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Using Lagrangian descriptors to calculate the Maslov index of periodic orbits
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The Maslov index of a periodic orbit is an important piece in the semiclassical quantization of nonintegrable
systems, while almost all existing techniques that lead to a rigorous calculation of this index are elaborate and
mathematically demanding. In this paper, we describe a straightforward technique, for systems with two degrees
of freedom, based on the Lagrangian descriptors. Our method is illustrated by applying it to the two-dimensional

coupled quartic oscillator.
DOI: 10.1103/PhysRevE.110.014213

I. INTRODUCTION

At present, the most important theoretical result concern-
ing the semiclassical quantization of chaotic systems remains
perhaps the celebrated Gutzwiller trace formula [1]. In this
formula, the quantized density of states, which peaks sharply
at each quantized energy, is expressed as a sum over the peri-
odic orbits (POs) of the system, where the classical action in
Planck constant units S/% appears as a phase factor. Moreover,
the reflections of the PO with the potential energy boundaries
bring a phase loss that, in the case of an unstable PO, is given
by n75, where w is the so-called Maslov index of the PO.
Consequently, the calculation of these indices is a principal
step in the procedure of quantization of Gutzwiller. For a more
general scope of the Maslov index see, e.g., Ref. [2].

Notice that, although the development of standard quantum
mechanics has led to more efficient methods, semiclassical
quantization still remains a topic of interest, mainly due to
the fact that it allows us to establish a correspondence be-
tween classical and quantum mechanics. In the last few years,
many papers have been published where the semiclassical
quantization, and more specifically the quantization of POs,
is used. Thus, the quantization of POs of Gutzwiller has
been used to obtain an optimal basis set for the represen-
tation of eigenstates [3]: to calculate the level density of
the Hénon-Heiles potential in the context of the symmetry
breaking problem [4], has been extended for steady states
of nonadiabatic systems [5], to calculate different properties
in nuclear collective dynamics [6], to obtain the exceptional
points in the elliptical three-disk scatterer [7], to achieve an
alternative (continuous time) representation of quantum maps
on the torus [8], to propose an alternative approach to the
periodic orbit theory of spectral correlations [9], to unveil
the creation mechanism of Devil’s Staircase surface in the
anisotropic Kepler problem [10], to study quantum chaos in
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many-body systems [11], to develop a chaotic lattice field
theory in one dimension [12], and also to obtain the frontier of
scars determining the order-chaos transition when the Planck
constant is continuously changed [13].

It is noteworthy that in the Gutzwiller original deriva-
tion [1], the parameter u was not identified as a Maslov
index, but rather as the number of conjugate points (i.e., the
points where caustics occur) over one period of the PO. Later,
Creagh et al. [14] showed that p is an intrinsic property
of the PO, since it is independent of the coordinate system
used. Specifically, these authors demonstrated that the pa-
rameter p is determined by a winding number, namely, it is
equal to twice the number of times the stable and unstable
manifolds rotate around the PO over one period. Then, the
parameter [ is a topological invariant of the PO and can be
properly called Maslov index in the usual sense. Also, Creagh
et al. [14] showed that, in general, the Maslov index of a PO
cannot be identified with the number of caustics, since this
number is not a topological invariant of the PO which can
depend on the set of coordinates used and the starting point of
the orbit.

Moreover, the rigorous calculation of the Maslov index of
a PO is not a simple task. There are some easy but nonrigorous
methods, such as the count of the turning points in each degree
of freedom over one period, which give the correct result in
many cases but fail in others. There are also rigorous but
elaborate and mathematically demanding methods. Some time
ago, Eckhardt and Wintgen [15] developed the theoretical
result of Creagh et al. [14], obtaining computationally useful
formulas, which are based on the linearized classical mechan-
ics, to calculate the number of half-turns that the invariant
manifolds rotate around the PO. Recently, Vergel et al. [16]
showed how the conjugate points of a PO can be computed by
using the geometrodynamic approach to classical dynamics,
the number of them being equal to the value of the Maslov
index. Both methods are rigorous, albeit laborious and not
easy to implement. Now, in his paper, we propose a rigor-
ous and straightforward method to obtain, for systems with
two degrees of freedom, the number of half-turns that the
invariant manifolds rotate around the PO, hence, the Maslov
index, which is based on the calculation of the Lagrangian
descriptors (LDs) along the PO.
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In any case, it is worth mentioning the development carried
out by Robbins, one of the authors of Ref. [14], who extended
to arbitrary dimensions the results achieved in that reference,
and also obtained a rigorous yet simple method to calculate
the Maslov index as a winding number in arbitrary dimensions
(see Ref. [17] for a condensed derivation of the method, and
references therein for additional details).

The LDs are a fruitful mathematical tool to investigate
dynamical systems that has given rise to many applications in
the last 15 years. This success is largely due to the fact that the
calculation is simple and straightforward, producing a faithful
graphical representation of the invariant structures existing in
phase space. The LDs “based on the arc length measure” were
first introduced heuristically by Madrid and Mancho [18] in
the context of the theory of aperiodic dynamical systems. Al-
most immediately this tool was used in geophysical problems
concerning the study of ocean flows [19-24], and also atmo-
spheric dynamics [25-27]. Later the LDs have been used in
chemical physics problems regarding the transition state the-
ory [28-34], isomerization dynamics [35-38] (including the
reactive islands issue [39—41]), dynamical matching [42-45],
and other interesting cases on chemical reaction dynamics.
This tool has also been used to characterize regular motion
in dynamical systems [46] and to analyze chaotic billiards,
such as the Bunimovich stadium [47]. Recently the LDs
have also been applied to biomedical problems (cardiovas-
cular flows [48], circadian rhythms [49]) and space science
(asteroid dynamics [50], ballistic capture [51]). Moreover,
the original definition based on the arc length measure was
extended by Mancho and coworkers by considering different
measures [52] and also discrete-time dynamical systems, i.e.,
maps [53]. Also, a response to some criticisms [54-56] was
given in Ref. [57], where the heuristic methodology of the
previous papers was turned to rigorous mathematical proofs,
and a general definition based on the p-norm measure was
established.

The outline of the paper is as follows. Section II is de-
voted to the description of the Hamiltonian system used to
illustrate our method (Sec. IT A), as well as the calculations
to obtain the LDs (Sec. II B) and eventually the Maslov index
(Sec. II C). Section III is devoted to the joint presentation and
discussion of the results obtained by applying our method to
some selected POs of the Hamiltonian system used. Finally,
in Sec. IV, the paper is summarized and the main conclusions
are given.

II. SYSTEM DESCRIPTION AND CALCULATIONS

A. Hamiltonian system

We will illustrate the proposed method by applying it to
the two-dimensional coupled quartic oscillator with unit mass
defined by the Hamiltonian function

by Lo Bou
H=(pi+p) + 53+ 260+, ()
2 2 4

where (x,y) are Cartesian coordinates, (py, p,) their corre-
sponding conjugate momenta, and 8 > 0 is a chaos parameter.
Note that the condition 8 > 0 guarantees that the system
remains bounded. This system has been extensively used in
connection with the topic of quantum chaos, and is known to

be highly chaotic for most values of the chaos parameter and
integrable only for 8 = 1/3 and 8 = 1. In our case we have
taken B = 1/100, which is a typical value used to study the
quartic oscillator in a highly chaotic regime. In particular, this
value was used in Refs. [3,16], where the Maslov index of
several POs is rigorously calculated by counting the winding
number and by using the geometrodynamic method, respec-
tively, such that we can check our results against the values of
the Maslov index obtained in these references.

Moreover, due to the fact that the energy potential
V = x2y?/2 + B(x* + y*)/4 is a homogeneous function [i.e.,
V(ax, ay) = a"V (x, y), with homogeneity order n = 4], the
system exhibits mechanical similarity. This means that any
trajectory (x(¢), y(t), px(t), py(¢)), with energy E, scales to
another one (x'(t'), y'(t'), p.(t'), p’y(t/)), with energy E’, such
that

xX'(t) y 0 0 0 x(t)

Y1 _10 v 0 0[] ) ?)
Pt 0 0 y* ol|lpO)|

Py’ 0 0 0 y)\p

with ¢’ =ty~!, y = (E’'/E)"", and n = 4 being the order
of homogeneity. The mechanical similarity involves that the
phase space structure is the same for all energy values, it
simply scales with energy. Thus, for simplicity, we have taken
the value £ = 1 in our calculations, which is the same value
used in Refs. [3,16] mentioned above.

B. Lagrangian descriptors

In order to comply with the mathematical rigor achieved
in Ref. [57], above mentioned in Sec. I, we have used the
general definition for the LDs based on the p-norm measure
established there. In this way, for a Hamiltonian system with
N degrees of freedom, the LDs M are defined as follows

2N +7
MiGpa =Y [ lawrd. O
k=170
where ¢ = ({1, ..., &) is the vector formed by the N posi-

tion variables and their corresponding N conjugate momenta,
i.e., in our case £(¢) is the solution of Hamilton equations with
initial condition &y = ({1, - - -, {an, ), at time ¢ = 0. Observe
that LDs are a function depending on the initial condition
¢, and two fixed parameters, the exponent o € (0, 1] and the
integration time 7 € (0, +00). Notice that, in the case of an
unstable PO, backward M_ and forward M, forms in Eq. (3)
lead to obtaining the unstable and stable invariant manifolds,
respectively. The overall LDs M, as commonly used in the
literature, are given by the sum of both forms, namely, M =
M_+M,.

For the two-dimensional coupled quartic oscillator in
Eq. (1), we have N =2 and ¢ = (x,y, px, py). Additionally,
we have taken the value ¢ = 1 for the exponent, which cor-
responds to the integration of the so-called taxicab norm [58]
of the Hamiltonian flow i;(t) in Eq. (3), and the value 7 =
5.5517! for the integration time, where A is the stability
exponent of the corresponding PO. Note that the choice of
these values is heuristic, i.e., it is necessary to prove with
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different guesses until obtaining the clearest depiction of the
invariant manifolds.

In order to calculate the Maslov index of a PO, different
initial conditions ¢, = (xo, Yo, Px,»> Py,) must be taken along
the PO in configuration space, exploring the energetically
accessible momentum space at each position, as described in
the next subsection.

C. Maslov index

The proposed method to calculate the Maslov index of a
PO is based on the calculation of the number of half-turns
that the invariant manifolds rotate around the PO, while this
calculation is performed graphically by means of the LDs cal-
culated on a suitable surface of section along the PO. Since the
LDs produce a graphical representation of the invariant man-
ifolds, the PO itself being part of these invariant manifolds,
by using the surface of section described below the number
of half-turns that the invariant manifolds rotate around the PO
will correspond to the number of times the line representing
an invariant manifold and the line representing the PO cross.

Thus, for a given total energy (recall that E = 1, in our
case), we define a surface of section along the PO in config-
uration space by parametrizing the position coordinates (x, y)
on the PO by means of the normalized length of the path, Q,
such that Q = 0 corresponds to the minimum value of the x
coordinate of the PO, Q = 0.5 corresponds to the maximum
value, and Q = 1 again corresponds to the minimum value of
the x coordinate. Notice that the choice of the origin Q = 0 is
not significant. We have chosen the origin described above in
order to obtain a representation where Q = 0, 1 and Q = 0.5
correspond to the left and right, respectively, simultaneous
turning points in the case of the selected POs with simulta-
neous turning points used to illustrate the method. Note that
simultaneous turning points are those points of the trajectory
where all momentum values vanish at the same time value.
Moreover, at each position Q in configuration space, all en-
ergetically accessible momentum values will be explored by
parametrizing the momentum coordinates (p,, p,) by means
of the form

P=(—¢")lpl, 4

where ||p|| and ¢ € [¢P° — 7, $F° + 7] rad are the modulus
and angle, respectively, of the vector p = (py, py) in momen-
tum space, ¢*C being the angle corresponding to the PO for
the given position Q.

In this way, for a specified PO, the initial condi-
tion &y = (X0, Y0, Pxo» Py,) Of the LDs, Mi(&,), is given
by the parametrized position coordinates (xo, yo) = (x, y)o
and the parametrized momentum coordinates (py,, py,) =
(Px, Py)o.p»> such that the initial condition ¢,, and hence the
LDs My (&), will be a function of the parametrizing coor-
dinates (Q, P), namely M (Q, P). Last, in order to avoid a
double counting of the number of half-turns around the PO
of the associated invariant manifolds, only one of the two
(either the stable or the unstable) invariant manifolds is used
by taking either forward M, (Q, P) or backward M_(Q, P)
form.

Notice that, in the LDs of a PO calculated in this way,
the PO itself corresponds to the line P = 0. Consequently, the

(b) Pyl
0 p (anpy)Q’P
PQ
3 ¢ \ ~
7
/ PO
P=0-¢")lpl

FIG. 1. Representation in position (a) and momentum (b) space
of the parametrization variables (P, Q) defining the surface of sec-
tion used in the Maslov index calculation. The periodic orbit and
two nearby trajectories belonging to an invariant manifold are
represented by thick magenta (light) and thin blue (dark) lines,
respectively. The open circle () represents an illustrative point
(x,y, px, py) of the periodic orbit. The blue (dark) dot (e) in po-
sition space (a) and the blue (dark) circular curve in momentum
space (b) represent, respectively, the parametrization (x,y)o and
(px, Py)po- Notice that the illustrative point of the periodic orbit
corresponds to a caustic in momentum space.

number of half-turns around the PO of the represented (stable
or unstable) invariant manifold will be given by the number
of times the curve representing the invariant manifold crosses
the line P = 0. The parametrization variables (P, Q) defining
the surface of section are represented in Fig. 1. On the one
hand, we depict in Fig. 1(a) the position space representa-
tion of a PO, including two nearby trajectories belonging to
an invariant manifold. Notice that these two trajectories are
not closed, i.e., they are not POs, as it seems in the scale
of the figure, but slowly converge (diverge) to (away from)
the central PO. Observe that, as defined above, Q = 0 corre-
sponds to the minimum value of the x coordinate of the PO,
Q = 0.5 corresponds to the maximum value, and Q = 1 again
corresponds to the minimum value of the x coordinate, closing
the PO. Thus, for a given value Q, we have the corresponding
point (x, ¥)o in position space. On the other hand, we depict in
Fig. 1(b) the momentum space representation of the PO, also
including both nearby trajectories belonging to the invariant
manifold. Observe that, as described above in Eq. (4), for
the given point (x, y)o in position space, we have the corre-
sponding point in momentum space marked by the vector p
in the figure. Then, the rotation ¢ of the vector p describes
the circular curve depicted in the figure, which represents all
energetically accessible momentum values (p., p,)p o for the
given point (x, y)p in position space. Notice that the given
point of the PO selected in Fig. 1 just corresponds to a caustic
in momentum space, i.e., a half-turn of the invariant manifold
around the PO. Also, considering the definition of the vari-
ables (P, Q), the corresponding LDs M. (Q, P) will lead to a
crossing of the curve representing the invariant manifold with
the line P = 0 at the given point Q.

Moreover, as pointed out by Eckhardt and Wintgen [15]
for winding numbers calculated in configuration space rather
than in the whole phase space, in the case of self-retracing
POs (i.e., POs with simultaneous turning points) a value of
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FIG. 2. Configuration space representation of the selected peri-
odic orbits, which are referred to in the text as PO-A (a), PO-B
(b), PO-C (c), and PO-D (d). The turning points in the x coordinate
are marked with open circles () while the turning points in the
y coordinate are marked with dots (e). The graph of each periodic

orbit and the corresponding energy contour are represented by thick
magenta and thin black lines, respectively.

two, corresponding to both simultaneous turning points, must
be added in order to obtain the correct Maslov index.

III. RESULTS AND DISCUSSION

We have selected four different POs of the quartic oscillator
in Eq. (1) in order to illustrate the application of the proposed
method: the PO-A without simultaneous turning points in
(x, y) coordinates (a closed O-like graph, in the configuration
space); the PO-B with both simultaneous turning points on the
same side (an open C-like graph); the PO-C with both simulta-
neous turning points on opposite sides (an open S-like graph);
and the PO-D, which is simply a one-dimensional straight line
(an open I-like graph). The configuration space representation
of these POs is depicted in Fig. 2, where the turning points in
each coordinate have been marked. Additionally, the values of
the significant parameters related to these POs (period, stabil-
ity exponent, integration time for LDs calculation, and Maslov
index) are given in Table I. The values of the Maslov indices
given in Table I correspond to those obtained in Refs. [3,16],
where the Maslov indices were calculated using different
rigorous methods, and they also correspond to the Maslov
indices obtained using our proposed method, as will be shown
in this section. Note that, as indicated in Sec. II B for the
calculation of the LDs, the ratio of integration time to inverse
of the stability exponent is maintained at T /A~' = 5.55 in all
cases.

First, it is illustrative to apply the easy, but nonrigorous,
method to obtain the Maslov index consisting in the count
of the turning points in each degree of freedom over one

TABLE I. Values of the significant parameters related to the
selected periodic orbits depicted in Fig. 2. For each periodic orbit,
the period 7', the stability exponent A, the integration time t, and the
Maslov index p are listed.

Periodic orbit T A T I
PO-A 7.8432 0.7120 7.7949 4
PO-B 10.6899 0.6469 8.5794 6
PO-C 11.8709 0.6237 8.8985 6
PO-D 16.5837 0.1014 54.7337 16

period. We observe in Fig. 2 that, in the case of the PO-A, the
number of turning points over one period is four (two in the
x coordinate and two in the y coordinate), so that it matches
the true Maslov index. For the PO-B, the number of turning
points over one period is six (two in the x coordinate and four
in the y coordinate), so that it also matches the true Maslov
index. However, for the PO-C the number of turning points
over one period is eight (two in the x coordinate and six in the
y coordinate), which does not match the true Maslov index
being six. Last, the case of the PO-D shows a spectacular
discrepancy with the true value. Although it is an ostensibly
very simple PO, namely, a one-dimensional straight line in
the x coordinate, and hence with two turning points over one
period (two in the x coordinate and zero in the y coordinate),
the true Maslov index however is 16, so that the matching
definitely fails by far in this case.

Moreover, since the proposed method is based on the
graphical calculation of the number of half-turns that the in-
variant manifolds rotate around the PO, it can be enlightening
to depict an example of the behavior of an invariant manifold
in the vicinity of the PO (i.e., in the linear regime where the
results of Eckhardt and Wintgen [15] were obtained). Thus, in
Fig. 3 we have represented the stable invariant manifold, in the
linear regime, corresponding to the PO-A. Note that, in order
to obtain a clearer graphical representation, the actual width
of the invariant structure in the linear regime has been greatly
increased. We observe in this figure how the strip representing
the linear invariant manifold is twisted twice, so that it rotates
four half-turns around the PO, and indeed the Maslov index
of the PO-A is four.

However, as shown below, we can obtain the number of
half-turns that the invariant manifolds rotate around the PO
in a much simpler way by using the LDs. The forward form
M (Q, P) of the LDs calculated along each of the four se-
lected POs (PO-A, PO-B, PO-C, and PO-D) over one period
is depicted in Fig. 4. On the one hand, in the four cases we
observe throughout the range of the Q coordinate a horizontal
line at P = 0, which corresponds to the PO itself. Indeed, this
line is the locus where stable and unstable invariant surfaces
intersect at the origin of the tangent space of the PO. Conse-
quently, this horizontal line must evidently appear in the LDs
calculated on the surface of section described in Sec. IIC. On
the other hand, in the four cases we also observe a series of
ostensibly different lines crossing the line P = 0, which are
approximately straight in the vicinity of the crossings while
they stretch and twist as they recede from these ones. These
crossing lines correspond to the two branches of the stable
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FIG. 3. Linear stable invariant manifold corresponding to the
periodic orbit depicted in Fig. 2(a). Note that the actual linear width
around the periodic orbit is greatly increased. The periodic orbit is
represented by a thick magenta line.

invariant manifold, hence they are not different lines but a
single line which is given by the intersection of the sta-
ble invariant manifold and the surface of section defined in
Sec. II C. The aforementioned stretching and twisting, result-
ing from the chaotic character of the quartic oscillator system,
hinder the visualization of this geometric object as a single
line. Note that, since the value P = 0 corresponds to the mo-
mentum of the PO, at each crossing point the corresponding
branch of the invariant manifold coincides with the PO, i.e., it
determines a turn of the branch around the PO. Therefore, by
counting the successive crossing points we are counting the
alternating turns of each branch, namely, we are counting the
number of half-turns that the stable invariant manifold rotates
around the PO over one period. In this way, denoting the
number of crossing points of the invariant manifold with the
line P =0 by Ny, and the number of simultaneous turning
points ' by Ny, the Maslov index is obtained as jt = N¢p + Nip
for the selected POs. For the PO-A, as shown in Fig. 4(a), we
obtain N, = 4 and, since the graph of PO-A is closed, we
have N, = 0, hence its Maslov index is u =4 + 0 = 4. For
the PO-B, we obtain from Fig. 4(b) the value N, =4 and,
the graph of PO-B being open, we have Ny, = 2, resulting in a
Maslov index = 4 4 2 = 6. The case of the PO-C, although
some characteristics as the number of turning points in each
degree of freedom are not the same, is similar to the PO-B.

'Note that, regarding the configuration space representation, it
holds Ny, = 0 for POs with closed graphs and Ny, = 2 for POs with
open graphs.

Thus, for the PO-C we obtain from Fig. 4(c) the value N, = 4
and, the graph of PO-C being also open, we have Ny = 2,
resulting in the same Maslov index u =4 4 2 = 6. Last, the
case of the PO-D is the most interesting one, since in this
case, a PO with a very simple graph leads to a high value of
the Maslov index. Additionally, the PO-D presents a crossing
just before each turning point, which can go unnoticed if
an adequate resolution is not used in the depiction of the
LDs. Thus, we would obtain from Fig. 4(d) the wrong value
N¢p = 12 for the number of crossings. However, following
the behavior of the different crossing lines, we observe a last
line which seems to cross the line P = 0 just before each turn-
ing point. Indeed, the magnification depicted in Fig. 5 shows
how this last line actually crosses the line P = 0 just before
the turning point at @ = 0.5. Obviously, due to the symmetry
of the LDs, a magnification around the value Q = 1 will give
an identical figure. Consequently, for the PO-D we obtain the
value N, = 14 and, the graph of PO-D being open, we have
Ny = 2, resulting in the Maslov index pu = 14 + 2 = 16.

Notice that the values obtained by means of the proposed
method for the Maslov index of the selected POs are the same
as the values obtained in Ref. [3], where the Maslov index was
calculated by directly counting the winding number, and also
in Ref. [16], where the Maslov index was calculated by using
the geometrodynamic method.

Last, it should be noted that although we have applied the
proposed method to a system in a highly chaotic regime, it
is applicable without changes to systems in a mixed chaos
regime, where regular and chaotic regions coexist in the phase
space. Indeed, the method focus on the immediate vicinity of
the PO, i.e., the tangent space where the linear approximation
is available, and consequently the surrounding regions beyond
the tangent space, does not affect our results.

IV. SUMMARY AND CONCLUSIONS

The Maslov index of a PO is an important piece in
the semiclassical quantization of nonintegrable systems de-
veloped by Gutzwiller, since it determines the phase loss
corresponding to the PO in the Gutzwiller trace formula [1].
However, almost all existing techniques leading to a rigorous
calculation of these indices are elaborate and mathematically
demanding. That being the case, we have developed an easy
but rigorous and straightforward technique based on the cal-
culation along the corresponding PO of the LDs, which are
a fruitful mathematical tool to investigate dynamical systems
that have given rise to many applications in the last years.

On the one hand, the proposed method to calculate the
Maslov index of a PO is based on the calculation of the
number of half-turns that the invariant manifolds rotate around
the PO, and therefore it is a rigorous method supported on the
findings of Creagh et al. [14], previously mentioned in Sec. I.
On the other hand, the calculation of the number of half-turns
is graphically performed by means of the depiction of the LDs
calculated on a suitable surface of section along the PO, and
therefore the method is straightforward as is the calculation of
the LDs.

Additionally, the proposed method has been applied to four
different POs of the two-dimensional coupled quartic oscil-
lator, and the obtained results have been positively checked
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FIG. 4. Color scale representation of the forward form M (Q, P) of the Lagrangian descriptors calculated along the selected periodic orbits
depicted in Fig. 2 over one period. Colorless white area represents the energetically inaccessible region. The crossings of the stable invariant

manifold with the line P = 0 are marked with white open circles (O).

against the values obtained in the literature using different
rigorous techniques [3,16].

0.8

0.47 0.5 0.53
Q

FIG. 5. Magnification of Fig. 4(d) around the turning point at
0 = 0.5. Observe, just before the turning point, the existence of
an additional crossing of the stable invariant manifold with the line
P=0.

Concerning limitations, we would note that our method is
restricted to systems with two degrees of freedom, such that
an extension to higher dimensions would be a desirable further
development. However, the way to achieve this extension is
not clear.

On the one hand, the Maslov index of a PO is determined
by a winding number, namely, the number of times the in-
variant manifolds turn around the PO over one period. But
in the general case these turns can be negative or positive
(clockwise or counterclockwise), such that a negative turn
cancels a positive one in the total count over one period. The
method we propose in principle only detects each half-turn
when the invariant manifold crosses the line P = 0, the direc-
tion of rotation remaining undefined. However, we think that a
change in the direction of rotation could induce a recognizable
pattern in the graphical representation of the LDs, such as
identifying this pattern, the correct winding number would be
obtained.

On the other hand, for higher dimensions, we cannot a
priori reduce the momentum space to only one parameter P in
order to define the surface of section (Q, P) for the calculation
of the LDs. To address this problem, we think that the sys-
tematic study of the LDs calculated on the different surfaces
of section (Q, pi) for each momentum coordinate p; could
shed light on the problem, although the resulting method may
not be as simple as in the case of two degrees of freedom.
A different way would be to find, if it exists, a distinguished
parameter P which characterizes the momentum space, per-
haps as some kind of average, such that the LDs calculated on
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the corresponding surface of section (Q, P) give the winding
number in the same fashion as in the two degrees-of-freedom
case. In this way the resulting method would be as simple as
the method proposed in this paper for two degrees of freedom.
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