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Bulk viscosity of the rigid rotor one-component plasma
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Bulk viscosity of a plasma consisting of strongly coupled diatomic ions is computed using molecular dynamics
simulations. The simulations are based on the rigid rotor one-component plasma, which is introduced as a model
system that adds two degrees of molecular rotation to the traditional one-component plasma. It is characterized
by two parameters: the Coulomb coupling parameter, I", and the bond length parameter, 2. Results show that the
long-range nature of the Coulomb potential can lead to long rotational relaxation times, which in turn yield large
values for bulk viscosity. The bulk-to-shear viscosity ratio is found to span from small to large values depending
on the values of I and Q2. Although bulk viscosity is often neglected in plasma modeling, these results motivate
that it can be large in molecular plasmas with rotational degrees of freedom.
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I. INTRODUCTION

Bulk viscosity is a transport coefficient associated with the
irreversible resistance to expansion or compression of a fluid
[1]. The resistance arises from time lags of energy transfer
between translational modes and the rest of the system (ro-
tational modes, vibrational modes, internal energy, etc.). For
more than a century following its appearance in Stokes’s 1845
paper on viscous fluids, the very existence of bulk viscosity
was the source of considerable controversy [2—6]. However, it
has become clear in recent decades that fluids can exhibit large
values of bulk viscosity, especially when they are composed
of molecules [7—13]. A number of studies have investigated
the effects of bulk viscosity in neutral gases and showed it can
significantly alter acoustic attenuation [14], shock wave struc-
ture [15-17], turbulence [18-20], and instabilities [21,22].

Although similar fluid phenomena are also present in plas-
mas, little attention has been paid to bulk viscosity in plasma
physics. Perhaps this is related to an early study, which used
molecular dynamics simulations to show that the bulk viscos-
ity of the one-component plasma is small in comparison to
the shear viscosity [23]. This is the case in dilute monatomic
neutral fluids as well [24,25]. However, as in neutral fluids,
bulk viscosity may be much larger if internal degrees of
freedom such as vibration or rotation are present [7,11,26].
This motivates revisiting the calculation of bulk viscosity in
the context of molecular plasmas. Such a study is timely, as
recent papers have begun to explore the potential implications
of bulk viscosity in plasmas. Istomin et al. [27] demonstrated
that electronic excitation can significantly increase the bulk
viscosity in ionized gases, potentially impacting shocks in
spacecraft reentry. In a plasma astrophysics context, Beattie
et al. [28] showed that bulk viscosity can strongly suppress
compressible modes in the turbulent dynamo. And in studying
the propagation of magnetoacoustic waves using magnetohy-
drodynamics, Cunha et al. [29] showed that bulk viscosity
can be a dominant source of energy dissipation in expanding
plasma flows and that the rate of dissipation can be controlled
by tuning the intensity and orientation of an applied magnetic
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field. These papers demonstrate that bulk viscosity can sub-
stantially alter the macroscopic fluid dynamics of plasmas.
Therefore, it is important to characterize the bulk viscosity
in a molecular plasma for the sake of more accurate fluid
models.

In this work, we compute the coefficient of bulk viscosity
for a system of strongly coupled diatomic ions using molec-
ular dynamics (MD) simulations. We first establish the rigid
rotor one-component plasma (ROCP) model, which consists
of diatomic molecules with a neutral atom bonded to an ion at
a fixed bond length 7. It is a variation of the traditional one-
component plasma (OCP), which is commonly used to study
strongly coupled monatomic ions [30]. The properties of the
traditional OCP are characterized by just one dimensionless
parameter, the Coulomb coupling parameter,

2
r= ﬂ’ (1)
4 EokBT
where a = (3/4mn)'/3 is the average interparticle spacing and
T is the temperature. In contrast, characterizing the ROCP
requires two parameters due to the rotational degrees of free-
dom. In addition to I', which is associated with translational
degrees of freedom, the bond length parameter,
Q="2 @)
a
is associated with the rotational degrees of freedom. Together
Q and T" fully characterize the ROCP.

Under this framework, equilibrium MD simulations were
run to compute both bulk (7, ) and shear (1) viscosity using the
Green-Kubo formalism [14,31,32]. Results are compared with
those for the OCP model. It is found that the shear viscosity
of the OCP and ROCP are identical, but the bulk viscosity
is much larger in the ROCP than in the OCP. For the OCP,
bulk viscosity is at least an order of magnitude smaller than
shear viscosity at any I" value. For the ROCP, bulk viscosity
can exceed the shear viscosity by several orders of magnitude
at particular combinations of I' and 2 values. Large values
of bulk viscosity are found to be associated with a long time
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decay of the pressure autocorrelation function, which can be
traced to a long relaxation time between the translational and
rotational degrees of freedom. In particular, it is found that
small values for I" and €2 lead to larger n,. It is thought that
this is because the long-range nature of the Coulomb force ef-
fectively shields the rotational degree of freedom and that the
shielding is more effective at smaller values of the bond length
compared to interparticle spacing (£2) and smaller values of
the Coulomb coupling strength (I"). In this regime, any de-
viation from equilibrium will cause energy to be temporarily
trapped in rotational degrees of freedom, leaving translational
energy away from its equilibrium value for a long time. As an
example, at a density corresponding to standard temperature
and pressure (STP) conditions (n = 2.5 x 10* m™3), room
temperature (7 = 293 K), and a bond length corresponding
to N;' (rg = 1.1 A), or in dimensionless units I' = 31.5 and
Q = 0.05, we predict a bulk to shear ratio for the ROCP of
1nv/1 ~ 103, To contrast, at these same conditions we found
the OCP has n,/n ~ 1072, and Sharma et al. [12] found neu-
tral N, to have n,/n ~ 1. This demonstrates that the presence
of molecular ions can dramatically impact bulk viscosity.

Previous models from neutral gas dynamics have been
developed to connect the rotational relaxation time to the
bulk viscosity. Here we tested the application of one of these
models to plasmas by computing the rotational relaxation time
from separate MD simulations, plugging the relaxation time
into the model, and comparing the predicted bulk viscosity
coefficient with the result of the Green-Kubo calculation.
This comparison showed excellent agreement over the range
of parameters that both methods could be evaluated. Due to
the long time required for convergence of the Green-Kubo
relations, values could only be computed for a limited range
of I' and ©Q from this method; I'" in the strong-coupling
regime from 1 to 100 and 2 from 0.1 to 0.3. To extend this,
rotational relaxation data were acquired for a wider range
of Q values (0.01-0.30), and the results input into the bulk
viscosity formula in order to predict values for bulk viscosity
across a larger parameter space. Furthermore, a model for the
relaxation time is applied to provide a practical formula for
estimating the ROCP bulk viscosity.

This paper is organized as follows: Section II introduces
the ROCP model. Section III introduces some historical con-
text on bulk viscosity, describes previous models connecting
bulk viscosity in molecular gases with the rotational relax-
ation time, where bulk viscosity arises in hydrodynamics,
and how it can be computed from the Green-Kubo relations.
Section IV describes the MD simulation setup and results of
the viscosity coefficients for the OCP and ROCP computed
from the Green-Kubo relations. Section V describes an MD
setup to compute the rotational relaxation time, and a test of
the model connecting relaxation time to bulk viscosity, along
with a practical formula for computing the bulk viscosity of
the ROCP. Finally, some potential implications of bulk viscos-
ity to sound attenuation, shocks, and turbulence are discussed
along with concluding comments in Sec. VI.

II. THE RIGID ROTOR ONE-COMPONENT PLASMA

The OCP model is a well-established means for study-
ing the properties of strongly coupled particles [30]. When

applied to plasmas, ions are often modelled as point particles,
each with charge ¢ and mass m, and collectively a density n
and temperature 7. Electrons are not modelled directly but
taken to provide a noninteracting, charge neutralizing back-
ground. The OCP applies particularly well to systems where
the electrons are at a weaker coupling strength than the ions,
such as when the electron temperature is much larger than
the ion temperature. A particularly attractive feature of the
OCP is that when time is quantified in dimensionless units of
the plasma period w,! = (¢,m/¢*n)'/* and space in units of
the interparticle spacing a = (3/4mn)!/3, it is entirely char-
acterized by the Coulomb coupling parameter I', defined in
Eq. (1).

By treating ions as point particles, the traditional OCP
is limited to describing monatomic ions. However, there are
many examples of plasmas in which strongly coupled molecu-
lar ions exist. Atmospheric pressure plasmas commonly reach
ion densities sufficient for strong coupling [33—-36] and can be
composed, in large part, of molecular ions [37-39]. Addition-
ally, in ultracold plasmas strong coupling has been achieved
and studied with NOT ions [40-42]. And in high-energy-
density plasmas, strongly coupled molecular ion species may
form during implosions, since molecular species are common
in dense shell material and implosions often reach strong
coupling [43,44].

To study the dynamics of strongly coupled diatomic ions,
we establish the rigid rotor one-component plasma (ROCP).
In this model, diatomic ions consist of two point particles,
each with mass m, rigidly bonded to each other at some fixed
distance, rz. One particle represents an atomic ion with charge
q that interacts with other ions through the Coulomb poten-
tial V.(r) = ¢*>/(4mweor). The other represents a neutral atom
which does not interact with the rest of the system. The jus-
tification for the neutral atom to be passive (interacting only
through its bonding to an ion) is that the Coulomb potential
of the ion is much longer range than the interatomic potential
of the neutral atom and therefore shields it in any interaction.
This expectation that ion-neutral and neutral-neutral interac-
tions are very weak compared to the Coulomb interaction is
tested and validated in Sec. V.

This model behaves in much the same way as the tradi-
tional OCP but with the addition of two rotational degrees
of freedom. Therefore, some properties, like shear viscosity,
remain unchanged; see Sec. IV. However, the rotational de-
grees of freedom add an associated relaxation time, 7o, Which
impacts the bulk viscosity n,. Additionally, the coupling pa-
rameter I" cannot fully characterize this model like it does the
traditional OCP. The additional rotational degrees of freedom
are quantified by the dimensionless bond length parameter €2,
defined in Eq. (2).

Physically, €2 is the ratio of a molecule’s bond length to the
average interparticle spacing. It quantifies how important rota-
tion is in collisional processes. Larger values of €2 correspond
to larger changes in the force on an ion as it travels around its
circumference of rotation. Conversely, at sufficiently small €2,
molecules begin to act like atoms, so rotation has little effect
on collisions.

The rotational coupling parameter can fully account for the
effects of molecular rotation in this framework. Consider the
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torque equation for a given rigid rotor

4@ F 3)
— =rxF,
dt

where I = %mrﬁ is the moment of inertia, @ is the angular
velocity, r points from the center of mass to the ion, and F =
q*/(4mey) Y T /r; is the Coulomb force on the ion due to
the other ions in the system. By using dimensionless units of
time in terms of cop" and length in terms of a,

X=x/a, T=tw,, )

Eq. (3) can be expressed in terms of €2,

do _ lQ_l Z sir~129j’ )
J

di 3

where 6; is the angle between r and r;. Similarly, since only
one particle in the rigid body interacts, the translational equa-
tion of motion looks the same as the traditional OCP

dv 1 F
DI ®
ol

The dependence on I' arises from the initial condition, specif-
ically by setting the particle velocities corresponding to a set
temperature 9, = Uy = +/2/(31"). As with I for the OCP,
since the dimensionless equations of motion of the ROCP
can be written in terms of I" and €2, all properties can be
characterized by these parameters when cast in the associated
dimensionless units. One note when comparing the OCP and
ROCP is that the mass (i) is the atomic mass in the OCP but
the molecular mass in the ROCP.

III. OVERVIEW OF BULK VISCOSITY
A. Underlying mechanisms

In his original 1845 paper on viscous fluids, Stokes as-
sumed that a fluid, on being subjected to a given dilatation,
will still have a mechanical scalar pressure given by its ther-
modynamic equation of state, i.e., p,, = p(n, T) [2]. This
assumption, known as Stokes’s hypothesis, implies that the
coefficient of bulk viscosity (n,) is zero. By definition, p,, =
— %Tr{l'[}, where II is the stress tensor, which for a compress-
ible Newtonian fluid takes the form

M=—plI+ n[vv +(VV) — %(V -V)I] +0o(V - VL
@)

where p; = p(n, T) is the thermodynamic pressure and V is
the fluid velocity, yielding the result

Pm— D =—mV - V. ®)

Clearly, if p,, = p;, then n, = 0.

Some 80 years after Stokes’s publication, Herzfeld and
Rice proposed a mechanism by which this assumption could
be violated [26]. If a fluid is composed of molecules, not
atoms, then a given expansion or compression will cause a
temporary violation of the equipartition theorem, as work
is done only at the expense of translational kinetic energy.
It takes a finite amount of time for an equilibrium between

degrees of freedom to be restored, during which p, # p.,
implying a finite value for 7,

Mandelstam and Leontovich in 1937 [45], and then Tisza
in 1942 [7], developed formulas which connected underlying
relaxation times to the bulk viscosity coefficient. Tisza’s is
given by

y —1 Cu,i
N, = pa; Y, ©)
Y — Cy

i

where p is the mass density, a; is the speed of sound in
the absence of viscosity, y is the ratio of specific heats, ¢,
is the specific heat at equilibrium, ¢, ; is the specific heat of
the ith vibrational mode, and t; is the relaxation time of the ith
vibrational mode [7]. Importantly, Tisza assumed molecular
rotation to be unimportant because rotational relaxation is
often a much faster than vibrational relaxation. This formula
has since served as a standard means for computing the bulk
viscosity of neutral fluids [11]. Tisza applied the appropriate
values for CO, at STP conditions and predicted a bulk to shear
viscosity ratio of n,/n > 1000.

In 2019, Kustova et al. [46] derived a more general expres-
sion for bulk viscosity from kinetic theory without neglecting
molecular rotation. They found

2 ~1
Ny = nkBTR(@) (Q + CV“’) : (10)
Cy Trot Tvib
where R is the specific gas constant, cj, is the specific heat
capacity of internal degrees of freedom, c;or = (fiot/2)R is the
specific heat capacity of rotational degrees of freedom, ¢y, is
the specific heat capacity of vibrational degrees of freedom,
Trot 18 the rotational relaxation time, and tj, is the vibrational
relaxation time. Here f, is the number of rotational degrees
of freedom. In Kustova’s formula, the coefficient of bulk vis-
cosity is set by the faster of the two relaxation processes. As
a result, they predict CO, to have a bulk to shear ratio on the
order of 1 at STP conditions [46].

In the ROCP, molecules do not vibrate. In the context of the
physical systems of interest, rotational relaxation is, in almost
all cases, significantly faster than vibrational relaxation. As
such, Eq. (10) predicts that rotation will set the coefficient of
bulk viscosity, rather than vibration, justifying the application
of the ROCP model. For the ROCP, ¢jn = ¢rot = R, ¢yipb = 0,
and ¢, = R( % + cy.ex ). Here the factor of 5/2 comes from the
five total degrees of freedom of molecular motion (three trans-
lational and two rotational) and ¢, e is the excess (nonideal)
specific heat at constant volume. With these substitutions,
Eq. (10) becomes

5 -2
Ny = <§ + Cv,ex) nkBTTrot- (11)
Since ¢, ¢x 18 associated with the molecular configuration,
it is not expected to be significantly influenced by the ro-
tational degrees of freedom. Therefore, it can be modeled
using a fit to Hansen’s data for excess specific heat of
the OCP [47]: cyex = 0.000002 861> — 0.000 5724912 +
0.04278796I" + 0.14948573. It will be shown below that
Eq. (11) provides an accurate model for the bulk viscosity of
the ROCP when an accurate model for 7,4 is provided.
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There exist several mechanisms outside the Herzfeld and
Rice mechanism for bulk viscosity. In 1948, Hall proposed
a mechanism known as intrinsic bulk viscosity, applicable to
both atomic and molecular fluids [48]. A collection of parti-
cles, on being compressed, will not be compressed into the
lowest internal energy configuration immediately. Thus, over
the course of some finite amount of time, the particles will un-
dergo a process of structural rearrangement, leading to a finite
value for bulk viscosity. Intrinsic bulk viscosity is often small
because structural rearrangement is a fast process that occurs
on the timescale of translational motion. Nevertheless, it is
important because this mechanism causes even monatomic
gases to have finite bulk viscosity [24,25]. In the traditional
OCP, intrinsic bulk viscsosity is the only mechanism present.
Previous work has shown the bulk viscosity of the OCP to
be small compared to the shear viscosity [23,49]. Here we
obtain better resolved data that agree with this conclusion; the
bulk to shear visocsity ratio is found to be smaller than 0.1 for
all I" values. Therefore, the Herzfeld and Rice mechanism is
expected to dominate in the ROCP.

Other origins of bulk viscosity that have been explored in-
clude a chemical nonequilibrium induced by nuclear reactions
[50] and electronic excitation [27]. However, these processes
are not present in the ROCP and will not be discussed here.

B. Hydrodynamic equations

Bulk viscosity affects the stress tensor IT, which appears in
the hydrodynamic equation for momentum conservation as

p = V.1, (12)
where d /dt = 9/9dt + V - V is the convective derivative and p
is the mass density. It also influences the energy conservation
equation as
du )
— =AV T+II:VV, (13)
dt
where u is the energy density, A is the thermal conductivity,
and T is the temperature. When combined with the mass
conservation equation
b _ _y. (v 14
i (pV), (14
these form the complete set of Navier-Stokes hydrodynamic
equations [14].

Bulk viscosity is a powerful transport coefficient in that it
can, in principle, account for the dynamical effects of struc-
tural rearrangement, rotational relaxation, and vibrational
relaxation processes with a single number. This can dramat-
ically improve computational costs for fluid simulations, as
these processes would otherwise need to be accounted for
with additional rate equations [51]. However, it should be
stressed that transport coefficients can only be utilized if the
underlying relaxation process that they represent occur on a
timescale much faster than the flow timescale, i.e., the con-
dition of local thermodynamic equilibrium must be satisfied
[52,53]. Molecular vibration often violates this condition, as
vibrational temperatures can be highly elevated and the asso-
ciated relaxation time very long. For this reason, it is common

practice to only consider the contribution of molecular rota-
tion to bulk viscosity [54]. This serves as another justification
for ignoring vibration in the ROCP.

C. Green-Kubo relations

The Green-Kubo relations relate linear transport coeffi-
cients to the integral of a macroscopic variable’s equilibrium
time autocorrelation function. For shear and bulk viscosity,
they take the following forms [14]:

V e [
T kT ZZ/O de(I1;;(0)IL;(2)),

i=1 J=1
J#i

Vv 00
kT Jy

(15a)

dr(8p(0)ép(r)),  (15b)

My

where V is the volume, I1;; is the stress tensor, §p = p,, — p;,
and the angle brackets (...) represent an equilibrium en-
semble average. Here p,,(t) = —%Tr{l'[,» ;1 is the mechanical
pressure and the thermodynamic pressure p; is obtained from
a time average of p,, over the entire simulation. One should
note that in accordance with Eq. (8), §p = —n,V - V, leaving
Eq. (15b) as a rather intuitive statement. The Green-Kubo
relations show that relaxation processes resulting from equi-
librium fluctuations are equivalent to the linear response to an
external perturbation.

For the ROCP, the stress tensor is related to the particle
trajectories by

N, N,
| Qe .

IM;; = v Z My Vg, Ver; + Z(Faﬁ;Faﬂ/) +roifc |,
a=0 B>a

(16)

where N, is the number of atoms in the system, m,, is the mass
of atom «, r,, and vy, are the position and velocity of atom «
in direction i, Fyg is the Coulomb force between atoms « and
B, and F¢ is the constraint force on atom « resulting from a
rigid bond. It is clearly seen that there are three contributions
to the system’s stress: a kinetic contribution resulting from
each atom’s kinetic energy, a potential term resulting from the
pairwise interaction between atoms, and a bond contribution
resulting from the implied force it takes to hold the distance
between two bonded atoms constant.

The Green-Kubo relations can be employed to compute
transport coefficients from MD simulations [23,49,55-58]. To
do so, the autocorrelation function must be discretized in time
and cutoff at some long time L, by which the autocorrelation
has decayed to zero and its integral has converged. In practice,
MBD simulations have a finite number of particles, so a single
autocorrelation function is far too noisy for convergence to be
reached. However, if a time series IT;;(¢) is generated from
MD with length ty > L, then ty — L separate autocorrela-
tion functions can be computed, as each timestep (from 0 to
ty — L) can be used as r = 0 in a new autocorrelation func-
tion. By averaging these separate autocorrelation functions
together, one can obtain a smooth decay to zero and hence a
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convergent viscosity integral. With these changes, Egs. (15a)
and (15b) become

0 — At
L _6kBTtN—L+1
3 tv—
x Z‘ Z Z Z (Ot + 1), (17a)
=0 i=1 /1 =0
. At t ty—L
1 — 3p(t)8
() = TrN—L+1EO; p()8p(r +10),
(17b)

where At is the length of a timestep, ty is the total number of
timesteps, and L is the length of the autocorrelation function.

IV. MD SIMULATIONS AND RESULTS
A. MD setup

Equilibrium MD simulations were run to compute bulk and
shear viscosity using the Green-Kubo relation from Eqs. (15a)
and (15b). Simulations consisted of 20 000 diatomic ions in
a box with periodic boundary conditions. Ions were mod-
elled as rigid rotors with just one of the atoms ionized.
Short-range interactions (r < 5a) were computed exactly us-
ing the Coulomb potential while long-range interactions (r >
5a) were computed using the particle-particle-particle-mesh
(P3M) algorithm as described in Ref. [59]. A timestep of At =
O.Olcu;1 was found to be sufficiently small for conserving
energy, matching the timestep requirement for the OCP. To
start the simulations, translational and rotational degrees of
freedom were thermostat to the same temperature until equi-
librium was reached. The system was subsequently evolved
in the microcanonical (NVE) ensemble. The stress tensor was
output every 10 timesteps and computed using Eq. (16), with
a slight modification of the potential term due to the use of
P3M, which is discussed in detail in Ref. [57].

The results of an ROCP bulk viscosity calculation from
a particular simulation (I' = 50 and 2 = 0.14) is shown in
Fig. 1(a). It can be seen that the pressure autocorrelation
function decays over thousands of plasma periods ~2000 w;l

This simulation, however, needed to run for 10°w>! to achieve
convergence, and still some noise is observed in the decay. As
autocorrelation functions get longer, more and more averaging
must be done. Several data points required simulation lengths
greater than 10°w7!. The long time needed for convergence
limited the range for which bulk viscosity values could be
computed. Accurate data were obtained for 1 < I' < 100 and
0.10 < 2 < 0.30. In physical units, if one takes rg ~ 1 A,
corresponding to Ny, then this parameter space corresponds to
approximately 10> m™ <n < 10¥ m™3 and 250K < T <
20000 K.

Simulations were also run of the traditional OCP. The OCP
is subject to less noise than the ROCP, so only 5000 particles
were used. These simulations otherwise proceeded in the same
fashion as for the ROCP.

><|105 . ] , .
(a) . 10.2000 "=
g\ 8.0 B ,//’ >
E/ 60 // 10.1500 %
5 >
= 40F| [/ ROCP Bulk ACF 70.1000 =
3 / -=== ROCP 7; (¢) i
=20 10.0500 &
L =}
A 5
0.0 . . . -10.0000 ~
0 500 1000 1500 2000
Time t w;l
x10°
I b I I ,\/\/I\/_"—‘I ~~~~ I s
g\ 2.0 N (,l\‘) ™ ,\/“\./ « i
&y v s
= n! Z
=~ 15 10.0004 S
2 —— OCP Bulk ACF =
O 1.0} -
bt ! ---= OCP n} (t) 5
T 05! 40.0002 &
=} I b}
2 | =
Cd 0.0 _: '-8
! . . . . .10.0000 ~=
0 10 20 30 40 50
Time t w;l
x107
2o L e J .
o 7 - 40.1000 =
s 20l 7 ROCP 7* (t) =
= A —— OCP 7*(t) {0.0750 3
@) [ ,‘ =
) ROCP Shear ACF 10-0500 &
L ] \ wn
& t 1 OCP Shear ACF o
2 05F I 10.0250 €
Q [ ’ =
~ [ e "8
0.0 ._|’ L e . s 4 0.0000 =
0 5 10 15 20
Time t w

FIG. 1. Autocorrelation functions (ACFs) and their respective
integrals for (a) ROCP bulk viscosity, (b) OCP bulk viscosity, and
(c) ROCP and OCP shear viscosity at I' = 50 and 2 = 0.14.

B. Results

Simulation results are shown in Fig. 2, and the data are
provided in Tables I and II. Figure 2(a) shows shear and bulk
viscosity for both the OCP and ROCP as a function of I" with a
constant value of = 0.14 chosen for the ROCP. Figure 2(b)
shows bulk viscosity of the ROCP as a function of 2 for fixed
values of I of 20 and 50. Values are presented in terms of
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® ROCPp; ROCP n*
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FIG. 2. Reduced bulk viscosity variation with (a) the coupling
parameter I and (b) the bond length parameter 2. In (a), €2 was held
constant at 2 = 0.14. The green region (“Model”) refers to Eq. (23).

TABLE I. MD results of reduced shear and bulk viscosity of the
OCP and ROCP as a function of I'. ROCP values use 2 = 0.14.

OCP ROCP
r n* m, n UM
1 1.07 3.40 x 1073 1.12 57.0
2 0.440 3.50 x 1073 0.480 32.5
3 0.269 3.06 x 1073 0.272 25.8
5 0.150 2.77 x 1073 0.149 12.0
7 0.126 2.50 x 1073 0.125 11.8
10 0.0985 1.75 x 1073 0.0980 5.00
15 0.0840 1.33x 1073 0.0850 3.00
20 0.0855 1.09 x 1073 0.0820 1.60
30 0.0880 8.50 x 10~* 0.0860 0.600
50 0.110 5.50 x 1074 0.109 0.200
70 0.140 3.95 x 10~ 0.140 0.0385
100 0.185 3.1x 107 0.173 0.0125

TABLE II. MD results of reduced shear and bulk viscosity of the
ROCEP as a function of 2. Shear viscosity is constant with 2.

r Q " m

20 0.10 0.100 10.0
0.14 1.60
0.15 0.864
0.20 0.320
0.25 0.0750
0.30 0.0336

50 0.10 0.109 1.00
0.14 0.200
0.15 0.0925
0.20 0.0200
0.25 0.00730
0.30 0.00500

reduced bulk and shear viscosity, defined as

* nv
nv - 2
mna-wp

n

Ty
mna Cl)p

and n* =
which correspond to the natural units defined in Sec. II. For
the ROCP, m is the molecular mass, whereas for the OCP it
is the atomic mass. The bulk viscosity of the ROCP is found
to be larger than the bulk viscosity of the OCP by at least
an order of magnitude. This is because the ROCP has two
internal degrees of freedom (molecular rotation) which can
temporarily trap energy. When the equipartition theorem is
violated during an expansion or compression process, equilib-
rium is not restored until rotational relaxation occurs, leading
to a large bulk viscosity. The OCP has no internal degrees of
freedom, and hence the time-lag to equilibrium occurs due to
structural rearrangement, which is a much faster process than
rotational relaxation. This leads to a very small bulk viscosity
for the OCP.

Further insight can be obtained by analyzing the autocorre-
lation functions shown in Fig. 1. The pressure autocorrelation
function of the OCP [Fig. 1(b)] decays to zero on the timescale
of a single plasma period, implying that this system will
restore equilibrium in Nw;‘ following a small perturbation.
The autocorrelation function of the ROCP [Fig. 1(a)] shows
a similar decay at early times, demonstrating the mechanism
of structural rearrangement is present in the ROCP as well.
However, this autocorrelation function does not reach zero un-
til approximately 2000 a);1 have passed, as energy is trapped
in the two rotational modes.

Figure 2 also highlights how bulk viscosity of the ROCP
varies with € and I'. It can be observed that 7}, increases with
decreasing I' and decreasing €2, with the latter dependence
appearing more severe. This scaling can be understood in the
context of the rotational relaxation dynamics, so discussion of
this physics will be reserved for Sec. V.

Figure 2 shows that the shear viscosity of the ROCP is
identical to that of the OCP. This is not a surprising result,
for shear viscosity originates from translational motion and
center-of-mass motion in the ROCP is essentially the same
as translational motion in the OCP. However, in Fig. 1(c),
one can see that the early time behavior of their autocorre-
lation functions differ. The ROCP starts at a larger value and
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experiences a bump on the path to zero, while the OCP shows
a smooth decay. The bump occurs after a time of approx-
imately w; ' = \/T/2ksT has passed, which is the average
time it takes for a rigid rotor to rotate. In this sense, it does
seem that molecular rotation has an effect on early-time shear
stresses. However, the integrated value is essentially the same,
so the influence of this on the shear viscosity coefficient is
negligible. Importantly, it is also shown in Fig. 2 that the bulk
viscosity of the ROCP can exceed the shear viscosity by more
than an order of magnitude. In general, when 1, /n > 1, bulk
viscosity effects are expected to be significant. For instance,
this means that the bulk viscosity determines the kinematic
lqngitqdinal viscosity, b = (‘3—‘7] + ny)/ p, rather than the shear
viscosity.

The data in this section suggest that the rotational degrees
of freedoms are responsible for the large bulk viscosity coef-
ficient of the ROCP. In the next section, nonequilibrium MD
simulations of rotational relaxation are used to give insight
into the observed I' and 2 scaling and to validate the use of
Eq. (11) in plasmas. The results are used to construct a model
for bulk viscosity of the ROCP and demonstrate that it agrees
well with the results of the Green-Kubo simulations. Since
rotational relaxation simulations are computationally cheaper
than Green-Kubo, data are acquired for a wider range of 2
values (0.01-0.30) and used to predict the bulk viscosity of
diatomic ions across a broader range of conditions.

V. MODEL BASED ON ROTATIONAL RELAXATION
A. MD setup

Molecular dynamics simulations of rotational relaxation
were setup in similar fashion to those from Sec. IV, with
the exception that to start the simulations, the ion transla-
tional and rotational degrees of freedom were thermostat to
differing temperatures, creating a ~10% temperature pertur-
bation around some desired equilibrium temperature. During
the NVE stage that follows, the translational and rotational
temperatures come to an equilibrium. An example tempera-
ture relaxation curve generated from this procedure can be
seen in Fig. 3. To extract the rotational relaxation time, an
exponential is fit to the temperature data, as has been done in
previous work [60,61]. Since there is some noise in the data,
a range of exponentials could be taken as the line of best fit
depending on at which times best agreement is prioritized.
The shaded region represents this range, which for all data
collected was roughly £40% from the average. This is taken
to be the statistical error in the subsequent plots.

Here a parameter space relevant to atmospheric pressure
plasmas is explored [62]. In particular, densities from n =
10%-10*” m—3, temperatures from T = 250-5000 K, and
bond lengths between rz = 0.545-1.635 A are simulated. In
dimensionless units, this corresponds to I' = 1-100 and 2 =
0.01-0.30.

B. Results

A subset of simulation results can be seen in Fig. 4. Error
bars on the MD data are generated by looking at the minimum
and maximum for 7, that still give reasonable agreement
with the temperature data. The data indicate that rotational

n=>5x10%m 3 and T=1050K

T T T

LE|

1100
1075 F
1050

1025

1000

Temperature (K

975

950

1 1

00 02 04 06 08 10
Time (ns)

FIG. 3. Time evolution of the translational temperature (blue)
and rotational temperature (green) from an MD simulation at the
specified density and temperature and 73 = 1.09 A. The shaded re-
gion represents the range of possible curves used to fit the data, with
the top half showing better agreement at early times and the bottom
half at late times. The dashed line represents the actual curve used to
extract Tyy.

relaxation speeds up with increasing density and bond length
and slows down with increasing temperature.

We model the data in terms of the reduced rotational re-
laxation time, defined as 7,5, = 7.V, Where v is the collision
frequency. It should be noted that 7}, is defined identically
to the rotational collision number commonly used in studies
of neutral gas, Z = t,(v, Which represents the number of
collisions required to reach equilibrium. However, in strongly
coupled plasmas, collisions are not binary, so the collision
frequency v only represents the frequency at which a particle
deviates 90° from its original trajectory. For this reason, we
will not adopt the Z convention.

In the OCP, v has been studied in the context of diffusion
[63,64]. Though diffusion is a different physical process from
viscosity and rotational relaxation, the collision frequency
found in these works is still applicable because it scales with
" in a way that captures strong-coupling effects. From these
works on diffusion, v can be written as [63,64]

vy, for T <25
=T kgT
v ZePT BT for T > 025, (19)
A mdw,
For the I' < 25 equation, o = 0.647,
dn |m e \> InA 20)
Vo= —,/— —_—
T 3V m 4mey ) (kgT)3/2

is the collision frequency predicted in weak coupling pre-
dicted by Landau-Spitzer theory, and

AD
1nA=1n(1+C—) 21
ry

is a modified Coulomb logarithm that extends the Landau-
Spitzer expression for v to I' & 25 [63]. Here C = 2.159
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FIG. 4. Variation of the rotational relaxation time, T, With (a) density, (b) temperature, and (c) bond length. ROCP data from MD are
plotted with blue points and data with ion-neutral and neutral-neutral interactions turned on with orange crosses. The “fit” line refers to Eq. (22)
in real units (.o, = 7,5,/v) and the shaded region around it represents the uncertainty in the fit (£40%) due to noise in the MD data. Aside from
when it is the parameter being varied, data correspond to n = 5 x 10 m~3, T = 1000 K, and rz = 1.09 A.

is a fit factor, Ap = /€okpT /e?n is the Debye length, and
rp = e*/4mepkpT is the Landau length (distance of closest ap-
proach). For the I' > 25 equation, A = 1.52 and B = 0.0082.

By fitting to the relaxation data, we obtained the following
expression:

* —agl' =5
Tt = TrotV = 0ge " 277,

(22)

where «p = 0.18. There are several important physical effects
to extract from this relationship. For one, rotational relaxation
grows longer with decreasing I and €2, consistent with the
findings in the previous section. This matches physical in-
tuition as well; as I" decreases, i.e., the ratio of interaction
energy to kinetic energy decreases, forces on the molecules
become weaker and hence energy exchange between transla-
tional and rotational modes takes longer. And as €2 decreases,
i.e., the ratio of the bond length to average interparticle
spacing decreases, molecules begin to look more like atoms,
effectively shielding the rotational degrees of freedom.

However, the scaling is in sharp contrast to what is pre-
dicted in neutral gases, implying the presence of different
physics processes in plasmas. For instance, Parker’s model,
a standard formula for estimating rotational relaxation in di-
atomic neutral gas, predicts ~rg2 scaling with bond length
and no scaling with density outside of the translational col-
lision frequency [65]. Equation (22), on the other hand,
demonstrates a ry 3 scaling with bond length and exponential
scaling with density beyond the collision frequency.

We propose two mechanisms unique to plasmas that are
likely responsible for this difference. For one, at STP density
and temperature, neutral gas is considered dilute, as collisions
between molecules are relatively sparse and binary. However,
a strongly coupled plasma at the same density and temperature
is considered dense, as many-body effects are present due
to the long-range nature of the Coulomb force. Many-body
effects likely alter the rotational relaxation dynamics, thereby
causing a deviation from neutral gas behavior.

For another, in the ROCP only one atom per molecule in-
teracts, making activation of rotational degrees of freedom in a
collision more difficult. This effect, however, is not merely an
artifact of ignoring ion-neutral and neutral-neutral interactions
in the ROCP but rather a result of the Coulomb potential being

far stronger than the ion-neutral or neutral-neutral interaction
potentials at the location of the interaction. Due to their long-
range nature, ion-ion interactions effectively shield the other
interactions, which is why they are left out of the ROCP. To
confirm that this is a good approximation, MD simulations
were run with ion-neutral and neutral-neutral interactions
turned on, using values corresponding to nitrogen. Neutral-
neutral interactions were modelled with a Lennard-Jones
potential and ion-neutral interactions with a charge-induced
dipole potential with an artificial repulsive core to prevent
bound states, the details of which can be found in previous
work [62]. The results of these simulations are shown in
Fig. 4(a). It can be seen that adding ion-neutral and neutral-
neutral interactions has no effect on the rotational relaxation
time, confirming intuition. It should be noted that this result
has been confirmed only for 2 < 0.3. As Q approaches 1,
close ion-neutral and neutral-neutral collisions can occur. For
this reason, the ROCP model likely does not apply as 2 — 1.

In comparison to a neutral gas subject to the same condi-
tions, the ROCP has a very long rotational relaxation time.
At a temperature of 1000 K and density 2.5 x 10> m~— (at-
mospheric pressure), MD simulations revealed 7., = 125 ns
for the ROCP. At the same temperature and density, MD
simulations of neutral N, gas ran by Valentini ez al. [61] found
Trot = 0.5 ns. The shielding of neutral interactions discussed
in the previous paragraph is likely responsible, as with only
one interacting atom, molecules in the ROCP cannot exchange
translational and rotational energy as efficiently.

C. Predicting bulk viscosity

Results of the rotational relaxation simulations can be used
to predict bulk viscosity using Eq. (11). Plugging the rota-
tional relaxation fit formula from Eq. (22) into the ROCP
expression for bulk viscosity from Eq. (11) provides

3a resnos(? ?
P2 Z 4 ¢, ) InA, T <25
1_ T g 2 ’

n - eB+ao)l 5 2
P (S

I' > 25.
AOl()

(23)
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FIG. 5. Ratio of bulk to shear viscosity coefficients, computed
using the model from Eqs. (23) and (24). Here a bond length of rp =
1.1 A was used.

Here « is the constant from the translational collision fre-
quency formula from Eq. (19), « is a constant from rotational
relaxation Eq. (22), and In A is the modified Coulomb log-
arithm from Eq. (21). In the second term, A and B are the
constants for the collision frequency from Eq. (19).

The result of Eq. (23) is shown in Fig. 2. This shows very
good agreement with data computed from the Green-Kubo
relation, validating the use of Eq. (11) in the ROCP. We can
therefore use Eq. (23) to estimate the bulk viscosity of the
ROCP for I <T' < 100 and 0.01 < 2 < 0.30.

Figure 5 shows the bulk to shear ratio across the entire
density-temperature space studied (with rz = 1.1 A), com-
puted using Eq. (23) and the following fit to OCP shear
viscosity from Bastea [66]

n* = 0.482I' 2 + 0.629T" 7% 1+ 0.00188T". (24)

At low densities and high temperatures, the ROCP exhibits
a very large bulk to shear ratio. Such a large value should be
used with caution—one must confirm that 7, is much faster
than the fluid’s characteristic timescale to be sure the linear
hydrodynamic regime is valid. At a density corresponding to
STP (n = 2.5 x 10® m™3), and room temperature, a bulk to
shear ratio 1, /n ~ 103 is predicted. For context, neutral N, at
atmospheric pressure and 1000 K has a bulk to shear ratio of
justn,/n ~ 1 [12]. This highlights an important point: Effects
unique to plasmas can lead to large bulk viscosity, motivating
a need for further studies in the field of plasma physics.

VI. CONCLUSION

In this work, bulk viscosity was computed for systems of
strongly coupled diatomic ions using the framework of the
rigid rotor one-component plasma. Equilibrium MD simula-
tions were run and the Green-Kubo relations were used to
compute the coefficients of shear and bulk viscosity. Results
show that the shear viscosity of the OCP and ROCP are
identical, but the bulk viscosity of the ROCP is much larger
than for the OCP. This is attributed to a long relaxation time
of the rotational degree of freedom in the ROCP, causing
a long time-lag for the mechanical pressure to relax to the

thermodynamic pressure. This relaxation rate is longer, and
therefore the bulk viscosity larger, particularly when I" and 2
are small.

Previous work has proposed models connecting the rota-
tional relaxation rate and bulk visocisty coefficients in dilute
neutral gases. Here these models were applied to the ROCP
but through modified expressions appropriate to the rota-
tional relaxation time for ionized molecules in a strongly
coupled regime. Nonequilbrium MD simulations were then
run to compute the rotational relaxation time. By plugging
the results into a known formula for bulk viscosity, we were
able to construct a simple model for bulk viscosity of the
ROCP. These simulations also gave insight into the underlying
physics responsible for the ROCP’s large bulk viscosity and
the way in which it scales. The long-range nature of the
Coulomb force was found to be a significant factor because it
shields the ion-neutral and neutral-neutral interaction forces.

This work concentrated on the ROCP as a reduced model
that demonstrates the relevant physics of molecular rotation
in ionized gases. However, future work will be required to
connect this to physical systems. In the ROCP, all particles are
singly ionized diatomic molecules, regardless of the density
and temperature conditions. Of course, physical systems will
commonly consist of some mixture of molecular ion species,
and atomic ion species, as well as neutral molecular and
atomic species. The relative concentrations of each will be
determined by a complex combination of reactions, such as
ionization, dissociation, recombination, and molecular bond-
ing. Exploring the influence of multiple species will be a topic
of future work.

The results presented here demonstrate that phenomena
unique to plasmas can affect bulk viscosity in a significant
manner, motivating a need for further study of how bulk
viscosity influences plasma hydrodynamics. For instance, the
hydrodynamic sound attenuation coefficient is proportional
to the kinematic longitudinal viscosity coefficient b = (%n +
ny)/p [14]. This suggests that in plasmas with n, > 7, bulk
viscosity can be the dominant effect determining the damping
rate of sound waves.

There are many other potential applications. A recent paper
on astrophysical plasmas showed that large bulk viscosity
can strongly suppress compressible modes in the turbulent
dynamo [28]. A number of studies have shown that includ-
ing bulk viscosity is necessary to agree with experimental
data for shock wave structure [16,17,67]. Emanuel and Ar-
grow showed that in dense molecular gas, shock thickness
is roughly linear with the bulk to shear ratio [15]. Since the
bulk to shear ratio of the ROCP can be thousands of times
larger than its neutral gas counterpart at the same conditions,
assuming neutral gas predictions for bulk viscosity carry over
to plasma may lead to signficant under-predictions of shock
width. Another important implication of a large bulk viscosity
is its effect on turbulence. It has been shown to increase the
decay rate of turbulent kinetic energy and render compressible
turbulence incompressible [18-20]. And for the Rayleigh-
Taylor instability, it has been shown to affect the growth of
the mixing layer and lead to a more consistent time variation
of total entropy [21]. Each of these are important phenomena
in plasmas, further motivating the need for bulk viscosity to
be studied in plasma physics.

015208-9



LEVAN, ACCIARRI, AND BAALRUD

PHYSICAL REVIEW E 110, 015208 (2024)

ACKNOWLEDGMENTS

This research was supported by the U.S. Department
of Energy under Award No. DE-SC0022201. It was also

supported by computational resources and services provided
by Advanced Research Computing (ARC), a division of In-
formation and Technology Services (ITS) at the University of
Michigan, Ann Arbor.

[1] L. D. Landau and E. M. Lifshitz, Fluid Mechanics: Landau and
Lifshitz: Course of Theoretical Physics (Elsevier, Amsterdam,
2013), Vol. 6.

[2] G. G. Stokes, On the theories of the internal friction of fluids
in motion, and of the equilibrium and motion of elastic solids,
Trans. Cambridge Philos. Soc. 8, 258 (1845).

[3] C. Truesdell and L. Rosenhead, The present status of the contro-
versy regarding the bulk viscosity of fluids, Proc. R. Soc. Lond.
A 226, 59 (1954).

[4] P. Malbrunot, A. Boyer, E. Charles, and H. Abachi, Experimen-
tal bulk viscosities of argon, krypton, and xenon near their triple
point, Phys. Rev. A 27, 1523 (1983).

[5] G. Emanuel, Bulk viscosity of a dilute polyatomic gas, Phys.
Fluids 2, 2252 (1990).

[6] M. Gad-el Hak, Questions in fluid mechanics: Stokes’ hypothe-
sis for a Newtonian, isotropic fluid, J. Fluids Eng. 117, 3 (1995).

[7] L. Tisza, Supersonic absorption and stokes’ viscosity relation,
Phys. Rev. 61, 531 (1942).

[8] G. Prangsma, A. Alberga, and J. Beenakker, Ultrasonic deter-
mination of the volume viscosity of N,, CO, CH, and CD,
between 77 and 300 K, Physica 64, 278 (1973).

[9] G.-J. Guo and Y.-G. Zhang, Equilibrium molecular dynamics
calculation of the bulk viscosity of liquid water, Mol. Phys. 99,
283 (2001).

[10] X. Pan, M. N. Shneider, and R. B. Miles, Coherent Rayleigh-
Brillouin scattering in molecular gases, Phys. Rev. A 69,
033814 (2004).

[11] M. S. Cramer, Numerical estimates for the bulk viscosity of
ideal gases, Phys. Fluids 24, 066102 (2012).

[12] B. Sharma, R. Kumar, P. Gupta, S. Pareek, and A. Singh, On
the estimation of bulk viscosity of dilute nitrogen gas using
equilibrium molecular dynamics approach, Phys. Fluids 34,
057104 (2022).

[13] B. Sharma and R. Kumar, A brief introduction to bulk viscosity
of fluids, arXiv:2303.08400.

[14] J.-P. Hansen and I. R. McDonald, Hydrodynamics and transport
coefficients, in Theory of Simple Liquids (Fourth Edition), edited
by J.-P. Hansen and I. R. McDonald (Academic Press, Oxford,
2013), pp- 311-361.

[15] G. Emanuel and B. M. Argrow, Linear dependence of the bulk
viscosity on shock wave thickness, Phys. Fluids 6, 3203 (1994).

[16] T. G. Elizarova, A. A. Khokhlov, and S. Montero, Numerical
simulation of shock wave structure in nitrogen, Phys. Fluids 19,
068102 (2007).

[17] S. Kosuge and K. Aoki, Shock-wave structure for a polyatomic
gas with large bulk viscosity, Phys. Rev. Fluids 3, 023401
(2018).

[18] S. Pan and E. Johnsen, The role of bulk viscosity on the decay
of compressible, homogeneous, isotropic turbulence, J. Fluid
Mech. 833, 717 (2017).

[19] E. Touber, Small-scale two-dimensional turbulence shaped by
bulk viscosity, J. Fluid Mech. 875, 974 (2019).

[20] S. Chen, X. Wang, J. Wang, M. Wan, H. Li, and S. Chen, Effects
of bulk viscosity on compressible homogeneous turbulence,
Phys. Fluids 31, 085115 (2019).

[21] T. K. Sengupta, A. Sengupta, N. Sharma, S. Sengupta, A.
Bhole, and K. S. Shruti, Roles of bulk viscosity on Rayleigh-
Taylor instability: Non-equilibrium thermodynamics due to
spatio-temporal pressure fronts, Phys. Fluids 28, 094102
(2016).

[22] S. Singh, M. Battiato, and R. S. Myong, Impact of bulk viscosity
on flow morphology of shock-accelerated cylindrical light bub-
ble in diatomic and polyatomic gases, Phys. Fluids 33, 066103
(2021).

[23] P. Vieillefosse and J. P. Hansen, Statistical mechanics of dense
ionized matter. V. Hydrodynamic limit and transport coeffi-
cients of the classical one-component plasma, Phys. Rev. A 12,
1106 (1975).

[24] R. E. Nettleton, Intrinsic bulk viscosity in monatomic and di-
atomic gases, J. Appl. Phys. 29, 204 (1958).

[25] B. Sharma, S. Pareek, and R. Kumar, Bulk viscosity of di-
lute monatomic gases revisited, Eur. J. Mech. B Fluids 98, 32
(2023).

[26] K. F. Herzfeld and F. O. Rice, Dispersion and absorption of high
frequency sound waves, Phys. Rev. 31, 691 (1928).

[27] V. A.Istomin and E. V. Kustova, Transport coefficients and heat
fluxes in non-equilibrium high-temperature flows with elec-
tronic excitation, Phys. Plasmas 24, 022109 (2017).

[28] J. R. Beattie, C. Federrath, N. Kriel, J. K. J. Hew, and A.
Bhattacharjee, Taking control of compressible modes: bulk vis-
cosity and the turbulent dynamo, arXiv:2312.03984.

[29] E. R. Cunha and L. A. da Silva Indcio, A theoretical study
on the bulk viscosity in a compressible flow of an electrically
conducting gas in the presence of magnetoacoustic waves, Phys.
Fluids 36, 046124 (2024).

[30] M. Baus and J.-P. Hansen, Statistical mechanics of simple
coulomb systems, Phys. Rep. 59, 1 (1980).

[31] M. S. Green, Markoff random processes and the statistical me-
chanics of time-dependent phenomena, J. Chem. Phys. 20, 1281
(1952).

[32] R. Kubo, M. Yokota, and S. Nakajima, Statistical-mechanical
theory of irreversible processes. II. response to thermal distur-
bance, J. Phys. Soc. Jpn. 12, 1203 (1957).

[33] M. D. Acciarri, C. Moore, and S. D. Baalrud, Strong coulomb
coupling influences ion and neutral temperatures in atmospheric
pressure plasmas, Plasma Sources Sci. Technol. 31, 125005
(2022).

[34] A. Lo, A. Cessou, C. Lacour, B. Lecordier, P. Boubert, D. A.
Xu, C. O. Laux, and P. Vervisch, Streamer-to-spark transition
initiated by a nanosecond overvoltage pulsed discharge in air,
Plasma Sources Sci. Technol. 26, 045012 (2017).

[35] N. Minesi, S. Stepanyan, P. Mariotto, G. D. Stancu, and C. O.
Laux, Fully ionized nanosecond discharges in air: The thermal
spark, Plasma Sources Sci. Technol. 29, 085003 (2020).

015208-10


https://doi.org/10.1098/rspa.1954.0237
https://doi.org/10.1103/PhysRevA.27.1523
https://doi.org/10.1063/1.857813
https://doi.org/10.1115/1.2816816
https://doi.org/10.1103/PhysRev.61.531
https://doi.org/10.1016/0031-8914(73)90048-7
https://doi.org/10.1080/00268970010011762
https://doi.org/10.1103/PhysRevA.69.033814
https://doi.org/10.1063/1.4729611
https://doi.org/10.1063/5.0088775
https://arxiv.org/abs/2303.08400
https://doi.org/10.1063/1.868102
https://doi.org/10.1063/1.2738606
https://doi.org/10.1103/PhysRevFluids.3.023401
https://doi.org/10.1017/jfm.2017.598
https://doi.org/10.1017/jfm.2019.531
https://doi.org/10.1063/1.5111062
https://doi.org/10.1063/1.4961688
https://doi.org/10.1063/5.0051169
https://doi.org/10.1103/PhysRevA.12.1106
https://doi.org/10.1063/1.1723068
https://doi.org/10.1016/j.euromechflu.2022.10.009
https://doi.org/10.1103/PhysRev.31.691
https://doi.org/10.1063/1.4975315
https://arxiv.org/abs/2312.03984
https://doi.org/10.1063/5.0201632
https://doi.org/10.1016/0370-1573(80)90022-8
https://doi.org/10.1063/1.1700722
https://doi.org/10.1143/JPSJ.12.1203
https://doi.org/10.1088/1361-6595/aca69c
https://doi.org/10.1088/1361-6595/aa5c78
https://doi.org/10.1088/1361-6595/ab94d3

BULK VISCOSITY OF THE RIGID ROTOR ...

PHYSICAL REVIEW E 110, 015208 (2024)

[36] R. M. van der Horst, T. Verreycken, E. M. van Veldhuizen, and
P. J. Bruggeman, Time-resolved optical emission spectroscopy
of nanosecond pulsed discharges in atmospheric-pressure N,
and N,/H,O mixtures, J. Phys. D 45, 345201 (2012).

[37] Y. Fu, J. Krek, G. M. Parsey, and J. P. Verboncoeur, Charac-
terizing the dominant ions in low-temperature argon plasmas in
the range of 1-800 Torr, Phys. Plasmas 25, 033505 (2018).

[38] T. Farouk, B. Farouk, D. Staack, A. Gutsol, and A. Fridman,
Simulation of dc atmospheric pressure argon micro glow-
discharge, Plasma Sources Sci. Technol. 15, 676 (2006).

[39] N. Balcon, G. J. M. Hagelaar, and J. P. Boeuf, Numerical model
of an argon atmospheric pressure RF discharge, IEEE Trans.
Plasma Sci. 36, 2782 (2008).

[40] J. P. Morrison, C. J. Rennick, J. S. Keller, and E. R. Grant,
Evolution from a molecular Rydberg gas to an ultracold plasma
in a seeded supersonic expansion of NO, Phys. Rev. Lett. 101,
205005 (2008).

[41] H. Sadeghi, M. Schulz-Weiling, J. P. Morrison, J. C. H. Yiu, N.
Saquet, C. J. Rennick, and E. Grant, Molecular ion—electron re-
combination in an expanding ultracold neutral plasma of NO™,
Phys. Chem. Chem. Phys. 13, 18872 (2011).

[42] H. Sadeghi, A. Kruyen, J. Hung, J. H. Gurian, J. P. Morrison,
M. Schulz-Weiling, N. Saquet, C. J. Rennick, and E. R. Grant,
Dissociation and the development of spatial correlation in
a molecular ultracold plasma, Phys. Rev. Lett. 112, 075001
(2014).

[43] S. X. Hu, B. Militzer, V. N. Goncharov, and S. Skupsky, Strong
coupling and degeneracy effects in inertial confinement fusion
implosions, Phys. Rev. Lett. 104, 235003 (2010).

[44] O. A. Hurricane, P. K. Patel, R. Betti, D. H. Froula, S. P. Regan,
S. A. Slutz, M. R. Gomez, and M. A. Sweeney, Physics princi-
ples of inertial confinement fusion and U.S. program overview,
Rev. Mod. Phys. 95, 025005 (2023).

[45] L. Mandelshtam and M. Leontovich, On the theory of sound
absorption in liquids, Zh. Eksp. Teor. Fiz. 7, 438 (1937).

[46] E. Kustova, M. Mekhonoshina, and A. Kosareva, Relax-
ation processes in carbon dioxide, Phys. Fluids 31, 046104
(2019).

[47] J. P. Hansen, Statistical mechanics of dense ionized matter. 1.
Equilibrium properties of the classical one-component plasma,
Phys. Rev. A 8, 3096 (1973).

[48] L. Hall, The origin of ultrasonic absorption in water, Phys. Rev.
73,775 (1948).

[49] B. Scheiner and S. D. Baalrud, Viscosity of the magnetized
strongly coupled one-component plasma, Phys. Rev. E 102,
063202 (2020).

[50] H. Dong, N. Su, and Q. Wang, Bulk viscosity in nuclear and
quark matter, J. Phys. G: Nucl. Part. Phys. 34, S643 (2007).

[51] R. E. Graves and B. M. Argrow, Bulk viscosity: Past to present,
J. Thermophys. Heat Transfer 13, 337 (1999).

[52] P. Thompson, Compressible-Fluid Dynamics, Advanced Engi-
neering Series (McGraw—Hill, New York, 1971).

[53] E. Kustova, M. Mekhonoshina, A. Bechina, S. Lagutin, and Y.
Voroshilova, Continuum models for bulk viscosity and relax-
ation in polyatomic gases, Fluids 8, 48 (2023).

[54] E. Nagnibeda and E. Kustova, State-to-state approach, in Non-
Equilibrium Reacting Gas Flows: Kinetic Theory of Transport
and Relaxation Processes (Springer, Berlin, 2009), pp. 35-53.

[55] T. Saigo and S. Hamaguchi, Shear viscosity of strongly coupled
Yukawa systems, Phys. Plasmas 9, 1210 (2002).

[56] Z. Donké and P. Hartmann, Shear viscosity of strongly coupled
Yukawa liquids, Phys. Rev. E 78, 026408 (2008).

[57] J. Daligault, K. O. Rasmussen, and S. D. Baalrud, Determina-
tion of the shear viscosity of the one-component plasma, Phys.
Rev. E 90, 033105 (2014).

[58] B. Sharma, R. Kumar, and S. Pareek, Bulk viscosity of dilute
gases and their mixtures, Fluids 8, 28 (2023).

[59] R. W. Hockney and J. W. Eastwood, Computer Simulation
Using Particles (CRC Press, Boca Raton, 1988).

[60] B. L. Haas, D. B. Hash, G. A. Bird, F. E. Lumpkin, III, and
H. A. Hassan, Rates of thermal relaxation in direct simulation
Monte Carlo methods, Phys. Fluids 6, 2191 (1994).

[61] P. Valentini, C. Zhang, and T. E. Schwartzentruber, Molecular
dynamics simulation of rotational relaxation in nitrogen: Impli-
cations for rotational collision number models, Phys. Fluids 24,
106101 (2012).

[62] J. LeVan, M. D. Acciarri, and S. D. Baalrud, Disorder-induced
heating in molecular atmospheric pressure plasmas, Plasma
Sources Sci. Technol. 33, 045014 (2024).

[63] J. Daligault, Diffusion in ionic mixtures across coupling
regimes, Phys. Rev. Lett. 108, 225004 (2012).

[64] S. Glasstone, K. Laidler, and H. Eyring, The Theory of Rate Pro-
cesses: The Kinetics of Chemical Reactions, Viscosity, Diffusion
and Electrochemical Phenomena, International chemical series
(McGraw-Hill, New York, 1941).

[65] J. G. Parker, Rotational and vibrational relaxation in diatomic
gases, Phys. Fluids 2, 449 (1959).

[66] S. Bastea, Viscosity and mutual diffusion in strongly asymmet-
ric binary ionic mixtures, Phys. Rev. E 71, 056405 (2005).

[67] A. Chikitkin, B. Rogov, G. Tirsky, and S. Utyuzhnikov, Ef-
fect of bulk viscosity in supersonic flow past spacecraft, Appl.
Numer. Math. 93, 47 (2015).

015208-11


https://doi.org/10.1088/0022-3727/45/34/345201
https://doi.org/10.1063/1.5020097
https://doi.org/10.1088/0963-0252/15/4/012
https://doi.org/10.1109/TPS.2008.2003135
https://doi.org/10.1103/PhysRevLett.101.205005
https://doi.org/10.1039/c1cp22624j
https://doi.org/10.1103/PhysRevLett.112.075001
https://doi.org/10.1103/PhysRevLett.104.235003
https://doi.org/10.1103/RevModPhys.95.025005
https://doi.org/10.1063/1.5093141
https://doi.org/10.1103/PhysRevA.8.3096
https://doi.org/10.1103/PhysRev.73.775
https://doi.org/10.1103/PhysRevE.102.063202
https://doi.org/10.1088/0954-3899/34/8/S63
https://doi.org/10.2514/2.6443
https://doi.org/10.3390/fluids8020048
https://doi.org/10.1063/1.1459708
https://doi.org/10.1103/PhysRevE.78.026408
https://doi.org/10.1103/PhysRevE.90.033105
https://doi.org/10.3390/fluids8010028
https://doi.org/10.1201/9780367806934
https://doi.org/10.1063/1.868221
https://doi.org/10.1063/1.4757119
https://doi.org/10.1088/1361-6595/ad3d84
https://doi.org/10.1103/PhysRevLett.108.225004
https://doi.org/10.1063/1.1724417
https://doi.org/10.1103/PhysRevE.71.056405
https://doi.org/10.1016/j.apnum.2014.01.004

