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Many-body quantum chaos in mixtures of multiple species
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We study spectral correlations in many-body quantum mixtures of fermions, bosons, and qubits with pe-
riodically kicked spreading and mixing of species. We take two types of mixing, namely, Jaynes-Cummings
and Rabi, respectively, satisfying and breaking the conservation of a total number of species. We analytically
derive the generating Hamiltonians whose spectral properties determine the spectral form factor in the leading
order. We further analyze the system-size (L) scaling of Thouless time #*, beyond which the spectral form
factor follows the prediction of random matrix theory. The L dependence of ¢* crosses over from InL to L2
with an increasing Jaynes-Cummings mixing between qubits and fermions or bosons in a finite-size chain, and
it finally settles to t* oc O(L?) in the thermodynamic limit for any mixing strength. The Rabi mixing between
qubits and fermions leads to * o« O(In L), previously predicted for single species of qubits or fermions without

total-number conservation.
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A series of recent microscopic studies has explored quan-
tum chaos and spectral correlations in periodically driven
(Floquet) many-body systems [1-17] to show the emergence
of a universal random matrix theory (RMT) description of the
spectral form factor (SFF) in these models by going beyond
the semiclassical periodic-orbit approaches [18,19]. These
investigations have further strengthened our understanding
of the quantum chaos conjecture [20-28] for describing the
spectral fluctuations of many-body nonintegrable quantum
systems by RMT. Until now, such microscopic derivation
of SFF in many-body quantum models has been restricted
to systems with single species, e.g., fermions, bosons, and
qubits. Nature, however, is full of systems consisting of
multiple species, such as the crystalline solids of electrons
and phonons and the blackbody radiation comprising ther-
mal electromagnetic radiation within or surrounding a matter
in thermodynamic equilibrium. Inspired by these examples,
we derive the leading-order contributions to SFF in various
mixed many-body quantum systems with two different types
of species, e.g., qubits and bosons or fermions [29].

We consider many-body quantum mixtures where a base
Hamiltonian with the entries diagonal in the Fock space basis
of two different species is kicked periodically by another
Hamiltonian with terms consisting of mixing between two
species and nearest-neighbor hopping of one species. The
diagonal entries in the base Hamiltonian include random
chemical potentials and transition frequencies along with pair-
wise long-range interactions of one species. We consider two
forms of the mixing Hamiltonian: (a) Jaynes-Cummings (JC)
[30-34] and (b) Rabi (R) [35,36] interaction between different
species. While the JC preserves the total number of excitations
of both species, the R does not. Thus, we have U(1) symmetry
in the JC mixing system, which is absent for the R mixing.
Our models’ two different components are either qubit and
spinless boson or qubit and spinless fermion. Since spinless
fermions are related to spin-1/2’s or qubits, our results here
are valid for many different types of mixtures, e.g., the results
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for a compound model of qubits and spinless bosons are also
helpful for a mix between spinless fermions and bosons. Sim-
ilarly, the results for a mixture of qubits and spinless fermions
apply to a mixture of spin-1/2's of different species, e.g.,
electrons and atomic nuclei in solids.

First, we rewrite the spectral form factor of the quantum
mixtures in terms of a bistochastic many-body process [7,13]
generated by an effective Hamiltonian. The effective Hamilto-
nian describes the leading-order contributions of SFF within
the random phase approximation (RPA) in the Trotter regime
of small perturbation parameters. We identify symmetries of
the effective Hamiltonian controlling dynamical processes for
the emergence of RMT behavior in these models [13,37].
These symmetries are important in determining system-size
(L) scaling of the Thouless timescales t* beyond which the
SFF has a universal RMT-COE form for our time-reversal
invariant models of a circular orthogonal ensemble (COE).
For JC mixing, we find, t* o« L> when L — oo, which is a
characteristics of a U(1)-symmetric model [5,7,13,38]. How-
ever, we show an exciting competition between the hopping
and mixing of the driving Hamiltonian, leading to a crossover
behavior in the L dependence of t* when a finite-size system
is considered. For a finite system, t* o In L when the mixing
strength is smaller than the hopping, and t* oc L? for a higher
mixing strength compared to hopping. The above crossover in
L scaling of ¢* is inevitable in many experimental studies with
highly controlled laboratory settings of finite size [17,34,39—
44]. For R mixing between fermions and qubits, t* o InL
or L° for large L, which is similar to the single species of
fermion or spin-1/2 models in the absence of U(1) symmetry.
In contrast to fermions or spin-1/2’s, the only boson model
lacking U(1) symmetry shows an algebraic L dependence of
t* [13]. We offer numerical evidence that the L dependence of
t* for R mixing between bosons and qubits seems to behave
similarly to R mixing between fermions and qubits.

The base (kicked) Hamiltonian H, of our systems denotes
a one-dimensional lattice of length L consisting of spinless
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fermions or bosons and qubits with no coupling between these
two species,

L
ﬁo = Z(a}iﬁi + Qi(’)\';(’)\'i) + Z Ul]ﬁlﬁ'j5 (1)

i=1 i<j

where 7; = &j&i is the number operator, with &j being a
fermion or boson creation operator at site i. We set h=1.
The ra1s1ng and lowering operators a = (6] +i6; /2,6 =
(67 l(TJ ')/2 are for the qubit at 51te Jj- Here w; and €;
are, respectively, on-site energy of the fermion or boson and
the transition frequency of the qubit at site i. We choose
one or both of w; and €2; random as Gaussian independent
and identically distributed (iid) variables of zero mean and
finite standard deviation. We further take long-range inter-
action between fermions or bosons at sites i and j given by
Uij = Up/li — j|* with an exponent in the interval 1 < a < 2.
The form of Hy is fixed by minimal requirements for analyt-
ical calculation as well as physical relevance. Our analytical
calculation requires the RPA and integration out of the pa-
rameters of Hy, and both are met by the above choice of Ho.
The model with bosons and qubits and its close variants can
physically represent light-matter interactions in real systems
and engineered metamaterials [31,34,36] and electron-phonon
interactions in crystalline solids.

The driving Hamiltonian consists of a term denoting the
mixing between fermions or bosons and qubits locally and an-
other term indicating nearest-neighbor hopping of fermions or
bosons. The driving Hamiltonians with JC and R interactions
are, respectively,

HJc—Zg<aa,+oa>+Z( Jalai +He), ()

Hy = Zg(flj +a;)(6; + 61) + Z(—J&j&iﬂ +H.c.),
i=1 i=1
3)

where g and J are the strength of mixing and hop-
ping. The total excitation number operator, N = ZiL:l(ﬁ,- +
6;6,), commutes with both Hy and Hjc, but not with Hg.
Thus, the time-dependent total Hamiltonian, H(@) =Hy +
Hic /R D ez 8(t —m), commutes with N for JC interaction,
but not for R interaction, showing the presence or absence of a
U(1) symmetry, which corresponds, respectively, to conserva-
tion or violation of the total excitation number in our models.
Here we use the periodic boundary condition (PBC) in real
space, i.e., &,’ = (:\l,'+L, 6’1' = &i+L.

The SFF, K(t), is defined as a time (¢) Fourier transfor-
mation of the two-point correlation of the spectral density of
quasienergies, which are eigenvalues of the unitary one-cycle
Floquet propagator U of our periodically driven systems. K (7)
can be written as [1,7]

N al 2
K(t) = (0" )0 ™) — (V) 8.0, )
where A? is the dimension of the Hilbert space of the sys-
tem with ¢ = JC, R mixing for fermions (8 = F') and bosons
(B = B). Here, (-) denotes an average over the quench disor-
ders {€2;} and/or {w;}. The one-cycle time-evolution operator

U can be expressed as
O=VW, W=e¢ and V =e for 5)

We consider the basis states |no)=|ny,...,n.)Q
|oy,...,0r), where the occupation number of spinless
fermion or boson and qubit at the lattice site j is, respectively,
given by n; =0,1(F)and0,1,2,...(B), and o0; =0, 1.
The total number of excitations, N = (no|N|no) =
Z?zl(n j+0;), is conserved in the whole system only
for JC mixing.

For JC mixing of fermions and qubits, we can dis-
tribute total excitations N(< 2L) among 2L states consisting
of L spatially localized qubit excitations and another L
spatially delocalized fermionic excitations. Thus, the di-
mension of the Hilbert space for this system with N
excitations is j\/JC = (2L)!/[(2L — N)!N!]. We further have,

NE = Yo, N =221, which is the dimension of the
Hilbert space for R mixing of fermions and qubits with even
number of total excitations.

For JC mixing between bosons and qubits, the num-
ber of qubit excitations, M (= Z?:l 0j), can be 0 <M <
min(N, L). The total number of bosons there would be N —
M. We can find the dimension A of the Hilbert space by
summing over allowed M. Thus, we get

s &P L W—M+4L-1)
Nie= D +n . ©
WL —M)! (N —-M)!I(L—1)!

M=0

The Hilbert space dimension N becomes infinite for R mix-
ing of bosons and qubits as N is not conserved and has no
upper bound. However, as discussed later, it is possible to
introduce a truncation for a maximum number of total exci-
tation, Npax, in the lattice for numerical calculation.

Both for fermionic and bosonic models, these basis states
|no) are elgenstates of Hy and W, which allows us to inte-
grate out Hy from U and K(r) through the RPA by disorder
averaging over different realizations. We further make an
identity permutation approximation to achieve the following
simple form of the SFF [7,13] by including the leading-
order contributions at times t < tgy = J\/'{’3 K@) =2t tr M,

where M is a J\/f X ./\/'f double-stochastic square matrix

whose elements are M, nor = |{n0 |V|no')|>. The largest
eigenvalue of M is one. Thus, we can write the eigenval-
ues of M as 1, A1, Ao, Az, ..., with 1 > [Ai] = |)\.i+1|. USiIlg
these eigenvalues, we express the SFF as (see Supplemental
Material [45])

NP1
K@) =2z(1 + > A§>, )

i=1

where K () ~~ 2t is a leading order in the ¢ /ty result of RMT-
COE. The RMT-COE form of K(¢) >~ 2¢ in a leading order
appears beyond the Thouless timescales ¢*(L) when the con-
tribution from the second term in Eq. (7) becomes negligible.
The contribution from the second term depends on the prop-
erties of A; for i > 1. We next try to understand the features
of M and its eigenvalues. We can find Hermitian quantum
Hamiltonians generating M in the Trotter regime of small g, J
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for fermionic and bosonic models with JC and R mixing. The
Hamiltonians are derived by writing M using an elementwise
commutative product (also known as the Hadamard product)
of V with V* in the basis |no), and then expanding V in the
Trotter regime of small parameters of Hjc (Hg) up to second
order in Hjc (Hg). The emergent symmetries of these gener-
ating Hamiltonians control the dynamical properties of these
models, such as t*(L), and they can be significantly different
from the symmetries of H(®).

We first analyze M for the fermionic model with JC
mixing. The generating Hamiltonian for the PBC is (see Sup-
plemental Material [45])

(& +J*L
Mic = <1 - T)“M@

L
JzAvAv ng\v»\v O 4 4
+ZZ St 540 | +0U% 8D,
(®)

where 7 and 6, are the vth component of the Pauli matrix
at site i and v € {x, y, z}. Here, " and 6, represent, respec-
tively, the spinless fermions and qubits. The largest eigenvalue
one of MJFC corresponds to a state in which all T and o
spins are polarized in one particular direction, say along the
Z axis. M}:c commutes with the operators, ZJL.:l (2] +6})/2,
for v € {x, y, z}, which satisfy the SU(2) algebra. Thus, M}:C
has SU(2) symmetry, which implies that there would be de-
generate symmetry multiplets of the subleading eigenvalues
of ./\/lfC for different N (=1, 2, 3, ..., 2L — 1). Nevertheless,
other energy eigenvalues can also appear between different
descendent states for higher N. Since we are interested in the L
dependence of ¢* at finite filling fractions (N/L), the ordering
of descendant states in the full spectrum of ./\/l}:c for N > 1is
important. It can be shown that the value of X is the same for
all N, including N = 1 at any value of g, J. The largest L — 1
eigenvalues of M. excluding the largest eigenvalue one for
N =1are

2 i\ 2
A,-:1—g2—12(1—cos%)—i—\/.l“(l—cos%) + &,

(€))

fori=1,2,3...,L — 1. We show below that the degenera-
cies of the A’s, which information is essential in determining
the L scaling of #*, can be different depending on the ratio
of g/J.

In the thermodynamic limit of L — oo, the second-largest
eigenvalues (1) are doubly degenerate due to reflection sym-
metry, and can be approximated as A; &~ 1 — (2m2J?)/L?
from Eq. (9) for any value of g, J. However, the above is
also true for a finite but large L when (1 — cos ZT”) < (g/0)?,
which requires L > [. = 7/ sin~!(g/~/2J). Here, I, is a crit-
ical length scale. We then further approximate K(¢) at long
time 7, 1 €t K /\fJFC, by keeping up to the second-largest
eigenvalues A of MJFC. Thus, we get, for SFF,

K(r) = 2t(1 4+ 241) = 21(1 + 2¢7"/" @), (10)

where we take the scaling of 1| with system size Las 1 — 1/¢*
and t* = L?/(2m2J?) [7,13]. The above L dependence of t* is

similar to our earlier result in Ref. [7] for a U(1) symmetric
fermionic model without the qubits.

However, there is another interesting parameter regime
when (1 — cos %) > (g/J)2 for a finite L, which is the case
in many proposed highly controlled laboratory settings to
test predictions for SFF [17,42-44,46]. For (1 — cos 2’%) >
(g/J)? at finite L (< [.), we have, from Eq. (9),

2 gz ? ) (im
ARl —g +<—) csc (f) for i=1,2,3...,L—1.

(1)

Therefore, the second-largest eigenvalues for small g/J are
approximately (L — 1)-fold degenerate. This degeneracy can
be understood from first-order degenerate perturbation theory.
When g = 0, the largest eigenvalues of one are L-fold de-
generate. This degeneracy is lifted when a small but nonzero
mixing g is introduced. It results in the largest eigenvalue of
one and (L — 1)-fold degenerate second-largest eigenvalues
of 1 — g% It can also be shown that these eigenvalues are
independent of N in this case (see Supplemental Material
[45]). These features of A; give a different form of SFF and
the system-size scaling of #*:

L—1
Kay:m<1+§:ﬁ), (12)

i=1

which leads to t* ~ O(In L) (see Supplemental Material [45]).
Such logarithmic system-size dependence of #* has been pre-
viously reported for U(1) symmetry-broken models without
total particle number conservation [1]. We can also increase
the value of g/J at a fixed finite L to access the other condi-
tion, (1 — cos 2’%) &« (g/J)?, to get the SFF in Eq. (10), and
t* oc L?. Thus, we find a crossover in system-size scaling of ¢*
with a varying scaled mixing strength g/J at finite lengths in
our model with JC mixing between fermions and qubits. We
show in the Supplemental Material [45] that such crossover
can also be observed in a periodically kicked quantum mixture
of three species.

To demonstrate two different L scaling of t*, we plot K ()
with ¢ using Eq. (7), which is obtained by applying the RPA
and identity permutation for leading-order contributions. In
Figs. 1(a) and 1(c), we show K(¢) with t for g=0.1,J =
0.4(l, ~17) and g =0.4,J = 0.1 (I, ~ 0), respectively. We
take the half-filled case with N/L = 1/2. We can understand
the L dependence of t* for these two parameter sets by scaling
t and K(¢) by predicted L dependence. For this, we plot
K(t)/InL against ¢/In L in Fig. 1(b) and K(t)/L'% against
t/Ll'85 in Fig. 1(d). Figures 1(b) and 1(d) display a nice data
collapse for different L at a time above ¢* for the universal
RMT behavior of the SFF. Such data collapse confirms our
above-predicted crossover of the L dependence of ¢* with an
increasing g/J. We could not get t* growing exactly as L? for
a large g/J in our numerics with limited L. Still, our obtained
exponent (~ 1.85) in this region is close to the predicted
value of 2. In the Supplemental Material [45], we further
demonstrate such crossover in system-size scaling of t* by
directly simulating K (¢) using Eq. (4) for JC mixing between
fermions and qubits.
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FIG. 1. Spectral form factor K(z) using Eq. (7) for different system sizes L of the periodically kicked chain with JC mixing between

fermions and qubits for (a),(b) g =0.1,J = 0.4 and (¢),(d) g =0.4,J =

collapse in scaled time ¢/ In L and t /L%, respectively.

The generating Hamiltonian for JC mixing between bosons
and qubits in the Trotter regime reads as (see Supplemental
Material [45])

L

(& +JL 2 1

ME = <1+T Lys + > [27(R/KY,
i=1

FRIRE, — RIRY,) + ¢ (K16 — K26
+ R —6/8)] + 00U, g, (13)
where =K +K;)/2, K} = (K —K;)/2i. We de-
fine a set of local operators Kj(’ —(1;+1/2), I?f =

a;\/h;, Igj’ = \/ﬁijiﬂ, which satisfy the commutation rela-
tions of SU(1,1) algebra at the same site, and commute
otherwise: [K", K1 = —2K5;;, [K?, K] = £K;"5;;. How-
ever, /\/l?c in Eq. (13) does not commute with K = Z,'L=1 1%1.“,
o € {+, —, 0} for a nonzero g. Thus, M?C does not possess
SuU(1,1) symmetry, unlike the only boson model investigated
by Roy et al. [13]. Nevertheless, we find

[MJC,Z(KM 5.6 )] =0,

1

(14)

which indicates a U(1) symmetry of M?C. As shown in the
Supplemental Material [45], the L dependence of t* for this
model is similar to that of fermions and qubits. For a finite
L, there is a crossover in the L dependence of * from In L to
L? with an increasing g/J for JC mixing between bosons and
qubits. The eigenvalues of M. are identical to those of M.
for N = 1. The largest eigenvalues of M%. for any finite N
become degenerate with those for N = 1 with an increasing
L due to an emergent approximate symmetry of M}?‘C. The
above features lead to the similarity between the fermionic
and bosonic models with JC mixing.

Next, we consider R mixing between fermions or bosons
and qubits. We start with the fermionic case having a finite-
dimensional Hilbert space. The generating Hamiltonian in this
case is (see Supplemental Material [45])

2
ME = (1 _@:Z—F—J)L>1Ng

2
- Z (Z + ng;al.Z) +0U Y,

15)

AVAV

2lt+

0.1. We take half filling N/L = 1/2. In (b) and (d), we show the data

which commutes with Zl , Tfand O’Z forje{1,2,3,...,L},
indicating a global U(1) symmetry for fermions and local
U(1) symmetry for each qubit. Interestingly, H(z) does not
have a global U(1) symmetry for R mixing. The generating
Hamiltonian for R mixing does not have SU(2) symmetry due
to magnetic anisotropy created by coupling to the qubits, in
contrast to that in Eq. (8) for JC mixing between fermions

and qubits. The eigenvalues A; of M can be determined by

fixing i, & and 6; for j€({1,2,3,...,L} as these are
good quantum numbers The elgenvalues are doubly degen-
erate since Mp, is invariant under 1_[: 1 167", which implies
that a state obtained by flipping all the 7 and o spins of
an eigenstate of M5 is also an eigenstate with the same
eigenvalue. The largest eigenvalue one of ME is a state |A¢)
in which all T and o spins are polarized in the z direction.
The second-largest eigenvalues of M% are (L + 1)- and L-
fold degenerate, respectively, for (g/J)> < 2/3 and (g/J)* >
2/3 (see Supplemental Material [45]). For (g/J)* < 2/3, the
second-largest eigenvalues are 1 — 2g%, which consist of L
eigenstates with any one o spin being flipped in |A¢) and
another superposition state with a single t spin flipping in
|Ao). For (g/J)> > 2/3, the second-largest eigenvalues are
1 —4g%> —2J%[1 — \/14+4(g/J)*] [47], which are L eigen-
states with one t spin flipping and one o spin being flipped
in |Ag). Thus, the second-largest eigenvalues for any g/J are L
independent. So we get t* o InL or In(L 4 1) for R mixing
between fermions and qubits. Such L dependence of ¢* is
similar to that in a periodically kicked transverse-field Ising
model in Kos et al. [1] with local kicking terms. Interestingly,
a similar L scaling of * can also be obtained for the U(1)-
symmetry-broken model explored in Ref. [7] when the pairing
A and tunneling J strengths are the same. We can also get
t* o< L0 of Ref. [7] for arbitrary A and J when g is different
(or random) for different qubits to lift the degeneracy in the
second-largest eigenvalues.

Finally, we consider the mixture of bosons and qubits with
R mixing between them. The generating Hamiltonian for this
case in the Trotter regime reads as (see Supplemental Material
(45D

JZ
Mg (1 + —)ﬂNs +Z [27° (KK}, + K?KZ,
—KKY) + 2g2(1<l. 65+ K))]+ 00U ghH, (16)
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which commutes with 5}‘ for j € {1,2,3,...,L}. We could
not calculate the spectrum of ME analytically. Instead, we
determine it numerically by varying Ny« for a fixed L to get
an estimate of A; in the large-Np,x limit. We use linear extrap-
olations in 1/Npax towards 1/Npn.x = 0 to find evidence for
a gap between the largest and second-largest eigenvalues, as
shown in the Supplemental Material [45]. The second-largest
eigenvalues are also L-fold degenerate, suggesting a scaling
of t* o< In L. We remind the reader here that a periodically
kicked boson model without particle-number conservation
shows t* o« O(LY), y = 0.7 £ 0.1 [13], which is sharply dif-
ferent from the present case of bosons and qubits without
total-number conservation.

We have analytically calculated the SFF in many-body
quantum mixtures of fermions, bosons, and qubits with pe-
riodically kicked spreading and mixing of species. Different
types of mixing between species can drastically alter the

timescale for the emergence of RMT behavior of K(¢) in
quantum mixtures. We show how competition between mix-
ing and spreading of species in U(1)-symmetric finite-size
systems can lead to a logarithmic L scaling of ¢#*, which has
been predicted before only for U(1)-symmetry-broken single-
species models [1,4]. This finding is practical and vital as
quantum mixtures of different species are abundant in nature
as well as controlled experimental setups of cold atoms and
photonic systems, and many of these systems are finite size.
We further show that the t* scaling for R mixing of fermions
and qubits is similar to those obtained for a single species of
spin-1/2’s or fermions. Finally, our results indicate that the
R mixing of species with different statistics (e.g., bosons and
qubits) can lead to completely different features for the main
species (e.g., bosons) with individual hopping.

We thank Prof. TomaZ Prosen for many useful discussions.
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