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Uncertainty relation for symmetric Petz-Rényi relative entropy
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Holevo introduced a fidelity between quantum states that is symmetric and as effective as the trace distance
in evaluating their similarity. This fidelity is bounded by a function of the trace distance, a relationship to
which we will refer as Holevo’s inequality. More broadly, Holevo’s fidelity is part of a one-parameter family of
symmetric Petz-Rényi relative entropies, which in turn satisfy a Pinsker’s-like inequality with respect to the trace
distance. Although Holevo’s inequality is tight, Pinsker’s inequality is loose for this family. We show that the
symmetric Petz-Rényi relative entropies satisfy a tight inequality with respect to the trace distance, improving
Pinsker’s and reproducing Holevo’s as a specific case. Additionally, we show how this result emerges from a
symmetric Petz-Rényi uncertainty relation, a result that encompasses several relations in quantum and stochastic
thermodynamics.
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Introduction. Holevo introduced a quantum fidelity [1] be-
tween states ρ and σ defined as

FH (ρ, σ ) := [tr(
√

ρ
√

σ )]2, (1)

which is symmetric, FH (ρ, σ ) = FH (σ, ρ), and used under
different names in the literature such as affinity and overlap
[2–8]. We have the following inequality for Holevo’s fidelity:

T (ρ, σ ) := 1
2 |ρ − σ |1 �

√
1 − FH (ρ, σ ), (2)

where |x|1 := tr(
√

x†x) is the trace norm and T (ρ, σ ) is the
trace distance. More generally, Holevo’s fidelity is a member
of a one parameter family of symmetric Petz-Rényi relative
entropies defined as

D̃α (ρ, σ ) := 1
2 [Dα (ρ||σ ) + Dα (σ ||ρ)], (3)

such that D̃α (ρ, σ ) = D̃α (σ, ρ), where Dα (ρ||σ ) is the Petz-
Rényi relative entropy [9] defined as

Dα (ρ||σ ) := 1

α − 1
ln tr(ρασ 1−α ), (4)

which is non-negative for any α ∈ (0, 1) ∪ (1,∞). It has
applications in quantum hypothesis testing [10,11] and in
quantum field theory [12]. The case α = 1 is understood
as D1(ρ, σ ) := [D(ρ||σ ) + D(σ ||ρ)]/2, where D(ρ||σ ) =
tr(ρ ln ρ) − tr(ρ ln σ ) is the quantum relative entropy. For the
specific case α = 1/2, one has D̃1/2(ρ, σ ) = D1/2(ρ||σ ) =
−2 ln tr(

√
ρ
√

σ ) = − ln FH (ρ, σ ) from (1) and (3). In this
case, one could write Holevo’s inequality (2) as a lower bound
for D̃1/2(ρ, σ ) as

D̃1/2(ρ, σ ) � ln
1

1 − T (ρ, σ )2
, (5)

also recently used in the applications of Petz-Rényi relative
entropy in quantum field theory [12]. In the same application,
a Pinsker’s-like inequality was explored:

D̃α (ρ, σ ) � 2 min(α, 1)T (ρ, σ )2. (6)

Note that, for the case α = 1/2, Holevo’s inequality improves
Pinsker’s inequality for the particular case α = 1/2,

D̃1/2(ρ, σ ) � ln
1

1 − T (ρ, σ )2
� T (ρ, σ )2. (7)

Motivated by (7), we analyze the following question: can we
generalize Holevo’s inequality (5) beyond the case α = 1/2
such that it improves Pinsker’s inequality (6) for any α in
the symmetric Petz-Rényi family? In this case, we obtain the
following result.

(Generalized Holevo’s inequality). Let ρ and σ be any
density matrices. Then,

D̃α (ρ, σ ) � 1

α − 1
ln

cosh{(2α − 1)atanh[T (ρ, σ )]}
cosh{atanh[T (ρ, σ )]} . (8)

For the specific case α = 1/2, our result (8) reproduces
Holevo’s inequality (5). Notably, the case α = 1 previously
appeared in the classic case ([ρ, σ ] = 0) as a bound for
the symmetric Kullback-Leibler divergence in terms of total
variation [13–15]. We also show that (8) improves Pinsker’s
inequality (6) for any α.

More generally, we show that (8) is a consequence of a
quantum uncertainty relation for the symmetric Petz-Rényi
relative entropy. This uncertainty relation not only results in
(8), but it also results in multiple relations from stochastic and
quantum thermodynamics as discussed in this Letter. We state
our main result.

Theorem (Symmetric Petz-Rényi uncertainty relation). Let
ρ and σ be any density matrices and θ̂ be any Hermitian
operator. Then,

D̃α (ρ, σ ) � 1

α − 1
ln

cosh{(2α − 1)atanh[s(ρ, σ ; θ̂ )]}
cosh{atanh[s(ρ, σ ; θ̂ )]} , (9)

where

s(ρ, σ ; θ̂ ) :=
[

(1/2)(〈θ̂〉ρ − 〈θ̂〉σ )2

〈〈θ̂〉〉ρ + 〈〈θ̂〉〉σ + (1/2)(〈θ̂〉ρ − 〈θ̂〉σ )2

]1/2

,

(10)
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where 〈θ̂〉x := tr{xθ̂} and 〈〈θ̂〉〉x := tr{xθ̂2} − tr{xθ̂}2. Note
that the right-hand side (RHS) in (9) depends only on the
statistics of θ̂ with respect to ρ and σ encoded in s(ρ, σ ; θ̂ ),
which is the main idea behind uncertainty relations discussed
below. The bound (9) is significant as it remains applicable
in quantum and stochastic thermodynamics, particularly in
nonequilibrium situations and strong coupling regimes. As a
consequence of (9), we obtain (8) and other results similar to
thermodynamic uncertainty relations (TURs) [16–41].

This Letter is organized as follows. First, we present the
main steps of the proof; then we show how the bound is satu-
rated and the improvement over Pinsker’s inequality. Finally,
we discuss the applications of (9) and obtain multiple previous
and new results in stochastic and quantum thermodynamics.

Formalism. The idea behind the proof is a strategy that
maps n dimensional quantum states ρ = ∑

i pi|pi〉〈pi| and
σ = ∑

j q j |q j〉〈q j | into the following n2 dimensional classic
distributions: Pi j := pi|〈pi|q j〉|2 and Qi j := q j |〈pi|q j〉|2. This
strategy is sometimes called Nussbaum-Szkoła distributions
[42] and it was successfully used in other contexts [43,44],
particularly as a tool to calculate relative entropies [45,46] as
follows:∑

i j

Pα
i jQ

1−α
i j =

∑
i j

pα
i q1−α

j |〈pi|q j〉|2 = tr(ρασ 1−α ), (11)

which results in Dα (P|Q) = Dα (ρ||σ ), where Dα (P|Q) :=
[1/(1 − α)] ln

∑
i j Pα

i jQ
1−α
i j is the Rényi relative entropy. The

symmetric relative entropies follow immediately from (11),

D̃α (P, Q) = D̃α (ρ, σ ), (12)

where D̃α (P, Q) = (1/2)[Dα (P|Q) + Dα (Q|P)]. Now that we
mapped the Petz-Rényi relative entropy into a classic diver-
gence, we import a recent result from information theory [47],

D̃α (P, Q) � B[α,
√

δ(P, Q)], (13)

where δ(P, Q) = (1/2)
∑

s(Ps − Qs)2/(Ps + Qs) is the trian-
gular discrimination and

B(α, x) := 1

α − 1
ln

cosh[(2α − 1)atanh(x)]

cosh[atanh(x)]
(14)

is increasing in the interval 0 < x < 1 for all α > 0. We note
that (13) is actually valid for any f divergence that satis-
fies an additional constraint on f , but we focus our analysis
on the Rényi relative entropy. Finally, we use the inequal-
ity

√
δ(P, Q) � s(ρ, σ, θ̂ ) (see the Appendix) in (13), which

combined with (11) results in

D̃α (ρ, σ ) = D̃α (P, Q) � B[α,
√

δ(P, Q)] � B[α, s(ρ, σ ; θ̂ )],
(15)

proving our main result (9). The generalized Holevo’s in-
equality (8) is obtained as a particular case of (9) where θ̂ =∑

k sgn(wk )|wk〉〈wk| and {wk} are the eigenvalues of ρ − σ

(see the Appendix).
As in previous results [44], the bound (9) is sat-

urated for the specific two-level system, where ρ =
[eε/2|1〉〈1| + e−ε/2|0〉〈0|]/[2 cosh(ε/2)], σ = [e−ε/2|1〉〈1| +
eε/2|0〉〈0|]/[2 cosh(ε/2)], and θ̂ = φ(|1〉〈1| − |0〉〈0|). In this
case, one has tr(ρθ̂ ) = φ tanh(ε/2), tr(σ θ̂ ) = −φ tanh(ε/2),

and tr(ρθ̂2) = tr(σ θ̂2) = φ2, such that

D̃α (ρ, σ ) = 1

1 − α
ln

cosh[(2α − 1)ε/2]

cosh[ε/2]
, (16)

and also s(ρ, σ ; θ̂ ) = |tanh(ε/2)|. Therefore, in this minimal
system, we have the saturation of (9),

D̃α (ρ, σ ) = B(α, s(ρ, σ ; θ̂ )). (17)

We also show that (8) improves Pinsker’s inequality (6) in the
Appendix, where we have

D̃α (ρ, σ ) � B(α, T (ρ, σ )) � 2 min(α, 1)T (ρ, σ )2, (18)

which generalizes Holevo’s case (7) for any α.
Discussion. We investigate particular cases of (8) and (9) in

stochastic and quantum thermodynamics. Some of the cases
are very well known and some of them are new to our knowl-
edge. In the applications that follow, one could think of σ as
a final state, after evolving ρ under some unitary operation or
CPTP map, σ = 	(ρ), which is a typical situation in quantum
thermodynamics. In that case, the relative entropies between
ρ and σ will have a dependence on time.

First, turning our attention to relation (8), we note that par-
ticular cases also appeared in the literature. The case α = 1/2
is obviously the Holevo’s inequality (5), but we also observe
that the case lim α → 1 results in

D̃(ρ, σ ) � 2T (ρ, σ )atanh[T (ρ, σ )], (19)

which was recently used to analyze fluxes in quantum thermo-
dynamics [48]. We also note that the classic case ([ρ, σ ] = 0)
of (19) was used in the study of Markov chains in stochas-
tic thermodynamics as well [13–15], where ρ and σ can
be written as classic probabilities p = (p1, . . . , pn), q =
(q1, . . . , qn), yielding

D̃(p, q) � 2
(p, q)atanh[
(p, q)], (20)

where 
(p, q) = (1/2)
∑

s |pi − qi| is the total variation.
Moreover, we note that (9) can be inverted to the following

expression when 〈θ̂〉ρ 	= 〈θ̂〉σ :

〈〈θ̂〉〉ρ + 〈〈θ̂〉〉σ
(1/2)(〈θ̂〉ρ − 〈θ̂〉σ )2

� f (α, D̃α (ρ, σ )), (21)

where f (α, x) := 1/[B−1(α, x)]2 − 1 and, for a fixed α,
B−1(α, x) is the inverse of B(α, x) for x � 0, such that
B−1(α, B(α, x)) = x. Remarkably, expression (21) has the
form of a quantum uncertainty relation, which explains the
name of the theorem as symmetric Petz-Rényi uncertainty re-
lation. As matter of fact, the case α = 1 results in the recently
proposed quantum relative entropy uncertainty relation [44],

〈〈θ̂〉〉ρ + 〈〈θ̂〉〉σ
(1/2)(〈θ̂〉ρ − 〈θ̂〉σ )2

� f (1, D̃(ρ, σ )), (22)

where f (1, x) = 1/ sinh2[g(x)/2] and g(x) is the inverse of
h(x) = x tanh(x/2) for x � 0. Analogously, the case α = 1/2
in (21) results in the following Holevo’s uncertainty relation:

〈〈θ̂〉〉ρ + 〈〈θ̂〉〉σ
(1/2)(〈θ̂〉ρ − 〈θ̂〉σ )2

� FH (ρ, σ )

1 − FH (ρ, σ )
, (23)
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which takes the usual form of thermodynamic uncertainty
relations as a lower bound for some uncertainty in terms of
a dissimilarity. In this case, the dissimilarity is not the usual
entropy production, but given in terms of Holevo’s fidelity (1)
instead.

We also consider the classic situation [ρ, σ ] = 0, which
represents the absence of coherence between the states. In
this particular case, writing again ρ and σ in terms of clas-
sic probabilities p = (p1, . . . , pn), q = (q1, . . . , qn) and θ =
(θ1, . . . , θn) is a random variable. We obtain the classic ver-
sion of (21),

〈〈θ〉〉p + 〈〈θ〉〉q

(1/2)(〈θ〉p − 〈θ〉q)2
� f (α, D̃α (p, q)), (24)

which can be seen as the α-generalized version of the tightest
form of the hysteretic thermodynamic uncertainty relation
(α = 1) [28–30],

〈〈θ〉〉p + 〈〈θ〉〉q

(1/2)(〈θ〉p − 〈θ〉q)2
� f (1, D̃(p, q)), (25)

while the case α = 1/2 in (24) can be written as (23) but in
terms of the Bhattacharyya or Hellinger distances.

Finally, in the particular case p = P(�), q = P(�†), where
� typically represents a trajectory and �† is the inverse trajec-
tory, such that (�†)† = �, and θ (�) is a current with property
θ (�†) = −θ (�), relation (25) yields a result known as the
thermodynamic uncertainty relation from the exchange fluc-
tuation theorem [20,24],

〈〈θ〉〉p

〈θ〉2
p

� f (1, 〈�〉), (26)

where 〈�〉 := ∑
� P(�) ln P(�)/P(�†) is the average entropy

production.
Conclusions. We proposed a symmetric Petz-Rényi un-

certainty relation (9) and studied multiple applications. Our
result was obtained using a mapping from quantum to classic
systems and exploring recent results from information theory.
From our result, we wrote a general uncertainty relation (21)
and, for the particular case α = 1/2, we obtained a uncer-
tainty relation in terms of Holevo’s fidelity (22), a generalized
Holevo’s inequality (8), and multiple known results in quan-
tum and stochastic thermodynamics (20), (25), and (26). Our
results highlight that different symmetric quantum dissimilar-
ities may also play a role akin to the entropy production in
expressions resembling thermodynamic uncertainty relations.
This fact does not depend on specific properties of the system
(such as the detailed fluctuation theorem), but it is rather
a fundamental interplay between quantum uncertainties and
symmetric dissimilarities.

Appendix. We start proving a result in information theory
for probabilities (P, Q). Then, we will show the quantum
case is obtained as a consequence of the classic case using
a strategy that maps n-dimensional quantum states into n2-
dimensional classic distributions.

Definition 1. Let P = {Ps} and Q = {Qs} be probabilities
in a set S and let the triangular discrimination be defined as

δ(P, Q) = 1

2

∑
s

(Ps − Qs)2

Ps + Qs
, (27)

with the notation 02/0 = 0 for the cases where Ps = Qs = 0.
We define the Rényi relative entropy as

Dα (P|Q) := 1

α − 1
ln

∑
s

Pα
s Q1−α

s , (28)

for α ∈ (0, 1) ∪ (1,∞) and the symmetric version,

D̃α (P, Q) := 1

2
[Dα (P|Q) + Dα (Q|P)]. (29)

Lemma 1. Let P and Q be any distributions; then

D̃α (P, Q) � 1

α − 1
ln

cosh{(2α − 1)atanh[
√

δ(P, Q)]}
cosh[atanh(

√
δ(P, Q)]

.

(30)
Proof. This is a particular case of a recent result for some

forms of symmetric f divergences [47]. We provide an alter-
native proof for the symmetric Rényi relative entropy using a
formulation in terms of stochastic entropy [30,49]. Let {Ps}
be a probability function and let s′ := m(s) be any involu-
tion (such that m[m(s)] = s) and define a new probability
P′(s) := P(s′). Unless mentioned otherwise, expectations 〈〉
are meant with respect to Ps, 〈〉 = 〈〉P. If the pair (P, P′) is
not absolutely continuous for α > 1, (i.e., there is an s such
that P′

s = 0 and Ps > 0), then D̃α (P, Q) = ∞ and (30) holds
immediately. Thus we focus on the cases where (P, P′) are
absolutely continuous (Ps = 0 ↔ P′

s = 0, for all s ∈ S). Let
�(s) be an entropylike random variable defined as

�(s) := ln
P(s)

P′(s)
, (31)

when P′
s 	= 0 and �(s) = 0 otherwise. In the stochastic ther-

modynamics literature, this is known as the strong detailed
fluctuation theorem and � is the stochastic entropy produc-
tion, although in our notation (31) is just a definition of a
random variable �(s). Consider the following expectation
with respect to P:

〈exp(β�)〉 =
∑

s

P(s)β+1P′(s)−β, (32)

which can also be rewritten as exp(β�) = sinh(β�) +
cosh(β�). Now using the following property, 〈u(�)〉 =
〈u(�) tanh(�/2)〉 for odd functions u(−x) = −u(x), we
obtain

〈exp(β�)〉 = 〈sinh(β�) tanh(�/2) + cosh(β�)〉, (33)

which has the following compact form from cosh(x + y) =
cosh(x) cosh(y) + sinh(x) sinh(y) and replacing β = α − 1,

〈exp[(α − 1)�]〉 =
〈

cosh[(α − 1/2)�]

cosh(�/2)

〉
. (34)

Now we note that the triangular discrimination δ(P, P′) has a
particular form in terms of the statistics of �(s) as

δ(P, P′) =
∑

s

(Ps − P′
s )2

(Ps + P′
s )2

Ps + P′
s

2
= 〈tanh(�/2)2〉, (35)

using the fact that 〈tanh(�/2)2〉(P+P′ )/2 = 〈tanh(�/2)2〉P. Fi-
nally, we write the function F (�) := cosh[(α − 1/2)�]/
cosh(�/2) from (35) in terms of tanh(x/2)2

F (�) = F {2 arctan[
√

tanh(�/2)2]}, (36)
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and use Jensen’s inequality in (36)

〈F (�)〉 � F {2 arctan[
√

〈tanh(�/2)2〉]}
= F {2 atanh[

√
δ(P, P′)]}, (37)

since d2F [2 atanh(
√

y)]/dy2 � 0 for α > 1. Similarly, we get
〈F (�)〉 � F {2 arctan[

√
〈tanh(�/2)2〉]} for 0 � α < 1. Com-

bining (34) and (37), we obtain

〈exp(α − 1)�〉 � cosh{(2α − 1)atanh[
√

δ(P, P′)]}
cosh{atanh[

√
δ(P, P′)]} , (38)

for α > 1 and 〈exp(α − 1)�〉 � F {2 atanh[
√

δ(P, Q)]} for
α < 1. Note that Rényi relative entropy is given by

Dα (P|P′) = 1

α − 1
ln〈exp(α − 1)�〉, (39)

so that the cases α > 1 in (39) and the case α < 1 can be
rewritten as a single expression,

Dα (P|P′) � 1

α − 1
ln

cosh{(2α − 1)atanh[
√

δ(P, P′)]}
cosh{atanh[

√
δ(P, P′)]} ,

(40)
for all α 	= 1. The case α = 1 should be understood as the
limit α → 1. Since (40) was proved for any probability P
and any involution m(s), we apply the expression for the
particular set {(s, i)}, where s ∈ S and i ∈ {0, 1}, with involu-
tion m(s, i) = [s, m(i)], where m(i) = 1 − i and probabilities
p(s, 1) := P(s)/2 and p(s, 0) = Q(s)/2. In this case, we ob-
tain Dα (p|p′) = (1/2)[Dα (P|Q) + Dα (Q|P)] = D̃α (P, Q) and
δ(p, p′) = δ(P, Q), which results in our Lemma 1 (30) for any
P, Q. �

Lemma 2. Let �s ∈ C be a complex random variable; then

δ(P, Q) � (1/2)|〈�〉P − 〈�〉Q|2
〈〈�〉〉P + 〈〈�〉〉Q + (1/2)|〈�〉P − 〈�〉Q|2 , (41)

where 〈〈�〉〉 := 〈|�|2〉 − |〈�〉|2.
Proof. This is a complex generalization of a previous

result [50] also used in [48] and we reproduce it here. Con-
sider probabilities P, Q in s ∈ S,

∑
s P(s) = ∑

s Q(s) = 1,
and a complex valued random variable �(s) ∈ C. We de-
fine S′ = {s ∈ S|P(s) + Q(s) > 0} and the probability P̃(s) :=
[P(s) + Q(s)]/2 in S′,

∑
s∈S′ P̃(s) = 1, and �X := 〈�〉X =∑

s �(s)X (s), for X ∈ {P, Q, P̃}. Note that the expression
|�P − �Q|2 can be rewritten as

1

4
|�P − �Q|2 =

∣∣∣∣∣
∑
s∈S′

[�(s) − c]
[P(s) − Q(s)]

2

∣∣∣∣∣
2

, (42)

for any complex c. Using Cauchy-Schwarz inequality, we also
obtain for any complex c,∣∣∣∣∣

∑
s∈S′

[�(s) − c]
[P(s) − Q(s)]

2

∣∣∣∣∣
2

� 〈|� − c|2〉P̃

〈(
P − Q

P + Q

)2
〉

P̃

, (43)

so that combining (42) and (43) for c = �P̃ yields

1

4
|�P − �Q|2 � 〈|� − �P̃|2〉P̃

〈(
P − Q

P + Q

)2
〉

P̃

. (44)

We note from Definition 1 (27) that

δ(P, Q) =
〈(

P − Q

P + Q

)2
〉

P̃

. (45)

Now consider the identity

4〈|� − �P̃|2〉P̃ = 2(〈|�|2〉P − |�P|2)

+ 2(〈|�|2〉Q − |�Q|2) + |�P − �Q|2. (46)

Combining (44), (45), and (46) results in (41) �.
Definition 2. (Nussbaum-Szkoła distributions). Let ρ and

σ be density matrices in n dimensions with spectral decompo-
sition ρ = ∑n

i pi|pi〉〈pi| and σ = ∑n
j q j |q j〉〈q j |. We define

distributions P and Q in S = {(i, j)|1 � i � n; 1 � j � n} as

Pi j := |〈pi|q j〉|2 pi, (47)

Qi j := |〈pi|q j〉|2q j, (48)

and we add the definition of the auxiliary complex random
variable � based on a Hermitian operator θ̂ ,

�i j := 〈pi|θ̂ |q j〉
〈pi|q j〉 , (49)

for 〈pi|q j〉 	= 0 and �i j := 0 otherwise.
Lemma 3. For any density matrices ρ, σ and Hermitian

operator θ̂ we have

(1/2)|〈�〉P − 〈�〉Q|2
〈〈�〉〉P + 〈〈�〉〉Q + (1/2)|〈�〉P − 〈�〉Q|2

� (1/2)(〈θ̂〉ρ − 〈θ̂〉σ )2

〈〈θ̂〉〉ρ + 〈〈θ̂〉〉σ + (1/2)(〈θ̂〉ρ − 〈θ̂〉σ )2
, (50)

with P, Q,� given by Definition 2 and 〈θ̂〉ρ := tr{ρθ̂},
〈θ̂〉σ := tr{σ θ̂}, 〈〈θ̂〉〉ρ := tr{ρθ̂2} − tr{ρθ̂}2, and 〈〈θ̂〉〉σ :=
tr{σ θ̂2} − tr{σ θ̂}2.

Proof. This idea was explored in [44]. The expected value
of θ̂ with respect to ρ is

tr(ρθ̂ ) =
∑

i j

pi〈pi|θ̂ |q j〉〈q j |pi〉

=
∑

i j;〈q j |pi〉	=0

pi|〈q j |pi〉|2 〈pi|θ̂ |q j〉
〈pi|q j〉 , (51)

where we used 〈pi|q j〉 = 〈q j |pi〉∗. Using Definition 2, in
terms of P and �, we have from (51),

tr(ρθ̂ ) =
∑

i j

Pi j�i j := 〈�〉P. (52)

Similarly, we obtain for the expected value of θ̂ with respect
to σ using Definition 2,

tr(σ θ̂ ) =
∑

i j

Qi j�i j := 〈�〉Q. (53)
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Analogously, we have for the expected value of θ̂2 with
respect to ρ,

tr(ρθ̂2) =
∑

i j

pi|〈pi|θ̂ |q j〉|2 (54)

�
∑

i j;〈q j |pi〉	=0

pi|〈pi|θ̂ |q j〉|2 =
∑

i j

Pi j |�i j |2, (55)

where we used θ̂ = θ̂†, which yields

tr(ρθ̂2) �
∑

i j

Pi j |�i j |2 := 〈|�|2〉P. (56)

We have a similar expression in terms of σ ,

tr(σ θ̂2) �
∑

i j

Qi j |�i j |2 := 〈|�|2〉Q. (57)

Combining expressions (52), (53), (56), and (57) completes
the proof of Lemma 3 (50). �

Definition 3. Let the trace distance be defined as

T (ρ, σ ) := 1
2 |ρ − σ |1 = 1

2 tr{
√

(ρ − σ )2} (58)

and the Petz-Rényi relative entropy

Dα (ρ||σ ) := 1

α − 1
ln tr{ρασ 1−α}, (59)

for any α ∈ (0, 1) ∪ (1,∞), with the symmetric version de-
fined as

D̃α := 1
2 [Dα (ρ||σ ) + Dα (σ ||ρ)]. (60)

Theorem 1. (Symmetric Petz-Rényi uncertainty relation).
Let ρ and σ be any density matrices and θ̂ be any Hermitian
operator. Then,

D̃α (ρ, σ ) � 1

α − 1
ln

cosh{(2α − 1)atanh[s(ρ, σ ; θ̂ )]}
cosh{atanh[s(ρ, σ ; θ̂ )]} ,

(61)
where

s(ρ, σ ; θ̂ ) :=
[

(1/2)(〈θ̂〉ρ − 〈θ̂〉σ )2

〈〈θ̂〉〉ρ + 〈〈θ̂〉〉σ + (1/2)(〈θ̂〉ρ − 〈θ̂〉σ )2

]1/2

.

(62)
Proof. Using Definition 2, we have the following

identity:∑
i j

Pα
i jQ

1−α
i j =

∑
i j

pα
i q1−α

j |〈pi|q j〉|2 = tr(ρασ 1−α ), (63)

which results in Dα (P|Q) = Dα (ρ||σ ); thus

D̃α (P, Q) = D̃α (ρ, σ ). (64)

We also have from Lemma 2 (41) and Lemma 3 (50),√
δ(P, Q) � s(ρ, σ ; θ̂ ). (65)

Finally, note that the function

B(α, x) := 1

α − 1
ln

cosh[(2α − 1)atanh(x)]

cosh[atanh(x)]
(66)

is increasing for all α ∈ (0, 1) ∪ (1,∞), which combined
with (64), (65), and Lemma 1 (30) results in

D̃α (ρ, σ ) = D̃α (P, Q) � B(α,
√

δ(P, Q)) � B(α, s(ρ, σ ; θ̂ )),
(67)

which proves Theorem 1 (61). �
Corollary 1 (Generalized Holevo’s inequality). Let ρ and

σ be any density matrices and θ̂ be any Hermitian operator.
Then,

D̃α (ρ, σ ) � 1

α − 1
ln

cosh{(2α − 1)atanh[T (ρ, σ )]}
cosh{atanh[T (ρ, σ )]} . (68)

Proof. We use Theorem 1 with a specific operator ω̂ sug-
gested in [48]. Consider the following spectral decomposition
of the operator ρ − σ = ∑

k wk|wk〉〈wk|. Now we define ω̂ as

ω̂ :=
∑

k,wk 	=0

sgn(wk )|wk〉〈wk|, (69)

where sgn(x) = 1 (−1), for x > 0 (x < 0). Then, we write the
trace distance |ρ − σ |1 in terms of ω̂ from (69),

〈ω̂〉ρ − 〈ω̂〉σ = tr[ω̂(ρ − σ )] =
∑

k

|wk| = |ρ − σ |1. (70)

Then, we observe that

ω̂2 =
∑

k,wk 	=0

sgn(wk )2|wk〉〈wk| = I − ε̂, (71)

where I is the identity operator and ε̂ := ∑
k,wk=0 |wk〉〈wk|,

with averages

〈ε̂〉ρ = 〈ε̂〉σ := ε (72)

obtained from 〈ε̂〉ρ − 〈ε̂〉σ = tr[ε̂(ρ − σ )] = ∑
k,wk=0 wk =

0. We also have 0 � ε � 1, because ρ, σ are positive definite
and tr(ρ) = tr(σ ) = 1. From (71) and (72), we get

〈ω̂2〉ρ = 〈ω̂2〉σ = 1 − ε. (73)

Using the averages (70) and (73) we obtain

s(ρ, σ ; ω̂)2 = (1/2)|ρ − σ |21
(2 − 2ε) − 〈ω̂〉2

ρ − 〈ω̂〉2
σ + (1/2)|ρ − σ |21

.

(74)
Also check that

(1/2)|ρ − σ |21 � 〈ω̂〉2
ρ + 〈ω̂〉2

σ , (75)

directly from (70) and the expression (1/2)(x − y)2 �
(1/2)(x − y)2 + (1/2)(x + y)2 = x2 + y2, for x = 〈ω̂〉ρ , y =
〈ω̂〉σ . In this case, we obtain from (75), s(ρ, σ ; ω̂)2 �
|ρ−σ |21
4(1−ε) � |ρ−σ |21

4 , which results in

s(ρ, σ ; ω̂) � |ρ − σ |1
2

= T (ρ, σ ). (76)

Now, using Theorem 1 with operator ω̂, we have D̃α (ρ, σ ) �
B(α, s(ρ, σ ; ω̂)) � B(α, T (ρ, α)), using (76) and the fact that
B(α, x) is increasing, which proves (68). �

Lemma 4. The bound in Corollary 1 improves Pinsker’s
inequality.
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Proof. Let T ∈ [0, 1]; then we show that

B(α, T ) := 1

α − 1
ln

cosh[(2α − 1)atanh(T )]

cosh[atanh(T )]

� 2 min(α, 1)T 2. (77)

For that purpose, we consider the function g(α, x) =
ln{cosh[(2α − 1)x]/ cosh(x)} for x � 0 and α ∈ (0, 1) ∪
(1,∞). For a constant x, we have ∂2g(α, x)/∂2α =
4x2sech2[x(1 − 2α)] � 0. Therefore, we could use
the property of convex functions, g(α, x) − g(1, x) �
g′(1, x)(α − 1), where g′(α, x) = ∂g(α, x)/∂α. Replacing
g′(1, x) = 2x tanh(x) and g(1, x) = 0, we have g(α, x) �
2x tanh(x)(α − 1), which yields, for α > 1,

B(α, T ) = 1

α − 1
g(α, atanh(T )) � 2T atanh(T ) � 2T 2.

(78)

Now for 0 < α < 1, we use a different strategy. First,
note that g(α, x) can be conveniently rewritten as
g(α, x) = 2 atanh{tanh(αx) tanh[(α − 1)x]} using atanh(x) =
(1/2) ln[(1 + x)/(1 − x)]. Thus we obtain

g(α, x) = −2 tanh(αx) tanh[(1 − α)x]

� 2α(α − 1) tanh(x)2, (79)

where we used tanh(εx) � ε tanh(x) for 0 < ε < 1 and x > 0
[one can check this showing the function j(x) = tanh(εx) −
ε tanh(x) is increasing in x for any constant ε ∈ (0, 1) and
j(0) = 0]. Finally, we get from (79), using α − 1 < 0,

B(α, T ) = 1

α − 1
g(α, atanh(T )) � 2αT 2. (80)

Combining (78) and (80) results in B(α, T ) � 2 min(α, 1)T 2

for all α � 0, which proves (77). �
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