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Thermo-osmosis of a near-critical binary fluid mixture: A general formulation
and universal flow direction
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We consider a binary fluid mixture, which lies in the one-phase region near the demixing critical point, and
study its transport through a capillary tube linking two large reservoirs. We assume that short-range interactions
cause preferential adsorption of one component onto the tube’s wall. The adsorption layer can become much
thicker than the molecular size, which enables us to apply hydrodynamics based on a coarse-grained free-energy
functional. For transport processes induced by gradients of the pressure, composition, and temperature along a
cylindrical tube, we obtain the formulas of the Onsager coefficients to extend our previous results on isothermal
transport, assuming the critical composition in the middle of each reservoir in the reference equilibrium state.
Among the processes, we focus on thermo-osmosis—mass flow due to a temperature gradient. We explicitly
derive a formula for the thermal force density, which is nonvanishing in the adsorption layer and causes thermo-
osmosis. This formula for a near-critical binary fluid mixture is an extension of the conventional formula for a
one-component fluid, expressed in terms of local excess enthalpy. We predict that the direction of thermo-osmotic
flow of a mixture near the upper (lower) consolute point is the same as (opposite to) that of the temperature
gradient, irrespective of which component is adsorbed on the wall. Our procedure would also be applied to
dynamics of a soft material, whose mesoscopic inhomogeneity can be described by a coarse-grained free-energy

functional.
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I. INTRODUCTION

Osmotic transport of a fluid through a channel at microm-
eter, or smaller, scales has gained much attention because
it is applied in lab-on-a-chip processes [1-6] and involves
fundamental problems in nonequilibrium physics [7-12]. A
gradient of temperature (solute concentration) along the chan-
nel induces a flow, called thermo-osmosis (diffusio-osmosis),
because of force density generated in a heterogeneous layer
near the channel wall [13—15]. In particular, the force den-
sity in thermo-osmosis, which does not involve the buoyancy
responsible for thermal convection, is called the thermal
force density. Derjaguin and his coworkers rationalize thermo-
osmosis and diffusio-osmosis in terms of the continuum
description [16-18]. In addition to these osmotic processes,
pressure-driven transport through a micropore or a nanopore
has also been actively investigated for applications to separa-
tion and purification [19,20].

Studies on thermo-osmosis in liquids date back to
Refs. [21,22], where electrolyte solutions were observed to
permeate porous membranes. Applying Onsager’s reciprocity
in the continuum theory, Derjaguin and Sidorenkov (DS)
proposed a formula expressing the thermal force density
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in terms of the local excess enthalpy for a one-component
fluid [13-16]. According to this formula, the direction of
the flow is the same as (opposite to) that of the temperature
gradient if the excess enthalpy density is negative (positive)
everywhere near the wall. This is expected naively by con-
sidering that the flow in this direction tends to eliminate
the temperature gradient by carrying the fluid with lower
(higher) enthalpy to the region with higher (lower) temper-
ature. However, the local excess enthalpy is not easy to access
experimentally and is numerically evaluated only on the
basis of simplified microscopic models [7,23]. Besides, well-
definedness of microscopic expression of excess enthalpy is
questioned especially near the surface [7,24]. Therefore, it
remains difficult to incorporate detailed microscopic interac-
tions theoretically, and even predicting the flow direction is
often challenging [8,23,24]. In Ref. [7], the authors propose
an extension of DS’s formula for a multicomponent fluid using
the continuum description, while questioning its validity in a
microscopic slip layer. The validity is numerically examined
in Refs. [25,26].

Thermo-osmosis has not been studied in relation to critical
phenomena to the best of our knowledge. In the present study,
for a binary fluid mixture lying in the one-phase region close
to the demixing critical point, we extend our previous study on
isothermal dynamics [27] to cover nonisothermal dynamics of
thermo-osmosis. Below, this mixture, simply referred to as a
mixture, is assumed to be filled in a container composed of
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FIG. 1. Schematic of a situation considered in our formulation.
A mixture is filled in the container composed of two reservoirs and
a capillary tube connecting them. One component drawn in yellow
is preferentially adsorbed onto the tube’s wall, which is imperme-
able and adiabatic. There may be preferential adsorption onto the
reservoir’s wall, which is not assumed in this figure. Thick walls rep-
resent pistons. Imposing difference in pressure, composition, and/or
temperature between the reservoirs generates mass flow through the
tube.

two large reservoirs and a capillary tube connecting them. The
tube’s wall is impermeable and adiabatic. Differences in tem-
perature, composition, and pressure can be imposed between
the two reservoirs (Fig. 1). Between each mixture component
and tube’s wall, we assume a short-range interaction, which
in general attracts one component to the wall more than the
other. The resulting preferential adsorption (PA), becoming
remarkable owing to large osmotic susceptibility [28,29], has
been studied for a long time [30-33]. The adsorption layer
can be much thicker than the molecular size when the mix-
ture temperature, denoted by 7', approaches within 1 K of
the critical temperature, T, as discussed later. Due to this
unique feature of the near-criticality, the continuum descrip-
tion can be justified in studying some processes of the mixture
transport [34].

In Ref. [27], applying the hydrodynamics based on a
coarse-grained free-energy functional [35], the present au-
thors studied isothermal transport in the linear regime with
respect to thermodynamic forces to calculate the involved
Onsager coefficients and conductance in diffusio-osmosis.
Order-parameter fluctuations in a mixture are significant on
length scales smaller than the correlation length, denoted by
&, and enhance the transport coefficients to cause universal
properties [36-40]. However, the PA prevents the mixture
composition in a tube from approaching the critical one, and
thus the critical enhancement does not affect diffusio-osmosis
of a mixture significantly [27]. Hydrodynamics can be applied
to a flow in the tube, where £ is locally smaller than a typical
length of the flow. It is also suggested in Ref. [27] that, in a
critical regime, the mixture velocity due to diffusio-osmosis
far from a flat surface should exhibit a power-law dependence
on the reduced temperature, T = (T — T)/T, if the adsorp-
tion is sufficiently strong and the composition is critical far
from the surface. This originates from the universal order-
parameter profile at equilibrium [41,42]. The same power law
is numerically suggested for the diffusiophoretic mobility of
a colloidal particle in a mixture [43,44]. Universal properties,
if confirmed experimentally, would expand our knowledge of
the critical phenomena in general.

Our general formulation is described in Secs. II A and 1T B.
We employ the hydrodynamics under inhomogeneous tem-
perature formulated from a coarse-grained free-energy
functional [45,46]. The formulation may be extended to

nonisothermal dynamics of various soft materials. Imposing
the no-slip condition at the tube’s wall and neglecting effects
of the tube’s edges, we discuss flow fields in the tube in
the linear regime in Sec. IIC. In Secs. III A and III B, we
derive formulas of the Onsager coefficients and a formula of
the thermal force density for a cylindrical tube, assuming the
total mass density to be homogeneous inside the tube and
the mixture composition to be critical in the middle of the
reservoir in the reference equilibrium state. The former formu-
las include extensions of our previous results of Ref. [27] to
nonisothermal transport, whereas the latter can be regarded as
an extension of DS’s formula to a mixture considered here. We
apply the renormalized local functional theory [41,47] to spec-
ify the free-energy functional in Sec. III C, and rewrite our
formulas in Sec. III D. This theory can incorporate the effects
of the critical fluctuations in the adsorption layer, where & is
inhomogeneous. In Sec. IV we focus on thermo-osmosis to
show numerical results and predict that, irrespective of which
component is adsorbed on the wall, the flow direction is the
same as (opposite to) the direction of the temperature gra-
dient in thermo-osmosis of a mixture near the upper (lower)
consolute point. Further discussion and summary are given in
Sec. V.

II. FORMULATION

We write p, (op) for the mass density of a mixture com-
ponent named a (b). The sum p, + py is denoted by p, which
represents the total mass density, whereas the difference p, —
pp is denoted by ¢. We write ¢, for the mass fraction p,/p
and w, for the chemical potential conjugate to p,, where
n is a or b. In an equilibrium mixture with homogeneous
mass densities, (, is a function of T, c,, and the pressure
(denoted by P), and is also a function of T, p, and ¢. We
write pu4 for (ua, = up)/2; p and ¢ are conjugate to p and
n—, respectively. In Fig. 1, difference of a quantity in the left
reservoir subtracted from the quantity in the right is indicated
by é. For example, §u, denotes the difference in pu, between
the reservoirs. If a component is preferentially adsorbed not
only onto the tube’s wall but also onto the reservoir’s wall, p,
is also inhomogeneous in the reservoir. Then § p,, indicates the
difference in p, between the central regions of the reservoirs.
The difference between the pressures on the pistons is given
by 6P.

A. Thermodynamics

The partial volume and partial entropy per unit mass of the
component n, are denoted by v, and 5,, respectively. In an
equilibrium mixture with homogeneous densities, we have

oy On
b, = £ and 5, =—(22) ()
0P ). oT ) .,

where the subscript of a right parenthesis indicates the fixed
variables in the partial differentiation. Writing s for the en-
tropy per unit volume, we have

1 =0apa + 0bpp and s =25,04 + Sb0p 2

at equilibrium with p, and s being homogeneous. We write
v_ and 5_ for (v, — ¥p)/2 and (5, — 5p)/2, respectively; the
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equations in Eq. (1) remain valid after the subscript n is
replaced by — throughout.

We consider the Helmholtz free-energy functional of a
mixture, where fields are coarse grained up to the local cor-
relation length &£. A part of the functional is given by the
volume integral of a function over the mixture region, V.
The function, denoted by fiux, is assumed to depend on p,, oy,
their gradients, and 7', with the dependence on the gradients
being via |Vp.|%, |Vou|?> and (V) - (Vpp). The gradient
terms are indispensable because £ can be much larger than the
length scale where the local equilibrium is defined. The other
part, representing the wall-component interaction, is given by
the area integral of a function over the interface, dV,. This
function, denoted by fyr, depends on p,, pp, and T. Thus, the
free-energy functional is given by

F[Tv paa pb] = / dr fbu]k(Ta pas pb7 Vpa9 V,Ob)
Vit

+ / dA fsurf(Ts pas pb)v (3)
3‘/“)[

where T and p, depend on the position r. The volume (area)
element is represented by dr (dA). In Vi, we write u for the
internal energy per unit volume to have

(3fbu1k>
s=—(——— and
aT Pn>V Pn

ad
U= foux +7Ts= _T2<ﬁbeulk> ' W
PV Pn

B. Hydrodynamics

We can neglect order-parameter fluctuations to formulate
hydrodynamics on length scales larger than &. The mixture’s
velocity field, v, is defined in the frame fixed to the container.
The time derivative of p equals —V - (pv). In the stationary
state, we have

0=V - (pv). &)

Although p is not assumed to be a constant in the dynamics,
we have V - v = 0 for a weak, laminar, and stationary flow in
the tube, as mentioned in the next subsection. For this flow,
the momentum conservation is represented by

2V-(sE)=V -1, (6)

where E is the rate-of-strain tensor, 7 is the shear viscosity
dependent on the local composition, and I1 is the reversible
part of the pressure tensor. As shown later, M is expressed
in terms of fy,x. Because of the mass conservation of each
component, the time derivative of p,, is equal to the negative of
the divergence of its flux, whose deviation from the convective
part, p,v, gives the diffusion flux, denoted by j,. It is defined
so that j, 4 j, vanishes [48]. In the stationary state, we have

0=V-(pv+j), (7

where j is defined as j, — j,. The energy conservation is
described in the next subsection.

The scalar pressure P is given by the negative of the grand-
potential density,

P = Wnpn — fouk = s p + 1@ — fouk. (3

If T is homogeneous, w,(r) is given by the functional deriva-
tive of the first term on the right-hand side (r.h.s.) of Eq. (3)
with respect to p,(r) in Vior. Otherwise, it is given by

_0fouk o [ 1 9fbuk
" o, T 8(Vpo]

With 1 denoting the identity tensor of order two and repeated
indices summed up, we have

9)

Nn=Pr1+ (Vp,,)—afb“lk (10)

(Vo)

which is symmetric. The gradient terms in fy,x can make
u, and IT dependent on the gradient terms and make
[T nonisotropic. Equations (9) and (10) are derived for a
one-component fluid in Ref. [45] and are applied in a straight-
forward way to a binary fluid mixture in Ref. [46]. The
previous derivation is not applicable to fy,x specified in
Sec. III C. The coefficient of the square-gradient term, M_ /2
in Eq. (37), depends on T slightly nonlinearly although the
linear dependence was assumed in the previous derivation.
In Appendix A we show a more general derivation, which
can be applied to fyux of Eq. (37). Notably, this derivation
remains relevant to our later calculation of thermo-osmosis
under the linear regime, because the hydrodynamic equa-
tions including this nonlinearity must be derived before their
linearization with respect to the temperature gradient. Equa-
tions (9) and (10) yield an extended Gibbs-Duhem relation

VT 9
V-nzpnvu,1+sVT+—.ﬂ

T awpy e b

which is consistent with principles of linear nonequilibrium
thermodynamics; Eq. (11) guarantees positive entropy pro-
duction rate after combined with irreversible terms and the
Onsager’s reciprocity for osmotic fluxes through the tube. The
former is shown in Ref. [45], whereas the latter is mentioned
below Eq. (24) in the next subsection.

We write Mg and Ug for the total mass of the component
n and the mixture’s internal energy in the right reservoir of
Fig. 1, respectively. We have a flow in the tube by impos-
ing the thermodynamic forces, —§(P/T), —§(u—/T), and
8(1/T), on an equilibrium mixture. This equilibrium state,
referred to as reference state, is assumed to be close to the
critical point. In this section, we do not specify the reference
state further for a general formulation. A superscript (ref) is
added to a quantity in the middle of a reservoir in the reference
state. As shown in Appendix B, the thermodynamic fluxes
conjugate to the thermodynamic forces, denoted by Z, 7, and
IC, are given by

7 1/p0eh) 1/p0D 0 | [dMr/(dt)

Jl=] 2 —2¢0 0| | dMr/(dt) |,

IC _u(ref)/lo(ref) _u(ref)/p(ref) 1 dZ/[R/(dt)
(12)

where ¢ denotes the time. We can define a 3 x 3 matrix L,
composed of the Onsager coefficients, so that the linear phe-
nomenological equation

[Z, 7, KI" = L[-8(P/T), —8(u—/T),8(1/T)1"  (13)
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holds, with the superscript T indicating the transpose. We use
Eq. (1) to obtain

g
S = —5"0sT + 5"Vsp 4 < - ) 8ca, (14
dca T.P

where the partial derivative is evaluated in the middle of
the reservoir in the reference state. Thus, the thermodynamic
forces in Eq. (13) are determined by 87, 6P, and dc,, and
determine § 4+ because the usual Gibbs-Duhem (GD) relation
gives

SP = p’(lref)(sun_i_s(ref)aT — p(ref)8M++ (p(ref)(SM,-f-S(ref)ST.
(15)

C. Fields in the tube

We assume that §7', §P, and dc, are proportional to a di-
mensionless smallness parameter ¢ and expand the fields with
respect to €. The superscripts (0) and (1) are used to indicate
the order of ¢. We have uy = Mf + s,u(il) up to the order of

g, Y = ulP, and T© = 70D, In contrast, p© becomes
inhomogeneous and different from p™" in the presence of
PA. Because the fields are assumed to be coarse grained up to
£, the mass densities at the equilibrium specified by T and

w0 minimize the grand-potential functional,
FIT™. gl = [ drwpm)+ gl (16
Vl()l

Thus, ,0(0) is the solution of Eq. (9) with T and u, replaced
by T and w0 respectively, together with the boundary
conditions given by Eq. (A8). Below we consider stationary
and laminar flow in the tube at the order of ¢. The mixture
is assumed to remain in one-phase region throughout inside
the container. As in the previous study [27], we assume that
the tube is so long and thin that effects of the tube’s edges
on the flow are negligible. We regard ., and 87 as equal to
the differences in u, and T between the edges, respectively;
u, and T are regarded as homogeneous over the tube’s cross
section at each edge.

Assuming the tube to extend along the z axis with the same
cross section, we take the Cartesian coordinates (x,y, z) so
that the right reservoir lies on the positive z side. A field with
the superscript (0), such as p(?, is independent of z in the tube.
Thus, for the laminar flow with v, = v, = 0, Eq. (5) gives

0=V =300, (17)

where 9, denotes the partial derivative with respect to z. This
justifies Eq. (6) in the tube up to the order of &. We write n{®
for n, evaluated at & = 0; n{” depends on ¢(©. In the absence
of PA, p® and n{? are homogeneous, and thus Eq. (6) gives
N A = vpD,

We write e for the total-energy density, given by u +
plv]?/2, to have u® = ¢©. The heat flux, denoted by j,,
is defined so that the Eulerian time derivative of e equals
—V.(ev+v-M+j,). In a stationary state in the tube, the
energy conservation gives

0=V (" +M.n® 4 jby, (18)

The transport coefficients, A, A, and « are defined so that we
have [48,49]
. M 1
and j, = —KVT +)\V7.
(19)

The coefficients depend on £ owing to the critical enhance-
ment. If evaluated using & at ¢ = 0, they are denoted by
A® k© and A respectively, and are independent of z. In
Eq. (19) at the order of &, we can use TOA® O apnd 2O
for T A, k, and A, respectively.

As calculated in Appendix C, the z component of Eq. (6)
at the order of ¢ is found to become

£7 - (1O)
= 10) LO)(; E + (p(O) _ M 3(&)
Lube | pD \T preD T

(0),(ref)
pPu 1
+ <—p e U - P<°>>5 <7> } (20)

in the tube, whose length is denoted by L. Here, V repre-
sents the two-dimensional nabla on the (x, y) plane with v(l)
regarded as a scalar. Equation (20) determines v(l) together
with the no-slip boundary condition at the wall; v(l) is inde-
pendent of z because of Eq (17) As shown in Appendlx C,
the x and y components of j and inl vanish in the tube, and
Eq. (19) yields

1 —U_ 1
0) A (O [(OFY
ralr () (7)) e
1
I PR () ©)
“nal () elz)] e

in the tube. Up to the order of &, d Mg /(dt) and dUg /(dt) are
respectively given by the area integral of £(p(” vgl) + j,g;)) and
that of e(® + POV + ¢ over a tube’s cross section,
which is denoted by Sype. Thus, we use Eq. (12) to obtain

e
_ 0),,(1)
= ,o(“’f)/s dA p v, 7,
tube

0 p(O)(p(ref) . .
j=8/ dA |:<(p()_ b ) ()+]( )j| (23)
Slube ,0
and

©) ©) pVun M) 4 (D
K:s/smbedA[<u + PY — p(ref)> +] i|

(24
In Appendix B, our formulation up to here is shown to be
consistent with Onsager’s reciprocal relation, as it should be.
Because of Eq. (8), P can be inhomogeneous on a tube’s
cross section in the presence of PA. In its absence, because
P© is homogeneously equal to P, the r.h.s. of Eq. (20),
and thus vz(l), vanish when § P vanishes. This is consistent with
the results in Chapter XV-5 of Ref. [48].

With the subscript c, we refer to the value at the critical
point under the pressure PP, The deviation of ¢ from its
value at the critical point, ¢ — ¢, plays a role of the or-
der parameter of phase separation and is denoted by . In

. 1
j=-TAVES fev-
T T

il =

and
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the fluctuations about the equilibrium, correlated clusters of
Y are randomly convected on length scales smaller than £.
On larger length scales, the convection is averaged out to
enhance the transport coefficient for the interdiffusion in a
mixture at the critical composition, as mentioned in Sec. L.
The critical enhancement suppresses the critical slowing down
of the relaxation of the two-time correlation function of .
This function follows the diffusion equation. According to the
mode-coupling theory [36], the singular part of the diffusion
coefficient coincides with the self-diffusion coefficient of a
rigid sphere with the radius being equal to &. This result
is slightly modified by the dynamic renormalization-group
calculation for the model H, with the weak singularity of
ns taken into account [37,38,40,50,51]. We write zy, for the
dynamic critical exponent for the order-parameter fluctuations
and use zy = 3.067 [52,53]. The singular part of 7, denoted
by 7sing, becomes proportional to £ =3 as the critical point is
approached; details are mentioned in Appendix E of Ref. [27].
Because multiplying the diffusion coefficient by the osmotic
susceptibility, denoted by y, gives the transport coefficient A,
we have

A= X Rk T
Snsing

where R is a universal constant close to 1/(6x) and kg is
the Boltzmann constant. The regular part of A is usually
negligible in the critical regime, judging from the data in
Ref. [54], for example. The partial enthalpy per unit mass of
the component 7, denoted by H,, is given by

, (25)

- 0 Mn
Hy=p, +T5, =-T*(—=—] . 26
un +T5. < 5T T )PC (26)
We neglect the regular parts in the results of Ref. [55], as
shown in Appendix D, and use

k=ATH_ and A= AT(H_ ), (27)

where H_ is defined as (H, — Hy)/2.

Equation (25) holds at equilibrium with the critical compo-
sition. In our problem, to evaluate A®, we simply extend this
result to a homogeneous off-critical composition and use the
extended result even when the composition is inhomogeneous.
Hence, we evaluate the r.h.s. of Eq. (25) by using T©, v (r),
and the resulting local value of &, to obtain A?). This is the
same procedure as used in Refs. [27,35]. Likewise, we obtain
k@ and A9 in the dynamics by replacing A, T, and H_ with
AO, 7O and A, respectively, in Eq. (27). Like A©, A©
is evaluated using the local composition at ¢ = 0.

III. CALCULATION UNDER SOME SPECIFICATIONS

We specify the problem by making the following assump-
tions. First, we assume fg,t to be independent of p, which
means p© = p"_Second, we assume the critical composi-
tion in the middle of the reservoir in the reference state, i.c.,
¥ ) = (. Third, we assume the tube to be a cylinder with the
radius of rype. In the tube, a field depends only on the distance
from the central axis, r, on a cross section, and we can write
v Owr), n9r), v(r), and j(r), for example. The left-
hand side (Lh.s.) of Eq. (20) becomes &r~'3,(rn{?9,v{"); vV
vanishes at r = rype Owing to the no-slip condition, and 9,v{"

vanishes at r = 0 owing to the axisymmetry and smoothness
of v{!). Thus, we obtain v{" in the tube, as shown by Eq. (C8).
Substituting this result, together with Eqgs. (21) and (22), into
Egs. (23) and (24) yields formulas for the Onsager coefficients
L;j, as described in Sec. IIT A.

A. Formulas for the Onsager coefficients

A dimensionless radial distance 7 is defined as r/ryp.. We
define T so that & becomes rype for v = 0atT = T,. A char-
acteristic order parameter v, is defined so that £ becomes riype
for Y = ¢, at T = T.. A dimensionless order parameter at
e =0, ¥ O(#), is defined as ¥ O (Fruve)/¥s. A characteristic
chemical potential, 1., is defined as

kg T,
C 3wt W
tube ¥ *

where u* is the scaled coupling constant at the Wilson-Fisher
fixed point and equals 2772 /9 at the one loop order. This value
is used in the renormalized local functional theory [47] and 11,
is defined as above for convenience after Sec. III C. We define
N« and A, as ngne and A at = 0 and T = T, respectively.
Dimensionless transport coefficients 7(#) and [\(f') are de-
fined as n§0) /1. and TOA® /(T A,) evaluated at r = Prype,
respectively. The flow rate of Hagen-Poiseulle flow of a fluid,
with the viscosity being n,, driven by the pressure gradient
sV /Lupe, 18 denoted by Z, and is given by

s (28)

4
_ ]Trtubel‘l’*w*
= —
877*Ltube

We define a functional Q[gq, g»], where g; and g, are
functions, as

(29)

1 1
Qg1, gl = 16/ dq CIlgl(CII)/ dgy —
0 @ 427(q2)

q2
X/ dqs q382(q3), (30)
0

which is found to be equal to 2[g,, g1] by exchanging the
order of integrals. The formulas for Ly, L3, and L, given
by Egs. (C9) and (C10), are essentially the same as obtained
in Ref. [27]. Introducing

, 1 . AV
YOG = ——@w®—u™ + PO1 and AV = —,
jImvs Mo
€1y

where u@, PO and IYSO) are evaluated at r = Frype, We obtain
new formulas:

Lis =L =Z,T7OQ[1, 7O, (32)

Ly = Ly = Y. TOQY?, 7O

*A*T* ! ~ A
+ o2 B L f dr PAMHAD#), (33)
0

tube
ube
and
Ly = I*M*l/f*T(O)Q[f}(O)’ ?(0)]

AT, [ . .
+2m3ube“ Lt fo d? FAMEO 1. 34)

ube
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We use Eq. (27) to derive the last terms of these two equations.

B. Formulas for thermo-osmosis

The thermal force density causes thermo-osmosis. This
density on a tube’s cross section in the linear regime, denoted
by O’z(th), is given by the negative of the r.h.s. of Eq. (20), or the
z component of —eV - I1", under T # 0 and §P = 8¢, = 0.
We have

Gz(th)(r) (u(o)(}’) 4 P(O)(r) (e

T(O)Llube
_ P(ref) _ HEref)w(O)). (35)

The factor A" above is derived by rewriting 8(u_/T) in
Eq. (20) with the aid of Egs. (14) and (26). The first four
terms in the parentheses above can be interpreted as the excess
enthalpy density in DS’s formula for a one-component fluid;
the enthalpy density # + P is calculated using Eqgs. (4) and (8).
In the presence of PA, N = PO is equal to neither N
nor I'I;()),). Thus, Eq. (35) is consistent with the claim that
the zz component should be involved in the thermal force
density [7,15].

Here, we compare our derivation of the thermal force
density with the corresponding part in Ref. [7], which is
mentioned in Sec. I. Because the sum of the last three terms
in the parentheses of Eq. (35) equals —p@ A" — oV g0
the negative of Eq. (35) formally coincides with the r.h.s. of
Eq. (5) of Ref. [7], where the r.h.s. is treated as the negative
of the thermal force density. However, its Lh.s., 9,1, in our
notation, is not equal to —o "™ in general, since 9, + 9,1,
does not vanish in the presence of PA; I1 can have off-
diagonal components in our problem. In Ref. [7], this sum
0, My, + 9y, is also missing in the 1.h.s. of Eq. (2), which the
authors employ as an extended GD relation in deriving their
Eq. (5). In the present study, we use our Eq. (11), whose Lh.s.
includes 9., + 9,M,., as an extended GD relation to derive
Eq. (35), consistently with principles of linear nonequilibrium
thermodynamics.

The superscript (th) is used to indicate a result in the linear
regime for thermo-osmosis, where the z component of the
velocity is found from Eq. (20) to be given by

Ttube 1 n
0 = [ an g [ e, o)
r rins (1)

Integrating p(ref)vz(‘h)(r) over the tube’s cross-section gives the

total mass flow rate, for which we write d/\/l(th) /(dt). Using
the free-energy functional introduced in Sec. III C, we rewrite
Eq. (35) and give an explicit expression of d/\/l(t )/(dt) in
Sec. IIID. In the absence of PA, because Eq. (35) van-
ishes, v™ and d/\/l(th) /(dt) vanish. Thus, in our formulation,
thermo-osmosis of a mixture occurs only in the presence of
PA. The expression of d/\/l(lh) /(dt) is also derived via the

formulas for L;;, as mentloned in Appendix C.

C. Free-energy functional in the renormalized local
functional theory

The scaled reduced temperature 7 is defined as t/t,, where
7, is defined as | T, — T¢|/T.. In the one-phase region, we have

T > 0 near the upper consolute (UC) point and 7 < 0 near the
lower consolute (LC) point [56-58]. Using the conventional
notation, we write «, 8, y, v, and n for the critical exponents
of a mixture. We adopt v = 0.630 and n = 0.0364 [59]; the
(hyper)scaling relations give 28 +y =3v =2 —«a and y =
V(2 — n). In the reference state, the mixture has ¥ = 0 in the
absence of PA. In this situation, with &, denoting a material
constant, £ is given by &|t|™", for which we write &,

The reference state in the absence of PA is obtained
by changing T from the critical point with P = P*) = P,
and ¥ = 0 being fixed. The chemical potentials, ©™" and
M(bref), are tuned so that this change is realized. Thus, the
¢-dependent part for the bulk of a mixture in Eq. (16) can
be obtained by coarse graining the bare ¥* model up to &
under no external field [47]. The bare model is defined at a mi-
croscopic scale and identifies the order-parameter fluctuations
with spacial resolution much smaller than &£. We can regard the
coarse-grained average profile as maximizing the probability
density functional coarse grained up to &, by assuming the
fluctuations to be negligible after coarse graining [47]. This is
consistent with the statement given at Eq. (16). We assume

CTt?

fbulk = - )

e = 5T+ £+ VUL + f(p).

(37
Although the variable t is dropped for conciseness, f; is a
regular function of p and 7, and f_ is a function of ¥ and t.
The coefficient M_ is described later; u. and s. respectively
represent the values of u and s at the critical point. The
coefficient C involves the fluctuations of the internal-energy
density. In the critical regime, the singular contribution to
C [39,60] becomes equal to 2kp&; 31717 multiplied by a
universal number, as mentioned in footnote 51 of Ref. [47].
We neglect coupling between p and ¢ in Eq. (37) because
p can be regarded as a constant approximately. Some details
on these points are mentioned in Appendix E. As shown in
Eq. (E1), we can define Ay so that the bare ¥* model has
a term Agtv?/2, which is positive in the one-phase region.
Thus, Ap is positive (negative) near a UC (LC) point [39].
The sign is maintained in the coarse-graining procedure. We
use the coarse-grained result given by the renormalized local
functional theory (RLFT) [47].

In the RLFT, w is defined as (£,/£)"/" and M_ is given by
kgTCio~ ™ with C; (> 0) being a material constant. The self-
consistent condition, w = |t| + Co' 28 1//2, determines how
& depends on t and v, where the constant C, equals 3u*C .
This condition gives

£ 1/v ‘L'ﬂ
T, = and ¥, = =, 38)
* <rtube> * VG
Defining a dimensionless function f as
fah) = 30721 + a7 Pt (39)
where xﬁ =Y /Y., T =1/1,and & = w/ 7, are used, we have
M_ Wi T
F-)+ IV = g + == ()
T,
s T

- Ta-”“mumwmz. (40)

*
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As already explained, " is determined so that the reference

state at T is realized; /,L(_ref) depends on T. The sum of the
second and third terms on the r.h.s. above is kg7 multiplied
by the coarse-grained result of the ¥ model under no external
field. The self-consistent condition is rewritten as

&=t + &' Fy?, (41)

which means that & is a function of ¥ and . It is even
with respect to ¥, and hence f(1/) is an even function. The
function f () also depends on %, but the variable £ is dropped
for conciseness. The osmotic susceptibility x is given by the
inverse of the second partial derivative of f_ with respect to i,
1/f” (), where the prime indicates the differentiation with
respect to the variable shown explicitly. The partial derivative
df/(d%), appearing in the later calculation, equals

+1 . v (y—1,_ N Yy =28, 5 4~
Eloy172, 0@ AY—=21a172 Ay—28—1 74
S0 w+af( o e ),
(42)
where Eq. (41) gives
G +1
2 43)

9% 1+ QB — Do 2By2

The same sign as 7 is taken in each double sign of these
equations. The first term on the r.h.s. of Eq. (39) originates
from Aot 2 /2 in the bare model, and the first term of Eq. (42)
from Agy2/2. Equation (41) gives |/|'/# < & and |2| < ®.
For ¥ # 0, the sign of Eq. (42), or that of 8 f/(8%), coincides
with that of 7, considering 8 = 0.326 and y = 1.24. If |7|
is much smaller than &, Eq. (41) gives [{/|'/f ~ &, and thus
Eq. (43) is approximately equal to £1/(28). Then, in Eq. (42),
the first term is found to be dominant over the rest. If || is
close to &, Eq. (43) is found to be close to £1 with the aid
of Eq. (41). Then the first term remains dominant in Eq. (42),
accounting for approximately 80% of the total owing to the
numerator y — 1 = 0.24 in the parentheses.

We assume fg,t to be a linear function of ¢, or ¥, as usual
in studying the PA [32,47]. The surface field 4 is defined as
the negative of the coefficient of v. This assumption and this
definition are involved in calculating the equilibrium profile,
which is used in Sec. IV; |h| represents the strength of the
PA and vanishes in its absence. The calculation procedure is
mentioned below Eq. (16) and is the same as that of Ref. [47].
Applying Egs. (37) and (40), we find that { ©(#) is the solu-
tion of

1oo™m .

0= f'th) = 3 75— @’
&H~m <3r2 4 %8;)1& for 7 < 1, (44)

together with the boundary condition at the wall, W0y () =
fzd)””, where / is defined as hT, /(T pyrwbe)- These equa-
tions are shown in Appendix D of Ref. [27]. Notably, 1/ is
totally determined by |#| and /, and is changed to its negative
when 7 is changed to its negative. The latter property follows
from the parities of & and f mentioned below Eq. (41). In
partifcular, when & vanishes to make the PA absent, 1© equals
Y = 0,

D. Formulas incorporating the RLFT
We apply Egs. (4), (37), and (40) to obtain

: TV
O _ en _ KV 5.0 ©
u u T <f +— | @ )
+ Hfref)w(o)’ (45)

where the partial derivative with respect to 7 is done with v/
fixed and is evaluated at ¢ = 0. In deriving the second term
on the r.h.s. above, we drop one term, which is proportional to
the thermal expansion coefficient. This term gives negligibly
small contribution to our later numerical results, as described
in Appendix F. Owing to Egs. (8), (37), and (40), we have

e T
T,

P(O) _ p(fef) — _

J—
<f+ 5 |zw|2>. (46)

We define a scaled thermal force density, 6Z(th), so that Eq. (35)
is rewritten as

:U**llf*(;T ~ (th)( )

(th) 7 = 47
o, (Frupe) = TL[ube 47
and have
A (th) _ 7

5! —r*<f+2 W|aw|>

TO (af nv
P — 07 48
= (ar WUHBJ ik (48)

which is evaluated at ¢ = 0. Equation (48) is determined by 7
and h except for the factors 7, and T?/T;, and is independent
of the sign of A. This independence follows from the parities
of &, f, and /® mentioned at the end of the preceding sub-
section. The magnitude of the sum in the second parentheses,
in particular, is determined by |%| and A owing to Eqgs. (42)
and (43).

The independence of Eq. (48) from the sign of & implies
that the thermal force density, and therefore, the direction of
thermo-osmosis, are determined irrespective of which com-
ponent is preferentially adsorbed onto the tube’s wall. This
property presupposes ™" = 0 and results from the parities
of &, f , and . In deriving Eq. (48), the last term on the
r.h.s. of Eq. (45) cancels out the last term in the parentheses
of Eq. (35). This last term comes from the thermodynamic
force —6(u—/T), whereas the rest gives the excess enthalpy
density. As a result, Eq. (48) becomes even with respect to
1ﬁ(0) in the framework of the RLFT, which describes universal
properties near the critical point. In particular, the even parity
of the free-energy density with respect to the order parameter
is inherent to the v* theory, and should hold universally near
the critical point regardless of the approximations made in the
derivation of the RLFT.

Equation (36) is rewritten as

8Z, 5T

1
/ /drw ,
Totmrk, Jr V177("1)

(49)

h) /A
V™ (Fripe) =
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TABLE I. Parameter values. Origins of the values are described in the text.

Mixture T. [K] & [nm] T, x 10° G, [em®/g?] v, [g/cm?] s [cm? /5] 1. [mPas]
LW 307 0.198 5.12 0.714 0.0470 137 2.44
NEMP 300 0.230 6.49 1.05 0.0419 150 0.510

whereas the total mass flow rate in thermo-osmosis is given
by

AMZY  ptO T ST
= Q[1, 6], 50
dt T,. (162" °0)
which is proportional to §7. The constant of proportionality
represents the thermo-osmotic conductance. We define the
dimensionless thermo-osmotic conductance, denoted by G™),
as the quotient of the constant divided by p™DZ, /(T,z,), and
have

1
G = Q[1,6™] = 16/ di F™ (), C2))
0

where d{™)(#) is defined as the double integral of Eq. (49).
If we change the sign of A, 6™ (#) remains the same. How-
ever, it is not the case with v?h) of Eq. (49), dMgh) /(dt) of
Eq. (50), and G™ of Eq. (51) because 7 is not always an even
function of .

Some of the formulas of the Onsager coefficients are sim-
plified using Egs. (37) and (40). We have f”(0) = |£|” and

kBTC2|‘L'|y

110 = =3

(52)

Equation (25), where x can be replaced by 1/f”(¥), gives
_ 3u*RT.E3t,

53
Thus, as described in Appendix E of Ref. [27], we have
A =o"C 2 1! (54)

evaluated at ¢ = 0. In the second terms on the r.h.s.’s of
Egs. (33) and (34), the coefficients outside the integrals are
respectively rewritten as

167 T, 0) 167 T,
9T 9T
by using Eq. (25) with R = 1/(67r) and Eq. (54). The integrals
can be calculated if H” can be calculated. To calculate ¥©
contained in the first terms on the r.h.s.’s of Egs. (32)-(34), we
can use Eq. (45), which involves A" Thus, it is necessary to
know how H_ depends on p and ¢ to calculate these integrals
and terms. The dependence is given in such a theoretical
framework as used in Refs. [61-64].

L. Iﬂ*T(O) and Z,u. Iﬂ*T( (55)

IV. NUMERICAL RESULTS OF THERMO-OSMOSIS

In this section we study thermo-osmosis numerically with
the aid of the formulas in Sec. III D and the software Mathe-
matica (Wolfram Research), using the material constants of a
mixture of 2,6-lutidine and water (LW) near the LC point and
a mixture of nitroethane and 3-methylpentane (NEMP) near

the UC point. In each mixture, the former (latter) component
is taken to be the component a (b). The tube radius rype is
set to 0.1 um. The parameter values we use are listed in
Table I and are the same as used in Ref. [27]. The values
of &y are taken from the experimental data of Refs. [54,65].
The first entry of Eq. (38) gives the values of t,, which
appears in Eq. (48). In Appendix C of Ref. [27], we esti-
mate C, from the data of Refs. [66,67]. The second entry
of Eq. (38) gives the value of v, and then Eq. (28) gives
that of .. In Appendix E of Ref. [27], we take into account
the weak singularity to obtain the viscosity as a function
of t and ¢ according to Refs. [68,69], and find the value
of n, from the data of Refs. [65,70-72]. These values give
T.Lupe = 1.04 x 1072 (4.84 x 1072) um*/s for a mixture of
LW (NEMP). The correlation length in the middle of the reser-
voir in the reference state, given by £ ™), reflects the thickness
of the adsorption layer. To study the total mass flow rate when
gD is distinctly larger or smaller than ryp., we mainly use
|t| = 1.25 x 107> and 3.2 x 1073, which respectively give
S(ref) A 2rube and rype /10.

We mainly use h=73.0 (66.6) for a mixture of LW
(NEMP), which amounts to # = 0.1 cm?/s?. This value comes
from the following estimation; the value of 4 has not been
measured experimentally to the best of our knowledge. The
minimum of the Leonard-Jones potential between the wall
and a component molecule generally differs depending on
whether the component is a or b. An estimate of the dif-
ference is kg7./10 [73]. We write [, for the typical range
of the interaction potential. The change in ¥ can be related
with the corresponding change in n, — ny, where n; denotes
the molecule-number density of the component j. Regarding
hyr as the deviation of (n, — ny)kgTelin /10 from its value at
the critical point, we use /i, & 0.1 nm to obtain the above-
mentioned value of 4.

A. Equilibrium profile and thermal force density

Numerical results of 1) are obtained using the procedure
described at the end of Sec. III C and shown in Fig. 2. Because
of h > 0, ¥©(#) increases with 7. At |t| = 3.2 x 1073, the
adsorption layer appears to localize near the tube’s wall, and
1/;(0)(?) is larger for a mixture of NEMP than for a mixture of
LW in the whole region of 0 < 7 < 1 although the difference
can be identified only for some values of 7 in the figure. This
magnitude relationship is reasonable considering that |T| is
smaller for a mixture of NEMP. The relationship holds only
for7 < 0.7 at |t| = 1.25 x 107>, where £D exceeds rype. At
this value of |t| and at 7 = 0, the compositions become defi-
nitely off-critical, and the local values of & are approximately
reduced to rype /2 for both mixtures.

We use ¥ for 4 of Eq. (48) to calculate 62(”‘) numer-
ically. The results at |t| = 3.2 x 1073, shown by circles in
the graphs of Fig. 3, distinctly increase in magnitude near
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6.01| o Lw at T=-1.25x10" ?
5.04| o LW at T=-3.2x10" y
= ||+ NEMPat T=1.25x10" ¢
< || ¥ NEMP at t=3.2x10> ®
(> - o
0® %
2.0- 00®®
@@@@@@@@®®@$@$@® *
1.0 *
0-T¥¥*¥T****T***¥T**¥¥f |
0 02 04 06 710

FIG. 2. Plots of the dimensionless order parameter at equilib-
rium, ¥ ©(#), against the dimensionless radial distance (= r/rube)-
The surface field is set to # = 0.1 cm?®/s?. For a mixture of LW
(NEMP), open circles (crosses) represent @ (#) at |t] = 1.25 x
1075, whereas closed circles (asterisks) represent /@ (#) at |t| =
3.2 x 1073, We use the values of 7, in Table I to find % =
—0.24 (0.19) for open circles (crosses) and T = —63 (49) for closed
circles (asterisks).

the wall, similarly to ¥© in Fig. 2. Hereafter, t represents
the reduced temperature in the reference state. The first term
of Eq. (42) contributes to the second term on the r.h.s. of
Eq. (48) via the term df/(8%). Crosses in Fig. 3 represent
this contribution, which is denoted by 6% and is given by
689 = iﬂmflw (56)
z - 2TC .
This is evaluated at ¢ =0 with the same sign as 7 being
taken. This sign for ¥ # 0 comes from that of Ay, which
is negative (positive) for the LC (UC) point. The rest in
the second term on the r.h.s. of Eq. (48) is plotted with
triangles. The first term on the rh.s. of Eq. (48), which
originates from the scalar-pressure deviation Eq. (46), is
plotted with squares. This term gives negligibly small con-
tributions to 6™ in the whole region of #. It remains the
case as far as we examine for the values of |t| ranging from
1.25 x 1073 to 6.4 x 1073 although data are not shown. Near
the wall in Fig. 3, we can see that 6 °V(#) is dominant in
6™ (#), and the ratio 6Z(sq)(?)/6z(‘h)(?) at # = 11is 0.86 (0.85)

w
E 0—]@@@@@@@@@@%%%§ggggimm
o A
= 5 A
8.-10 S
g O 1st term of Eq.(48) 3
5 A 2nd term of Eq.(48) +
S -20+ except Eq.(56) o
z + Eq.(56), part of +
= -304 2nd term of Eq.(48) o
g O whole of Eq.(48)
.
= 40
£, |@ Lw :
T T T T T
<b 0.8 0.85 0.9 0.95 ;«\ 1.0

for a mixture of LW (NEMP). When |t]| is set to 1.25 x
1073, the ratio remains approximately the same, 0.88 (0.87),
although each of 6°%(#) and 6™ (#) at # =1 roughly
doubles.

In Fig. 4 for a mixture of NEMP, 6V (?) and 6™ (7)
become larger as t is smaller and % is larger. For various
values of || and & examined in Figs. 3 and 4, over the whole
region of 7, the ratio 6°%(#)/6™(?) remains approximately
the same as the ratio at # = 1. Thus, as far as examined,
6™ (#) is negative (positive) for a mixture of LW (NEMP)
and is contributed dominantly from 6°°(#). In each inset
of Fig. 4, ¥ (#) increases more steeply near the wall as h
is larger, similarly to 62(“‘)(?) in the main figure. For each
value of & in Figs. 4(a) and 4(b), as 7 decreases, 6;““)(?)
decreases more gradually at the smaller value of 7, similarly to
O (#). These similarities can be explained by the dominance
of Eq. (56) in 6™ (#). The dominance of Eq. (56) in the term
involving d f /(97) on the r.h.s. of Eq. (48) is expected from
the approximate estimation mentioned below Eq. (43).

B. Velocity field and conductance

As mentioned in the preceding subsection, ¥® is used
in calculating &Z(‘h), which appears in the double integral
of Eq. (49). We numerically calculate the double integral,
which gives 9" () as mentioned below Eq. (51), to show
the results in Fig. 5. When 8T is positive, "™ has the same
sign as v™. At |t| =3.2 x 1072, it appears that D™ (?)
changes only for # > 0.8 to make the velocity slip across a
narrow region near the wall. This is because, as shown in
Fig. 4(b), the adsorption layer and the thermal force den-
sity localize sharply in this region. The dimensionless slip
velocity is given by d{™(0), which is —0.042 (0.061) for a
mixture of LW (NEMP) at & = 0.1 cm?/s?. Converting the
value to the slip velocity with dimensions, we find it to be
—7.09 (38.2) (um)?/(s K) multiplied by 8T /Lype, Which is
comparable in magnitude to typical thermophoretic mobil-
ity far from the critical point [8,74-76]. In passing, these
values can be evaluated approximately using the Gaussian
model mentioned in Appendix G. For each value of & in

3 o
5 401 () NEMP .
o) O whole of Eq.(48)
g‘ 304 | + Eq.(56), part of o
5 2nd term of Eq.(48) +
© 99| & 2nd term of Eq.(48) o
3 except Eq.(56) ot
= O 1st term of Eq.(48) +
2 104 ?
© ¢ a8
—~ ¢ Q@ A
= 0 @@@@@@@88889@6%663555

S~
/b T T T — __ 1
\ 0.8 0.85 0.9 095 7 10

FIG. 3. Plots of the scaled thermal force density, 61(”‘), and its components against the dimensionless radial distance #(= 0.8) at |t| =
3.2 x 1073 for a mixture of LW (a) and a mixture of NEMP (b). Here, the reduced temperature 7 is evaluated at 7 = T® and is negative
(positive) in the former (latter) mixture. The surface field is set to 4 = 0.1 cm?/s. Circles represent 6™ of Eq. (48), whereas squares represent
its first term. Its second term can be separated into two parts; 6°°9 of Eq. (56) and the rest. Crosses represent the former, whereas triangles
represent the latter. The results continue to approach zero as 7 decreases to zero, although the results for # < 0.8 are not shown here.
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FIG. 4. Plots of the scaled thermal force density, 61(“‘), and its dominant term 62“‘1) against the dimensionless radial distance 7#(> 0.8) for
a mixture of NEMP. The reduced temperature t evaluated at T = T is 1.25 x 107 in (a) and 3.2 x 1073 in (b). The surface field £ is set
to 107" cm?®/s? for circles (6™) and solid curves (6°%); these results in (b) are also shown in Fig. 3(b). Setting / to 10-%% (10~!%) cm?/s?,
we obtain results shown by red crosses and dash-dot curves (blue asterisks and dashed curves); symbols represent 62(“‘) and curves represent
659 The change of / is indicated by arrows. (Insets) Plots of the dimensionless order parameter at equilibrium, ¥ (#), against #(> 0.4). The
parameter values for each symbol are the same as those for the same symbol in the main figure in each of (a) and (b). The results of the circles

are also shown in Fig. 2.

Fig. 5, [0{™ ()] at |t| = 1.25 x 107 is larger than [9{"™)(#)|
at || = 3.2 x 1073 inside the tube and increases gradually in
magnitude as 7 decreases without showing an obvious slip.
In Fig. 5(b), 9™ (#) increases with / inside the tube, as ex-
pected. The spatial resolution of our formulation is given by
£ Forh=0.1cm?/s*>and |7| = 1.25 x 1075 (3.2 x 1073),a
mixture of LW has & /rype = 0.030 (0.036) and a mixture of
NEMP has 0.032 (0.038) at # = 1. With the resolution given
by these values, one would trace rapid changes of ﬁ;th) near
the wall shown in Fig. 5.

When 8T is positive, o™ (#) has the same sign as 6™ (7).
For each mixture in our numerical results, the sign of 6™ (#)
remains the same for 0 < 7 < 1, and thus is the same as
that of 9™(#) and that of G'™ of Eq. (51); G'™ > 0 (< 0)
means that the flow direction is the same as (opposite to) the
direction of the temperature gradient. Thus, according to our
numerical results, a mixture of NEMP near the UC point flows
towards the reservoir with the higher temperature, whereas
a mixture of LW near the LC point flows in the opposite

1.07
R R, (@)
-5 ++++++
054 + T=1.25¢10 Ty,
= * T=3.2x10" T,
O B S S S S T
< 3 ©
® T=-3.2x10 ooo
-0.54| o T=-1.25x10" 0000°°
oooooooooOOOOOO
-1.07 T | | I
0 0.2 0.4 0.6 7 1.0

direction. The flow direction is determined irrespective of
which component is adsorbed onto the tube’s wall; the irre-
spectiveness comes from the independence of Eq. (48) from
the sign of A.

Logarithmic plots of |G™| against || are shown in Fig. 6,
where |G™)| increases as || decreases. This is because larger
susceptibility makes the PA stronger. For smaller values of
||, the increase becomes more gradual. This would represent
effect of the size of the tube, considering that E(ref) exceeds
Fube approximately for |t| < 5 x 1075, Equation (56), 6.°9,
contributes to G™ dominantly in the range of 7 examined in
Fig. 6. Changing the value of i for a mixture of NEMP, we
calculate G™ to show the results in Fig. 7. As h increases,
G™ increases, as expected since /), 6™, and ™ then
increase in Figs. 4 and 5(b). In Fig. 7(b), G™ becomes less
dependent on # in the logarithmic scale for the smaller value

of . This tendency is also observed for the dependence of d{™

on / in Fig. 5(b). The contribution from 659 to G™ remains
dominant for the values of t and & examined in Fig. 7(b).

(b)

7)(th)

FIG. 5. The z component of the dimensionless velocity in thermo-osmosis, f)z(”‘)(?), is plotted against the dimensionless radial distance
7. (a) Closed and open circles represent ﬁ;‘h)(?) for a mixture of LW at T = —3.2 x 10~ and —1.25 x 107>, respectively. The reduced
temperature T is evaluated at T = T‘®. Asterisks and crosses represent 9" (#) for a mixture of NEMP at T = 3.2 x 10 and 1.25 x 107,
respectively. The surface field is set to & = 10~! cm?/s2. (b) Asterisks and crosses represent the same results as those in (a), respectively. The
solid curve (dashed curve) represents 9™ (#) for a mixture of NEMP at T = 3.2 x 1073 with & set to 107°° (10~"%) cm?/s®. The dash-dot
curve (dash-dot-dot curve) represents D™ (#) at T = 1.25 x 107> with & set to 107°% (107"3) cm?/s?. The change of & is indicated by arrows.
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FIG. 6. Logarithmic plots of the absolute value of the dimen-
sionless thermo-osmotic conductance against that of the reduced
temperature |z|, evaluated at T = T, for a mixture of LW (cir-
cle) and a mixture of NEMP (triangle) with the surface field set to
h = 0.1 cm®/s. The dimensionless conductance, G'™ = Q[1, 6]
is negative (positive) for a mixture of LW (NEMP). Red crosses
(asterisks) represent [1, /9] for a mixture of LW (NEMP).

C. Prediction of universal properties

As mentioned below Eq. (56), in our numerical results, the
first term on the r.h.s. of Eq. (48) is negligible. This would
be mainly because it contains a very small positive factor 7,
(Table I). Thus, owing to T, ~ T©, it is strongly suggested
that
camy o, OF v 80 o
0 55 " 2w g VI (57)
evaluated at ¢ = 0, holds for any mixture. The r.h.s. above
does not presuppose a special mixture because it is determined
only by the scaled reduced temperature T and the magnitude
of the scaled surface field |fz|. Using various values of (7, h),
we numerically find that Eq. (56) is dominant in 62(“‘). In this
sense, we have

h &
6~ ——1f (58)
' 2
evaluated at ¢ = 0, where the sign is taken as that of 7, i.e.,

as that of Ay in the bare model. Notably, Eq. (58) is strongly

(b) [} W

xa

only dominant term

o| x| T=1.25x10"
o o|+| T=3.210°

10 10° 7% 10

FIG. 7. (a) Logarithmic plots of the dimensionless thermoo-
smotic conductance, G™, against the reduced temperature T,
evaluated at T =T, for a mixture of NEMP. Triangles here
and in Fig. 6 represent the same results with the surface field
set to h = 10! cm?/s2. Circles (crosses) represent G™ for h =
1079 (107"3) cm?3/s2. The corresponding values of the scaled sur-
face field & are shown in the figure; the change of / is indicated by an
arrow. (b) Logarithmic plots of G™ against & for a mixture of NEMP.
Squares and circles represent G = Q[1, 6™] at T = 1.25 x 107
and 3.2 x 1073, respectively. The values of 7 are evaluated at T =
T®. Red asterisks (crosses) represent Q[1, 65V]at t = 1.25 x 107
(3.2 x 1073).

expected to hold in the critical regime for any mixture, which
is also supported by the approximate estimation given below
Eq. (43) and by the results in Figs. 6 and 7(b). Therefore,
we can predict that, for any mixture near the UC (LC) point,
the direction of thermo-osmosis is the same as (opposite to)
that of the temperature gradient if the critical composition
is kept in the middle of each reservoir, irrespective of which
component is adsorbed onto the wall.

V. FURTHER DISCUSSION AND SUMMARY

Our numerical results are based on the calculation up to
the order of ¢, or in the linear regime with respect to §7.
Obviously, as compared with the value of 7 in the reference
equilibrium state, the change in 7 caused by imposing §T
should be sufficiently small in magnitude throughout inside
the tube. For example, if |7|issetto 1072 at T = T©, we may
set |6T|/T. to be smaller than its 10%, 10~*. The resultant
local changes of T and ¥ shift 6("). As far as examined,
although data are not shown, the shift is roughly smaller than
10% in the adsorption layer. For |§7| = 100 mK « |T® —
T.| ~ 1 K and Lype = 10 um, we find from the results in
Fig. 5(a) that the slip velocity is approximately 0.1 pum/s,
which would be measured experimentally. In passing, in the
experiments on the Brownian motion of colloidal particles
in a mixture, |7| is set to be smaller than 10~* homoge-
neously [77,78].

For a mixture in a semi-infinite space bounded by a flat
surface, we use Eq. (58) to derive a possible power-law depen-
dence of the slip velocity on |t| in thermo-osmosis, as shown
in Appendix G. Thermophoresis would occur for a particle
in a mixture in the presence of PA onto the particle surface;
the direction of the particle motion is expected to be the same
as (opposite to) that of the imposed temperature gradient if
the mixture is near the LC (UC) point and has the the critical
composition far from the particle. These points clearly require
further investigation in future.

The RLFT succeeds in describing several phenomena of a
mixture [47]. However, in the theory, crossover to the regular
part of the free energy [61-64,79-81] is not considered, the
results up to the one-loop order approximation are used, and
validity of the definition of the local correlation length in
the inhomogeneous composition is not fully discussed. In
the present study, the regular parts of the transport coeffi-
cients [82] are considered only for the viscosity 7. In our
numerical study, fs, i simply regarded as equal to —hyr
apart from a constant term. These points are to be improved
in the future for quantitatively better numerical results on
transport properties not only of thermo-osmosis but also of
the other phenomena described by the Onsager coefficients.
Still, the qualitative property on the flow direction in thermo-
osmosis of a mixture should be robust to changes of details in
the formulation, considering that it originates from the sign of
the coefficient, Ay, in the bare model.

The pressure-driven transport has attracted much attention,
as mentioned in the beginning of Sec. I. For a near-critical
mixture in the presence of PA, this transport is numerically
studied in Ref. [83]. Claiming that the composition current
sensitively depends on the reduced temperature and can be
controlled reversibly by either pressure gradient or tempera-
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ture, the authors of Ref. [83] suggest potential applications
of the transport of a mixture for separation and purification
processes. The present study suggests that thermo-osmotic
flow is also sensitive to the reference temperature near the
critical point and that thermo-osmosis of a mixture may be
applied to the processes. Mixture transport driven by multiple
thermodynamic forces can also be studied in our framework.

Our present study is summarized as follows. We consider
transport of a binary fluid mixture, lying in the one-phase
region near the demixing critical point, through a capillary
tube. One component is assumed to be adsorbed onto the
tube’s adiabatic wall and the adsorption layer can be much
thicker than the molecular size. Consistently with principles
of nonequilibrium thermodynamics, we formulate the hydro-
dynamics from a coarse-grained free-energy functional using
an extended Gibbs-Duhem relation, Eq. (11). The previous
derivation of this relation, given in Ref. [45], is general-
ized in Appendix A to suit the present study. Assuming the
critical composition in the middle of each reservoir in the
reference equilibrium state, we derive the Onsager coefficients
in Sec. lIT A. In particular, on this assumption, we explicitly
derive the formula for the thermal force density, Eq. (35),
which is rewritten as Eq. (48) in terms of the renormalized
local functional theory [41,47], and predict that, for any binary
fluid mixture in the one-phase region near the upper (lower)
consolute point, the direction in thermo-osmotic flow is the
same as (opposite to) that of the temperature gradient, irre-
spective of which component is adsorbed onto the tube’s wall.
The magnitude of the thermo-osmotic conductance increases,
with the increase being more gradual owing to the size effect,
as the critical point is approached. The thermal force density
is given in a scaled form by Eq. (57), which depends only on
the scaled reduced-temperature and the scaled surface field,
and is dominantly contributed from Eq. (58).

Such mesoscopic inhomogeneity as is generated in a
mixture by the surface field can occur in many soft mat-
ter systems—polymer solutions, polyelectrolytes, and liquid
crystals [39,84]. In particular, their dynamics driven by a
temperature gradient would be studied by applying our pro-
cedure to a suitable set of hydrodynamic equations based
on a coarse-grained free-energy functional. Also, for thermo-
osmosis of a solution far from the critical point, our results
may help as a guide regarding properties independent of the
microscopic details. Hence, our present study would lay solid
foundations on nonisothermal hydrodynamics in the presence
of mesoscopic inhomogeneity and predict universal properties
on thermo-osmosis of a near-critical binary fluid mixture.
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APPENDIX A: NONDISSIPATIVE PART
OF THE STRESS TENSOR

For conciseness, we here write (T, p,, Vp,) for the vari-
ables of fyux in Eq. (3). Because of Eq. (4), s and u also
depend on these variables. The entropy density is also a func-
tion of u, p,, and V p,, and we define § so that

s(T, lOnszn) = 3(u(T, Pns V;On)a pnsV)On) (Al)

holds. Explicit expressions of §, given in special cases [45,46],
are not required in a general argument given below. We have

35 1 35 10 foui
T oc

u T

or (A2)
for ¢ = p, or Vp,. The coefficients in the quadratic form
of Vp, in fy,k can depend on T and p,. Below, as in Ap-
pendix A of Ref. [27], we consider a quasistatic deformation
of a mixture to derive Egs. (9) and (10). We write V; for a small
region comoving with the deformation. Here, ¢ is not time but
a parameter of the deformation. In general, an infinitesimal
change in the entropy is contributed independently from the
mechanical work, from the change in the composition, and
from the change in the internal energy. Thus, regarding 7', I,
and pu, as homogeneous over a small region V;, we have

d d
T— | dr5=10: dA — Wy — [ dr p,(r,t
ar ), rs /av, Ny, v — [ dzf, T pa(r, 1)

d
= | dru A3
+dtwru (A3)

Here, the symbol : is defined so that A : B = A;;Bj; holds
for two tensors A and B, and nyy, is the outward facing unit
normal vector of the surface of V;.

Each locus of a mixture is assumed to have each bath of
particles and heat. We here write j, and j, for their respective
fluxes to the bath, and write v for a displacement vector per
unit value of ¢. The meanings of j, and v are different from
the ones in the main text, respectively; j, 4 j, does not always
vanish here. We can treat ¢ as the time formally to define the
Eulerian time derivative 9/(d¢) and Lagrangian time deriva-
tive D/(Dt). We have

Dp,

. d Du .
=—p,V-v-V. and —=—-uV.-v-V.j.
Dt Pn I Dt Ju

(A4)
The whole region occupied by the mixture, Vi, is deformable
here, unlike in the main text. The L.h.s. of Eq. (A3) is rewritten
as the integral of T[D5/(Dt) 4+ 5V - v] over V;. Rewriting the
last two terms on the r.h.s. similarly and applying the diver-
gence theorem for the first term, we obtain an equation for the
integrands owing to arbitrariness of V;. With the aid of this
equation, the change in the entropy in Vi per unit value of ¢
is found to be

D5
/dr[——i—st}
Vi Dt
/d L O (AS)
= r|l=:Vo+—V-j,—=V-j.l
|7 =V dn= 2V

where T, M, and wu, can be inhomogeneous. The factor V -
v in Eqgs. (A4) and (AS) comes from the change rate of the
Jacobian between the Eulerian and Lagrangian coordinates.
We have

Ds d5 Du a5 Dp, n K v Dp,
Dt duDt  dp, Dt 3(Vp,) Dt
5
— —=(Vv) - (Vp,), (A6)
(Vo)
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which can be rewritten using Egs. (A2) and (A4). Substituting
the result into the Lh.s. of Eq. (A5) and applying integration
by parts, we find the L.h.s. to be the sum of

/ d 1 Dp, 9 foui

- r— "MV
W T Dt 9(Vpy)

and the r.h.s. of Eq. (A5) with w, and M being replaced by
the r.h.s.’s of Egs. (9) and (10), respectively. Hence, these
two equations are derived. Because I1 is symmetric, we can
derive Eq. (11), or equivalently, V - (N/T) = p,V(u,/T) —
uV(1/T), which is of the same form as Eq. (2.44) of Ref. [45].
Equation (9) can be used in calculating not only ¢©@ but also
¢ the latter need not be obtained in the present study.

We next consider thermodynamics of the mixture in a thin
interfacial region regarded as dVo.. The free energy per unit
area of this region is denoted by fy,r in Eq. (3) and is here
denoted by f©®. The superscript (s) in general indicates a
thermodynamic quantity in dViy; a density with the super-
script represents a quantity per unit area. As in Eq. (4), we can
introduce internal energy u® and entropy s using f®. These
three quantities are functions of T and p{®. As Eq. (A3)
yields Eq. (A5), an equation for a small comoving area on
dVio yields an equation representing the change of the entropy
on dVior. Two points are to be noted in this derivation. First,
the mechanical contribution consists of a term involving the
two-dimensional pressure tensor M and a term involving
the force normal to the small area. Because f© includes no
gradients of mass densities, the pressure tensor is written as
the two-dimensional scalar pressure multiplied by the identity
tensor on dV,y. The scalar pressure is denoted by P®. We
define Pf) so that the normal force is Pf)ngvlm per unit area.
Second, the factor coming from the change rate of the Jaco-
bian is V| - vy — 2Hn,v - nyy,,, where v is the projection of
v on the plane tangential to 9V, V| - v indicates the diver-
gence defined on 0V, and H,, denotes the mean curvature of
0Viot [85]. The curvature is defined so that it is positive when
the center of curvature lies on the side directed by ny,, -

The temperature at a local area on Vi, T®), should be
equal to 7 at its adjacent local region of Vio. Similarly, p*
is determined by p, at the adjacent region so that the former
equals the latter multiplied by the interfacial region’s width.
No other factor is involved in determining p{*, which means
u® = 0. Through these relationships, fu(T, p,) equals
FOT®, p)). Taking Eq. (A7) into account, we find

0 fsur 0
0 = +—fbmk)‘"3vm at Vi

00,  9(Vp,

from the equation representing the change of the entropy on
dVior. We also find P® = — fy¢, which gives the Laplace
pressure PJ(_S) = —2fatHy [86]. Notably, fur equals the
grand-potential density of 3V, owing to u = 0. We need
not consider these interfacial forces in calculating the velocity
field in the tube. The force exerted on the mixture by the tube’s
wall is determined so that the no-slip condition is realized.

(AT)

(A8)

APPENDIX B: ONSAGER COEFFICIENTS AND
RECIPROCAL RELATIONS

We first consider entropy fluctuations of an equilibrium
mixture in the isolated container with the pistons fixed

(Fig. 1). Neglecting the contribution from the mixture in the
tube, we can regard the total entropy of the mixture in the
container, denoted by S, as a function of Mg, Mpg, and Ug.

‘We have
1 _
§ _ %8 )+ d-/\/lnR(S Mn
dt dt T dt T

holds up to the second order of the magnitudes of the devia-
tions, with repeated indices being summed up. Equation (B1)
is included in Eq. (XV-55) of Ref. [48]. The thermodynamic
fluxes are given by the time derivatives on the r.h.s. and are
driven by the conjugate thermodynamic forces, §(1/7) and
—&(u,/T). They are respectively the partial derivatives of S
with respect to Ur and M, r [49]. We apply the GD relation
to obtain

(BI)

—8(P/T) P Ut T,/ T)

—S(u_/T) | =112 =172 0 ||=8(u/T)|.

8(1/T) 0 0 1 §(1/T)
(B2)

The Lh.s. above gives a new set of thermodynamic forces,
which is considered in Sec. I B. The transpose of the inverse
of the 3 x 3 matrix above equals the 3 x 3 matrix in Eq. (12).

We consider two sets of flow fields, each being driven
by the thermodynamic forces (—8§(P/T ), —6(u—/T ),
8(1/T)x), with k being i or ii. The resultant thermodynamic
fluxes and fields in the tube are also indicated by the subscript
k. Different ways of appl(ying the divergence theorem to the
volume integral of n®E" : E" over the tube interior, de-
noted by Vigpe, give

[ s 1v (o) = [
Viube

Viube

ar o[V ()]

1

(B3)
with the aid of Eq. (17) and the no-slip condition at the tube’s
wall. Here, we neglect effects of the tube’s edges on the
laminar flow. Substituting Eq. (20) into Eq. (B3), we find that

0) P (ref)
/ anvl)| Lso( ) + (0 - L )o(55)
Sube 4 p(ref) T ; p(ref) T /i
(0),,(ref)
(P04 0 _° (L
p(ret) T ;

equals the above equation with the subscripts i and ii ex-
changed. Putting §(P/T )i, 6(u—/T )i, 8(P/T )i, and 6(1/T )i
equal to zero, we use Eqgs. (21)—(24) to find L3 = Ls;. Like-
wise, we can obtain Lj3 = L3 by putting 6(P/T );, §(u—/T ),
8(u—/T)y, and 8(1/T); equal to zero. The other reciprocal
relations can be derived similarly, as shown in Appendix B of
Ref. [27].

(B4)

APPENDIX C: CALCULATION OF THE FIELDS
IN THE TUBE

We rewrite the Lh.s. of Eq. (6) as ¢ multiplied by

2V - (n@ED) = v - (nO[ve + (vo)TIL (€D
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With the aid of Eq. (11), we rewrite the r.h.s. of Eq. (6) as ¢
multiplied by

V0 = pOVuD 4 Oy 7O
VT 3 fouk
TO  3(Vpy)

where the partial derivative of fy, is evaluated at ¢ = 0.
Thus, the x and y components of Eq. (6) give

0= pOTuD + OTuD 4 sOTTD, (C3)

(Vo). ()

Because P©, p,(lo), and u©@ are independent of z, we obtain
~(1) _ ~(1) _
V.j7/=0 and V-_]q =0. (4

The first entry comes from Eqgs. (7) and (17), and the second
comes from Egs. (10), (11), and (18). The components of j
and j, normal to the tube’s wall vanish at the impermeable and
adiabatic wall. These conditions, the conditions at the tube’s
edges mentioned in the beginning of Sec. I C, Eq. (C3), and
Eq. (C4) are satisfied if u{" and TV are linear functions of z
and are independent of x and y. Then, j*" and j!" have only
z components and are independent of z, considering Eq. (19)
up to the order of ¢. With the aid of Egs. (C1) and (C2), the z
component of Eq. (6) give

V. (n§0>@v§1>) — Pﬁo)azuf,l) +s(0)8ZT(1). (C5)

The derivatives on the r.h.s. above are constants determined
by the thermodynamic forces in Eq. (13). We obtain

a_ T (1
£, TV = —— (=),
Lybe T

7O e 1
o =—5(52) - us( )] (o
g0 Ltube|: T n-ol 7 (Co)

and

1 _

ga.p) = (8P — @Dy _ — sCDsT),  (C7)

P (mf)L[ube

with the aid of Eq. (15). Thus, we use Egs. (4) and (8) to
rewrite Eq. (C5) as Eq. (20).

Under the specifications mentioned in the preface of
Sec. 111, Eq. (20) gives

) T'tube 1 r
ev,(r) =/ dr —/ dry rn
) r rin (r) Jo
T(O)[ <—P) —
x 8| - +w”kmﬁ(———>
Ltube T T

+ @ O(ry) — u + P(O)(rz))5<%>:|- (C8)

Substituting Eqgs. (21) and (C8) into Egs. (23) and (24) yields

T.T® T,T©® 0
Ly = Q1L Lp=Ly= Q[L, ¥,
(C9)
and
I*W*T(O) 2(0) .7.(0) 2 A*T* ! A AR A
Ly = ————Q[Y™, ¥ ] + 27 riy,. di PA(P).
% Ltube 0

(C10)

The other components are given by Eqgs. (32)—(34). The fac-
tor outside the integral of the second term on the r.h.s. of
Eq. (C10) equals 167 T.Z, ./ (9u,) if we use Eq. (25) with
R = 1/(6rr) and Eq. (54), as mentioned in Ref. [27].

Setting §P = 8¢, = 0, we use Eqgs. (12)-(14) and (26) to
obtain My /(dt) as

8T

T [P,iref)(P(ref)Lu +H"OL, — Li3)

iéwmm+m@m—uﬂ, (C11)
where the upper (lower) sign is taken for n =a (b) in
the double sign. The sum of Eq. (C11) over n =a and b
gives d/\/lgh) /(dt). Rewriting the resultant sum with the aid
of Egs. (32) and (C9), we obtain the same expression of
a’/\/lf(t )/(dt) as derived in the way mentioned in Sec. III B.
The last term in the parentheses of Eq. (35) involves L,

which is also involved in the diffusio-osmotic conductance
calculated in Ref. [27].

APPENDIX D: DISSIPATIVE FLUXES

In an equilibrium mixture, we consider a region where the
mass densities are homogeneous. There, fyy is a function of
T, p, and ¢, and we have

3 ), G),, (50, ()
=) =(=) +(= L) . 1
< 09 Jrp 0 )1, 00 J1.,\0¢ /)1 p Bb

The first partial derivative of the second term on the
r.h.s. above equals 92 Joulk/(dp0d¢), which vanishes because
Eq. (37) is assumed. The second derivative does not diverge,
as mentioned in Appendix E. Thus, whether T and P are fixed
or T and p are fixed, dpu_/(d¢) is the same, being equal to
the inverse of x, which appears in Eq. (25). We have

1 ou_ d 1 o
2= (), G ), = i), @@
X dca Jrp\0@ Jrp 20704\ Oca J7p

where vy denotes (v, + vp)/2. The second equality above
comes from Eq. (34) of Ref. [27]. Because a mixture we
consider has pv; &~ 1 [27], Eq. (25) is consistent with the
result in Refs. [55,87].

With § indicating the deviation from the average, the ther-
modynamic forces are §(1/T), —8(u4/T), and —8(u_/T) in
Eq. (19). This equation is rewritten as

j=—4aVu_+2BVT and

Jq—m-J=2TpVpu_—yVT, (D3)
whereby &, B, and 7 are defined. We write §(= s/p) for
entropy per unit mass. As can be seen from Ref. [88], the
irreversible fluxes of ¢, and § are respectively given by the
quotient of the first entry in Eq. (D3) divided by 2p and that
of the second divided by pT, whereas the conjugate thermo-
dynamic forces are respectively given by —2p(8u_)/T and
—p(8T)/T. After the division, the second term on the r.h.s. of
the second entry becomes equal to the product of —p(VT)/T
multiplied by 7 /p2, which is one of the Onsager coefficients.
The other coefficients can be similarly obtained. Comparing
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Eq. (19) with (D3), we obtain
A=4a, k=2TQu_&—Tp), and
rA=4u_T(u_a—TR)+T?*y. (D4)

In Refs. [55,87,89], the singular parts of &, B, and 7, indicated
by the subscript gjng, are shown to satisfy

~%in a o_
Dog __ ﬁ) a ) = 5. (D3
20ing oT P dc, T.P
whose second equality comes from Eq. (1), and
Vsing _ ﬁ ﬁ ~ T35 (D6)
4gng X \3T /p, -

The approximate equality of Eq. (D6) is explained in the next
paragraph. Because of the singular properties of & and B, the
Ludwig-Soret effect has universal properties in a near-critical
binary fluid mixture [55,82,87,90-92]. Equations (D4)—(D6)
yield Eq. (27). It is to be noted that this equation leads to
neglect of the thermal conductivity not exhibiting the critical
enhancement [87].
The partial derivative in Eq. (D6) equals

BN (OE) () e o (YY)
T /p,, dca 7 p\OT )p,,  pT T Jp,

where cp denotes the isobaric specific heat under constant c,.
The equality between the second terms on both sides above
comes from a Maxwell relation and Eq. (1). The second partial
derivative in Eq. (D5) can be rewritten using Eq. (34) of
Ref. [27]. As a result, the last partial derivative in Eq. (D7)
equals 5_x/ (2,()21_)+). As mentioned in Appendix E, cp di-
verges more weakly than x in the critical regime, where the
approximate equality in Eq. (D6) is valid.

An alternative explanation is as follows. In the mode-
coupling theory, the singular part of an Onsager coefficient
is calculated in terms of the time integral of the two-time
correlation function of the reversible fluxes, as mentioned in
Sec. 6.5 of Ref. [39]. The Onsager coefficients mentioned
above Eq. (D4) are found to be ¥ /p%, —BT/p>, and &T /p?,
and their singular parts are linked with the autocorrelation
of (83)v, the cross-correlation of (85)v and (8c,)v, and the
autocorrelation of (8¢, )v, respectively. This means that, in the
critical regime, the ratio of Jing to — BsingT and that of — ﬁsmgT
to @ging T are given by 95/(dc,) with T and P fixed, which is
consistent with Eqs. (D5) and (D6).

APPENDIX E: INTERNAL-ENERGY FLUCTUATIONS
AND APPROXIMATE INCOMPRESSIBILITY

We define H as the effective Hamiltonian in the bare model
so that the equilibrium probability density functional (EPDF)
of p and ¥ is proportional to e~*, without the contribution
from 0V, taken into account. As mentioned in Sec. IIIC, H
includes the ¥* model,

/ dr 1A01¢2+@¢4+“_5|w|2, (E1)
Vi 2 4! 2

where Ao(> 0) and a, are constants, and the integrand above
becomes a part of Eq. (37) divided by kgT after coarse

grained. The value of 7; in the definition of t depends on the
stage of the coarse graining. Writing m for (v — u.)/(kgT),
we can also consider the EPDF of p, ¥, and m. We define
so that this EPDF is proportional to e~ ** in the bare model.
Integrating out m from this EPDF should yield the EPDF of
p and . In other words, the latter’s Legendre transform is
the former, and vice versa. Thus, owing to a term Aorwz /2
in , Hs has a term proportional to my?> and H has a term
proportional to 72 [39,60]. We define Cy so that this term
equals —Cy1?/(2kg), and the variance of m is proportional
to Cy. Coarse graining the y¥* model and imposing the self-
consistent condition for off-critical compositions set up the
RLFT [47]. We can also set it up by coarse graining Hs,
imposing a self-consistent condition, and integrating out m. In
this procedure, Cy becomes C of Eq. (37) because fluctuations
of m are affected by those of  via their coupling term [39,60].
Instead of using Eq. (37) as it is, we can calculate 6™ by
evaluating the dependence of C on & locally. Although data
are not shown, the resultant changes from the results of Fig. 3
are negligibly small [64].

The isochoric specific heat cy, given by —T9% fyui/(dT?)
with p and ¢ being fixed, remains finite at the critical point,
although it appears to diverge in the regime accessible to
usual experiments [39,93]. Linked with the fluctuations of m,
the isobaric specific heat cp becomes proportional to C (
|T]™* with o = 0.11) in the critical regime with ¢, = ¢
kept [39,94]. The same power-law dependence is shared by
the isothermal compressibility k7 and the thermal expansion
coefficient ap, which are given by

1/0p
kr = — — and
p \ 0P T

1(adp oP
ap=——|— =«r| —= . (E2)
p\oT /p,. T ), ..

These quantities are related with each other via «r(cp —
cv) = a3T. The singularity of k7 is generated by coupling
between p — p. and 2 in the p-dependent part in the EDPF.
We neglect this coupling in Eq. (37), considering that the
singularity is not accessible to usual experiments [39,95].
Observed values of k7 and ap are typically 10~ Pa~! and
1073 K~', respectively, near the critical point [95,96].

In this paragraph, we show that the last partial derivative
of Eq. (D1) is finite. In the region mentioned at the beginning
of Appendix D, we simply write f for fyux and refer to its
derivatives by adding subscripts. For example, f,, represents
92 Joulk /(3 p0¢), which vanishes because of Eq. (37). We have

8P = p(fppdp + for8T) + @(fpu89p + fordT) + s6T (E3)

owing to Eq. (15). Here, unlike in the main text, § indicates an
infinitesimal change. Using Eq. (E3) and ¢ = p(2¢c, — 1), we
find 8¢ (§p) equal to ¢ (p) multiplied by
1
SpP—————— (E4)
pzfpp + (pszw

when T and c, are fixed. The fraction is found to equal «7
because of the first entry of Eq. (E2) and Eq. (E3). Consider-
ing that the sum in the first (second) parentheses of Eq. (E3)
equals §pu4 (§p—), we use Eq. (E4) to find that the first en-
tries of Eqgs. (1) and (2) give v_ = ¢ fyok7 and 0y = p fy k7.
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Thus, we use Eq. (E3) to find that the last partial derivative
in Eq. (D1) equals —v_/v,, which result can be derived if
foe does not vanish. At the critical point, this fraction can be
written in terms of p. and ¢, and is finite.

For the following reason, we can use p. approximately for
00 which appears in Eq. (50) and is involved in returning
the dimension to G™ . For definiteness, we here write £ for
the value of t in the reference state. At the state we reach by
changing t from zero to " with P and ¢, being fixed, how
p changes from p. can be approximately calculated from the
regular part of p [95]. The difference between the value of p
at this state and o™ can be calculated using the last partial
derivative in Eq. (D1). Thus, the ratio (o™" — p.)/p. is found
to be smaller in magnitude than 1073 for 7 = 1/300.

APPENDIX F: APPROXIMATION IN THE DERIVATION
OF EQ. (45)

By using Eq. (E3) to calculate the second entry of Eq. (1),
we obtain 5_ = ¢ f,,0p — f,r. The term "¢ is included in
f—, as shown in Eq. (40). Its contribution to the second entry
of Eq. (4) is

9 (ref) 9
e O I e ] ) I Y
aT T oT
0.9 0.9

The value of the last partial derivative above equals that
of f,r in the middle of the reservoir in the reference state
owing to f,, = 0. Thus, because of Eq. (26), Eq. (F1) con-
sists of A™"¢ and the other term. This term gives an extra
term

T.t.

(@ fppap) @ (F2)

*

to Eq. (48), where the superscript (ref) implies that the prod-
uct in the parentheses should be evaluated in the middle of
the reservoir in the reference state. We can use Eq. (52) to
evaluate f,,, and find Eq. (F2) to be smaller than 30|z]” ||
in magnitude. This magnitude is found to be much smaller
than the corresponding magnitude given by the circles in

Fig. 3, with the aid of the results in Fig. 2. Thus, Eq. (F2)
is negligible in deriving Eq. (45).

APPENDIX G: THERMOOSMOTIC FLOW FAR
FROM A FLAT SURFACE

For a mixture occupying a semi-infinite space bounded by
a flat wall surface, we consider imposing a temperature gradi-
ent along the z axis, which is parallel to the wall surface. The
equilibrium profile ¥® becomes a function of the distance
from the surface, denoted by X, and is assumed to approach
zero as X — oo. The velocity field in this situation can be
obtained in the same way as Eq. (49) is derived. Assuming that
ns to be n, homogeneously and using Eq. (58), we find that the
z component of the mixture velocity far from the surface, or
the slip velocity, is approximately given by

kgCilT|
277*%'(?7:

multiplied by the z component of the temperature gradient.

When the second term is much smaller than the first term
on the r.h.s. of Eq. (41), ® ~ |t] holds and the second term on
the r.h.s. of Eq. (39) is negligible. We further approximate M_
to be kgT.C; to obtain the free-energy density in the Gaussian
model, where £ becomes homogeneous and ¥ (X) equals
hge=*/5 /M_ [97,98]. Substituting this into Eq. (G1) with
w =|t| and h = 0.1 cm?/s?, we find that the slip velocity in
terms of f)z(‘h) for a mixture of LW (NEMP) is —0.082 (0.12)
at|t| = 3.2 x 1073, and —0.017 (0.025) at |7| = 6.4 x 1073.
Here, for the critical exponents, we use the values mentioned
in Sec. IIIC, not the values in the Gaussian model. These
values of the slip velocity are comparable to the corresponding
values calculated with the procedure used for Fig. 5, which
are —0.042 (0.061) at || = 3.2 x 1072 and —0.014 (0.021)
at|t| = 6.4 x 1073.

The equilibrium profile (X)) becomes universal in
the adsorption layer as the critical point is approached be-
yond the regime of the Gaussian model [32,41,42]. As is
done for the diffusio-osmosis in Appendix D of Ref. [27]
and in Sec. V C of Ref. [44], we use the universal profile
¥ O(X) o« X#/V in Eq. (G1). With the aid of Eq. (41), we
find that the resultant slip velocity in thermo-osmosis becomes
proportional to |t|"~! as T approaches zero.

/ ax, / aX o WOR (G
0 Xi

[1] A. P. Bregulla, A. Wiirger, K. Giinther, M. Mertig, and F.
Cichos, Thermo-osmotic flow in thin films, Phys. Rev. Lett.
116, 188303 (2016).

[2] C. Lee, C. Cottin-Bizonne, A.-L. Biance, P. Joseph, L. Bocquet,
and C. Ybert, Osmotic flow through fully permeable nanochan-
nels, Phys. Rev. Lett. 112, 244501 (2014).

[3] S. Shin, Diffusiophoretic separation of colloids in microfluidic
flows, Phys. Fluids 32, 101302 (2020).

[4] X. Wang, M. Liu, D. Jing, A. Mohamad, and O. Prezhdo, Net
unidirectional fluid transport in locally heated nanochannel by
thermo-osmosis, Nano Lett. 20, 8965 (2020).

[5] S. Shakib, B. Rogez, S. Khadir, J. Polleux, A. Wiirger, and
G. Baffou, Microscale thermophoresis in liquids induced by

plasmonic heating and characterized by phase and fluorescence
microscope, J. Phys. Chem. C 125, 21533 (2021).

[6] W. Q. Chen, M. Sedighi, and A. P. Jivkov, Thermo-osmosis
in hydrophilic nanochannels: Mechanism and size effect,
Nanoscale 13, 1696 (2021).

[7]1 R. Ganti, Y. Liu, and D. Frenkel, Molecular simulation of
thermo-osmotic slip, Phys. Rev. Lett. 119, 038002 (2017).

[8] R. Piazza and A. Parola, Thermophoresis in colloidal suspen-
sions, J. Phys.: Condens. Matter 20, 153102 (2008).

[9] A. Wiirger, Thermal non-equilibrium transport in colloids, Rep.
Prog. Phys. 73, 126601 (2010).

[10] S. Marbach and L. Bocquet, Osmosis, from molecular insights
to large-scale applications, Chem. Soc. Rev. 48, 3102 (2019).

064610-16


https://doi.org/10.1103/PhysRevLett.116.188303
https://doi.org/10.1103/PhysRevLett.112.244501
https://doi.org/10.1063/5.0023415
https://doi.org/10.1021/acs.nanolett.0c04331
https://doi.org/10.1021/acs.jpcc.1c06299
https://doi.org/10.1039/D0NR06687G
https://doi.org/10.1103/PhysRevLett.119.038002
https://doi.org/10.1088/0953-8984/20/15/153102
https://doi.org/10.1088/0034-4885/73/12/126601
https://doi.org/10.1039/C8CS00420J

THERMO-OSMOSIS OF A NEAR-CRITICAL BINARY ...

PHYSICAL REVIEW E 109, 064610 (2024)

[11] E. Mangaud and B. Rotenberg, Sampling mobility profiles of
confined fluids with equilibrium molecular dynamics simula-
tions, J. Chem. Phys. 153, 044125 (2020).

[12] S. Ramirez-Hinestrosa and D. Frenkel, Challenges in modelling
diffusiophoretic transport, Eur. Phys. J. B 94, 199 (2021).

[13] B. V. Derjaguin, N. Churaev, and V. Muller, Surface Forces
(Springer Science+Business Media, Berlin, 1987).

[14] B. V. Derjaguin, Some results from 50 years’ research on sur-
face forces, in Surface Forces and Surfactant Systems, Progress
in Colloid & Polymer Science 74 (Steinkopff, Dresden, 1987),
pp- 17-30.

[15] J. L. Anderson, Colloid transport by interfacial forces, Annu.
Rev. Fluid Mech. 21, 61 (1989).

[16] B. V. Derjaguin and G. P. Sidorenkov, On thermo-osmosis
of liquid in porous glass, Dokl. Acad. Nauk SSSR 32, 622
(1941).

[17] B. V. Derjaguin, G. P. Sidorenkov, E. A. Zubashchenkov, and
E. V. Kiseleva, Kinetic phenomena in boundary films of liquids,
Kolloidn. Zh. 9, 335 (1947).

[18] B. V. Derjaguin, S. S. Dukhin, and M. M. Koptelova, Capillary
osmosis through porous partitions and properties of boundary
layers of solutions, J. Colloid Interface Sci. 38, 584 (1972).

[19] E. Y. Kenig, Y. Su, A. Lautenschleger, P. Chasanis, and M.
Griinewald, Micro-separation of fluid systems: A state-of-the-
art review, Sep. Purif. Technol. 120, 245 (2013).

[20] X. Hou, Y. Hu, A. Grinthal, M. Khans, and J. Aizenberg,
Liquid-based gating mechanism with tunable multiphase se-
lectivity and antifouling behaviour, Nature (London) 519, 70
(2015).

[21] G. Lippmann, Endosmose entre deux liquides de méme com-
position chimique et de températures différentes, Compt. Rend.
145, 104 (1907).

[22] M. Aubert, Thermo-osmose, Ann. Chim. Phys. 26, 145 (1912).

[23] L. Fu, S. Merabia, and L. Joly, What controls thermo-osmosis?
Molecular simulations show the critical role of interfacial hy-
drodynamics, Phys. Rev. Lett. 119, 214501 (2017).

[24] P. Anzini, G. M. Colombo, Z. Filiberti, and A. Parola, Thermal
forces from a microscopic perspective, Phys. Rev. Lett. 123,
028002 (2019).

[25] R. Ganti, Y. Liu, and D. Frenkel, Hamiltonian transformation to
compute thermo-osmotic forces, Phys. Rev. Lett. 121, 068002
(2018).

[26] K. Proesmans and D. Frenkel, Comparing theory and simulation
for thermo-osmosis, J. Chem. Phys. 151, 124109 (2019).

[27] S. Yabunaka and Y. Fujitani, Isothermal transport of a near-
critical binary fluid mixture through a capillary tube with the
preferential adsorption, Phys. Fluids 34, 052012 (2022).

[28] D. Beysens and S. Leibler, Observation of an anomalous ad-
sorption in a critical binary mixture, J. Physique Lett. 43, 133
(1982).

[29] M. Schlossman, X-L. Wu, and C. Franck, Order-parameter pro-
file at long distances in an adsorbed binary liquid mixture near
criticality, Phys. Rev. B 31, 1478 (1985).

[30] K. Binder, Critical Behavior at Surfaces, in Phase Transitions
and Critical Phenomena, edited by C. Domb and J. L. Lebowitz
(Academic Press, New York, London, 1983), Vol. 8, pp. 1-444.

[31] H. W. Diehl, Field-theoretic Approach to Critical Behavior at
Surfaces, in Phase Transitions and Critical Phenomena, edited
by C. Domb and J. L. Lebowitz (Academic Press, New York,
London, 1986), Vol. 10, pp. 76-267.

[32] H. W. Diehl, The theory of boundary critical phenomena, Int. J.
Mod. Phys. B 11, 3503 (1997).

[33] B. M. Law, Wetting, adsorption, and surface critical phenom-
ena, Prog. Surf. Sci. 66, 159 (2001).

[34] L. Bocquet and E. Charlaix, Nanofluidics, from bulk to inter-
faces, Chem. Soc. Rev. 39, 1073 (2010).

[35] S. Yabunaka and Y. Fujitani, Drag coefficient of a rigid spher-
ical particle in a near-critical binary fluid mixture, beyond the
regime of the Gaussian model, J. Fluid Mech. 886, A2 (2020).

[36] K. Kawasaki, Kinetic equations and time correlation functions
of critical fluctuations, Ann. Phys. (NY) 61, 1 (1970).

[37] J. V. Sengers, Transport properties near critical points, Int. J.
Thermophys. 6, 203 (1985).

[38] E. D. Siggia, P. C. Hohenberg, and B. I. Halperin,
Renormalization-group treatment of the critical dynamics of the
binary-fluid and gas-liquid transitions, Phys. Rev. B 13, 2110
(1976).

[39] A. Onuki, Phase Transition Dynamics (Cambridge University
Press, Cambridge, 2002), Secs. 2.3, 3.1, 4.3, and 6.5.

[40] R. Folk and G. Moser, Critical dynamics: A field-theoretical
approach, J. Phys. A: Math. Gen. 39, R207 (2006).

[41] M. E. Fisher and P. G. de Gennes, Phénomenes aux parois dans
un mélange binaire critique, C. R. Acad. Sci. Paris B 287, 207
(1978).

[42] J. Rudnick and D. Jasnow, Order-parameter profile in semi-
infinite systems at criticality, Phys. Rev. Lett. 48, 1059 (1982).

[43] Y. Fujitani, Diffusiophoresis in a near-critical binary fluid mix-
ture, Phys. Fluids 34, 041701 (2022).

[44] Y. Fujitani, Effects of the preferential adsorption in a near-
critical binary fluid mixture on dynamics of a droplet, Phys.
Fluids 34, 092007 (2022).

[45] A. Onuki, Dynamic van der Waals theory, Phys. Rev. E 75,
036304 (2007).

[46] G. Gonnella, A. Lamura, and A. Piscitelli, Dynamics of bi-
nary fluid mixtures in inhomogeneous temperatures, J. Phys. A:
Math. Theor. 41, 105001 (2008).

[47] R. Okamoto and A. Onuki, Casimir amplitude and capillary
condensation of near-critical binary fluids between parallel
plates: Renormalized local functional theory, J. Chem. Phys.
136, 114704 (2012).

[48] S. R. de Groot and G. Mazur, Non-equilibrium Thermodynam-
ics (Dover, New York, 1984), Chaps. II, XI, and XV.

[49] S. Kjelstrup, D. Bedeaux, E. Johannessen, and J. Gross, Non-
Equilibrium Thermodynamics for Engineers (World Scientific,
Singapore, 2017).

[50] B. 1. Halperin, P. C. Hohenberg, and E. D. Siggia,
Renormalization-group calculations of divergent transport co-
efficients at critical point, Phys. Rev. Lett. 32, 1289 (1974).

[51] T. Ohta, Selfconsistent calculation of dynamic critical expo-
nents for classical liquid, Prog. Theor. Phys. 54, 1566 (1975).

[52] R. F. Berg and M. R. Moldover, Critical exponent for the vis-
cosity of four binary liquids, J. Chem. Phys. 89, 3694 (1988).

[53] R. F. Berg and M. R. Moldover, Critical exponent for viscosity,
Phys. Rev. A 42, 7183 (1990).

[54] S. Z. Mirzaev, R. Behrends, T. Heimburg, J. Haller, and U.
Kaatze, Critical behavior of 2, 6-dimethylpyridine-water: Mea-
surements of specific heat, dynamic light scattering, and shear
viscosity, J. Chem. Phys. 124, 144517 (2006).

[55] L. Mistutra, Transport coefficients near a critical point in multi-
component fluid system, Nuovo Cim. B 12, 35 (1972).

064610-17


https://doi.org/10.1063/5.0013952
https://doi.org/10.1140/epjb/s10051-021-00209-5
https://doi.org/10.1146/annurev.fl.21.010189.000425
https://doi.org/10.1016/0021-9797(72)90392-X
https://doi.org/10.1016/j.seppur.2013.09.028
https://doi.org/10.1038/nature14253
https://doi.org/10.1103/PhysRevLett.119.214501
https://doi.org/10.1103/PhysRevLett.123.028002
https://doi.org/10.1103/PhysRevLett.121.068002
https://doi.org/10.1063/1.5123164
https://doi.org/10.1063/5.0090218
https://doi.org/10.1051/jphyslet:01982004305013300
https://doi.org/10.1103/PhysRevB.31.1478
https://doi.org/10.1142/S0217979297001751
https://doi.org/10.1016/S0079-6816(00)00025-3
https://doi.org/10.1039/B909366B
https://doi.org/10.1017/jfm.2019.1020
https://doi.org/10.1016/0003-4916(70)90375-1
https://doi.org/10.1007/BF00522145
https://doi.org/10.1103/PhysRevB.13.2110
https://doi.org/10.1088/0305-4470/39/24/R01
https://doi.org/10.1103/PhysRevLett.48.1059
https://doi.org/10.1063/5.0082991
https://doi.org/10.1063/5.0107496
https://doi.org/10.1103/PhysRevE.75.036304
https://doi.org/10.1088/1751-8113/41/10/105001
https://doi.org/10.1063/1.3693331
https://doi.org/10.1103/PhysRevLett.32.1289
https://doi.org/10.1143/PTP.54.1566
https://doi.org/10.1063/1.454890
https://doi.org/10.1103/PhysRevA.42.7183
https://doi.org/10.1063/1.2188396
https://doi.org/10.1007/BF02895560

SHUNSUKE YABUNAKA AND YOUHEI FUJITANI

PHYSICAL REVIEW E 109, 064610 (2024)

[56] J. S. Walker and C. A. Vause, Reappearing phases, Sci. Am.
256, 98 (1987).

[57] M. Toda, S. Kajimoto, S. Toyouchi, T. Kawakatsu, Y. Akama,
M. Kotani, and H. Fukumura, Phase behavior of a binary fluid
mixture of quadrupolar molecules, Phys. Rev. E 94, 052601
(2016).

[58] Z. Chernia and Y. Tsori, Hydrogen bonding of dimethylpyri-
dine clusters in water: Correlation between the lower consolute
solution temperature and electron interaction energy, J. Chem.
Phys. 152, 204304 (2020).

[59] A. Pelissetto and E. Vicari, Critical phenomena and
renormalization-group  theory, Phys. Rep. 368, 549
(2002).

[60] B. I. Halperin, P. C. Hohenberg, and S. Ma, Renormalization-
group methods for critical dynamics: 1. Recursion relations
and effects of energy conservation, Phys. Rev. B 10, 139
(1974).

[61] T. A. Edison, M. A. Anisimov, and J. V. Sengers, Critical
scaling laws and an excess Gibbs energy model, Fluid Phase
Equilib. 150-151, 429 (1998).

[62] A. van’t Hof, M. Laura Japas, and C. J. Peters, Descrip-
tion of liquid-liquid equilibria including the critical region
with the crossover-NRTL model, Fluid Phase Equilib. 192, 27
(2001).

[63] M. del Mar Olaya, P. Carbonell-Hermida, M. Trives, J. A.
Labarta, and A. Marcilla, Liquid-liquid equilibrium data corre-
lation using NRTL model for different types of binary systems:
Upper critical solution temperature, lower critical solution tem-
perature, and closed miscibility loops, Ind. Eng. Chem. Res. 59,
8469 (2020).

[64] Y. Fujitani, Preferential adsorption in a near-critical binary fluid
mixture as analyzed in the framework of the non-random two-
liquid model, Fluid Phase Equilib. 580, 114050 (2024).

[65] I. Iwanowski, K. Leluk, M. Rudowski, and U. Kaatze, Critical
dynamics of the binary system nitroethane/3-methylpentane:
Relaxation rate and scaling function, J. Phys. Chem. A 110,
4313 (2006).

[66] K. To, Coexixtence curve exponent of a binary mixture with
a high molecular weight polymer, Phys. Rev. E 63, 026108
(2001).

[67] A. M. Wims, D. Mcintyre, and F. Hynne, Coexistence curve for
3-methylpentane-nitroethane near the critical point, J. Chem.
Phys. 50, 616 (1969).

[68] J. K. Bhattacharjee, R. A. Ferrell, R. S. Basu, and J. V. Sengers,
Crossover function for the critical viscosity of a classical fluid,
Phys. Rev. A 24, 1469 (1981).

[69] B. C. Tsai and D. Mclntyre, Shear viscosity of nitroethane-3-
methylpentane in the critical region, J. Chem. Phys. 60, 937
(1974).

[70] A. Stein, S. J. Davidson, J. C. Allegra, and G. F. Allen,
Tracer diffusion and shear viscosity for the system 2, 6-lutidine-
water near the lower critical point, J. Chem. Phys. 56, 6164
(1972).

[71] C. A. Grattoni, R. A. Dawe, C. Y. Seah, and J. D. Gray,
Lower critical solution coexistence curve and physical proper-
ties (density, viscosity, surface tension, and interfacial tension)
of 2,6-lutidine+water, J. Chem. Eng. Data 38, 516 (1993).

[72] H. M. Leister, J. C. Allegra, and G. F. Allen, Tracer diffusion
and shear viscosity in the liquid-liquid critical region, J. Chem.
Phys. 51, 3701 (1969).

[73] M. M. Telo da Gama and R. Evans, The structure and surface
tension of the liquid-vapour interface near the upper critical end
point of a binary mixture of Lennard-Jones fluids I. The two
phase region, Mol. Phys. 48, 229 (1983).

[74] D. Braun and A. Libchaber, Trapping of DNA by ther-
mophoretic depletion and convection, Phys. Rev. Lett. 89,
188103 (2002).

[75] H.-R. Jiang, H. Wada, N. Yoshinaga, and M. Sano, Manip-
ulation of colloids by a nonequilibrium depletion force in a
temperature gradient, Phys. Rev. Lett. 102, 208301 (2009).

[76] Y. T. Maeda, A. Buguin, and A. Libchaber, Thermal separation:
interplay between the Soret effect and entropic force gradient,
Phys. Rev. Lett. 107, 038301 (2011).

[77] R. A. Omari, C. A. Grabowski, and A. Mukhopadhyay, Effect
of surface curvature on critical adsorption, Phys. Rev. Lett. 103,
225705 (2009).

[78] D. Beysens, Brownian motion in strongly fluctuating liquid,
Thermodyn. Interfaces Fluid Mech. 3, 1 (2019).

[79] E. J. Wegner, Corrections to scaling laws, Phys. Rev. B §, 4529
(1972).

[80] Z. Y. Chen, P. C. Albright, and J. V. Sengers, Crossover from
singular critical to regular classical thermodynamic behavior of
fluids, Phys. Rev. A 41, 3161 (1990).

[81] Z. Y. Chen, A. Abbaci, S. Tang, and J. V. Sengers, Global
thermodynamic behavior of fluids in the critical region, Phys.
Rev. A 42, 4470 (1990).

[82] R. Folk and G. Moser, Critical dynamics in mixtures, Phys. Rev.
E 58, 6246 (1998).

[83] S. Samin and R. van Roij, Interplay between adsorption and
hydrodynamics in nanochannels: Towards tunable membranes,
Phys. Rev. Lett. 118, 014502 (2017).

[84] P. G. De Gennes and J. Prost, The Physics of Liquid Crystals
(Oxford University Press, Oxford, 1993).

[85] Y. Fujitani, Dynamics of the lipid-bilayer membrane taking a
vesicle shape, Physica A 203, 214 (1994); [Erratum: Dynamics
of the lipid-bilayer membrane taking a vesicle shape, 237, 346
(1997)].

[86] Y. Fujitani, Effective viscosity of a near-critical binary fluid
mixture with colloidal particles dispersed dilutely under weak
shear, J. Phys. Soc. Jpn. 83, 084401 (2014).

[87] J. Luettmer-Strathmann, Thermal diffusion in the critical re-
gion, in Thermal nonequilibrium Phenomena in Fluid Mixtures,
Lecture Notes in Physics (Springer, Berlin, 2002), Vol. 584,
pp. 24-37.

[88] L. D. Landau and E. M. Lifshitz, Fluid Mechanics, 2nd ed.
(Elsevier, Amsterdam, 1987), Sec. 58.

[89] M. A. Anisimov, A. V. Voronel, and E. E. Gorodetskii, Iso-
morphism of critical phenomena, Sov. Phys. JETP 33, 605
(1971).

[90] M. Giglio and A. Vendramini, Thermal-diffusion measure-
ments near a consolute critical point, Phys. Rev. Lett. 34, 561
(1975).

[91] L. I. Ryzhkov and S. V. Kozlova, Stationary and transient Soret
separation in a binary mixture with a consolute critical point,
Eur. Phys. J. E 39, 130 (2016).

[92] W. Kohler and K. I. Mozorov, The Soret effect in liquid
mixtures—A review, J. Non-Equilib. Thermodyn. 41, 151
(2016).

[93] M. A. Anisimov, A. V. Voronel, and T. M. Ovodova, The
behavior of thermodynamical quantities near the critical line

064610-18


https://doi.org/10.1038/scientificamerican0587-98
https://doi.org/10.1103/PhysRevE.94.052601
https://doi.org/10.1063/1.5143847
https://doi.org/10.1016/S0370-1573(02)00219-3
https://doi.org/10.1103/PhysRevB.10.139
https://doi.org/10.1016/S0378-3812(98)00290-8
https://doi.org/10.1016/S0378-3812(01)00618-5
https://doi.org/10.1021/acs.iecr.0c00141
https://doi.org/10.1016/j.fluid.2024.114050
https://doi.org/10.1021/jp0569584
https://doi.org/10.1103/PhysRevE.63.026108
https://doi.org/10.1063/1.1671108
https://doi.org/10.1103/PhysRevA.24.1469
https://doi.org/10.1063/1.1681170
https://doi.org/10.1063/1.1677168
https://doi.org/10.1021/je00012a008
https://doi.org/10.1063/1.1672582
https://doi.org/10.1080/00268978300100181
https://doi.org/10.1103/PhysRevLett.89.188103
https://doi.org/10.1103/PhysRevLett.102.208301
https://doi.org/10.1103/PhysRevLett.107.038301
https://doi.org/10.1103/PhysRevLett.103.225705
https://hal.science/hal-04005221
https://doi.org/10.1103/PhysRevB.5.4529
https://doi.org/10.1103/PhysRevA.41.3161
https://doi.org/10.1103/PhysRevA.42.4470
https://doi.org/10.1103/PhysRevE.58.6246
https://doi.org/10.1103/PhysRevLett.118.014502
https://doi.org/10.1016/0921-4526(94)90061-2
https://doi.org/10.1016/S0378-4371(96)00384-6
https://doi.org/10.7566/JPSJ.83.084401
https://doi.org/10.1103/PhysRevLett.34.561
https://doi.org/10.1140/epje/i2016-16130-6
https://doi.org/10.1515/jnet-2016-0024

THERMO-OSMOSIS OF A NEAR-CRITICAL BINARY ...

PHYSICAL REVIEW E 109, 064610 (2024)

of an incompressible liquid mixture, Sov. Phys. JETP 35, 536
(1972).

[94] M. A. Anisimov, E. E. Gorodetskii, V. D. Kulikov, A. A.
Povodyrev, and J. V. Sengers, A general isomorphism ap-
proach to thermodynamic and transport properties of binary
fluid mixtures near critical points, Physica A 220, 277
(1995).

[95] E. A. Clerke and J. V. Sengers, Fast pressure quenches near the
critical point of a binary liquid mixture, Physica A 118, 360
(1983).

[96] F. Pousaneh, O. Edholm, and A. Maciotek, Molecular dynamics
simulation of a binary mixture near the lower critical point,
J. Chem. Phys. 145, 014501 (2016).

[97] Y. Fujitani, Undulation amplitude of a fluid membrane in a near-
critical binary fluid mixture calculated beyond the Gaussian
model supposing weak preferential attraction, J. Phys. Soc. Jpn.
86, 044602 (2017).

[98] Y. Fujitani, Relaxation rate of the shape fluctuation of a fluid
membrane immersed in a near-critical binary fluid mixture, Eur.
Phys. J. E 39, 31 (2016).

064610-19


https://doi.org/10.1016/0378-4371(95)00217-U
https://doi.org/10.1016/0378-4371(83)90205-4
https://doi.org/10.1063/1.4954768
https://doi.org/10.7566/JPSJ.86.044602
https://doi.org/10.1140/epje/i2016-16031-8

