedure,
with specified settings (o, 8, 2). As seen in Eq. (12a), the
interaction involved in this measurement affects the state of
the system by causing it to move along the flow generated by
A for some unknown “time” o Q. If one knew the value of Q,
then one should change their probability distribution about the
state of the system at time #; according to

p(q. p>1y) = p(q. pitg) = [(Phy) . p] (@ Py,

where (CID’r‘)* denotes the push-forward of the transformation
@2, defined as [(P7).p](g. p) = p(P*,(g. p)); and the +/—
superscripts on fy are meant as a reminder that this update
reflects a physical transition of the system that took place in a
short time interval around #y. But one does not know the value
of O (see discussion in Sec. VID); all that is know about it is
expressed by the probability distribution (11). One folds this
in by marginalizing over Q:

Q2 o0 Q2
p(q,p;tJ)=\/ﬂz—n/ dQe T O [(¥4y) 0], pity)-

(16a)

024124-5



DAVID THEUREL

PHYSICAL REVIEW E 110, 024124 (2024)

The second operation is triggered by the information of the
measurement outcome (15). One assimilates this by perform-
ing the Bayesian update ppi(q, p3to) = ppost(q, psto), with

Ppost (@, P3to) X ppri(q, pito) p(A*|A(g, p))

2
X Ppri (g, Pito) €Xp {—QT(A* —A(g, p))z},
(16b)

where the omitted factor of proportionality is just the normal-
ization, obtained by integrating the expression shown over
the system’s phase space ([ d"gqd"p). Since multiplication
by a function of A commutes with the push-forward (CDf )
operations (16a) and (16b) can be performed in either order
to the same net effect. If Eq. (16b) is performed first, then
it corresponds to updating one’s knowledge about the state
the system was in before the measurement was made (i.e.,
at ¢, ); if second, then about the state the system was left
in by the measurement. Notice that if only the fact of the
measurement is revealed but not the outcome (in this case
it is said the outcome was discarded), then one should only
perform operation (16a), not (16b).

Finally, if a single number is desired as an objective quan-
tification of the measured observable (i.e., not biased by
anyone’s prior), then the maximum-likelihood estimate can be
given, from Eq. (15):

1
Atg) ~A* £ (17)
a?p
(mean = standard deviation).® T will refer to
1
€h = (18)
alp

as the imprecision of the measurement. [But notice that to
translate this to an uncertainty in a given agent’s knowledge
of A one must first combine the likelihood function with the
agent’s prior, as in Eq. (16b).]

E. Measurement strength and apparatus quality
parametrize the model

Of the three parameters («, 8, 2) entering the model—
respectively, the constant of proportionality in the interaction
Hamiltonian (6), the (inverse) temperature of the appara-
tus, and the frequency of oscillation of the apparatus’ probe
around its trapped ground state—only the two combinations

2
kéﬂ>0 and géi>0 (19)
8 BR

appear independently in the final results, Egs. (16a) and (16b),
which can be written as

2

e % [(@}),0](q. pity).

p(q, p;ty) = /Oo _dr
T —o00 A/Amkg?
(20a)

—4k(A*=Aq.p)] (20b)

Ppost(q, P3to) X ppriq, pito)e

The justification for calling this number a “mean % standard
deviation” is that that is what it corresponds to in the posterior
(16b) when the marginalized prior pprior(A’; %) £ [d"qd"psA —
A(q, P))Pprior(q, p; to) is sufficiently flat.

I will refer to k as the strength of the measurement; indeed, in
view of Eq. (18), the larger k the higher the measurement’s
precision.” Its physical dimensions are [k] = [A]72. For a
reason to be seen next, I will refer to g (“q-bar”) as the inverse
quality of the apparatus (i.e., lower values of g will correspond
to higher-quality devices). Note that it is strictly positive and
has physical dimensions of action.

IV. A HEISENBERG-LIKE PRECISION-DISTURBANCE
RELATION IN CLASSICAL PHYSICS

The measurement model developed above is characterized
by the pair (k, g), respectively, the strength of the measure-
ment and the (inverse) quality of the apparatus. As has just
been said, one can make the measurement of A more precise
by cranking up the strength, k, which one might think of as a
knob on the experimental setup. However, notice that the more
precisely A is measured (i.e., the larger k), the more uncertain
one is about the magnitude of the back-action, or observer
effect, in Eq. (20a) (i.e., the larger the variance, 2kg?, in the
“flow time,” 7). It is worth emphasizing that this observer
effect is not arbitrary, but has the form of time-evolution along
the Hamiltonian flow generated by the measured observable,
A; the only thing uncertain is how much “time” the system
flowed. One can see that this disturbance will affect some
observables of the system more than others: In particular, any
observable B in involution with A will emerge undisturbed in
the immediate aftermath of the measurement.

Concretely, I find that the imprecision of a measurement
(18), and the magnitude of the disturbance caused by the
measurement upon the system,

na = V/2kg?, 21)

obey the inverse relation

g
€ala = 5 (22)

which is fixed for a given apparatus quality; independent of
the identity of the system measured, of that of the system
used as measuring apparatus, of the measurement strength,
and of the choice of observable measured. The product on
the left-hand side can easily be made larger but not smaller,
as far as I can tell, suggesting that relation (22) points to
a general result. (See discussions in Secs. VIA and VIE.)
This Heisenberg-like precision-disturbance relation suggests
an obstruction to how close one can come in a world governed
by Hamiltonian mechanics to the idealization of measurement
without disturbance. Note that this relation is softer than the
Heisenberg uncertainty principle of quantum mechanics: For
any given apparatus one will have a finite obstruction on
the right-hand side (r.h.s.) of Eq. (22), but one can always

"Given the definition of A* in Eq. (14), one might worry that not
just €4, but also A* scales with 1/+/k, but that is not the case. Notice,
from Eq. (13), that P* is drawn from a Gaussian centered at —aA.
Obviously the value of A is independent of one’s decision to measure
it, and a fortiori of one’s setting of «. Hence, it is the reading on the
dial, P*, that scales with «, so A* is unaffected, in expectation, by the
strength of the measurement.
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endeavor to make the obstruction smaller by cooling the appa-
ratus further or tightening the trap (i.e., improving apparatus
quality). Instead this obstruction is of a kind with the third law,
to which it is clearly related: It suggests that it is impossible by
any procedure, no matter how idealized, to reduce the observer
effect of measurement to zero in a finite number of operations.

V. CONTINUOUS MEASUREMENT OVER TIME
AND SIMULTANEOUS MEASUREMENT
OF MULTIPLE OBSERVABLES

Extracting information about the system by measurement
increases one’s knowledge about some aspect of it. However,
it has just been seen that any such measurement according to
the present model will disturb the system; and this decreases
one’s knowledge about some other aspect of the system.
For a single measurement this tradeoff is expressed by the
precision-disturbance relation (22), or in more detail by the
updates (20a) and (20b). In this section I explore the com-
pound effect of such tradeoff due to multiple measurements;
specifically, a continuous succession of vanishingly weak
measurements. (All other combinations can be recovered from
this case.) This will allow me, in Sec. V C, to treat the cases
of simultaneous measurement of multiple observables and of
inefficient measurements. The method of analysis I follow is
drawn from the field of continuous quantum measurement,
which addresses the corresponding problem in that setting.
(See, for example, Ref. [34].)

Subdivide a finite interval of time [0, T] into N equal
subintervals demarcated by tp =0 <t;, <th < --- <ty =T,
with t; = jAt. For each j € {1, ..., N}, select an observable
A; = Aj(q, p) of the system, and prepare for it a measurement
(kjAt, g;) to be carried out at time ¢;. Notice that I have
scaled the strength according to the size of the subintervals;
smaller At means each individual measurement is weaker,
but a greater number of them fit into [0, T']. It will be seen
that this is the right scaling for the effects to converge when
the limit of smaller and smaller Ar is taken. (Note that this
changes the physical dimensions of k;; they are now [k;] =
[A;17%- time~!.) The resulting tuple of pointer readings A* =
(AT, A3, ..., Ay) constitutes the measurement record for the
entire succession of measurements. To assimilate the jth mea-
surement one performs the two operations (20a) and (20b),
resulting in the update

—Aj<q,p))2}
/oo dTe 4(k Al)q
[4m (k; At)g]

As At becomes small, the exponential inside the integral
vanishes except for small t. For small t, the push-forward

0(q, ptjr1) o exp {—4k;Ar(A]

(. p:t)).

(23)

[(@9),,](q0. Po) = p(P2,(q0. Po)) = p(g(—T), p(—T))
(24)
can be calculated by Taylor-expanding the function 7
p(g(—7), p(—7)) around t = O; using the chain rule to pass
all time-derivatives onto ¢, p, and calculating the latter from

Hamilton’s equations with Hamiltonian A. The result is

2
(®4).0 = p + T{A, p} + %{A, A o+ 0. (25

Putting this into Eq. (23), the integral can then be done order-
by-order. The odd-order terms all vanish by symmetry, leaving

(g, p3tj1) o exp {—4k;A1(A] - A’}
x (p+kigjar{a;. (A). p}}

+ O(A)) (26)

|(qqp;fj)'
A. Discarded measurement record

I pause to consider the case in which the measurement
record A* is discarded. In this case one should skip update
(20b), which amounts to dropping the exponential factor and
the omitted proportionality factor in Eq. (26). Taking then
the limit At — dt describing a continuous succession of van-
ishingly weak measurements, I arrive in this case (discarded
measurement record) at

ap

2
—= {Hp} + kg™{A, {A, p}} . @D
8 t —— — ———
Disturbance
Diffusion along flow &4
Info. of compatible observs. preserved
Info. of incompatible observs. lost

Internal dynamics
Hamiltonian flow
Info. preserved

where I have introduced the well-known Liouville term {H, p}
accounting for the internal dynamics of the system under H
[40], which I had been ignoring until now; and all quantities
shown may be explicit functions of time. This is a Liouville-
like master equation, with an additional second-order term
due to the disturbance caused by measurement. One can get
some sense for the effect of this new term as follows. Let
B(g, p;t) denote any function over phase space, possibly ex-
plicitly time-dependent. Here and throughout I will use (- ) to
denote the phase-space average:

(B) = /d”qd”pp(q,p;t)B(q,p;t). (28)

In Appendix A I prove that under master equation (27) any
such phase-space average evolves as

d (B) =

dat
The first term on the right-hand side of this equation is due to
the Liouville term in Eq. (27); the second term is due to any
explicit time-dependence of B; and the third term is due to the
second-order term in Eq. (27). As a special application of this
equation consider B = — log p, in which case the phase-space
average is the Gibbs entropy:

S(t) £ (~logp). (30)

It is not hard to show that the first two terms on the right-hand
side of Eq. (29) vanish in this case.® Thus, I find that under

9B ,
({B,H}) + <§> —kg™({A,log pH{A, B}).  (29)

8Proof: By identity (A1) from Appendix A, the first term on
the right-hand side of Eq. (29) can be written as fH{,o, —log p},
which is zero because the bracket vanishes. The second term on the
rigilt-hand side of Eq. (29) isfp%(—log p)=—/[ ‘;—f = —% [po=
—-a1=0.
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0.00 0.13 0.26 0.39 0.51 0.64 0.77 0.90 10.00
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Liouville
% = {H,0}
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Discarded record
O = (.0} + k(A (A )
(d)
Ideal measurement w/o disturbance
%0 — (#,0} + VERA — (e T
(e) Full master equation
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(a) p (f) Probability density
|
Cumulants of p(A;t) 0 max

(normalized at t=0)
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A
*****

Y 06 08 1.OTlme (units of 27 /w)

FIG. 2. Master equation dynamics in various measurement regimes. Evolution of the state of knowledge p(q, p;t) of a rational agent
under master equation (39) is illustrated in a simple example: The system under measurement is a 1D simple harmonic oscillator (s.h.o.);
the measurement is characterized by constant k, ¢ and fixed A; the measured observable is the energy A = H £ %(a)zq2 + p?); and the initial
distribution over phase space is unimodal. Although not proven here, three timescales are involved: that of internal dynamics, 74y, ~ 1/w; that
of diffusion due to observer effect, tq ~ 1/kg’*w?; and that of collapse due to Bayesian update on the measurement record, .o ~ 1/kAE 2
where AE is the target certainty on H (i.e., T is the characteristic timescale for the variance of p(H;1) to fall below AE?). (a) Phase portrait
showing level sets of the s.h.o. Hamiltonian. (b)—(e) Snapshots of p(g, p;t) at successive times, indicated at top in units of the s.h.o. period,
for four different measurement regimes (rows). The simplified master equation in each regime is indicated at left. For ease of visualization
the color scheme (bottom right) is normalized anew for each plot. (b) Regime 74y, < Tir, Tcol; describes an isolated system; (39) reduces to
the Liouville equation dp/9t = {H, p}. (c) Regime 74y, ~ Tair <K Tco; describes case of discarded measurement record; Eq. (39) reduces to
Eq. (27). Notice entropy increase, in accordance with Eq. (31), due to diffusion along the flow generated by A. (d) Regime T4y, ~ Tcot <K Taif}
describes an approximation to ideal classical measurement with minimal disturbance. Notice the trend of decreasing entropy, in accordance
with Eq. (42), due to collapse towards the measurement outcome. (e) Regime 74y, ~ Tco1 ~ Tair; describes the three processes (dynamics,
diffusion and collapse) happening together. Notice the tradeoff between information about A and information about the conjugate quantity
(s.h.o. phase). (f) Evolution of the first four cumulants of p(A;#) in regime (d) [equivalently regime (e)]. For ease of visualization each
cumulant is rescaled to 1 at ¢ = 0. Note qualitative agreement with Eq. (44).

dynamics (27),” It is a well-known result that S(¢) remains constant (S = 0)
under the Liouville equation dp/dt = {H, p} [see example
in Fig. 2(b)]. In breaking with that, it has just been found
that entropy generally increases over time under (27) on ac-
count of the new term. Thus, the Liouville term preserves
information, while the disturbance term causes information
loss. Indeed, in accordance with the discussion in Sec. IV
concerning the nature of the disturbance, this term describes
diffusion along the flow lines generated by the instantaneous
observable A(q, p;t) [see example in Fig. 2(c)]. This diffusion

§ =kq*({A, log p}*) > 0. 31)

“Equation (31) is a special case of a more general result,

i/f(,o) = —k 2/f”(/O){A oy
dt 4 T

which holds under dynamics (27). [I omit this equation’s proof,
which involves steps similar to those leading to Eq. (31).] Here
f iR — R is any smooth function for which the shown integrals
converge. It follows that for every such function which is downward-
concave one has an H-theorem: % f f(p) > 0. Equation (31) is the
case f(p) = —plog p.

preserves, instant-to-instant, information pertaining to observ-
ables in involution with A(g, p;t), while it erases information
pertaining to observables not in involution with it.

It should be noted that master equation (27) has appeared
in the literature before, outside the context of measurement. It
appeared in Ref. [41], which studied stochastic optimization
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problems. And a generalization of it appeared in Ref. [42],
which studied Hamiltonian systems driven by colored noise.'”

B. Simulated measurement record

Returning now to Eq. (26), suppose instead that the mea-
surement record is not discarded but that one has only yet read
up to the (j — Dth entry; ie., A through A7_, are known
while A% onward are not. One would like to simulate ahead
of time (say, on a computer) how one’s state of knowledge
will evolve as one continues to read more of the record. How-
ever, without the benefit of hindsight the upcoming record
entries appear as random variables. The language for this
kind of simulation is stochastic calculus. (See tutorial on
stochastic calculus in Ref. [34].) I first ask: What should
be one’s probability distribution for the upcoming outcome,
A’}? Making use of the likelihood function (15), this question
can be answered in terms of one’s current knowledge of the
value of A:

pAT1)) = fdA,-p(Aj;rﬂp(AﬂAj)

o</dAj ,o(Aj;tj)exp{—4ijt(A;f—Aj)z}. (32)

As At — dt, the exponential in this expression becomes very
wide and spread out as a function of A;. The distribution
p(Aj;t;) becomes very narrow by comparison, and can be
replaced by a Dirac §, which must be centered at (A;) for the
means to match. Using the § to do the integral over A; one
has, up to a normalization factor,

p(AT:1)) o, SXP {—4k;arAs — A7) (33)

By a simple change of variables I introduce AW;, one’s prob-
ability distribution of which is a zero-mean Gaussian with
variance At, and in terms of which

1 AW;

8k; Ar

A% =(A)) +

(34)
The value of expressing (33) this way is twofold. From a sim-
ulation standpoint, one can use a random number generator to
sample AW; from its Gaussian distribution, and Eq. (34) then
tells how to convert this into a sample of A%. And from an
analysis standpoint, this expression enables a very convenient
form of calculation: In the limit A — dt one writes

A=+ =2

V8k dt’
where W (¢) £ fof dW is a standard Wiener process, with dW
obeying the basic rule of Ito calculus dW? = dt. Notice that
AW, is statistically independent from all quantities appearing
up to time ¢ =t;. Using {-)) to denote averaging over the
Wiener process, one has in particular, for any function f(p, A)
of the present p and A:

(f (o, A)dW)) = f(p,A){(dW)) = 0. (36)

Taking stock: Given p(g, p;t;) for a given time ¢; one can use
it to calculate (A;) [as in Eq. (28)], and combine this with

(35)

10T thank an anonymous referee for pointing out these connections.

the output of a random number generator as in Eq. (34) to
simulate the upcoming entry of the measurement record A7.
One can then use Eq. (26) to calculate what one’s updated
state of knowledge p(q, p;j+1) would be upon reading that
entry, and iterate the process. Analytically I proceed as fol-
lows. Substitute Eq. (34) into Eq. (26); expand the square in
the exponent, discarding the overall factor exp{—Asz /2At}
which is independent of (g, p); and Taylor-expand the expo-
nential, keeping in mind that powers of AW; count for “half
an order,” to obtain

(g, p;tjv1)
o (1 — dk;AtA; — (A + /B AW;(A; — (A}))
+ 4k AW A; — (A))) + O(AL AW)))
x (0 + k@2 AHA ;L (A, )} + O(Aﬂ))’(q D

In the limit of continuous measurement At — dt, AW; —
dw, AWJ.2 — dt this reduces to

p(q, pit +dt) o p + kg*{A, {A, p}}dt
+ V8k(A — (A)p dW | wpry 39

where again all quantities shown may be explicit functions
of time. One can check that the right-hand side is already
normalized, so the omitted factor of proportionality is 1. I
arrive in this case (simulated measurement record) at!!
% _ {H,p} +
ot ——

Internal dynamics
Hamiltonian flow
Info. preserved

kg*{A, {A, p}}
———

Disturbance
Diffusion along flow ¢4
Info. of compatible observs. preserved
Info. of incompatible observs. lost

dw
+ ¢87(A—<A>>p7 , (39)

Bayesian update
Collapse towards measurement outcome
Nonlinear & nonlocal

{(Ainfo)) >0

where again I have reintroduced the Liouville term {H, p}
accounting for the internal dynamics of the system. Compared
to Eq. (27) there is here a new stochastic term appearing,
which is due to assimilation of the measurement record via
Bayesian update. It is interesting to note that this term is both
nonlinear and nonlocal in p, since (A) depends on the value of
p everywhere on phase space. To get some sense for the effect
of this new term, in Appendix B I prove that under master
equation (39) the Gibbs entropy (30) evolves as

S = kg*({A, log p}?)
N———

Disturbance
Aentropy >0

ko — VR — (4 log p) LY

o (40)

Bayesian update
Can be positive or negative

Al stochastic differential equations in this paper are to be inter-
preted in the It6 sense.
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where
of = oa(t) £ (A — (A))) (41)

is the variance in one’s knowledge of A(q, p;t) at time ¢. The
first term on the r.h.s. of Eq. (40) is familiar from Eq. (31);
it describes increasing entropy due to the disturbance caused
by measurement. The remaining two terms are due to the
stochastic term in Eq. (39); these two together may be positive
for particular measurement outcomes, but they are nonpositive
on average, as can be seen by invoking Eq. (36):

(S) = kg ({A, log p}*) — dkoj . (42)
— e C——

Disturbance

Bayesian update
Aentropy >0

(Aentropy)) <O

Thus, the stochastic term in Eq. (39) leads, on average, to
increasing information [see example in Figs. 2(d) and 2(e)].
To gain further insight into the effects of this term, suppose the
measured observable is fixed A = A(g, p), and consider one’s
PDF over this observable, p(A; ), which is just the marginal

p(A’;t)é/d”qd”M(A(q,p)—A/)p(q, pit). (43)

Let k; denote the ith cumulant of this distribution. In
Appendix C I prove the following hierarchy of equations de-
scribing the contribution of the stochastic term in Eq. (39) to
the evolution of these cumulants:

dik; = @Kz aw, (44a)
dicy = N8k dW — 4k(2«3)dt, (44b)
dics = N8k kg dW — 4k(6K2k3)d1, (44c)
dics = ~/8kics AW — 4k(8icaks + 63)dt, (44d)

Notice in particular the trends (k1)) =0, (K2)) ~ —{(k2))?,
{(k3)) ~ —{Kk3)), {Kk4) ~ —(K4)),.... These trends indicate
that (supposing A is not explicitly time-dependent and the
Liouville term does not intervene too strongly) the stochastic
term in Eq. (39) causes all cumulants of p(A;#) higher than
second to vanish exponentially fast, leaving p(A;¢) a Gaus-
sian; it then causes the variance to vanish like ~1/¢, while
the mean jiggles around in a random walk of zero drift and
volatility decaying with the variance. In the limit in which
the measurement process is complete, p(A;¢) converges to a §
distribution centered at the simulation’s putative true value of
A [see examples in Figs. 2(d)-2(f)].

C. Simultaneous and inefficient measurements

Simultaneous weak measurement of multiple observables
Ai(q, p), --.,A(q, p), whether these are in involution or not,
can be handled by letting A(g, p;t) in Eq. (39) switch between
these observables on a fast timescale. Inefficient measure-
ments can be handled in this way too, by sporadically (on the
fast timescale) discarding some of the outcomes some of the
time, thus reducing Eq. (39) to Eq. (27) at those times. By
averaging the resulting dynamics over the fast timescale one

is left with

ap

9 = {H, p} + ijéﬁ{Aj» {A;, o}}

j=1

dw,

+ ; V8Viki(Aj — (Aj))p -5 (45)

where (k;, g;, v;) describes the measurement setup for the jth
observable, and W (1) = f(; dW; are independent Wiener pro-
cesses for j # j'. Here v; € [0, 1] is the efficiency of the jth
measurement. A perfectly efficient measurement has v = 1
[as in Eq. (39)], while a perfectly inefficient measurement
has v = 0 and corresponds to discarding the outcome [as in
Eq. 27)].

The analogues of Eqgs. (40) and (42) for the above equa-
tion are

§="Y"kig;{{A; log p}*)

j=1

d aw;
— Z (41)]‘](.]'0"3/ ~|— \/Sl)jkj«Aj — <A1>)10g p)d—tj>,
j=1

(46)
and

(S) =D kigiA . logp¥) = Y _dvikjo . (47)
j=1 j=1
If all the outcomes are discarded (v; = O for all j), then one is
left with

ip

op = oY+ D Kigita; 4), o}, (48)

j=1

which is linear, local, and deterministic; and

$ = "kig}({A;. log p}?) > 0. (49)

J=1

VI. DISCUSSION

A. Comparing the quantum and classical uncertainty relations

How does the classical precision-disturbance relation (22)
compare to the Heisenberg uncertainty principle of quantum
mechanics? The latter can be stated in a few different forms.
I will consider the Kennard-Weyl-Robertson (KWR) form
in Sec. VIB, where I discuss the epistemology of classical
Hamiltonian ontology. Here I consider the “joint measurement
form” [1-4], pertaining to simultaneous measurement of two
observables, A and B. When the measurements are unbiased
and A, B are conjugate to each other this reads

h
€AER 2 z, (50)
where €4 and € denote the imprecisions in the measurement
of A and B, respectively,'? and / is the reduced Planck con-
stant.

12To ease comparison between the quantum and classical cases,
it is convenient to speak of quantum mechanics from a realist and
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One superficial difference between Egs. (22) and (50) is
that one is an equality while the other an inequality. However,
this difference is illusory. The product on the left-hand side of
Eq. (22) can easily be made larger than the right-hand side, so
that for a more general class of measurements one has

qm)%- (51)

Indeed, I have defined inefficient weak measurements in
Sec. VC, as those with v < 1 in Eq. (45). Such measurements
will fail to saturate Eq. (51); the extreme case of this being
when the measurement outcome is discarded (€4 — 00;na
unchanged). Another way to modify the present measure-
ment model that fails to saturate Eq. (51) is if the apparatus’
pointer fails to be in involution with H;g‘l’)“, so that some
amount of “deterioration” of the measurement record can
happen between the time of the system-apparatus interaction
and whenever the record is read. In the opposite direction,
one might ask: Could not the bound (51) be exceeded, say,
by using a probe and pointer, (Q, P), that are correlated in
the apparatus ready state? To achieve the latter, one would
need (Q, P) to not diagonalize the quadratic form (9); namely,
instead of choosing (Q, P) = (z;+, wi), one would choose
(Q, P) related to (z;+, w;x) by some linear canonical trans-
formation. In fact, although not proven here, I find that this
approach leads to the same precision-disturbance relation
(22); the only difference (aside from the Bayesian analysis
becoming more involved) is that a systematic component is
added to the observer effect. This component can be corrected
given the measurement outcome A*; so it does not count
towards the disturbance 74.'* In Sec. VIE 1 I will analyze a
second model of measurement, a classical version of Ozawa’s
quantum model [33], originally proposed as a means to violate
Heisenberg’s relation, and it will be found that that model too
is bound by Eq. (51). In summary, while it is easy to do worse
than Eq. (22), the present analysis suggests that it may not be
possible to do better; it suggests inequality (51) to be a general
result. As the discussion in Sec. VIE 1 will highlight, such
a result should be understood as a bound on the possibility,
in Hamiltonian mechanics, of acquiring information about
one observable without relinquishing the option to acquire
information about other observables.

A second difference, which remains between Eqgs. (50) and
(51), is that one involves the product of two imprecisions,
while the other the product of an imprecision with a dis-
turbance magnitude. This difference can be bridged as well.
Recall that the disturbance in question amounts to flowing
along CI>/: for an unknown “time” T whose uncertainty is 7,.
Under this flow the “rate” of change of any observable B is
as given by Eq. (2): [%B = {B, A}. In particular, if B is the
conjugate to A, so that {B, A} = 1, then B increases monoton-
ically at the steady rate of 1; and the net effect of the flow
on B is simply to displace its value by 7. (This final step can

hidden-variable interpretation, in which measurement outcomes are
outcomes about an underlying unknown state.

BRecall: n, is defined as one’s uncertainty in t (t being the “flow
time” for which the measurement caused the system to move along
).
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10°) (sl
assical uncertainty 1078
) dominates {
0 e =22
B2 2 |
_ 10-22
X
— 107"
- 107%
107 i Quantum floor
. #
€p€pg = z > e
2 2 -30
. 10
10’ 10° 10° 10™ 107 10734

f [Hz]

FIG. 3. Coexistence of quantum and classical uncertainty rela-
tions in the real world. One may expect the quantum and classical
uncertainty relations to coexist in reality based on the observation
that a Hamiltonian world effectively emerges from quantum mechan-
ics at macroscopic scales. The quantum relation dominates at low
apparatus temperature and/or tightly trapped probe in the apparatus
ready state; when g < /i (below the dashed diagonal). The classical
relation dominates in the other direction. Here f = /27 and T =
1/kgB. Notice that for the range of (f, T') shown, the obstruction is
never larger than ~107"7J s,

fail if B has a discontinuity somewhere; so it is important that
B be a bona fide observable, not just a local quantity such as
the phase ¢ of an oscillator.) So the uncertainty in the “flow
time,” n,, translates directly into a disturbance in the value
of the conjugate observable, B. This places a lower bound on
the imprecision, €g, with which any subsequent measurement
can hope to determine the original value of B: g > n4, with
equality holding only if the measurement of B is done at full
strength (k — 00). Thus, one has

caen > 3. (52)
and the parallel with Eq. (50) becomes apparent. Historically
it seems that Heisenberg’s own interpretation of the uncer-
tainty principle was as a precision-disturbance relation [5],
not very different in spirit from Eq. (51). And in recent years
work in quantum mechanics has paid considerable attention
to precision-disturbance relations [43—45], with some studies
finding formulas similar to Eq. (51) but with 7 in place of ¢
[46-48].

The real world is no doubt quantum mechanical, and so
the Heisenberg uncertainty principle is fundamental. But as
is known, as one “zooms out” to larger scales somehow an
approximately Hamiltonian world effectively emerges (Bohr’s
correspondence principle and the quantum-to-classical tran-
sition). Hand in hand with the emergence of this effective
Hamiltonian world I expect the classical uncertainty relation
to gain traction. Figure 3 illustrates how the classical and
quantum relations then must coexist. For a tight enough trap
and/or cold enough apparatus (below the dashed diagonal),
the obstruction in Eq. (52) is brought below //2 and becomes
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unreachable; the quantum obstruction acts like rock bottom.
For less tight traps and/or warmer apparatuses the obstruction
in Eq. (52) rises above 71/2 and begins to dominate. Taken to-
gether, one may expect to have in the real world an obstruction
that interpolates between these two regimes; something along
the lines of

h+gq h h/2
or pernaps 1——e_h/(1

€EAER 2 (53)
It will require a quantum calculation to work out the precise
formula, by taking into account the probe’s finite temperature
and confinement in models of quantum measurement.'* To
gain some perspective for the scales involved, note from Fig. 3
that, at room temperature, trap frequencies any lower than
about 12 THz are already enough to put one in the classical
regime. At the same time, even for the highest temperatures
and lowest frequencies shown in the top left of Fig. 3, the
classical obstruction hardly becomes larger than ~10~"7Js;
an extremely small quantity by macroscopic standards. And
yet, even in more moderate regimes towards the center of
Fig. 3, the classical obstruction may be relevant in the contexts
of precision measurement, nanoengineering, and molecular
machines.

B. On the epistemology of classical Hamiltonian ontology

Consider the KWR form of the Heisenberg uncertainty
principle of quantum mechanics [49]. For a pair of conjugate
observables, A and B, it reads

h

0A0p 2 5 (54)
where o4 and o denote the standard deviations at a given time
in one’s knowledge of A and B, respectively (cf. footnote 11).
This form of the uncertainty principle speaks directly to the
limits of what can be known about the state of a quantum
system; that is, to the epistemology of quantum ontology. In
this section I ask whether the present developments allow one
to establish an analogous result about the epistemology of
classical Hamiltonian ontology.

Notice, first of all, the sense in which one must understand
such a question. Unlike in the quantum formalism, there is
nothing in the classical formalism that rules out the possi-
bility of starting with perfect information about conjugate
observables:

p(A’, B';t) = 8(A(t) —ANS(B(t) — B'), (55)

where
p(A',B';t) = / d"qd"p3(A(q, p) — A")

x 8(B(q, p) — B')p(q, p;1). (56)

Rather, the question is whether it is at all possible to arrive at
such a state of perfect information from a state of less informa-
tion. In particular: Suppose one were handed a Hamiltonian
system about whose state one knew nothing at all, so that

1“In this context, “thermal” would be a better adjective than “clas-
sical” for the present uncertainty relation.

p were initially uniform on phase space. Does there exist a
sequence of measurements on the system that would take p
into the perfect-information state (55)?

Consider the direct approach of performing simultaneous
measurement of A and B, with respective measurement set-
tings (ka, g4) and (kg, gp), and perfect efficiencies vy = vp =
1. The evolution of p is as given by master equation (45).
Suppose that the measurements are strong enough that they
come to completion on a much faster timescale than that of the
system’s dynamics, so that the Liouville term in Eq. (45) can
be neglected. It is a bit tricky, because one must be mindful of
the rules of It6 calculus, but one can check that, starting from
an uncorrelated Gaussian distribution in A and B (of which the
uniform distribution is the special case of infinite variances),
the general solution to Eq. (45) in this case is

(A= pa)? B ws)?
203 203

1
p(A,B;t) = — exp {
ZJTO'AO'B

(57)
where the means ua, wp are stochastic functions of time
evolving as

dua = v/ 8kaoa(t)*dWy, (58a)
dup = /8kgop(t)*dWp, (58b)

while the variances o7, o are the deterministic functions of
time

oa(t)” = e kB[COth {4av/kakp(t — lA)}]lA’

2\ &
op(t)? = %A/Zz[coth {4gav/kakp(t — rB)}]”*, (59b)
B

where 14,15 <t are constants of integration, as are Iy, Ig €
{+1, —1}. Evidently, under simultaneous measurement of
conjugate observables, an initially Gaussian-uncorrelated
PDF remains so for all time. Also, much like was seen in
Eq. (44), the mean of the distribution executes a random walk
(this time in two dimensions) of volatilities proportional to
the variances. However, unlike in Eq. (44), now the variances
converge to nonzero values as the measurements run to com-
pletion (r — 00):

gp |kp ga |k
aj—);/a, aﬁ—);/g. (60)

This comes about because the measurement of A causes col-
lapse “along the A-direction” (along the integral curves of ®Z)
and diffusion “perpendicular to the A-direction” (along the in-
tegral curves of ®%); while the simultaneous measurement of
B causes the converse; and at completion of the measurement
the effects precisely cancel out. Notice that Eq. (60) gives

\/QAQB’ 61)
2

which begins to resemble Eq. (54). Is it the case that the

product o4(¢)op(t) remains above this limit at all times?

That depends on the exponents I4, lg. The case Iy = +1

gives a4(7)) — o0; it describes complete ignorance about

A at some past time #4. In contrast, the case [ = —1 gives

(59a)

op0p —>
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crA(tj) = 0; it describes perfect information about A at the
past time #4. Likewise for I5.15 Since I am interested in be-
ginning from a state of ignorance, the relevant solution has
Iy = Ip = +1. It then follows from Eq. (59) that the inequality

v/ Q;QB (62)

holds for all times. If both measuring apparatuses are of the
same (inverse) quality, ¢, then this further reduces to

0A0B =

oA > g (63)

I have derived this uncertainty-uncertainty relation by con-
sidering simultaneous measurement of the pair of conjugate
observables A, B. Could this be a general epistemic obstruc-
tion, or is there some different sequence of measurements
that fares better? I leave the question open for future
investigation.

C. Apparatus quality as a resource

I would like to suggest that what I have defined as the
quality of a measuring apparatus may be thought of as a
resource; as being valuable and scarce. Indeed, results (51),
(52), and (63) highlight the utility of apparatus quality: At
least in the present measurement model, a higher-quality ap-
paratus means a smaller obstruction (g/2) both to measuring
without disturbance, and to simultaneous epistemic access
to conjugate observables. Now I will contrast the ease with
which measurement strength, k, can be dialed up, with the
difficulty of achieving a high-quality apparatus.

Consider focusing two independent apparatuses—each ca-
pable of continuous measurement, characterized respectively
by parameters (ki,q;) and (kp, go)—on the same system-
observable, A. From Eq. (45), the dynamics is

0
28— H, p} + (M + kagd){A. A, p})

ot
A/ 8kidWy + /8krdW>
+ A—-
dt
A sum of independent Gaussian-distributed random variables
is again Gaussian-distributed, with variance equal to the sum
of the variances; so one can rewrite this as

ADp.  (64)

dp ;o , aw’
= = H, p}+ Kq™(A, {4, p)} + V8K (A = (A))p — -,
(65)
with W’ a standard Wiener process,
kig> + kag?
Kok +h and ¢2289Tedh g

ki + ko

It is clear that multiple apparatuses, each operating accord-
ing to the present model, merge effectively into one also
described by the model. In this the strengths add up while
the (squared inverse) qualities average out. A similar thing

51t is noteworthy that when oy and op are smaller than their
terminal values (60) (i.e., for [y = [ = —1) one actually /oses infor-
mation by measuring! (Because the induced disturbances win over
the information gains.)

happens when using a single apparatus and just letting it run
for longer; strength compounds [Figs. 2(c)-2(e)] while quality
stays fixed. The broader point is that it is straightforward to
make a strong measurement out of multiple weak ones, but
a high-quality apparatus cannot be made out of low-quality
components; it requires cold and tightly trapped probes.

D. The shifty split and how to minimally bridge it:
Putting present results on sound methodological ground

I return to a complication that was tacitly overlooked in
Sec. III. In the present measurement model, after the appara-
tus had interacted with the system—Iet me call that step the
premeasurement interaction—I stipulated that the pointer on
the apparatus should be read, which would yield some definite
value P*. But what could it mean to “read P” if not to mea-
sure this observable of the apparatus? In the quest to define
measurement, this seems to lead down an infinite regress in
which the system is premeasured by an apparatus, which must
then be premeasured, presumably by another apparatus, which
must then be.... The passage from “systems interacting” to
“agent being informed” never quite taking place. In a sense
this predicament is similar to the quantum measurement prob-
lem, particularly as articulated by the Wigner’s friend thought
experiment [50]. In both settings, the paradoxical step is the
passage from what seems to be best regarded as an ontic-level
description (Hamiltonian or unitary dynamics) to what seems
to be best regarded as an epistemic-level operation (Bayesian
updating or collapse of the wave function). At the epistemic
level one speaks freely of agents, observers, measurements,
observations, reading the measurement record, information,
probability, Bayesian updating, collapse of the wave function.
But at the ontic level all of these are complicated phenomena,
often resisting satisfactory description. In lieu of such descrip-
tions one is stuck with the shifty split—to use a term coined
by Bell [51].

In the present model, the shifty split was introduced at one
degree of separation from the system under study: I described
the system-apparatus interaction at the ontic level, then I im-
plicitly used the following minimal postulate, P, as a bridge
between the apparatus and agent; the latter I described at
the epistemic level. Such a once-removed approach can be
very useful, as exemplified by the theory of general quantum
measurement [52].

In this section I will state postulate P; I will then outline
what I think to be a sound methodology for constructing the
epistemology of Hamiltonian mechanics; and I will point out
how this methodology supports the results reached in this

paper.

P: For some Hamiltonian systems and for some times, it is
in principle possible for an agent to come to know (to
“read”) the exact value of one observable.

This is intended as a minimal postulate; in particular, it is
agnostic as to whether the reading of an observable can be
done without disturbing the system, or whether it is possible to
read more than one observable of a system at a time. Starting
from P, the epistemology of Hamiltonian mechanics should
be constructed one proposition at a time. Each new candidate

024124-13



DAVID THEUREL

PHYSICAL REVIEW E 110, 024124 (2024)

epistemic power should be considered in turn as a hypothesis
before either being rejected or accepted. Against each new
hypothesis should stand as a default the null-hypothesis: that
the candidate is not in fact among the epistemic powers of an
agent. In particular, and this is key: If a proposed epistemic
power can neither be proven nor disproven, then it should be
rejected.

Although I have not been explicit about it until now, in
the present analysis I have followed this methodology. Most
crucially in Sec. III D, in connection with Eq. (16a), where
I did not grant the agent the power to learn new information
about the original value of the apparatus’ probe, Q, after hav-
ing read the pointer, P. As a notable example of a proposition
which does follow from this methodology: The present analy-
sis shows that, aided by apparatuses of finite quality (g > 0),
P implies

Q: Of any Hamiltonian system at any time, it is in principle
possible for an agent to come to simultaneously know the
exact values of any set of mutually Poisson-commuting
observables without disturbing them.

It is important to clearly distinguish Q from the stronger
proposition that would drop the qualifier “mutually Poisson-
commuting.” This stronger proposition is, of course, the
commonly held idealization of classical measurement. While
I have not here disproven this stronger proposition, I have also
not been able to prove it. Indeed, the present analysis is able
to prove it only in the case that apparatuses of infinite quality
(g = 0) are available; but their availability is ruled out by the
third law of thermodynamics, at least in the present model. In
accordance with the above methodology, one should not (yet)
accept the stronger proposition.

E. Three apparent violations, two resolved
1. Ozawa’s model

In 1988 Ozawa introduced an explicit model of quantum
measurement [33] which he claimed violated Heisenberg’s
precision-disturbance relation. The claim has been disputed
and remains controversial today [48,53-55], with the issue
turning on the definitions of “imprecision” and “disturbance.”
In standard quantum theory observables do not generally have
definite values outside of measurement, so indirect definitions
for imprecision and disturbance are given in terms of pre-
and post-measurement distributions. This tends to make the
various authors’ analyses more abstract and to obscure their
interpretation. Because classical physics is free from such
complications, this paper can provide a vantage point of par-
ticular clarity on the issue; which can be interesting both in the
context of the quantum-theoretic controversy, as well as for
its own cause: i.e., Does the classical counterpart of Ozawa’s
model lead to violations of the results (51), (52), and (63)?'¢

Here I consider such a classical measurement model, in
which the apparatus is prepared the same way as in Sec. III B,
with P again as the pointer, but I replace the interaction Hamil-

16] thank an anonymous referee for raising this question.

tonian (6) by Ozawa’s [33]:
w8t — ty)

33

Hin(q, p, O, P;t) = (2(gP — pQ) — gp + OP).

(67)

Here, for simplicity ¢ and p are taken to be scalars, and p is the
observable being measured. Integrating Hamilton’s equations,
instead of Eq. (12) one now gets [56]

BREY
©),-(39).

As in Sec. III, by construction the pointer P constitutes
a stable record of the measurement. Invoking postulate P
(Sec. VID) one reads the pointer, which by Eq. (68b) yields
the exact preinteraction value of the desired observable: P* £
P(tar ) = p(t, ). By any definition of precision concerned with
preinteraction values, this is a perfectly precise measurement:
€p = 0. Ozawa [56] defines the disturbance upon the system
as

(68a)

(68b)

Noma 2 @) — ()2, (69)

which is the root-mean-square deviation of the conjugate ob-
servable, g, before and after the measuring interaction. By

Eq. (68a) this equals \/((Q(t()’) +q(ty))?), where the expec-
tation value is over the joint (separable) prior distribution
p(q, p;ty )p(Q, P;ty ), with the latter factor given by Eq. (11).
This is a finite quantity:

Nouwa =/ 1/B2 + (gt P) <00, (10)

This appears to be a perfectly precise measurement which
does not infinitely disturb the conjugate observable. If this
were indeed so, then it would mean that the precision-
disturbance relation (51) is of restricted validity; merely a
limitation of the model in Sec. III. However, as anticipated, the
apparent violation is actually a crucial matter of definitions.
The notion of “disturbance” that is relevant to the topic of
this paper—to the epistemology of Hamiltonian mechanics—
is not that of deviation or displacement, but of loss in the
latent information (i.e., loss in the possibility of access to
information). In particular, since the notion of precision used
here refers to the original state of the system, the relevant
notion of disturbance here is of the loss in latent information
regarding the original state of the system. A measurement
whose net back-action on the system were to displace its
state in some retraceable and correctible way would, in this
sense, be a disturbance-free measurement (cf. discussion in
Sec. VIA in connection with footnote 12). Conversely, a
measurement which erased all trace of the original value of
some observable would, in this sense, be inflicting an infinite
disturbance on the system, even if it did so by means of a finite
(necessarily state-dependent) displacement. The resolution to
the apparent violation is to note that Ozawa’s definition (69)
is not aligned with this notion of disturbance; and Ozawa’s
model creates a situation in which 7oy, fails to signal that
all latent information on g(t; ) gets lost. Indeed, a glance at
Eq. (68) reveals that the measuring interaction has siphoned
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off from the object-system all trace of g(z, ) and allocated it
to the conjugate, Q(t(f ), of the apparatus pointer. Postulate P,
by which I bridge the shifty split, is agnostic on the ultimate
fate of Q(t(;r ), but the results in this paper indicate that it is
irretrievably lost in the process of reading the pointer. For
example, were one to shift the shifty split one step further from
the object-system, by analyzing the reading of the pointer as
an exact measurement of the observable P of the first appara-
tus, by a second apparatus of finite quality (g > 0), one would
find that all trace of Q(z‘(}L )—and hence of g(z, )—is lost in the
process.!”

In summary, I find that (the classical counterpart of)
Ozawa’s measurement model cannot circumvent the
precision-disturbance relation (51). Given that Ozawa’s model
was originally proposed as a means to violate Heisenberg’s
relation [33], this finding lends substantial support to the
idea that the results (51), (52), and (63) may be of general
validity. Consideration of Ozawa’s model has also served to
sharpen the notion of disturbance that is suited to the program
of this paper: as a measure not of deviation or displacement
but of loss in latent information. Relation (51) should be
understood as a bound on the possibility, in Hamiltonian
mechanics, of acquiring information about one observable
without relinquishing the option to acquire information about
other observables.

2. Hamiltonian bubbles: A catch-22 of epistemic
access without causal access

By application of proposition Q (Sec. VID) at a pair of
times t; < fp, to an otherwise isolated system, one can come to
know a complete set of split boundary conditions for Hamil-
ton’s equations on the interval [z, #;]; say for concreteness,
all components of g(¢;) and g(t>). By mathematically solving
this well-posed two-point boundary-value problem, one can
then know the exact state of the system, (g(¢), p(¢)), on the
open interval (¢, t;). Obviously by this method one can come
to know the exact value of conjugate observables, in apparent
violation of Eq. (63). However, this is not really a contradic-
tion. The uncertainty relation (63) refers to knowledge that can
be had about the current state of a system, while this method
yields knowledge about a past state. Indeed, notice the fol-
lowing stringent limitations of this method. (i) For Hamilton’s
equations to hold on (71, #;), it is necessary that the system re-
main unperturbed, and hence isolated, during that interval. (ii)
Measuring the boundary conditions with the requisite perfect
precision means, by Eq. (51), that the conjugate observables
are infinitely disturbed at #; and #,; so that there is no relation

"To be more precise: Such an analysis would merely show that
the measuring interaction removes the lingering trace of ¢(#; ) from
the conjugate of the pointer of the first apparatus (Q) and encodes
it in the conjugate of the pointer of the second apparatus. [It is
only the details of this encoding that depend on whether one uses
von Neumann’s interaction (6) or Ozawa’s (67).] The question of
the ultimate availability of this information is not so much resolved
as it is shifted along with the shifty split. My argument, really, as
discussed in Sec. VID, is that I have found no evidence to support
the hypothesis that an agent can learn exactly the present value of an
observable and its conjugate.

between p(z;) (the original value of p) and p(tfr ) (which one
will come to know) nor between p(z; ) (which one will come
to know) and p(t;r ) (the final value of p). (iii) Due to the linear
flow of time, it is a prerequisite for completing both sets of
measurements that one find oneself outside the interval (¢, t5).
Together, these restrictions have the astonishing implication
that the method, which seems to grant “forbidden” epistemic
access to degrees of freedom in excess of Eq. (63), can do
so only by forfeiting the possibility of any additional causal
relationship to those degrees of freedom. It is as if the system
that is undergoing such a procedure must be enclosed in a
“Hamiltonian bubble”; the boundary of which is permeable
only to influences (entering the bubble at #; or exiting at t,)
that can be conveyed entirely by the complete set of commut-
ing observables subject to measurement there.

3. Filtering or post-selecting from an ensemble

Performing filtering from a large ensemble of similar
systems would seem like a viable method for acquiring in-
formation about a subset of them without subjecting them to
measurement—and without disturbing them. For example, by
means of a slitted screen one can filter for particles with a
component of their position in a narrow range. It would seem
that this can be done without disturbing the conjugate mo-
mentum of the particles passing through the slit, in apparent
violation of Eq. (51). Somewhat similarly, post-selecting from
an ensemble based on measurement outcomes would seem
to enable epistemic access in excess of Eq. (63). For exam-
ple, consider an ensemble of systems with 2D phase spaces.
Given a measuring apparatus of finite (inverse) quality g > 0
operating according to the present model, it would seem
that one could perform on each system a measurement
of the observable A(g, p) £ 3((g — g0)* + (p — po)*), where
the constants g, po were chosen at will for each member of
the ensemble. Doing each measurement at full strength so that
it reveals the exact value A* £ A(z,) for its system, one’s post-
measurement state of knowledge for each system would then
be an infinitely thin ring centered at (qo, po) of radius /2A*,
as in Fig. 2(e) (late time). The variances in ¢ and p for that
post-measurement state come out to o, = o, = A*, which
give the product o,0, = A*. This process may be thought
of as if one had taken a guess that the preinteraction state
of the system was (g, p) = (qo, po), and then measured how
far (+/2A*) that guess was from the truth. If the ensemble is
large enough, then eventually a good enough guess would be
made that A* < ¢g/2, at which point one would have knowl-
edge of g and p for that system exceeding the uncertainty
relation (63). Note that this would be knowledge about the
post-measurement state, so the resolution from the previous
paragraph would not work here.

Can these apparently legitimate methods be reconciled
with the results (51), (52), and (63)? I see two possibilities
for doing so, not mutually exclusive. (i) Careful analysis of
these methods could reveal that they cannot, in fact, be carried
out without implicitly relying on a resource (a trapped and
cooled reservoir) of higher quality than g. In the given exam-
ples: Analysis of the passage of a particle through a narrow
slit could reveal that the particle’s momentum is disturbed
by the thermal motion of the screen, to an extent dependent
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on the stiffness and temperature of the screen. Likewise,
analysis of the conditions required to instantiate the inter-
action Hamiltonian (6), for measurement of the observable
A(q, p) £ 5((q — g0)* + (p — po)*), could reveal that fixing
the “constants” gg, po—which must ultimately correspond to
controlled degrees of freedom of some physical system—
requires a resource of higher quality than g. (ii) Perhaps it
is sensible to define an additional kind of resource in terms
of the number of systems from the ensemble that must be
discarded in either method; in which case the present results
may need to be extended by taking said resource into con-
sideration together with g. If neither of these avenues for
resolution succeed, then one may have a legitimate violation
of Egs. (51), (52), and (63). I leave the question open for future
investigation.

F. Future directions

Unexpectedly, it is now early days for studying classical
measurement. The state of the theory, as developed here,
seems similar to that of its quantum counterpart sometime in
the 1970-"80s, at least in the following respects: It is certainly
after von Neumann [12] had introduced the first explicit model
of the measurement process; but just before steam was picked
up on the model-independent operational approach [57,58],
leading to the completely positive instrument [59,60], and
its stellar application to weak and continuous measurements
(e.g., Refs. [34,61]). For furthering the classical theory, in-
spiration is sure to be found in the many advances of its
quantum-theoretic counterpart in the decades since 1970. I
highlight just a few such possibilities below.

I have argued that the classical precision-disturbance
relation (51) may be of general validity in Hamiltonian me-
chanics. I have shown the relation to hold under a classical
analogue of von Neumann’s [12] measurement model, in-
cluding extensions to weak (i.e., continuous), inefficient and
simultaneous measurements. I have also shown the relation to
hold under a classical analogue of Ozawa’s [33] model, orig-
inally proposed as a means to violate Heisenberg’s quantum
precision-disturbance relation. Further progress calls for re-
search into alternate explicit models of classical measurement;
such as the filtering and post-selection approaches discussed
in Sec. VIE 3; as well as, for example, classical analogues of
the quantum models in Ref. [62]. Ultimately, what is called
for is a general theory that goes beyond particular models.
Towards the latter goal one might look to operational quantum
theory for inspiration, particularly as it relates to continuous
observables [59]. Given the predominance of continuous-
valued observables in classical Hamiltonian mechanics, that
approach appears particularly pertinent and instructive. It is
also possible that such a goal will require delving deeper into
Hamiltonian mechanics than has been done here. For instance,
it may require extending Gromov’s non-squeezing theorem
and the notion of symplectic capacities [63,64], from sets
to probability distributions. Early attempts in this direction
(which, however, only successfully deal with restricted classes
of distributions evolving under quadratic Hamiltonians) can
be found in Hsiao and Scheeres [65], de Gosson [66].

The present analysis of the measurement process has re-
lied on the method of “designer Hamiltonians”; taking for

granted that the trap in Eq. (7), and the interaction in Eq. (6)
or Eq. (67), can be instantiated exactly and for free. Such
assumptions may need to be revised in a more careful analysis,
as briefly touched upon in Sec. VIE 3. These remarks point to
Hamiltonian control as a topic deserving renewed considera-
tion, with the potential to reveal significant amendments to the
present results.

Concerning continuous measurement, moving forward it
will be worth honing one’s intuition about the range of pos-
sible dynamics of (a rational agent’s knowledge of) a system
under measurement. For this it would be good to see numer-
ical studies of Eqs. (27) and (39) applied to more interesting
systems than the one-dimensional simple harmonic oscillator
explored in Fig. 2. An additional tool may be found by pur-
suing the classical counterpart of the theorem that converts a
nonlinear quantum stochastic master equation into an equiv-
alent linear equation [34,67]. I intend to present this theorem
in an upcoming paper.

As reviewed in Sec. I, the field of information thermody-
namics has developed under the almost universal assumption
of ideal classical measurements (Fig. 1). The present results,
based on a more nuanced study of the measurement process,
to the extent that the results are found to have a claim to gen-
erality, ought to be of input to that field; as it seems possible
that amendments to that field’s main results would be needed
to incorporate the observer-effect of measurement.

Concerning quantum measurement, the informal discus-
sion surrounding inequality (53) and Fig. 3 suggests that, in
the case that the probe is prepared in a bound thermal state, it
should be possible to establish a tighter bound than that of the
“joint measurement form” (50) [1-4]. This may be an inter-
esting direction to pursue theoretically and experimentally.

In connection with the problem of the interpretation of
quantum mechanics, there is a program dating back to
Einstein [68,69] of attempting to identify and unmix a pos-
sible epistemic component of quantum theory from its ontic
content. In recent times this program has made promising
progress at the hands of Caves, Fuchs, and others [69-71].
In particular Spekkens [72,73], and Bartlett, Rudolph, and
Spekkens [74], have illustrated how an uncircumventable
epistemic limitation in an otherwise classical world, much like
what is reported here, can lead to several of the phenomena
usually regarded as characteristic of quantum mechanics. It
will be interesting to see what these two programs can con-
tribute to each other.

Finally I would like to pose a pair of broad, but hope-
fully suggestive, questions. (i) Theoretical computer science
grounds its notions of computability and complexity in con-
crete, if highly abstracted and idealized, physical models. If
the results (51), (52), and (63) are found to have a claim
to generality, then how would this change theories of com-
putation grounded in the world of classical physics?'® (ii)
Hamilton’s equations and their underlying geometroalgebraic
structure are not unique to physics; they emerge wherever

8There are parallels here to Landauer’s work [18], establishing the
thermodynamic irreversibility of certain computing processes, which
launched the field of reversible computing [75]; and of course to
quantum mechanics, which led to quantum computing.
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the equations of a theory can be gotten out of a variational
principle [76]. Indeed, in classical physics they emerge in just
this way from Hamilton’s principle of stationary action. In
particular, optimal control theory uses essentially the same
equations under the name of Pontryagin’s minimum principle
[77]. Could the present topic have consequences for aspects of
optimal control under partial information and, by extension,
even for the study of intelligence? At the least, these musings
illustrate the breadth of potential implications of this paper’s
subject.
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APPENDIX A: DERIVATION OF EQUATION (29)

My objective is to derive equation (29). For brevity of no-
tation I will omit the integration measure d"gd” p in integrals
over phase space. I will make use of the identity

/A{B, C} :/B{C,A} :/C{A,B},

which is valid for any smooth functions A(q, p;t), B(q, p;t),
C(q, p;t) as long as their product decays to zero as
(g, p)Il = oo, so that boundary terms from integration by
parts can be discarded. This identity is readily verified:

famer 2522

dq; dp;  9p; dg;

[ 05) -5 (05)

ep(ae )

dp; 0q;  9q; Op;

= /C{A, B).

In my applications of the identity one of the factors will al-
ways be homogeneous in p, which it is safe to assume decays
fast enough for the identity to hold (e.g., for each ¢, p(q, p;t)
can be assumed to have compact support over phase space
without any loss of physical generality).

Now, the phase-space average of B is (B
time derivative of this is

d ap oB 8,0 oB

Z(B) = A3

dt<> /( 8t+ 3t> / 8t+<3t> (A3)
Working with the first term on the r.h.s. here, I substitute into
it from Eq. (27):

(AL)

(A2)

) = [ pB, and the

/ BP _ / BUH, p} + k@A, (A, p})).  (A4)

ot

Using identity (Al), the first term on the r.h.s. here can be
written as f p{B,H} = ({B, H}). Turning to the remaining
term on the r.h.s. of Eq. (A4), let C £ {A, p} and again use
identity (A1), so that the integral in this term can be written as

/B{A, C} /C{B,A} =

- [ pta.t0g . By

= —({A, log p}{A, B}).
All together one has
i(B)
dt

which is Eq. (29), as desired.

- / (A, p}(A. B)

(AS5)

0B
= ({B,H}) + <5> — kg*({A, log p}H{A, B}), (A6)

APPENDIX B: DERIVATION OF EQUATION (40)

My objective is to derive Eq. (40). For brevity of notation
I will omit the integration measure d"gd" p in integrals over
phase space. Expanding the differential of S [from Eq. (30)]
to second order in d p:

ds = —/d(plogp)

- /((p +dp)log(p +dp) — plogp)

dp 1ldp
z—/ ((p+dp)(10gp+————) —pIng>
p 2 p?
1dp?
— (logp + )dp + -—
2 p
1dp?
— logpdp + -—— ). (B1)
2p

(In the last step I used the fact that [dp =d [ p=d1 =0.)
I will now substitute into here for d p from Eq. (39). However,
notice that the nonstochastic terms from that equation will
only contribute linearly (since terms of order dt dW and dt?
are negligible), so their final contribution to dS will be the
same as already deduced in connection with master equa-
tion (27) [cf. Eq. (31)]. One therefore need only calculate here
the contribution to d S of the stochastic term in Eq. (39); that is
ofdp = V8k 8k(A — (A))p dW. Substituting this into Eq. (B1),
and in the followmg step using the rule of Ito calculus dW? =
dt:

ds = —/ <logp(«/§(A— (A))p dW)

L] (V/8k(A — )de)z)
3 P
= —\/_dW/(A A))plogp
— 4kdt /(A —
= —/8kdW ((A — (A))log p) — 4ko2dt. (B2)
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This, together with the contribution of Eq. (31) due to the
nonstochastic terms from Eq. (39), gives Eq. (40), as desired.

APPENDIX C: DERIVATION OF THE HIERARCHY
OF EQUATIONS (44)

My objective is to derive the hierarchy of Eqgs. (44), which
describes the contribution of the stochastic term in Eq. (39)
to the evolution of the cumulants of p(A;t) when A = A(q, p)
is not explicitly time-dependent. For brevity of notation I will
omit the integration measure d"qd"p in integrals over phase
space. Consider the cumulant-generating function for p(A;?):

2 3
fz0) = log(e™) £k (r)— + Kz(t) [+ Ks(l)—
(ChH
Let df denote the differential of this function with respect to
time, and f’ denote its derivative with respect to the dummy
variable z. Expanding the differential of f to second order in
dp:

df = d(log/peZA> = logf(p +dp)et —log/peZA

()= ©

Substituting into here the stochastic term from Eq. (39) (that is

dp = «/ (A A))p dW), and using the rule of 1t6 calculus
dw? =

J(A= (A)p e

- (L 22

J@A—A)pey?

“”‘””(W)
= V8kdW (f —

A)) — dkdt (f' — (A))%. (C3)
Writing f in terms of its cumulant expansion (C1), and noting
that (A) = «;:

2 Z3
d 1 +dl(2 +d/(33
Z2 23
=8 dW(Kzl— +K35 +K4§+ )
2 3 2
Z Z Z
—4kdl(K2—+Kg5 +K4§ ) . (C4)

Expanding the square on the r.h.s. and equating coefficients of
corresponding powers of z yields the hierarchy of Eqs. (44),
as desired.
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