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Microscopic inclusion statistics in a discrete one-body spectrum
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We present the microscopic formulation of inclusion statistics, a counterpoint to exclusion statistics in which
particles tend to coalesce more than ordinary bosons. We derive the microscopic occupation multiplicities of
one-body quantum states and show that they factorize into a product of clusters of neighboring occupied states
with enhanced statistical weights. Applying this statistics to a one-dimensional gas of particles in a harmonic
well leads to a Calogero-like n-body inclusion spectrum with interesting physical properties.

DOI: 10.1103/PhysRevE.110.014140

I. INTRODUCTION

Quantum statistics deviating from Bose-Einstein and
Fermi-Dirac statistics have been a part of physics for over 70
years. Parastatistics, originally devised to explain the prop-
erties of quarks, followed by anyon statistics [1-3], as a
theoretical possibility in two dimensions, non-Abelian statis-
tics in systems with degenerate ground states, and exclusion
statistics [4—6] as effective descriptions of some interacting
systems, are examples of such generalizations.

In all the above variants of statistics, bosons remain the
most “gregarious” type, and the only ones undergoing Bose-
Einstein condensation at sufficiently low temperatures. In a
recent development [7] we generalized the notion of statistics
to inclusion statistics, which extends the statistical spectrum
beyond bosons and enhances the particles’ property to coa-
lesce. The qualitatively new feature of inclusion particles is
that they can condense in one space dimension lower than
ordinary bosons, opening the possibility for condensation in
planar systems. As such, their properties and possible experi-
mental realization are matters of physical interest.

Most types of statistics have a microscopic formulation
in terms of individual particles. In a previous work [8] we
gave a microscopic formulation of exclusion statistics for
an integer statistics parameter in a nondegenerate discrete
one-body spectrum and studied its combinatorial properties.
In the present work we extend this formulation to inclusion
statistics and study its relation to exclusion statistics, via a
duality relation generalizing the well-known Bose-Fermi cor-
respondence. The concept of statistical clusters of particles
occupying nearby states with nontrivial multiplicities provid-
ing the basic building blocks for inclusion statistics emerges
in this analysis. Various alternative definitions of inclusion
statistics, irrelevant in the thermodynamic limit where the
number of one-body quantum states diverges and the energy
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spectrum effectively becomes continuous, become relevant at
the microscopic level.

The paper is organized as follows: in Secs. II and III we
review the concepts of exclusion and inclusion statistics in the
thermodynamic limit and their duality. In Sec. IV we review
the microscopic formulation of exclusion statistics, and in
Sec. V we define the microscopic formulation of inclusion
statistics for particles on a lineal one-body spectrum (with
states ordered on a line) and derive its combinatorial proper-
ties. In Sec. VI we present realization of inclusion statistics in
a harmonic spectrum and relate it to a Calogero-like model. In
Sec. VII we conclude with some speculations and connections
with other combinatorial topics. Technical issues such as the
formulation of microscopic inclusion statistics on a periodic
one-body spectrum (i.e., with one-body quantum states on a
circle), the derivation of some mathematical results, and the
recovery of the free space limit from a weak potential trap,
are presented in the Appendix.

1. g EXCLUSION

It has been known since the nineties [9-12], from the
study of quantum systems such as the lowest Landau level
anyon model or the Calogero model, that thermodynami-
cal equations can be obtained for particles with generalized
statistics described by a statistical parameter g interpolat-
ing between the standard g =0 Bose-Einstein and g =1
Fermi-Dirac statistics. The key information for these g statis-
tics is contained in the n-body cluster coefficients c; ,(g);
specifically,

In Zg = Z Ck,n(g)zns

n=1

where Z, =" Z,7" is the grand partition function for par-
ticles with statistical parameter g in k degenerate one-body
quantum states (here taken for convenience at zero energy)
and z = eP* is the fugacity. In the thermodynamic limit
k — oo, which is essentially a large-volume limit, the grand
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potential In Z, scales as k,

oo [e.¢]
InZe =Y cn(@ 2 kY calg)d" (1)
n=1 n=1
This defines effective single-level cluster coefficients c,(g)
and an effective single-level grand partition function y for g
statistics,

> el =1ny. 2)
n=I

As derived in the context of the lowest Landau level (LLL)
anyon model [10], or from combinatorial considerations for
exclusion statistics [12], the single-level cluster coefficients
are

n—1 . gn
L ) =L ) 3)

n 1 n
i=1 &

ci(g) =

and the single-level grand partition function y satisfies the
equation

Y-yl =z 4)

Details of the derivation of (3) and (4) are given in
Refs. [10,12], and Appendix (A 3) gives a first-principles,
microscopic derivation of (4).

A natural step is to forget about the specific models that
led to these statistics and adopt (1)—(4) as the definition of
g statistics in a degenerate spectrum for a general statistical
parameter g > 0. For g > 1 one speaks of exclusion statistics,
which can also be obtained from an ad hoc Hilbert space
counting argument a la Haldane [4], where each particle ex-
cludes g states from being occupied by other particles. This
counting is in general ill-defined for fractional g because it
can lead to a fractional or even negative number of states
and is thus only an effective description of the system in the
thermodynamic limit. However, it becomes well defined for
integer values of g.

From now on we focus on integer values of g, which al-
lows for a well-defined microscopic formulation of exclusion
statistics. In this case, (4) has g generally complex solutions

j@i-br 1

yi=e€ &l z&l 4o

yi=1l4z4---, i=2,...,8

of which y is the physical one as defined in (2) and (3), mean-
ing that it is real, equal to one when z = 0, and increasing with
z > 0. For example, for g = 2,

1
y1=§(1+v1+4z)=1+z-|--'-,

1
y2=§(1—v1+4z)=—z+--~,

while for g = 3,

1 2. farcsin(1l +27z/2) 27

yi= = — =sin —i— 5)
3 3 3 3

fori =1, 2, 3 (note that y, =yj for z > 0). The large-k thermo-

dynamic degenerate grand partition function, which from (1)

and (2) rewrites as

2=, (©6)

can be modified to a form that leads to a valid microscopic in-
terpretation for finite &, as explained in detail in the Appendix,
namely,

B Z Yt [<k+§>/g] k+ (1 —g)n— ]!
CZgi—gtl ~ nllk—(n—1)g— 1]v
@)

In (7) the summation over # is truncated at [(k + g — 1)/g], as
is natural for g exclusion in a spectrum on the line in which
[(k + g — 1)/g] particles exclude all states for additional par-
ticles. Moreover, the degeneracy factor at order z”, i.e., the
n-body partition function

g k(=g ®
nllk—(m—1)g—1]!

indeed counts the number of ways to put n particles in k slots
on a line with at least g — 1 unoccupied slots between two
occupied slots, a hallmark of g-exclusion statistics for a lineal
one-body spectrum. This lineal counting coincides with the
original Hilbert space Haldane counting [4,11].

Note that yf for i=2, ..,g scale as S A
e Prk/(e=D "and thus these terms in (7) make nonperturbative
in 1/k contributions, while the extra factor with respect to y’f
in the term i = 1 makes perturbative in 1/k contributions, all
becoming irrelevant in the k — oo limit. Therefore, the grand
partition function (7) differs from its thermodynamic limit (6)
by both perturbative and nonperturbative in 1/k terms (the
corrections start at order z2). This is already explicitly visible
for g = 2 statistics:

k+2 k+2
i —»

J1+4z

where the term y1§+2 produces nonperturbative corrections,
but the additional factor y?/+/1 + 4z in y¥ produces terms of
order k°, down by a factor 1/k compared with the thermody-
namic result (6). Extending the n-summation in (7) to infinity,
including the unphysical values n > [(k+ g — 1)/g], leads
to (9) with the term ykJr2 absent, still introducing perturbative
corrections compared with (6).

We further note that there exists yet another form of g
exclusion which also admits a valid microscopic interpretation
(see again the Appendix for details), namely,

2z, = C))

S klk+ (1 —gn—11!
Z Z nt—ngr o 10

which now corresponds to exclusion on a periodic sequence
of one-body states (where one-body states are positioned on
a circle), involving a periodic version of the lineal exclusion
spectrum above (we elaborate later on physical instances of
periodic spectra). Indeed, the summation over n in (10) is
truncated at [k/g], as is natural for g exclusion in a periodic
spectrum in which [k/g] particles exclude all states for addi-
tional particles. The degeneracy factor Z, at order 7", i.e., the
n-body partition function

klk+ (1 —gn—1]!

STy (an

014140-2



MICROSCOPIC INCLUSION STATISTICS IN A ...

PHYSICAL REVIEW E 110, 014140 (2024)

counts the number of ways to put n particles in k slots on
a circle with at least g — 1 unoccupied slots between two
occupied slots, a hallmark of g-exclusion statistics for a one-
body periodic spectrum. The terms i > 1 in (10) make again
nonperturbative in 1/k contributions, but the term i =1 is
identical to the thermodynamic limit (6). Therefore, the ex-
pansion in powers of z of (10) is identical to that of (6),
but the summation over 7 in the latter unphysically extends
beyond [k/g] all the way to infinity, making a nonperturbative
contribution. This is to be contrasted to the lineal case (7)
where both nonperturbative and perturbative corrections ap-
pear. In this sense, the periodic formulation is closer to the
thermodynamic limit than the lineal formulation.

We conclude by pointing out that in the thermodynamic
limit, the thermodynamics of g-exclusion particles in an arbi-
trary discrete one-body spectrum €;, i = 1,2, ..., k, k — 00,
and corresponding density of states p(€), can be inferred from
the physical solution y; of (4) as

InZ, = Zlnyl(ze*fkf) — [dep(e)lnyl(ze*ﬁf). (12)

The general cluster coefficients, in particular, are obtained
by deforming the degenerate cluster coefficients ci ,(g) =
k c,(g) appearing in the right-hand side (RHS) of (1) to

@@ Y = ap) [ deptere(13)

Note that the sum (or integral) in (13) is simply the one-
body partition function in the spectrum ¢; with temperature
parameter nf. This would also arise from a path-integral rep-
resentation [12], where this term is the connected n-body path
integral consisting of a single path winding » times in periodic
Euclidean time, and statistics enters through the coefficients
cn(g). We stress that relations (12) and (13) hold in general,
for any statistics that can be described in terms of an effective
single-level grand partition function and the associated cluster
coefficients.

II1. g-EXCLUSION — (1—g)-INCLUSION
THERMODYNAMICS

‘We now turn to inclusion statistics, which we wish to define
by equations (1)—(4), as for exclusion statistics, but now with
a negative exclusion parameter. To do so, we remark [7] that
turning g — 1 — g in (3) yields

en(l—g) = (=1)"'cu(g),

which implies for the cluster expansion (2)

Inyz, 1—g) =) el —g)2"
n=1

oo
=Y (1" le(@)7" = —Iny(z9),
n=1
where now we denote by y(z, g) the physical single-level g-
exclusion grand partition function satisfying (4). Therefore,

¥z, 1—-g) = (14)

y(=2z,8)’

which provides a duality relation between g > 1 exclusion
statistics and 1 — g < 0 inclusion statistics. This relation can
also be directly derived by rewriting (4) as

1 1-g 1 (1-g)—1
(y(z, g)) B (y(z,g)> -

leading again to (14). For integer g > 0, (4) withg —> 1 — g
also has g solutions. The physical inclusion solution y;(z, 1 —
g =1+z+---=1/y(—z, g) is recovered from the corre-
sponding physical exclusion solution y;(z, g).

For g=1—1—g=0, i.e., Fermi — Bose, the duality
reduces to

1
z,0) = = . 15
=T = ()
For g = 2 exclusion, and therefore 1 — g = —1 inclusion, the
two dual solutions are
1 —+1—4z
yilz, =1) = = ,
yi(—=z,2) 2z
1 1+4/1—-4z
yZ(Z7 _l) = = .
¥2(=2z,2) 2z

We note that z is bounded by 1/4 and 1 < y; < 2. Similarly,
for general (1 — g)-inclusion the bounds become [7]

— 1)1

< % t<n< £
The upper bounds for z, and especially for y;, which occur
only for inclusion statistics when 1 — g < 0, are at the root
of the enhanced condensation properties of inclusion particles
and the reduction in the space dimension where condensation
occurs [note that in (15), i.e., the Fermig=1 — Bose 1 —
g = 0 case, z < 1, but y; is unrestricted].

To summarize, the duality transformation g— 1 —g
amounts to y — 1/y and z — —z, and thus, in view of (6),
to

0<z

1
Z(—2)
For a general nondegenerate spectrum, the grand partition

function in the thermodynamic limit is the product of effective
single-level partition functions, as in (12), and thus again

21 4@ =[]y 1-9)

1

Z14(2) =

1
=11 = . (16)
Jy(mzefa g) Z(—2)
We stress that the (1 — g)-inclusion thermodynamic rela-
tions (12) and (13) still hold, but now in terms of the physical
solution y(ze %€, 1 —g) and the cluster coefficients c,(1 — g).

IV. MICROSCOPIC EXCLUSION STATISTICS FOR A
NONDEGENERATE 1-BODY SPECTRUM

From here on we focus on a discrete, nondegenerate lin-
eal one-body spectrum €, €;, ..., €, where the number of
quantum states k can be finite or infinite. Here i =1, ...,k
is a principal quantum number on which the energy depends,
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and states with neighboring i are considered “close” to each
other in the Hilbert space of the particle. The energy €; can
be an arbitrary function of i, not necessarily increasing. The
definition of g-exclusion statistics for such a spectrum in terms

J

=~
|
K
T
o0
Ko
»

ki=1 ky kn=1

where we defined the “spectral function” s(i) = exp(—B¢;). In the degenerate case at zero energy, namely, s(1) = - - -

it is easy to see that Z, reduces to the lineal counting (8).

of occupation numbers amounts to imposing the constraint
that individual particles are at least g levels apart (according
to their ordering in terms of i). As a consequence, the n-body
partition function'Z, of particles with g exclusion has the form

From the Z, in (17) we obtain the g-exclusion grand partition function [8]

o0
n
=Y (=2
n=1 Iyl
g composition of n

o
Z, = ZZ,,z" = exp
n=0

where the ¢,(I1, [, . .., [;) in the cluster expansion are known
combinatorial factors [13], and the summation is over g com-
positions, which are partitions where the ordering does matter
and with up to g — 1 consecutive zero values for /; allowed.
From (18) one can in turn obtain the single-level grand par-
tition function y(z, g) for g-exclusion statistics in a discrete
one-body spectrum (for details on the microscopic g-exclusion
statistics, see Ref. [8]).

As advocated in Refs. [8,13], all the above information
can be conveniently encapsulated in a (k+g— 1)-dimensional
exclusion matrix with a unit upper-diagonal and g — 1 empty
subdiagonals between it and a nonzero subdiagonal of spectral
functions. For example, for g = 3,

0 1 0o o0 0 0 0
0 0 1 0 0 0 0
—s(1) 0 0 1 0 0 0
0 —-s2) 0 0 0 0 0
Hy = |- a9
0 0 o o0 -- 0 1 0
0 0 o o0 -- 0 0 1
0 0 0 o0 —stk) 0 O
Its secular determinant det(1 — z!/ ¢H,) takes the form
[(k+g—1)/g]
det(1 —z'/¢H,) = (20)

Z 77" = Z,,
n=0

where Z, are the n-body partition functions (17), and thus it
is the grand partition function Z, of a gas of particles with g
exclusion in the one-body lineal spectrum €1, €, .. ., €.

!For simplicity, above and in the rest of the paper we keep the same
notation for the grand partition functions Z, and Z,_,, the ensuing
n-body partition functions Z,, the related exclusion matrices, etc.,
irrespective of the one-body spectrum being degenerate or nonde-
generate.

Z Zs(k1+gn—g>~--s<kn4+g>s(kn), (17)
=sk)=1,

k—j+1
> b ... S+ =150+ Ds" () |, (18)

)Y
i=1

We conclude by mentioning that a similar definition for
microscopic exclusion statistics is also available for a peri-
odic spectrum, in which one-body states are positioned on a
circle and €, and €; are neighbors, reproducing the periodic
counting (11) in the degenerate case (see the Appendix for
details). Physical situations in which i is a periodic variable
(and thus ¢; is a periodic function of i with €, = €;) arise,
e.g., in the band structure of solids with i playing the role
of Bloch momentum, periodic in the band and discretized at
finite volume. In the rest of the paper we focus on the case of
a lineal one-body spectrum, relegating the case of a periodic
one-body spectrum, in which some additional subtleties arise,
to the Appendix.

V. MICROSCOPIC INCLUSION STATISTICS FOR A
NONDEGENERATE ONE-BODY SPECTRUM

For inclusion statistics we do not have an a priori mi-
croscopic definition, such as the “minimal distance g’ rule
between filled levels in exclusion statistics. We have to devise
such a formulation on the basis of some assumptions and give
its combinatorial interpretation. The requirements are that
it must involve non-negative integer multiplicities of micro-
scopic states, and must also lead to the proper thermodynamic
limit of Sec. III for a degenerate spectrum when the number
of one-body quantum states k becomes infinite.

Denoting by n; the occupation number of ¢; (i.e., the num-
ber of particles occupying the energy level ¢;), we recall that,
for noninteracting particles, the n-body energy is expressed
as the simple sum E, = Y% me; with n.= Y% n;. In the
Bose and Fermi cases, where the occupation numbers »n; are
independent of each other and the multiplicity of a n-body
state with a given ny, ny, ..., n; is trivially equal to one, the
grand partition function

Z e PEn — Z (ze~ ﬂé])nu ._,(Ze—ﬂfk)nk

n=0,E, Nl

— Z(Ze—ﬁel yu .. Z(Ze—ﬂq ¥
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rewrites in the Bose case, where n; =0, 1, ..., 00, as
z 1 1
T M —ze el T e b

and in the Fermi case, where n; = 0, 1, as
Zi=(1+ze ) (142279,

so that the standard microscopic Fermi-Bose correspondence

Z0(z) =

Z1(—2) |

appears here as the g = 1 — 1 — g = 0 particular case of the
thermodynamic duality (16).

To derive a microscopic definition of inclusion statistics,
we postulate that (16) is also valid for the microscopic grand
partition functions. This implies, in terms of the inverse of the
secular determinant

1
Z(—z)  det(l —z!/3H,) ’

I—>—z

Z14(2) =

which obviously has the appropriate thermodynamic limit.
(See Ref. [14] for studies of the inverse of characteristic
polynomials of matrices from a combinatorial perspective.)
For g = 2, i.e., inclusion 1 — g = —1, this yields

2= 3 @y (") ey () () sk,
ny n

n
Niyeen, 10 =0 1

nj

k—1

na

Z,= (as(D)" ("‘ T ”3> (252" (nz + 13+ n4>
ny,...,ng=0

.....

Np—p + Mgy + Ny
X oo X
Ng—2

etc. This leads to nontrivial inclusion multiplicities m_g(ny, ..

g=2—>1—g= —1theyare

m_i(ng,...,ng) =(

n

., i) for states of given occupation numbers ny, ..

) (nz + n3> (”lk—l + nk)
n mer )

ny +ny

)(Zs(k _ 1))nk71 (nk—nl + nk)(ZS(k))nk,

., ny: for

These multiplicities indeed satisfy the criterium to be integer and non-negative, and we can check that, in the degenerate case,
they indeed reproduce the inverse of 2, in (9) with z — —z, leading to the identity

o
1—4z
Z = m_y(ny, ..., m)Z" et = . 21
Z:o W (=2.2) =5 (-2.2)
For g =3 — 1 — g = —2 inclusion the multiplicities are

m_o(n ) = n+ny+n3\(ny+nz+ny Mgy + 1+ me\ (M1 + me
R m ny ng—2 Ng—1 ’

with 2, =3 _sm_a(n, ..., m)zZ" T+ % the cor-
responding degenerate grand partition function obtained by
inverting (7) in the case g = 3 and trading z - —z.

Generalizing the multiplicities to (1 — g) inclusion is
straightforward. The (1 — g)-inclusion grand partition func-
tion follows as

o0

2= Z mi—g(ny, ..., m)(zs(1)" (zs(2))" - - - (zs(k))™.

The resulting multiplicities admit the interpretation of the
product of multiplicities of clusters of g adjacent states, with
the particles in each cluster considered as distinguishable, di-
vided by the corresponding multiplicities of overlaps between
clusters. Defining the shorthand notation

li, j] := <n,~ + i1+ +”-f),

ni,Niy1,...,N;

(

the multiplicities for k > g are

my_.(n ) = (1,gl2, g4+ 11---[k+1—g k]
1—g(ny, oo, my T 2,883, g+1] - [k+1—gk—1]

while for k < g there is a single cluster, and the multiplicity
reduces to

[1,k]=<”‘+”2+"'+"k>,
ny, Ny, ..., Nk

as for distinguishable particles. Its generating function simpli-
fies to

[ee]

S LK s - sk

1
Tl —z(s(1) + -+ s(k))
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The above multiplicities generalize the Bose and Fermi
multiplicities, trivially equal to one (or zero in the Fermi
case if any n; > 1), by enhancing the weights of neighboring
clusters of occupied one-body levels. This enhancement is the
counterpart of the dilution of particles in exclusion statistics
and a hallmark of inclusion statistics.

Note, finally, that the (1 — g)-inclusion n-body partition
functions follow from Z;_, as

oo

Z, = Z mi_g(ng, ...,

Ny, k=0, ny+--+ng=n

n) s(1)"s(2)? - - - s(k)™.

They are the g — 1 — g counterpart of the g-exclusion n-
body partition functions (17) yielding a (1-g) inclusion n-body
spectrum for particles on levels €;,i = 1,2, ..., k with occu-
pancy n; and overall degeneracy m_g(ni, ..., ng).

VI. INCLUSION STATISTICS IN A HARMONIC WELL

As a concrete example let us consider particles with
g statistics in a one-dimensional harmonic well, populat-
ing the equidistant one-body spectrum ¢€; = (i — Do, i =
1,2,...,00, with spectral function s(i) = x"~! (we denote
x = e P*). Since there is no upper bound in the energy, this
corresponds to a semi-infinite spectrum where k = co

A. g exclusion

For g > 0, as is well known [9,10], g-exclusion statistics is
realized by the n- body Calogero Hamiltonian [15]

== Z Z(i(g__xl))2 ZZX“ @

with the n-body spectrum

N
N

) 0<h <1
2 5 Xl x 2

" nwn
E,1=w<zzi+g (
i=1

(we eliminated the trivial zero-point energy per particle w/2
to make the spectrum conform with the convention ¢; =
(i—Dw,i=1,2,...,00). This can be rewritten in terms of
the quasi-excitation numbers I/ = [; + g(i — 1) as

n
E,=0) I, 0<[<l,—g... 0<I <oo,
(24
where the [/ are indeed separated by at least g — 1 energy
quanta, which is nothing but g exclusion. From this n-body
spectrum we get the partition function Z,

Z, = xsnn=Dr2 3 Py

0l <L <p<o0

= E xz: 1 l:/

0<U/ <1}y, 801 <00

n 1
= xR T (25)
j=1

—x/

We stress here that the n-body partition function obtained
above from the n-body Calogero spectrum could as well be
derived from the very definition of g-exclusion statistics by
means of the Z, given in (17), in this case for the spectral
function s(i) = x'~! and the number of one-body quantum
states k — oo. This reconfirms that the n-body Calogero
Hamiltonian (22) is a microscopic dynamical realization of
g-exclusion statistics. Likewise, from (18) we obtain the g-
exclusion grand partition function and cluster expansion for a
one-body harmonic spectrum [8]

1) x X i | (26)

Cg(ll, lz, .

oo [o¢] (—2)"
J— n __ — .
Ze=) Zit=ew|=) 15 D
n=0 n=1 Il
g-composition of n
We note that the Hamiltonian (22) is invariant under the mapping g — 1 — g. However, the spectrum (23) is not, since
it depends linearly on g. The Hermiticity properties of the Hamiltonian (22) restrict the allowed wave functions and impose
choosing the greater of g, 1 —g in (23), leading naturally to exclusion statistics. This is also an early indication that the transition
to inclusion statistics will not be trivially obtained by simply trading g— 1 —g in (23).

B. (1—g) inclusion

To reach (1— g)-inclusion statistics we use the duality relation (16), inverting the grand partition function Z, and turning
7z — —z, or equivalently multiplying the nth order cluster coefficient by (—1)"~!. This amounts to considering the cluster
expansion (26) with the minus signs removed, namely,

o n

Zi_g = exp Zlix" Z cg(ll,lz,...

n=1 Ipdy sl
g-composition of n

’ lj) ot (=1
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which in turn can be expanded in z leading to the (1 — g)-
inclusion n-body partition function?

7, = x{I-gmon=1y2 Xl

(@)= D)<l<ig 1,0, (= D (1= 1)<y <00

_ Z ximt b 27)

0<U<l,  —(1=8),....0<l, <00

n

where Il =1+ (1 —g)(i—1) are a new set of quasi-
excitation numbers. One can check that the (1 — g)-inclusion
partition functions (27) are indeed identical to those derived
from the inclusion occupation multiplicities introduced in
Sec. (V). For example, the g=2 — 1 — g = —1 inclusion
two-body and three-body partition functions are from (27)
1+ 2x —x3 —2x* +x°
S A= =) =)
(28)
In the two-body case, the multiplicities are two for adjacent

particles (n; = n;1; = 1) and one for all other configurations.
This yields the two-body partition function

- 2% 2, .3 1 1
Zx (1+2x+x +x —i—-~-):—2 — +x,
P I —x*\1—x

_ 4+ x—x2
(1= —x2)’

2 3

which is identical to Z, in (28). Similarly, in the three-body
case one obtains starting from the configurations with at least
one particle populating the one-body ground state, then no
particle in the ground state but at least one populating the
first-excited state, etc., and plugging the relevant multiplicities

o0
Zx3k(1 + 3x 4 4x% + 5 4+ 4x* + 5x° + 5x° + 617
k=0

+6x% + 727 + 710 ),

which reproduces Z3 in (28).

Note that the two-body and three-body partition func-
tions (28) become the bosonic ones when one replaces their
numerators by one. The polynomials in the numerators, then,
account for the additional degeneracies introduced by inclu-
sion statistics. This is entirely general: the n-body partition
function for (1 — g)-inclusion is given by

Py n(x)
[T} A —x9)

where P, ,(x) is a polynomial of degree gn(n — 1)/2 that
satisfies P, ,(0) = P, ,(1) = 1. The relation P, ,(0) =1 ex-
presses the nondegenerate nature of the ground state, while
P, ,(1) =1 arises from the classical thermodynamic limit:
for x > 1 (w — 0) the n-body partition function becomes
independent of statistics, and thus P, ,(1) for inclusion and

Z, =

21t rewrites equivalently as
Z, = izt li
—(g=D([(n=1)/2= (= DI<i<lig 1. (= D(—=1)/2< <00

— yUU=n=1)/2 Z

(= D(n=1)/2< <l 1 4(g=1)suens (g=1)(n—1)/2< <00

xXimh,

the corresponding factor x¢""=1/2 in (25) for exclusion, must
become one. The qualitative difference between Py, (x) and
x#"=1/2 demonstrates again the nontrivial nature of the tran-
sition from g-exclusion to (1 —g) inclusion.

The harmonic trap potential serves as a “box” confin-
ing the particles. Reducing its strength enlarges the box and
amounts to increasing the one-dimensional volume. There-
fore, the thermodynamic limit x — 1 (8w — 0) at constant
chemical potential is related to the infinite volume limit, and
we can apply the results of Ref. [7] to recover the thermo-
dynamic properties of the system. The one-body spectrum
becomes dense in this limit, with a constant density of states
p(e) = 1/w typical of a free two-dimensional system, and
therefore corresponds to the two-dimensional case in Ref. [7]
upon identifying the volume (area) with h2/(2mmw) (see the
Appendix for details). This leads to the result that a gas of
particles in a harmonic trap undergoes condensation for any
inclusion 1 —g < 0 at critical temperature

=N (29)
kB In g—_l

with N being the number of particles and k, Boltzmann’s

constant. This is to be contrasted to bosons, which do not con-

dense in a one-dimensional harmonic trap potential (whereas

they do condense in a two-dimensional harmonic trap poten-

tial).

It should be stressed that the @ — 0 limit is distinct from
the infinite-volume limit in free space, which leads to the
density of states p(e) ~ €~!/2. The free infinite-volume limit
can nevertheless be recovered from the @ — 0 limit by scaling
z such that the particle density around the origin remains finite
and extracting the corresponding part of the (extensive) grand
potential. For details on this thermodynamic limit procedure
see Ref. [10] and the Appendix.

We conclude by noting that from the Z, in (27) we
can extract the surprisingly simple (1 — g)-inclusion statistics
Calogero-like spectrum

E, = w(Zl; +(1 —g)”(”T_l)>,
i=1

E—=—DGE-D<E <y, @—D—1 <L, (30

or, equivalently, in terms of the quasi-excitations [/,
n
Ev=0) I, 0<[<Il, +g-1, 0<l. @3l
i=1

We stress, however, that the naive expectation that the in-
clusion spectrum (31) is obtained from the spectrum (24) by
simply substituting g — 1 — g is incorrect. This is due to the
inequalities (g — 1)(i — 1) < /; in (30), or equivalently 0 < [/
in (31): the corresponding I/ defined by simply taking the
exclusion /] =[; + g(i — 1) in (24) and turning g — 1 — ¢
satisfy I > (1 — g)(i — 1) and thus can dip below zero for
i > 1. The two spectra differ by the states produced by such
negative values of /. In particular, the ground-state energy
of (24) with g — 1 — g is negative, while the ground-state
energy of (31) is vanishing and non degenerate. Likewise, the
naive spectrum obtained by substituting g — 1 — g in (23),

014140-7



OUVRY AND POLYCHRONAKOS

PHYSICAL REVIEW E 110, 014140 (2024)

namely,

((1— §—F—

0<hshs

)4 Z I )
<,
gives rise to the n-body partition function
K==/
[Tjey (1 = x7)°
The thermodynamic limit obtained from the above Z, does not

reproduce the thermodynamics of the inclusion model and, in
particular, does not exhibit condensation.

xZL. li —

<y <o0

Z, = x(l—g)n(n—l)/Z Z
o<l <b<

VII. CONCLUSIONS

We obtained a microscopic description of inclusion statis-
tics in terms of the inverse of the grand partition function of
exclusion statistics, and reexpressed it in terms of nontrivial
occupation multiplicities enhancing the weights of neigh-
boring clusters of one-body quantum states, a key property
of inclusion statistics. We also presented a duality relation
that maps g-exclusion to (1—g)-inclusion statistics, the well-
known Bose-Fermi correspondence appearing as the g = 0, 1
special case.

The expressions of the aforementioned inclusion mul-
tiplicities are relatively simple and intuitive, a fact not a
priori obvious, as they are obtained by inverting an already
quite nontrivial expression for the g-exclusion grand partition
function. The same can be said of the quite simple n-body
Calogero-like spectrum that arises from the inversion of the
Calogero grand partition function and is key to inclusion
statistics in a harmonic one-body spectrum.

There are several open questions or directions for further
investigation. On the mathematics side, the combinatorial
properties of inclusion statistics appear to be quite rich and
deserve further study. In addition, in view of the known con-
nection of exclusion statistics and planar lattice paths [13]
or forward-moving paths of Dyck, Motzkin, and Lukasiewicz
type [16-18], it is worth investigating the potential connection
of inclusion statistics with particular types of lattice path or
other processes.

The most interesting remaining questions are those related
to the physics of inclusion statistics. As already stressed, the
experimental consequences of inclusion are striking, in par-
ticular due to the propensity of inclusion particles to undergo
macroscopic condensation in planar systems. Therefore, the
realization of inclusion statistics in a concrete experimental
situation is of physical relevance.

Finally, the realization of the Calogero-like n-body spec-
trum for (1 — g)-inclusion statistics in (31) in terms of an
n-body Calogero-like Hamiltonian remains a fascinating open
issue.
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APPENDIX

1. A combinatorial formula for the lineal counting

There is a formula analogous to (8) for the (1 — g)-
inclusion degenerate lineal counting

o0

Z mi_g(ni, ...,

k/(g — 1)+ 1, namely,
[(k+ &k +g—1)—glg— 1)n](k+g+gn—2)'
nllk + g+ (g— Dn]!

which, for example in the case g =
the generating function

o
> 7=

n=0

nk) 8!’[1 +-tng,no

valid for n <

Zﬂ -

2—1—g=—1,leads to

V1 =4z/y[T(=2,2),

i.e., (21), which is the inverse of Z; in (9) with z - —z and
only the term y; kept. Likewise for g = 3 we would obtain the
generating function

o0
IEE

n=0

y1(=z,3) —y2(—z, 3)]

x [yi1(=2,3) — y3(=z, 31/ ¥ (=2, 3),

where the y; are given in (5), again the inverse of (7) forg = 3
with z — —z and only the term y; kept. The terms n > k/(g —
1) 4+ 1 make nonperturbative contributions.

2. Periodic spectrum and periodic multiplicities

The circular periodic counting (11) for a periodic degener-
ate one-body spectrum can also be formulated more generally
for a periodic nondegenerate spectrum €, €5, ..., €. Again
the key ingredient is the n-body partition function for particles
with g-exclusion in the above one-body periodic spectrum

k—gn+min (g,k,) ki kn—1

Zy= > Y Y stkitgn—g)

k=1 ky=1 ky,=1
<+ S(kn—1 + 8)s(ky).

Clearly (A1) reduces to the g = 2 periodic counting (11) when
the spectrum is degenerate. Note that (Al) requires k > gn.
For k < g, even a single particle excludes itself through its
periodic image and Z| = 0. The corresponding grand partition
function is

(Al)

[k/g]
Z = ZZ,/,z".
n=0

All this information can be encapsulated in the k-
dimensional periodic g-exclusion matrix, for k > g, which is
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similar to the lineal one in (19) but with the off-diagonals
wrapping around the matrix. For example, for g = 2,

0 1 0 - 0 —s(k)
-s(1) 0 1 --- 0 0
Hy=| : & @ - : :
0 o o0 - 0 1
1 0 0 —stk—1) 0

Its secular determinant reproduces Z; up to a residual term,

[k/2] k
n=0 i=1

where {—1— []'_,[=s(i)]}z*/? is a spurious “Wilson loop”
contribution that can be consistently discarded. Similar results
hold for g > 2, where the terms —s(i) in the k-dimensional
matrix H, éf (k > g) are in the (g — 1)-lower diagonal wrapping
periodically around the matrix. In that case,

(k/gl
det(1 — 2V8H)) = Y~ Z,2" + We(2),
n=0

where now the spurious term W, starts at order ~:z*/1ss=DI
and goes up to z¥/4. For g = 2, this term can be eliminated
by an appropriate modification of the matrix that slightly
complicates its form, but its elimination for g > 2 becomes
more involved.

Microscopic (1 — g)-inclusion statistics on a periodic
one-body spectrum must be defined such that it satisfies ap-
propriate physical and consistency conditions: it must give the
correct thermodynamic limit and involve integer, non-negative
state multiplicities. Furthermore, the multiplicities must lo-
cally agree with these for lineal counting, meaning that the
state multiplicity of a cluster of particles on one-body states
that span a small subset of the full spectrum must be the same
as those for the corresponding cluster on a lineal spectrum,
otherwise they could “sense” the topology of the spectrum,
introducing a nonlocal element. These conditions largely fix
the definition of periodic microscopic inclusion statistics, but
still leave some distinct possibilities.

One approach is to postulate as in the lineal case an exact
duality with g-exclusion statistics, and define the (1 — g)-
inclusion grand partition function as the inverse of the periodic
microscopic g-exclusion partition function with z — —z. Tak-
ing the g = 2 case as an example, the grand partition function
on k degenerate periodic levels is given in (10) as 2, =
y]f(z, 2) +y’§(z, 2). Thus the resulting 1 — g = —1 inclusion
grand partition function obtained by duality is

1 1
=2 D) +(-2.2) 3R =D+ =)

and for general g — 1 — g and a degenerate spectrum,

/
-1

1 8 8
Z =Y M=) y'e1-p.
1-¢ i=1 i=1

This definition fulfills all the desired conditions.
A different approach to periodic microscopic inclusion
would be to define the occupation number multiplicities by

(A2)

periodizing the lineal multiplicities m;_, of Sec. (V) in an
obvious way. For the simplest case of g=2 — 1 — g = —1
one would write

, ny+ny\ (ny+n3
m_(ny, ..., n) = " "
1 2
<nk1 + nk) (”k + nl)
nk—1 o)

Likewise,forg=3 - 1 —g= -2,

, n+ny+n3\ [np+n3+ny
m_,(ny, ..., ng) = "
1

(nk—l + —i—n]) <nk +n + nz>
N1 ng '

and, in general, for (1 — g) inclusion,
(1,82, 1+ gl [k, k+g—1]
[1,g—1112,8]--- [k, k + gl

From the above multiplicities one can obtain the grand par-
tition function for a degenerate spectrum. For g=2 — 1 —
g = —1 we obtain

na

m'l_g(nl, Mg =

oo

Zim 3
nyy..., nk=0
_ 1 _ 1
W(=2,2) = y5(=2.2)  y7Mz -1 =y * @ —1)

(A3)

Comparing with (A2), we see that it differs only in the sign
of the term y;, and thus the two formulas differ only by
nonperturbative in 1/k terms. This shows that both definitions,
via duality of by periodizing the m_g, lead to the same mul-
tiplicities for a number of particles n < k/g, which are locally
the same as the lineal multiplicities, but start diverging as the
particles populate the full one-body spectrum.

We conclude with the remark that one could calculate a
periodic inclusion grand partition function for a degenerate
spectrum by simply substituting g — 1 — g in the periodic
counting formula (11). Unlike in the g-exclusion case, the cor-
responding 1 — g counting formula gives positive and integer
results for all n, including n > k/g. This approach is less use-
ful than the previous ones, as it does not obviously generalize
to a nondegenerate spectrum, but nevertheless leads to

(o]

4 k(k + gn — 1)! 3 k
o N KEkbgn DU
1-g ;n!(k+gn_n)!z Y1 (—z,8) yl(z )

a simple result that, again, differs from (A2) and (A3) only in
nonperturbative terms.

3. Proof of the generating function formulas (7) and (10)

Consider the generating function Z, of g-exclusion par-
ticles on k degenerate one-body states on a line, and the
corresponding one Z{g’,‘k on a circle (respectively, lineal and
periodic counting). For Z,, focusing on the state at the end
of the chain and putting it to be either empty, leaving an
unrestricted system on k — 1 levels, or occupied, excluding g
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levels and leaving an unrestricted system on k — g levels, we
have

Zg,k = Zg,k—l + ZZg,k—g- (A4)

For Zg, «» we focus on a set of g — 1 adjacent states. There can
be either no particles in these states, leaving an open (lineal)
chain with k — g states, or one particle, excluding g — 1 states
on each side and leaving an open chain with k —2(g — 1) — 1

states. We obtain
Zor = Zgk—gr1 + (8= DzZgr2g41- (AS)
Applying (A4) in (AS) we obtain

Z;yk = Zg,kfg + ZZg,k72g+1 + (g - l)Z(Zg,kfzg + ZZg,k73g+1)

ok—g T (g— I)ZZg,k—Zg
+z2[Zgr—2g11 + (8 — DzZgr—3441]
= Z, g,k—1 + Z‘,"‘7zg,),k—g

(Note that the same argument works by focusing on g adjacent
states, but for no other number. Had we chosen fewer adjacent
states, the ends of the broken open chain would be subject
to exclusion constraints and would not reproduce Z; had we
chosen more states, we could have placed more than one
particle in them.)

Thus, both Z,; and Zé,’ « satisfy the same linear recursion
relation in k. The solution of this recursion equation can be
obtained in the usual way by taking an exponential ansatz
yk, which leads to the characteristic equation (4), that is, the
exclusion equation. The general solution will be

A+ + A,

with y; the g solutions of (4) and A; arbitrary coefficients.
Z,x and Z, , differ only in their initial conditions. We have

Zg=1+ks k=123 (A6)

Zo=1, k=1,...,g—1, Z, =1+g, (A

since there can be either no particles (on the periodic spec-
trum) or one particle (on the lineal spectrum) for k < g, and
one particle for k = g. Writing (4) in factorized form in terms
of its roots y; and taking its logarithm gives

g
D In(y—y) =In(G# -y —2).

i=1

Expanding the two sides in 1/y and matching powers yields

8

dovi=1 k=1.2....¢g-1,
i=1

8

ny:l-l—gz.

i=1

Comparing this with (A7) we see that A} = - --

Zé,k, SO

=A, =1 for

gk_zyl’

i.e., (10). Note that y* for i > 1 make purely nonperturbative
contributions.

For Z,; we need to solve the g linear equations (A6) for
the A; in terms of the y;. This is tedious, but the result can be
obtained analytically. For g = 2 we find

Zz . yllc+2 y/£+2 y11<+2 y12c+2
' yi—y2 J1+4z
forg=3
2o yzlt+k yzzu-k
T 01 =y2)01 =y 2 =y —y3)
4tk
Y3

3 —yDs —y2)

YR = y3) + ¥ (s — y0) +yiH O — y2)

ivz(4 +27z)
and for general g
x Yok g k+g
g—1)+
Zy [ -y A
j#i,j=1y Vi S 8T g+ 1’

i.e., (7). Again the terms i > 1 in the sum make nonperturba-
tive in 1/k contributions, but the extra factor y; /(gy1 — g+ 1)
in the first term also makes perturbative in 1/k contributions to
the thermodynamic grand partition function y’f. In this sense,
the periodic spectrum is “closer” to the thermodynamic limit
than the lineal one.

4. Thermodynamics in a weak potential trap and in free space

A one-dimensional harmonic trap potential acts as a “box,”
and taking the strength of the potential to zero should recover
the free space result. However, the limit is nontrivial and has to
be taken appropriately. In particular, the density of states in the
potential will not converge to that of free space. For example,
the harmonic-oscillator density of states is constant and equal
to 1/w, while the free density of states in a large flat box of
length L is L/ +/2¢ (we put the mass of the particle and /i to
one). Clearly the two have different energy dependence and
will never converge in the limit w — 0, L — oo. Thermody-
namics “sees” the effect of the potential at large distances.

Assume the system is in a potential V(x/A), with A a
scaling parameter. Taking . — oo spreads the potential and
corresponds to the infinite-volume limit. In that limit, the
potential becomes increasingly smooth, as its derivatives scale
like 1/A. For large enough A we can cut the system into
intervals of size L and take L large enough to contain a
macroscopically large number of particles but small enough
for the potential inside it to be considered constant. The full
grand potential In Z of the system will be the sum of the
grand potentials In Z,, of the part of the system in each interval
nL <x<m+ 1)L,

InZ0, ) =Y InZ,(, 1),

where we displayed the dependence on A and the chemical
potential u [z = exp(Bu) being the fugacity]. Since the po-
tential is almost constant in each interval, In Z, is the grand
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potential in free space of length L, and the constant potential
simply shifts the chemical potential of the system. Calling
In Zgee (L, ) the free grand potential, we have

InZ(h i) = ) I Zieel Lo po = V(L /M),
and in the limit A — oo, turning the sum to an integral,

%ln Zh,pn) = % /dxln ZreelL, £ — V (x)]. (A8)

The above provides an integral relation between Z and Zjee.
Since InZj is extensive it scales as L, and so the left-hand
side (LHS) of (A8) is independent of L. Likewise, In Z(A, u)
will scale as A, and the LHS is independent of X in the limit
A — oo. This implies the relation between particle numbers

1 1

NG =1 [ Al VL (49)
and expanding the grand potentials in the fugacity z = ef* we
obtain the relation of the cluster coefficients

1

1
_C)»,n = ZCL,”/‘dxe*”ﬁV(x).

- (A10)

This result can also be obtained from the relation (13) derived
in Sec. (2). Indeed, in the thermodynamic limit, the single-
particle partition function in the LHS of (13) can be well
approximated by its semiclassical expression

3 e = / dxdp wprp.)
- 2

[ 4 et
2

1
=—— [ dxe"PV®,
J2nnp /

and applying it to a potential V (x), and to a square well of

width L, we reproduce (A10). In particular, we obtain for a

harmonic potential trap V (x) = $%x?,

,n = s All
n(g) = B (ALT)
and for a free system of size L
cn(g)
=L , Al2
cLn(8) N (A12)

that is, the bosonic results times the statistics factor ¢, (g).

The fact that the system of inclusion statistics particles
in a one-dimensional harmonic trap manifests condensation,
while the free system does not, can be derived from (A9): for
7 — Zmax = (g — 1)87! /g%, the density of particles for the free
system diverges at x = 0 but remains finite for other x, and
the integral over x is finite, implying a maximal number of
particles and condensation.

The g-exclusion harmonic (Calogero) cluster expan-
sion (26) in the Bw small limit, i.e., x ~ 1 — Bw, becomes

- 1
ang=—Z (—z)n% Z co(li, b,y .., 1),
n=1 dyed
g-composition of n
which, thanks to the identity [13]
> cllnhn.
1.0l
g-composition of n

,lj)= ,

reduces to

o0

1
In Zg = Z %cn(g)z".

This agrees with the direct calculation from (12) and (13)
upon using the constant density of states for the oscillator
p(€) =w ! and performing the integral in (13).

The above analysis also reproduces the results of Ref. [10]
that the free cluster coefficients in volume L can be obtained
from the corresponding harmonic cluster coefficients in the
thermodynamic limit Sw — 0 by doing the substitution

(A13)

n=1

1 L
e~ T (Al4)

arising from comparing (A11) to (A12). With this prescrip-
tion, the cluster expansion of the harmonic model in the
thermodynamic limit maps to that of the free system. Indeed,
implementing (A14) in (A13) we obtain

> 1
InZ,=L —c,(9)7". (A15)
& ; J2nnp

Rewriting in (Al5) 1/\/m=f0°°e’”’3"2/2 dk/m and
changing the integration variable to € = k*/2 we get fi-
nally [10]
[o¢]
ang=/ p(e)Inyi(ze™F€, 2) de,
0

i.e., (12) where p(e) =L/(w~/2€¢) is now the free one-
dimensional density of states, as expected.
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